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Abstract. We consider an elliptic boundary value problem on a domain with regular boundary and discretize
it with isoparametric finite elements of order k& > 1. We show optimal order of convergence of the isoparametric
finite element solution in the &/ 1°°-norm. As an intermediate step, we derive stability and convergence estimates of
optimal order k for a (generalized) Ritz map.
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1. Introduction. We study for an elliptic, second-order differential operator L the spatial
discretization of the boundary value problem

Lu(z) = f(z), x €,
u(z) =0, x el =0Q,

on a smooth domain €2 with isoparametric finite elements of order £ > 1. We prove con-
vergence of the finite element solution u;, with optimal order k in the W*°-norm. Since
this is a nonconforming method, we also define a (generalized) Ritz map for which we show
stability and convergence estimates of optimal order k in the W!1°°-norm. We expect that
with additional technical effort one can also treat Neumann and Robin boundary conditions.
For conforming discretizations of elliptic problems, the finite element solution wy, is given
by the Ritz projection of the exact solution u, and hence, estimates for the Ritz projection
immediately imply convergence of . This is no longer valid in the nonconforming case, but
nevertheless, in our analysis this is also the major step in the convergence proof for the finite
element discretization. Additionally, estimates for the (generalized) Ritz map can for example
be exploited in the analysis of time-dependent problems; see [16] for evolving surfaces or [8]
for non-autonomous wave equations.

In the conforming case, such estimates are well known for many years now. In fact, the
first quasi-optimal error bounds in the maximum norm were already given in the seventies
by Natterer [19], Scott [28], and Nitsche [20]. Many extensions and refinements have been
achieved in the following years; see, e.g., [2, 3, 7, 12, 15, 17, 18, 21, 22, 23, 25, 27].

However, none of these papers provides stability and convergence estimates in the noncon-
forming case. We briefly elaborate on the literature known to us in this case. In [29], Wahlbin
analyzes quadratic isoparametric finite elements applied to an elliptic Dirichlet problem. The
paper includes the errors introduced by numerical integration and provides convergence in L*°
of order h3~¢ for arbitrary € > 0, where zero extensions are used in order to extend the discrete
solution outside the computational domain. In [26], Schatz and Wahlbin analyze L>° error
bounds for the case ;, C €2, also using zero extension, and discuss possible generalizations
to the case 2, # (.

More recently, this technique was extended in [14] to maximum norm error bounds for
linear finite elements applied to an inhomogeneous Neumann problem. For (evolving) surface
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finite element methods, estimates for the finite element solution and the generalized Ritz map
for isoparametric finite elements are considered in [6, 16].

Our analysis combines the approach in [5, Ch. 8], where stability and convergence of the
Ritz projection in W1:>°(£) is shown, with the framework for isoparametric finite elements
on smooth domains introduced in [4] and generalized in [9, 10]. Since crucial properties of
the Ritz map, such as being a projection and satisfying some orthogonality condition, are
not available in the nonconforming case, the proofs become significantly more technical.
Following the idea of [28], for some point z a regularized delta function 67 is introduced in
order to express point evaluation at z as an integral, and we move to a variational setting.
Further, considering solutions of the elliptic problem with right-hand side 6%, the W'-°>°-norm
error bounds are reduced to estimates for these solutions in W11(£2). To do so, several
boundary perturbation terms in [9, 10] are extended to LP-spaces, p # 2. In the next step,
weight functions are introduced such that the estimates are further reduced to weighted H *-
norms. The main part of our paper is devoted to these weighted estimates. It turns out that
the geometric errors introduce severe difficulties in showing the desired order of convergence;
many adaptions have to be made in the boundary perturbation estimates and the elliptic
regularity results.

We point out that in this paper we do not consider convergence of optimal order k£ + 1 in
L (). Looking at the strategy of the proof, this seems to be a straightforward generalization
of the proof presented here, however, the error contribution of the geometric errors is only of
order k. We think that verifying these error bounds would be an interesting topic of future
research.

The paper is organized as follows: in Section 2, we present the analytical framework
and the space discretization by isoparametric Lagrange finite elements. After providing some
properties of the discretized objects, we state our main results on the convergence of the finite
element solution and also on the stability and convergence of the Ritz map.

In a first step towards the proofs of the main results, we reduce in Section 3 the three
results to the same estimates in W11 (Q); several geometric errors are estimated in L' (2) and
Lo ().

The proofs of the estimates in W'1(Q) are presented in Section 4. We introduce the
weight functions and move from these estimates to weighted H'-norms. In the proofs,
several elliptic regularity results are needed. For the sake of readability, we postpone them to
Appendix A.

Notation. In the rest of the paper we use the notation a < b if there is a constant C' > 0
independent of the spatial parameter h such that a < Cb. Further, for ¢ € W7P({)) we denote
by V¢ the tensor containing all j-th order derivatives of ¢. If it is clear from the context, we
write LP instead of LP(§2) or LP(Q,).

2. General setting and main results. For a domain Q C RY, N € {2, 3}, with bound-
ary 0§) € C*1, s € N, we consider the elliptic operator

Lu = —div(AVu) + B-Vu+Cu, u€ H*(Q),

with a symmetric, real, matrix-valued function A € W1 (Q)":¥ with a constant c4 > 0
such that

@ E-A@E= e e, €eRY zeq,
B e L>(Q)N, and C € L>(£2). This operator induces a bilinear form for ¢, € HZ ()

2.2) a(p,v) ::/Vv,ZwAV(pdx—i-/ 1/)8~Vgodx+/cwgodx.
Q Q Q
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We study for f € L?((2) the variational problem: find v € H} () such that

(2.3) a(u, )= (f V)2, Vo € Hy(Q).

We additionally assume one of the two following settings:

1.C>0and B=0on¥,
2. C—|divB| > 8 > 0 on Q for some constant /3,

and denote in the following H = L?*(Q2) and V = H}(€). Under these assumptions, we
obtain constants ¢, c. > 0 such that

2
lale. V) < e llelly 10llv,  alesp) = cellelly -

By the Lax-Milgram theorem we have unique solvability of (2.3), and we define the corre-
sponding solution operator S: H — V by S: f — u. We also consider the dual problem:
find v € H{ () such that

a(®,0) = (f | V) oy, V0 € HY(Q)

and denote its solution operator by S: H — V. For the analysis, we heavily rely on the
following elliptic regularity result.

THEOREM 2.1 (Elliptic regularity [11, Thm. 2.4.2.5]). Let 9Q € C%'. Then for all
1 < p < oo there is a constant Cp, > 0 such that for all ¢ € L?(Q) it holds

15/l + 1Sllwzs < Cplloll o -

Space discretization. We study the nonconforming space discretization of (2.3) based on
isoparametric finite elements. For further details on this approach, we refer to [10] and assume
that the boundary OS2 is of class C**1:1, We introduce a shape-regular and quasi-uniform
mesh 7, consisting of isoparametric elements of degree k € N, where the subscript h denotes
the maximal diameter of all elements K € 7. The computational domain 2, is given by

Q) = U K ~Q.
KeTy,

Based on the transformations F'i that maps the reference element KtoK € Tr, we introduce
the isoparametric finite element space of degree k

Wy, = {p € Co(W) | ol = Po (Fx)~! with g € P¥(K) forall K € Ty, }.

Here, P* (IA( ) consists of all polynomials on K of degree at most k. The discrete approximation
spaces are given by

Hy = (Wh, (- | ')LZ(gzh))a Vio=(Wh, (-] ')Hé(Qh))7 Xp = Vi x Hp,.

For h < hy sufficiently small, following the construction in [10, Sec. 5], we introduce the
lift operator Ly, : C(Q5,) — C(2). In particular, for p € [1, co] there are constants ¢, C, > 0
with
(2.42) Cp ||90h||Lp(Q;L) < ”EhSﬁhHLp(Q) <Cp HSOhHLp(Q,L) ) on € C(Qn),
(2.4b) ¢, ||</7h||W1,p(Qh) < ||ththW1‘p(Q) <Cp ||<)0}L||W1w:0(ﬂh) S WLOO(Qh);
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cf. [10, Prop. 5.8]. By construction, the boundary nodes of 2}, lie on 052, and zero boundary
conditions are preserved by Lj; see [10, Sec. 8.5]. Further, we denote the nodal interpolation
operator by I,: Cy(2) — V},. Enriching the space W), by basis functions corresponding
to the boundary nodes, we further define its extension I;,: C(€2) — C(5). As shown
in [10, Thm. 5.9], we have for m € {0,1}, 1 < p < oo,and 1 < ¢ < k the estimates

@y [aa-cade|,, o SE T g, 0 € W@

Further, ¢ = 0 is allowed for N < p < oo. From now on, we assume for the coefficients
Ae Wk+1,OO(Q)N,N’ Bec Wk+1,00(Q)N, Ce WkJrl,oo(Q)

and define analogously to (2.2)
an (@n,Yn) = Vo - ApNVopdz + | pBp - Verde + | Cpipppn de,
Qpn Qp Qp

where the discrete coefficients are given by
(2.6) Ap=TyA, By =18, C,=1IC.
Then, there is some hg > 0 such that

o~ ~ 2
lan (n, n) | <@ llenlly, 1¥nlly, s alen en) = Cllenlly,

with constants ¢y, ¢, > 0 independent of i < hg. Under these conditions, we obtain unique
solvability of the discrete variational problem

2.7 an (un, ¥n) = (fa | Y1) r2@,) Y¥n € Vi,

for some suitably discretized right-hand side f;, € LQ(Q 1). Further, we define the adjoint lift
operators Ef*: H — Hj and L,‘{*: V — Vj by

(2.8a) (‘ChH*@ | q/jh)[g(gh) = (<,0 | Ehwh)lﬁ(g) ) pE H7 wh € Hp.
(2.8b) an (L} 0. 0n) = a (. Lntn) @ €V, € V.

Main results. We are now in the position to state our main results. The proofs are
given in the following sections. The first theorem is concerned with the convergence of the
finite element approximation obtained by (2.7) towards the solution u of (2.3). We need the
following approximation estimate for the right-hand side.

ASSUMPTION 2.2. There is a constant Cy > 0 such that the discretization of the
right-hand side f satisfies one of the following bounds:

(2.92) 1f = L fall ooy < Crh",
(2.9b) 128 F = il pe g,y < OB,

where L is defined in (2.82).

The main examples are given by f;, = fhf or f, = LH* f, whichlead to Cy ~ [ £l yro
or Cy = 0, respectively. Note that, while the interpolation can always be implemented, the
evaluation of £/7* in the nonconforming case is more involved since one needs to evaluate
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integrals over the smooth domain €2. In the conforming case, L'{l{ * reduces to the orthogonal
L?-projection onto V.

We obtain the following convergence result.

THEOREM 2.3. Let k > 1 and 00 € C*tL1. Further, let Assumption 2.2 hold and
h < hq be sufficiently small. Then, the error between the solutions u of (2.3) and uy, of (2.7)
satisfies

lu— Lol gy < CH* (lullyies <y + Cr).

where C'is independent of h.

Proof. See Section 3.4. 0

In the error analysis of evolution equations, it is often convenient to introduce the Ritz
projection. In the following, we present its generalization for the nonconforming case.

DEFINITION 2.4. Consider the adjoint lift EX* given by (2.8b). We define the generalized
Ritz map by

(2.10) LhL)*:V = V.

In the conforming case one has 2, = (2; there we call it the Ritz projection, which satisfies
up = Rpu, but this is not true in our case in general. In fact, one has to talk about a
(generalized) Ritz map since it is not a projection anymore. In addition, the generalized Ritz
map neither satisfies an orthogonality condition but only an estimate of the form

a(u—LuL) *u, Lrpn) S IF 15 ully, llenlly, » u € V,on € Vi

see, e.g., [10, Lem. 8.24]. This fact induces several additional error terms in the maximum
norm error analysis that require a detailed inspection.

Nevertheless, the objects uy, and Ly, Ex*u are quite related, and, as an intermediate step
towards the above theorem, we obtain the following two results for the Ritz map. These results
are well known in the conforming case.

THEOREM 2.5. Let 9 € C*+11 and h < hg be sufficiently small. Then the generalized
Ritz map defined in (2.10) is stable in W1°°(Q), i.e.,

H[’h‘cx*@“wlm(g) 5 H‘)OHWL“’(Q) ’ pe WLOO(Q)

Proof. See Section 3.2. 0
We note that by (2.4) it is sufficient to show that

||£X*<P’|Wloo(gh) 5 ”()D”WLOO(Q) ’ pE Wl)oo(Q)
Our third result is concerned with the approximation properties of the Ritz map.
THEOREM 2.6. Let k > 1, 9Q € C*11 and h < hg be sufficiently small. Then, it
holds for all ¢ € WF+1°(Q) that
H(Id - ﬁhﬁx*)%’“wl,x(g) < Chk HQPHWIHLOO(Q) ’

where C'is independent of h.
Proof. See Section 3.3. 0
The rest of the paper is dedicated to the proofs of the three theorems.
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3. Proof of the main results. From now on, we choose an arbitrary but fixed index
i € {1,..., N} and consider 0; instead of the full gradient V. Following the idea of [28], let
z € K# with K# € Tj,. There exists §° € C§(K?) (see [24, Ass. A.5] for a construction)
with a zero extension to a function on §2j, such that

(3.1 ((V | 8i<ph)L2(Qh) = 8i<ph(z), for all ©Yn € Vi
and
(3.2) 0967 o SNl 0 eNY, ol <1

Here we use the notation 9% = 97" - -- 93" and || = Zf\il ;. Due to the stability (2.4) of
Ly, we have

(3.3) L0607 L1y S / 16%|de S AVATN < C.
Kz

In the following we always assume that h < hg is sufficiently small in order to apply the
results of the previous section. We further introduce the solutions g7 € V}, and g* € V of the
elliptic variational problems

an (pn, 95) = (=0i0% | on) 120,y > @0 € Va,

(3.4) . )
a(p,9?) = (=0iLnd* | ©) 12y, $EV,

which play an import role in the subsequent error analysis.

3.1. Preliminary results and geometric errors. The aim of this section is to reduce the
maximum norm bounds to the following bounds in W11(£2). On the one hand, we establish a
bound for the difference of the solutions of (3.4). For the conforming case, this result is shown
in [5, Cor. 8.2.7].

LEMMA 3.1. Let gi € V}, and g* € V be defined by (3.4). Then, there is a constant
C > 0 such that | Lrg7 — gz||W1,1(Q) < C, with C independent of h and z.

Proof. See Section 4.2. 0

On the other hand, we have to derive a bound for the solution g* € V. To this end, we in-
troduce the set of boundary elements 7;* := {K € Ty, | K has a node on the boundary 99, }
and also the layer around the boundary I' by U, = {x € Q | dist(z,T') < h}. By the
definition of h, this yields that the lift £}, maps functions with support on the triangulation 7,°
to functions with support on U},. The bounds for g* are shown either on this layer of width A
or on the whole domain with an additional factor A in front of the norm.

LEMMA 3.2. There is a constant C > 0 such that ||g* |ly1.1 17, ) + R l|97 lyyiaq) < C,
with C' independent of h.

Proof. See Section 4.3. 0

The proofs of the two lemmas are given in Section 4. The rest of this section is concerned
with the reduction of Theorems 2.3, 2.5, and 2.6 to the above lemmas. We note that we employ
several times the Poincaré inequality in the form

(3.5) ||<Ph||Loo(szh,) S ||V<Ph||Loo(szh)7

for all p, € V},. Further, we use a slight extension of the estimates in [10, Lem. 8.24]
and [13, Lem. 7.3] in order to treat the errors stemming from nonconformity. We define the
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boundary perturbation errors for ¢y, 1, € W (Qy,) by

(3.6a) Ef (o, ) = [(Lren | Lntn) 2y = (0n [ ¥r) 20,5
(3.6b) E™ (on,¥n) = |(iLnpn | Latn) r2() — (Bion | Y1) 2y
(3.6¢) E® (pn,¥n) = |a (Lapn, Lathn) — an (on, ¥n)|

and state the following result.
LEMMA 3.3. Let pp,, Yy, € WH°(y,). The bilinear forms in (3.6) are estimated by

B (on, ) < CRF || Lnonll po ) 1£0001 L1 17
B (o, ) < OB | Laonlly.oo iy L0801 11 0y »
B (on,¥n) < CHM* Y [Lagnll e oy 1080l o)
+ CR¥ILhn i ) |1 £0¥nllwa ) »

with C' > 0 independent of h.
Proof. We only prove the third claim for the dominant part of £ including A since the
other estimates follow analogously. We expand, using the definition of A, in (2.6),

/ Vﬁ;ﬂ/)h . AV[,hgoh dr — V¢h . A;Ncph dx
Q Qp

= / Vﬁhwh . (.A - ﬂhth) V[:h(ph dx
Q

+ / V/:,hwh . Eh.AhVCh(ph dx — Vi, - AthOh dx.
Q

Qp

The first term is estimated using Holder’s inequality together with (2.5). For the second term,
we proceed analogously to the proof of [10, Lem. 8.24]. a

In the following, we first prove stability and convergence of the Ritz map and then use
these results in order to establish convergence of the finite element solution.

3.2. Proof of Theorem 2.5. We follow the approach of [5, Sec. 8.2]. Using integration
by parts as well as the definition (2.8b) of the adjoint lift operator, we obtain by (3.1)

(LY u)(2) = (L) u | —al-aZ)p(Qh) =ay (£} *u,g;) = a(u,Lng;)
a(u,9%) +a(u, Lngj, = 9%)
(u | =0iLnd%) 12 () + a(u, Lngp, = 97)
= (0w | Ln6%) 2(q) + @ (u, Lrgi, — 97) -
Hence, Holder’s inequality yields
|0: (L1 1) (2)| S (120071 11y + 1£095 = 9w gy) lellwroe gy -

By (3.3) and Lemma 3.1, the stability estimate in Theorem 2.5 follows from the Poincaré
inequality (3.5).

(3.7)

3.3. Proof of Theorem 2.6. We combine the approach of the stability analysis, and, in
order to employ the properties of 4%, we reduce the estimate to functions on the finite element
space by inserting the interpolation. We first estimate by (2.5)

||u—£h£V S llu = Lrlpullpe g —|-thu—£h

uHWl o (Q) ~ u||W1’°O(Qh,)

S I ullrss oo ) + [ Inu — £ UHWLOC(Q;I) :
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We employ (3.7) and derive
0i(Inu — L") (2) = @ilnu | 6%) pa(q,y — (L) u | 6%) o,
— (61[hu | 6Z)L2(Qh) — (@u ‘ ;Chéz)Lz(Q) —a (’U/,;Chgi — gz)
= (81 (EhIhU - U) | Eh(sz)lg(ﬂh) +a (‘Ch[hu —u, thi - gz)
+ A - A
with defects
Z1 == (3¢Ihu | 5Z)L2(Qh) - (81-/3h1hu | Ehaz)LQ(Q) 5 32 =a (E}LI}LU, ﬁhgi — gz) .

We note that both terms vanish in the conforming case. Again, we apply the interpolation
estimate (2.5) and Holder’s inequality to derive
Hai (Ih“ - 'C}z/*“) ||Loc(Qh) <lu— »ChIhU”WLoo(Q) ||£h5z||L1(Q)
+ |lu = Lalnully .00 ) 1£095 = 97w o
+]A] + Ay
< h lullyprisr.oo ) + |As| + 4,

where we used (3.3) and Lemma 3.1 in the last step. Thus, Theorem 2.6 follows once we have
employed the Poincaré inequality (3.5) and shown that

As| + [Ba] S ¥ [fullypicssoo g -

This inequality is proved in the following series of lemmas.

LEMMA 3.4. There is a constant C' > 0 such that |A{| < Ch* [ull 1. () with C
independent of h.

Proof. We obtain by Lemma 3.3 and (3.3)

A < h* ||ai£hIhUHL°°(Q) ||£h52||L1(Q) < h ||UHWL°°(Q) )

where we used the stability of the lift (2.4) and the interpolation (2.5) in the last step. 0
In the next lemma, we decompose the remaining defect even further into two differences
of bilinear forms. _ _ _ _ _ _
LEMMA 3.5. The defect Ay can be represented by Ao = Ay + Ay, where Ay and Ay
are given by

EH = ([-:hlhu | 8i£h5z)L2(Q) - (Ihu | 8i5Z)L2(Qh) )
AV =a (LhIhu, ﬁth) — ap (Ihu,g,zl) .

Proof. Using the definitions of g* and g; in (3.4), we derive

Ag

a(Lplpu, Lngr — 9%) = a (Lplpu, Lrg;) — a (Lplpu, g7)
an (Inu, i) + Ay + (LpIyu | iLnd%) 12 (q)
— (Ihu | 6146Z)L2(Qh) =+ AV + (/.ZhIhu | 8i£h6Z)L2(Q) = AH + &V,

and the decomposition is shown. a
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The final bounds are derived in the next lemma.
LEMMA 3.6. It holds that

|£H‘ + |5V| < Ch* ||UHW1‘OO(Q) ,

with a constant C' > 0 independent of h.
Proof. We consider the two terms separately.
(a) Using integration by parts, Lemma 3.3, and (3.3), we obtain

[An| = [@Lndnu| Lnd")p2(q) = Gilnu | 0%)p2(q,) |
S h* ||‘Ch[hu||le°°(Q) ||£h52||L1(Q) S h¥ ||UHW1.00(Q) )

where we used the stability of the lift (2.4) and the interpolation (2.5) in the last step.
(b) For the second term, we obtain by Lemma 3.3

|Av| = la(Lalnu, Lng7) = an (Inu, g7) |
S hk HEhIhUle,oc(Qh) (H[’hgfLHWLl(Uh) +h ||£thHW1‘1(Q)>
S W Nl oy (1€097 = 9%l iy + 197w + 19 ey )
S Jullypr gy -

where we used Lemmas 3.1 and 3.2 in the last inequality. a
Hence, the proof of Theorem 2.6 is complete.

3.4. Proof of Theorem 2.3. Finally, we employ the already shown convergence in
Theorem 2.6 and insert the Ritz map to compute

[ = Lnunllyyr.00 ) S [ u— LnLy* + Hﬁl‘:*u - uh”Wl,oo(Qh)

U’HWLOC(Q)
k Vo«
S h ||uHWk+1»°°(Q) + H‘Ch O uh“wl,oo(gh) :
We use the following equality established in (3.7),
0 (L} u)(2) = a(u, Lng})
and derive with (3.1) and (2.3) that
Oiup(2) = (up | *81‘52)1,2(9“ = ap (un, 95,) = (fn | g}zr,)L2(Qh)
=(f] ﬁth)Lz(Q) + A1+ Apo= 61(£X*u) (2) + Ay + Ay,
with defects
Apa=(Unlgi)r2u = Entu | Logi) 2y Are = (Lufo = f 1 Lagi) () -
If (2.9a) holds, then we employ Lemmas 3.1, 3.3, and 3.2, to conclude
(3.8) Ap1+ Apal SEE(IF e ) + Cr) S B (lullyz. (o) + Cr)-
If we assume (2.9b), then combining the defects as
Af,l + Af72 = (fh - ‘C}I;I*f ‘ g}ZL>L2(SZh) ’
where we used (2.8a), yields (3.8). Hence, we have shown for any z € {2, that
10; (L) *u—up) (2)] < CR¥,

with a constant C independent of z. Applying the Poincaré inequality (3.5), we conclude the
assertion.
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4. Estimates in the W1l.norm. The final section is concerned with the proofs of
Lemma 3.1 and Lemma 3.2. We emphasize that we follow the lines of [5, Chap. 8] and add all
the modifications due to the nonconformity but give a rather complete proof for the sake of
readability.

4.1. Properties of weighted norms. The main technical tool are weighted norms. To
this end, we introduce the family {0, }.cq of weight functions with

1
2

4.1 0.: Q2 — R, o.(x) = (|x—z|2—|—C2) , ¢ = vh.

The parameter v > 0 is fixed below. We first state certain properties of the weight functions.
LEMMA 4.1. Consider the weights defined in (4.1).
(a) For i € R and 3 € NYY there are constants C > 0 independent of x,z € ), and h
such that the following bounds hold:

. H i n <

(4.2a) max (Lsgg ot (x)/;g}f( ot (x)) <C,

(4.2b) o]l e < Cmax{1, (vh)"},
(4.2¢) 080t (2)| < Cot™Pl(z), =€ Q.

(b) If « > N, then it holds that

4.3) / o, “(z)de < Cmax{l, a_lN}('yh)*‘”N.
Q

Proof. These properties can be easily derived from the definition (4.1). 0
REMARK 4.2. In the following computations, we estimate o, in the maximum norm
several times by

4.4) ozl oo < C(1+ 7).

At the end of the proof, we fix some ~y sufficiently large that is independent of h. Hence, we
can estimate (4.4) by some constant C,, which is uniformly bounded in y and & for all & < hy.
Similar to Lemma 3.3, we need an additional extension of the estimates in [10, Lem. 8.24]
and [13, Lem. 7.3] in order to treat the errors stemming from nonconformity in the analysis
with weighted norms.
LEMMA 4.3. Let pp,, 1, € W1°(Q,). The errors in the bilinear forms defined in (3.6)
are estimated for any o € R by

1/2 1/2
Ef (o, 4n) < CHF (/ o2 |Ln)? dﬂf) (/ o, |£h¢h|2d$> ,
Q Q
. 2 1/2 1/2
B (Wh,qph)gcm“/?(/ IV (02/2Lnen) | de) (/ o |Cnnl dz)
Q Q
a k « 2 2 1/2
E* (¢n,¥n) < Ch (/ o2 (IVLuenl” + [Lrsn] )dx)
Q
1/2
X (/ oz (IVLavnl” + [Lrntn]?) dI) ;
Q

with C > 0 independent of h and .
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Proof. We proceed as in the proof of Lemma 3.3 and only discuss the inclusion of the
weights writing

(Lren | Lntn)r2) — (0n | ¥n)r2(ay)

= / 022 Lynot? Ly dz — / (Lr o) un (L5, 022 on da.
Q Qp

Since the integrand of the first integral is the lift of the integrand in the second integral, the
same proof as in [10, Lem. 8.24] gives the first inequality. Similarly, one obtains the last
inequality. In order to obtain the additional order of convergence in the second inequality, we
apply the narrow band inequality [9, Lem. 4.10] to 03/ 2£h P, a

With these preparations, we are in the position to prove Lemmas 3.1 and 3.2.

4.2. Proof of Lemma 3.1. In order to move from W!:! to H*, we use the weight function
o, and obtain the following upper bound by a weighted H'-norm.
LEMMA 4.4. Let

1/2
4.5) My, = sup(/ o NNV (g7 — Lrgi)| dx) .
ZEQ Q
Then, for A € (0,1) it holds ||L1,g7 — g%||yy1n < CMuATY2(yh)™>2, with a constant
C > 0 independent of y, A\, and h.
Proof. By Holder’s inequality, we have

IV (Lrgi = 97)[| 1 < Ma (/ o N dac)l/2 < CMA-2 ()2,
Q

where we used (4.3) with & = N + X for the last inequality. An application of the Poincaré
inequality yields the assertion. a

From this, we see that it is sufficient to prove the following proposition from which
Lemma 3.1 directly follows.

PROPOSITION 4.5. There is a A > 0 and v > 1 such that for all 0 < h < hg it holds
M2 < C,h> for My, defined in (4.5) with a constant Cy > 0 independent of h.

Proof. This follows from the auxiliary results in the remainder of this section. |

Before we prove Proposition 4.5, we state the following estimates for weighted norms of
7. Later, they give the desired convergence rate h.

LEMMA 4.6. For all u > 0, the bounds

/ U,]zvﬂt |V£h52|2daz < th”_zv / Uivﬂt |£h52‘2d$ < C,h*,
o Q

hold with a constant C., > 0 independent of h.
Proof. By the shape-regularity and the definition of the weight in (4.1), we obtain

N+ N+
||Uz MHLOO(KZ) S (yh),
and we use §° € C§°(K*) together with (3.2) to bound
/ o |V L8P da S RN RN T2 2
Q

/ o Nt £, 677 de S BV RNRRTIN < peo O
Q
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In the following, we present an extension of [5, Prop. 8.3.1]. In this step, the weighted
H'-norm in (4.5) is replaced by a weighted L?-norm and some additional error terms. We
point out that in the conforming case the differences in the scalar product simply vanish.

PROPOSITION 4.7. Let g* € V and g;, € V}, be the solutions of (3.4), and define the
errors e = g* — Lyg7 and € = (Id — Ly11,)g7. Then

/Qagmweﬁdx5/90;V+A*2|e|2dx+/905+A*2 \a|2dx+/ﬂggv+*|va|2dx

+ [(0iLn0™ | LaInh) po(qy — (0667 | Tn) 12|
+ |an (97, In¥) — a (Lugi, Lalnd))),

with ) = o XA Ly (Ing® — g7;).
Proof. Let ¢ = I;,g* — g7. Then we have ¢ = oV 2L, €. We note that

(4.6) LhE =e—¢,

and we compute by (2.1) and the definition of a (-, -) in (2.2)
/ o Nt Vel dz < cA/ oM TAVe - AVeda
Q Q
= caa (o) e e) —CA/(VUiV+)\)6‘AVGd"E
Q
= C_A/ e - V(Ji\”r)‘e) dz — CA/ CoN X e da
Q Q
=caa (o€ €) + caa(¥,e) — cA/(VU?““\)@AVedx
Q
- C_A/ eB- V(oM te) dz — cA/ CoN+X e d.
Q Q
Along the lines of the proof of [5, Prop. 8.3.1], we show using Holder’s and Young’s inequalities
/ o N VelPdr < / oNHA=2 e Az
Q Q
+/ o N2 182 da +/ o NN Vel dz + |a (i, e)] .
Q Q

Hence, we turn to the term

4.7 a(,e) =a( — Lplp,e) +a(Lulny), 9" — Lugs)

and note that in the conforming case the last term vanishes by orthogonality. For the first term,
Lemma 4.8 below shows that for any ¢ € (0, 1) it holds that

a (= Lalnt,e) < 6/ N (el + |ef?) de
07 [ G NV = Latud) 410 - Ladyol?) da

55/ N4 |7l dm+571/ai\'+)‘*2(|e|2+|€|2) dz,
Q Q
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and absorption leaves the right terms. For the second term in (4.7) it remains to expand

a(Lpln,g” — Lngr) = a (Lplptp, g%) — a (Lpdpy, Lugr) + an (Int, g7,)
= (Lnlnt | =0iLn67) 1o (q) + (Int | 9i6%) 12(q,)
+ ap, (Ih’ll)a gi) —a (‘Ch[hwa ‘Chg}ZL) )

where we used (3.4) in the second inequality, and thus the claim follows. 0

We state the next lemma, which was already used above, since we need it several times
more in the following computations.

LEMMA 4.8 (Auxiliary result in the proof of [5, Prop. 8.3.1]). Let ¢ = oYt L€, Then

[ oM 190 = )P+ 10— LadasP) do S [ ¥ P2 (e +[el?)
Q Q

The following two lemmas are devoted to control the defects stemming from the noncon-
formity. For the sake of presentation, we bound the two errors in two separate lemmas. We
begin with the difference in the bilinear form a (-, -).

LEMMA 4.9. For any 6 > 0, it holds

o (I, 7) = @ (CaTib, £rg7)| S 57102) [ 022 Vel da + O g
Q
+(5—1h2+5)/05+k—2 |e|2dgc+5/agv+A |va2dx+5/ oNtA=2 152 d,
Q Q Q

with constants independent of h.
Proof. From Lemma 4.3 we have with £ = 1, « = N + ), and Young’s inequality

\an (Int, g7;) — a (Laln, Lngy,)|

1/2
<Ch (/ o NMNVLLL YR 4 o NN Lu ) dx)
Q
1/2
([ ¥ 9Ll + ¥4 Lagif? do)
Q

< 5/ o NTAVLL Y| de + 5/ o VML) de
Q Q
+5’1h2/ NNV LLGE P + o N Lhgi | da
Q
= Ay + AL+ A,
We recall L1, g; = g° — e and estimate
Ay < 571h2/ o NN Vel + o N e dx + 571/12/ NNV + oV g7 P d.
Q Q
Using (4.2b) and the estimate [5, eq. (8.4.3)] with the subsequent calculations, we obtain
52 [ N TG oY g da
Q
< (5—1h2/ oNHA=2 \ng|2 dx + (5_1h2/ oNtA— |gz|2 dx
Q Q
<52 / o NNV L, da + 6 R (vh) 2 / o NN £,67 7 da
Q Q

A
S Oy sh7,
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where we used Lemma 4.6 in the last line. For the first term, we expand
AL < 5/QUZ_N_’\ (V) dz + (S/QU;N-A V(¢ — Lalp)|? da
< 5/ o NN |\VLLef dr + 5/ oNtA=2 2,87 da
Q Q
+90 / o VAV~ Loyt de
Q
S 5/ o Nt Vel dz + 5/ o Nt Vel dz + 5/ oNHA=2 e’ Az
Q Q Q
+ 5/ oNtA=2 182 d,
Q

where we used the definition of ¢y = aiv TALLE, the representation (4.6), and Lemma 4.8.
Analogously, we obtain

“8) A2 < 5/ A2 |e|2da:+6/ N2 512 g
Q Q

and the assertion follows. a
By similar techniques, we derive the second bound.
LEMMA 4.10. For any § > 0, there is a constant C, s > 0 independent of h such that

|(£h-[hw | az»ch(sz)L?(Q) - (Ihw | 815Z)L2(Qh)|

56/ NN Vel  dz + C ,5h’\+6/ oNtA2 e’ Az
Q Q

+5/ N |va2dx+5/ N2 22 g
Q Q

Proof. We employ Lemmas 4.3 and 4.6 to conclude

[(LrInt | 0iLr6z) oy — (In | 9i62) 12, |

g(s/ o NA |£hIh¢|2dx+C5h2/ o N0, L6, 7 da
Q Q

S0 / o NMNL Y|P da + O s,
Q

and the claim follows as for Afp in (4.8). 0
Combining the bounds from Proposition 4.7, Lemma 4.9, and Lemma 4.10, we have
shown, for §, h sufficiently small, that

/0‘;\/4_)\ [Vel* dz < / o N2 e dz + O, 0N
Q Q

—I—/ oNTA=2 |€|2dx+/aév+’\w€|2dx.
0 0

Hence, to establish Proposition 4.5 it remains to absorb the weighted L?-norm of e and to

obtain a factor 2 for the € terms. This is done in the following two propositions. The first

one estimates the interpolation error, which we state from [5] for completeness.
PROPOSITION 4.11. Fore = (Id — L, 1},)g? it holds that

/U;WH |€|2dx+/aiV+A|V€|2dz§O,yhA,
Q Q
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with some constant C, > 0 independent of h.
Proof. Using the interpolation estimate, one obtains

/05“—2 |€|2dx+/05+A|V€|2dx§h2/05+A|V2g2|2dx.
Q Q Q

An application of [5, Lem. 8.3.11] and Lemma 4.6 yields the result. ]

The proof of Proposition 4.5 is completed once we have shown the following bound,
which extends the result of [5, Prop. 8.3.5], and which is again needed due to the lack of
orthogonality.

PROPOSITION 4.12. For any € > 0, there is 7o > 1 and C., . such that

/ o N2 e da < 5/ o NN Vel da + C, 2
Q Q

forall vy > v0 = 7yo(e, ).
Proof. We define v € V as the solution of

5a(v,9) = (027 % [ 9) b VOEV

and obtain
/ N2 1P de = a(v,e) = a (v — Lulpv,e) + a(Lalpv,e).
Q

Note again that in the conforming case the second term vanishes. The first term is estimated as
in the proof of [5, Prop. 8.3.5], for any £ > 0, by

4.9 a(v—Lplpv,e) < 5/ oY (|Vel? + lef?) da
Q

_|_

A 2 A— 2
,\g72/905+ |Ve|” + V272 ] da.

Turning to the second term, using (3.4) we obtain

a(Lplpv,e) =a(Lplpv, g°) — a (Lplpv, Lrgr)
= (Lalpv | =0iLnd%) 2y — an (Inv, g7)
+ ap (Inv, g5) — a (LpInv, Lpg;)
= (Lndnv [ =0iLnd%) 12y + (Inv | 0i6%) 12,
+ap (Inv, gi) — a (LpIpv, Lngi) = Ag + A,.

The two terms are bounded separately in the following.
(1) We use integration by parts and apply Lemma 4.3 with £ = 1 to obtain

1/2
|Ay| < CH? (/ NN |V LL67|? 4 o N A2 |£h§z|2dm)
Q
1/2
X (/ o VA |V£hlhv\2dx)
Q
< Ch2/ o NNV L8P + o N2 2,67 dx + Oh/ o NAVLL | da
Q Q

< C,h + Ch/ o N Vol dz + Ch/ o N AV (v — L) da,
Q Q
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where we used Lemma 4.6 in the last step. For the interpolation term, we derive as in the proof
of [5, Prop. 8.3.5] analogously to (4.9)

C

(4.10) / o NV (v — L) P de < — / o Nt Ve|® + o NA2 e da.

Q M2 Ja
Finally, we employ Lemma A.1 to obtain

h/ oo NN VP dz < h(yh) ! / AN Y (N 2e) P de

Q Q
v / o Vel* + o2 e da,
Q
and we collect this to derive
4.11) Ay| SOy + (R +471) / o NN Ve? + oV A2 e da.
Q
(2) We employ Lemma 4.3 and obtain with £ = 1 and Young’s inequality
Bal £ 802 [ oYV LG5 4 Lagif?) do
Q
+5*1h1/2/ o NV L, | + | Lhy]?) de.
Q
For the first term we obtain as in Lemma 4.9 using £5,¢7 = ¢* —eand h < 0, ()
5h3/2/a§+k—3/2 IVLygi | da
Q
< (5h3/2/ O’iv+>\_3/2 |Ve|2 dz + 0h>/? / Uiv+)\_3/2 \ng|2 dx
Q Q
< (5/ o NN Vel dx + 5h3/2/ o NHA=32 |7 g% da.
Q Q
With Lemma A.3, « = 1/2, and f = £, we obtain
Sh/? / oA Vg da < 63/ / o N2 |V L,6%* da
Q Q
+ 5h3/2(7h)‘3/2/ o NN £,6%? da < C R,
Q
where we used Lemma 4.6 in the last step. Along the same lines, we deduce
5h3/2/ oNTA=S2 0Lz P dr < 5h3/2/ oNFA=2 e dz 4 C, b .
Q Q
Further, for the second term we expand
5 ht/? / o N2 19 L, ] da
Q

§571h1/2/ a;Nﬁ)‘Jrg/Z\V(v—Ehlhv)|2dx—|—571h1/2/ o NTA2 gy da,
Q Q
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and the first part is treated by an interpolation estimate as in (4.10) with (4.2b)

2
5*1111/2/ o N2V (v = Ly Iyw))P dz < e / o NN Vel + o N2 e da.
Q 7" Ja

So it remains to bound by Lemma A.2 with a = 1/2 and f = oV +*~2¢
571h1/2/O,;Nf)\+3/2|vv|2dz§Ohl/?(é‘A)fl(,}/h)fl/2/O,ézlfo)\ |Vf‘2d$

Q Q
g0(5)\7)*1/aiv+)‘|Ve|2+aiv+)‘72|e|2dx.
Q

By the same arguments, we show

5_1h1/2/ o7 N2 Ly ol da < n
o z — 5A72

+C(5)«y)_1/aiv+’\|Ve|2+aév+’\_2|e|2dx,
Q

/ o Nt Ve? 4 o N2 e da
)

and collecting the above estimates gives

|
(4.12) Ay SCRM+ (64 Fve + W) /Qaév"’)‘ [Vel* + oN 22 e da.

We complete the proof using (4.9), (4.11), and (4.12), and absorb the right-hand side for
€ and X fixed by first choosing some § > 0 sufficiently small and then some sufficiently large
7= =%(EA0). O

Collecting the above lemmas, we have finally shown Proposition 4.5 and hence, by
Lemma 4.4, also Lemma 3.1.

4.3. Proof of Lemma 3.2. We close this section with the proof of the bound for the
solution ¢g* of the regularized delta function. The key tool is the generalized version of the
narrow band inequality shown for p = 2 in [9, Lem. 4.10]. We recall Us = {z € Q |
dist(z,I") < é}. Then for any 1 < p < oo, there is a constant C}, > 0 such that for any
© € WLP(Q) it holds
(4.13) 1l Lo sy < Co 8P lellrrnery -

We apply (4.13) with p = 1 and § = h and obtain

(4.14) ||gZHW1v1(Uh) Sh ||92||W2v1(9) :
Note that the second term in the lemma is estimated against the right-hand side in (4.14) as
well. Finally, we deduce by (4.3) and the elliptic regularity shown in [5, eq. (8.3.10)] the
bound
2|2 - 2 CAA— _
P e e e A T
Q

which also holds for the lower-order derivatives, and thus the assertion follows.

Appendix A. In this section, we collect the regularity results used in the above analysis.
These are taken from [5, Chap. 8] and stated here in a slightly more general version. We recall
the weight defined in (4.1) as

oo(x) = (o — 2P+ 3%, ¢ =nh
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The first result is an extension of [5, Lem. 8.3.7], where the Hessian is replaced by the gradient,

which allows us to obtain a factor A~ ! instead of h—2.
LEMMA A.l1. Let v € V be the solution of

a(va¢):(f|¢)H7 VQSGV

for f € HY(Q). Then, we have for \ > 0 sufficiently small
/ o N Vo) dz < CATI¢T! / NV f)P da
Q Q
Proof. In the proof of [5, Lem. 8.3.7], one first estimates by Holder’s inequality
/ o NV da ¢V 7,
Q

Once, we have shown that for any p,s > 1

(A1) Vol 2 SNVl STV

Lo

we conclude with s = ]\?i]gp = % € (1,2) that

4—N—-\ 4-N-—

A
IIVfII"ZF/\VfIQ/qdw:/Jz oo © |Vide
Q Q

< ( /Q 0. (4_N_A)idm)1/q/ ( /Q ANV ar)

and hence

IV

_(4—N—A)q—/ /4’
b= [vsran)s ([ o “aa) [ V9P

With ; = g — 1 we have by (4.3)

4 / _
(/ U;(47N7>\)q dx>q/q _ (/ (=N (a=1) dl‘)q 1
Q Q

< C<7(47N7)\)+N(q71) _ C’C71+’\+%

since

N +3p

N
—(4=N-=-XN)+N(qg-1)=—4+ N+ X+ N( —1):—1+/\+;<0

for A < 1 — & and hence the claim follows.
It remains to prove (A.1). We employ Theorem 2.1 and [1, Thm. 4.12] to obtain

IVUll 2o S Nollwenre S U llzsre S W llwaa S AV FllLr s

where we use Case B (mp = N) for the first inequality, Case C (m = p = 1) for the third,
and the Poincaré inequality for the last. a
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The next lemma is a straightforward extension of [5, Lem 8.3.7], where the case a = 2 is
derived.
LEMMA A.2. Let v € V be the solution of

(Z('U,Qb):(f‘(b)H, VQSGV

Then for 0 < a < 2 and A > 0 sufficiently small, we have
/ a;N*W*a(W + |V]? + |V2v|2) dz < C’/\*lCO‘/ NV fP da.
Q Q

Proof. In order to adapt the proof, it is sufficient to guarantee the existence of a p € (1, c0)
such that the conditions

N N

and, in order to apply (4.3),
, N
(-N—=-A+2—-a)p + N<0 <= ?>2—a—)\

are all satisfied. For 2 < ar + A, the latter condition is void. In the other cases, it is equivalent
to

2—-A—a’

and since o« > 0, such a p can be found. a0

The following lemma builds upon the estimates in [5, Lem. 8.3.11], where the result is
shown for a = 0.

LEMMA A.3. Let v € V be the solution of

a(@v) =W -Vf[@)y, VoeV.

Then for A > 0 sufficiently small and 0 < oo < 1 — A\, we have
/ oNHA=2ta |Vv\2 + gN+A-dta |v|2 dz < / gN+Ata |Vf\2 dx
Q Q

rme [
Q

N+X—2+4+a

Proof. We use the above equation with ¢ = o,

Proposition 4.7,

/QaéVJFA_%(’ \Vv|2 dz

v and compute as in the proof of

< Cua (aiv+>‘_2+av, v) —Cy / (VoNtA=2He)y . AV da
Q
- C’A/ vB - V(oY TA2 ) do — C’A/ ColNtA=2ta 2 dg
o Q
S| VF oA rey) |+ a/ oNHA=24a gy da + %/ N A 2 4y
Q Q

§/05+A+Q|Vf|2da:+a/ créVJr)‘*Q“" |Vv|2dx—|—%/ aiv+)‘74+a |U|2dz,
Q Q Q


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

20

ETNA

Kent State University and
Johann Radon Institute (RICAM)

B. DORICH, J. LEIBOLD, AND B. MAIER

and by absorption, it only remains to bound the last term. We claim that for a < 1 — A

/ N EAtta |y 2 4g < CCPFe / NN £ da,
Q Q

which can be adapted from the proof of [5, Lem. 8.3.11], starting with [5, Equation (8.4.3)], if
one can find > 1 with

- 2N
r _
2N =2+ A +a’
which is possible since o + A < 1. 0
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