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1 Introduction
The objective of the present paper is to investigate the existence, uniqueness, and stability
of solutions for a class of nonlinear v -Hilfer fractional integrodifferential coupled systems

on a bounded domain. The system is described as follows

HDAPY x(t) = £ (&, 9(), "D y(®) + [ F(t, 7,9(2),5(8(0)) dr, te] =1[a,b],

HDP Y y(t) = g6, (0, "D x(0) + [ Gt 7, x(0),2(6(r)) d,  te], (L.1)
I;Iy”/’x(a) =0, I;IV/"#y(a) =0,

where i -Hilfer fractional derivatives HDZ;ﬁ Y, HDZ;’ﬂ W), HDZ;V”I'() [1] of order 0 < u <
o,o' <1 with type 0 < 8, 8/,v <1 and ¢ -Riemann-Liouville fractional integral Iﬂl:y;w(-),
I;Iy,”//(-) [1] of order 1 —y,wherey =a + B(1-a), Yy’ =a + B(1 — ), and w = u + v(1 — u).
f:JxY¥YxY—Yandg:J xY x Y — Y are continuously differentiable functions and Y
is a real Banach space. F:J XxJ x Y XY — Yand G:J xJ x Y x Y — Y are continuous
functions. § : / — J is a continuous delay function with §(¢) < t.

Fractional differential equations help practical problems to be described more accu-
rately compared with integer differential equations. In recent years, numerous fractional
derivatives, such as Riemann-Liouville, Caputo, and Hilfer are widely used in the fields
of finance, physics, biology, image processing, etc., which can be found in [2-10] and the
references cited therein.
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Asisknown, a variety of new concepts about fractional derivatives have been defined, for
instance, Kilbas introduced a new fractional derivative operator of a function with respect
to another function v in [11], named the ¥ -Riemann-Liouville fractional derivative. Sim-
ilarly, Almeida proposed the yr-Caputo fractional derivative on the basis of the classical
Caputo fractional derivative [12]. It is well known that the -Hilfer fractional derivative
is given by Sousa and Oliveira [1] in the same way. It is not difficult to discover that the -
Hilfer fractional derivative contains the Riemann—-Liouville, Caputo, and Hilfer fractional
derivatives, i.e., the 1y -Hilfer fractional derivative is compatible with classical fractional
derivatives based on Definition 2.1. Therefore, it is a better method to choose fractional
differential systems involving the v -Hilfer fractional derivative that includes many frac-
tional differential equations as special cases for resolving problems of finance, physics,
biology, image processing, etc., mentioned above in the real world.

Very recently, numerous monographs have appeared concerning the results of the exis-
tence and stability of Ulam—Hyers—Rassias and Ulam—Hyers of nonlinear fractional differ-
ential equations focused on Riemann-Liouville, Caputo, Hilfer, etc. The readers can refer
to the papers of Wang and Xu [13], Rajan et al. [14] and Haider et al. [15] so on [16-23].
However, there are few research results on the existence and stability of solutions for the
y-Hilfer fractional derivative system except for [24, 25]. Sousa and Oliveira have stud-
ied the existence and uniqueness of solutions for the initial value problems of fractional
derivative systems on a finite interval by using the fixed- point method. Furthermore,
Sousa and Oliveira [26] discussed Ulam—Hyers—Rassias, Ulam—Hyers, and semi-Ulam—
Hyers—Rassias stability on a finite interval [a, b]. As a generalization, they also discussed
the stability of Ulam—Hyers—Rassias on the semiinfinite interval [a, 00) in a weighted space

for the following nonlinear v -Hilfer fractional integrodifferential equation:

MDYV y() = @, y(), [ K, 7, 9(1),y(6(0) de), L € [a,b], 1)
I y@) =, '
where HDZ;’g ¥ (.) is the v -Hilfer fractional derivative of order « € (0,1) and type B € [0,1],
I;IV;‘I'(-) is the r-Riemann-Liouville fractional integral, with 1 —y and y = o + (1 — @).
a,b € R, such that y € C![a, b] for all x € [a,b]. § : [a,b] — [a,b] is a continuous delay
function with 8(¢) < ¢ for all ¢ € [a,b]. Moreover, continuous functions f : [4,b] x C x
C— Cand K : [a,b] x [a,b] x C x C — C satisfy the following Lipschitz conditions,

respectively:

|f (1, 8) — £, v, )| < Ml =] + |g = hl),
|K (x,u,8) - K(x,v,h)| <L|g - hl,

with M >0,L > 0.
Motivated by [27-30] and the references therein, we will deal with the existence and sta-
bility of a solution to the initial value problem for the nonlinear integrodifferential equa-

tion (1.1) by virtue of an appropriate Banach space given by

X =[x |x(t) € C'(, V), D1 x(8) € C1(, V),
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where Y is a real Banach space, endowed with the associated norm:

l

where ()]l = maxeey [x(0)], "D x(2)]] = maxee; "D 2(0)).
We establish a special Banach space

‘HDMVW

ol = max{sur

XxX={®xy|reX,yeX]},
endowed with the associated norm:

1669) 05 = max{ el Iy},

by the method given in [31-33], we can easily obtain that (X, || - |x) and (X x X, || - [lxxx)
are Banach spaces.

The rest of this paper is organized as follows. In Sect. 2, we present some necessary
material related to our study. Section 3 contains the main results about the existence and
stability of solution for the nonlinear v -Hilfer fractional integrodifferential equation (1.1)

that rely on the Banach contraction mapping principle.

2 Preliminaries

Let us begin this section with some basic concepts and conclusions used in our study.

Definition 2.1 (i -Hilfer fractional derivative, [1]) Letn—1<a <nwithn € N. I = [a, b]
be the interval such that —co <a < b < oo and f, ¥ € C"([a, b],R) are two functions such
that v is increasing and ¥'(x) # 0, for all x € I. The left-sided -Hilfer fractional derivative
HDZ;’S;‘/'(J of function of order « and type 0 < 8 < 1, is defined by

D pon-ay (L A\ a-p-any
S@ =l (1// "(x )dx> /@

the right-sided 1 -Hilfer fractional derivative Dglﬁ V() is defined as follows:

. ‘ 1 d
H @B gy Iﬂ(n—a),w( ) [i-Po-a
b S =1, V() dx S @)

Definition 2.2 (/-Riemann-Liouville fractional integral, [1]) Let (a,b) (-0 <a<b <
00) be a finite or infinite interval of the real line R and o > 0. Also, let ¥ (x) be an increasing,
positive monotone function on (g, ], having a continuous derivative ¥'(x) on (a, b). The
left-sided yr-Riemann-Liouville fractional integral Iji‘/’(-) of a function f with respect to
another function ¥ on [a, b], is defined by

s / VW) - p()* s ds,

the right-sided v -Riemann-Liouville fractional integral Igiw (-) is defined in a similar form.
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Lemma 2.1 ([1]) Let o >0 and B > 0, then we have the following semigroup property given
by

Y = 1P ).

Lemma 2.2 ([1]) Iff € C"[a,b],n—1<a<nand0<p <1, then

W H LBy _ B . (W(x)—lﬁ(ﬂ))y_k (n=k] 7(1-B)(n-a);w
LADY (%) = £ (%) ;—r(y—kn) FrA f(a),

withy =a + B(n—a).
In particular, if f € Cla,b],0<a<1land0<p <1, then

B (Y (x) - I/f(ﬂ))y*l1(1—f3)(1—c¢

)12
F(V) at f(ﬂ),

LMD f ) = £ ()
with(1-a)1-8)=1-y.
Lemma 2.3 ([1]) Letf € C'[a,b), a >0 and 0 < B < 1, then one has

OGP IEY f () = f ().

Definition 2.3 (Ulam—Hyers—Rassias stability, [26]) For each continuously differentiable
function x : ] — X, satisfying

x(t) — lsi]/’ [f(t,y(t),HDZ’f;wy(t)) + / K(t,7,y(1),y(8(1))) dt]

<[V o@), Vte],

Hp“ry (e) — 19747 [f(t, (), DAY y(1)) + / tK(t, 7,%(0),(8(x))) dt]

sz;v;wy(t) - Igi—u;x// [g(t,x(t),HDZ;"”/’x(t)) + /tl((t, 7,%(1),%(3(1))) dri|

<7, Vie],

y(t) - IZ;:XI' [g(t,x(t),HDZ;v;‘/’x(t)) + /t]<(t, r,x(t),x(S(t))) dti|

<IVo), Vel

<o), Vie],

where ®(¢) is a positive, nondecreasing continuous function defined on the finite interval
[a, b], there exists a solution (xo, yo) of system (1.1) and a constant C > 0 independent of
(%,9), (x0,90) such that

|4(8) = %0(&) | < CP(8), Ve,

| D% x(8) - DAY x0(8) | < CO(p), VEeE].
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ly® —yo(0)| < CO(t), VteJ,
D% y(t) - DAV yo(t) | < CO(2), VEe).

Then, one can say that the fractional integrodifferential equation (1.1) has Ulam-

Hyers—Rassias stability.

Remark 2.1 (Ulam—Hyers stability, [26]) If we replace the nonnegative continuous func-
tion ®(¢) with 6 > 0 in Definition 2.3, then the fractional integrodifferential equation (1.1)
has Ulam-Hyers stability.

Definition 2.4 (Semi-Ulam—Hyers—Rassias stability, [26]) If for all continuously differ-
entiable functions x : /] — X satisfying

() - 12 [f (£,9(6), "D (1)) + / K(t,7,5(2),5(5(1))) dr]
<IVe, vreJ,

HD“ (1) - Is:u;x/f |:f(t,y(t),HDZl,v;wy(t)) + /tK(t, 7,9(1),¥(8(7))) dr]

HDZ;V;llfy(t) - IZ;—un/f [g(t,x(t),HDZf”/’x(t)) + /tK(t, 7,%(1),%(3(7))) dri|

<150, Vte],

y(t) - 12‘;&0 [g(t,x(t),HDZ;w‘/fx(t)) + ftK(t, r,x(r),x(é(t))) dr:|

<2V, Vvie],

where 0 > 0, there is a solution (xo, yo) of system (1.1) and a constant C > 0 independent of

<1V, vte],

(%,9), (%0, ¥0), for some positive, nonincreasing continuous function ®(¢) defined on [, 5],
such that

|#(®) =% (8)| < CP(), Vee],
| D4 x(t) - DL xo(8) | < CO(D), VEe].
ly(®) = y0(8)|| < C@(¥), VteJ,
|7 D% y(t) - DUV yo(0)| < CO(t), VEe),

then one can say that the fractional integrodifferential equation (1.1) has semi-Ulam-

Hyers—Rassias stability.

Definition 2.5 ([34]) IfXisanonempty set, wesaythatd: X x X — [0, 00] is a generalized
metric on X, if

(1) d(x,y) =0, if and only if x = y;

(2) d(x,y) =d(y,x), for all x,y € X;

(3) dx,y) <d(x,2z) +d(z,y), for all x,y,z € X.
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Theorem 2.1 ([34]) Let (X,d) be a generalized complete metric space. Assume that T :
X — X is a strictly contractive operator with the Lipschitz constant L < 1. If there exists a
nonnegative integer k such that d(T**'x, TXx) < oo for some x € X, then the following three
propositions hold true:

(1) The sequence {T*xy} converges to a fixed point x* of T for an initial point xy € X;

(2) x* is the unique fixed point of T in X* = {y € X|d(T*x,y) < oo};

(3) ify e X*, then d(y,x*) < ﬁd(Ty,y).

To prove the general existence and stability results, we impose special growth conditions
on functions f and K extending the works given by [34, 35].
(H1) Let Li(+), Lao(+), L3(+), La(-), L5(+), Le(+), L7(-), Ls(-) be nonnegative continuous func-
tions. The continuously differentiable function f,g:J x X x X — X satisfies the
following growth condition:

If & x9) = f(&,2,5)|| < Li(@®)|2() = & (©)]| + L) | 3(8) - ¥/ (2)

lg(t,%9) — gty | < La(®)]x(®) - &' (&) ]| + La(®) | 7(8) — ¥/ (®)

, Vte],

, Vte].

F,G:] xJ xY xY — Y are continuous functions satisfying the following growth
condition:
HF(t, $,%,q) — F(t, s, %, h) ||
< Ls(s)]|x(s) =« (s) | + Le(s) ] q(s) = nls)
|G s,xq) - G(t,s,%,h)|

, Vtse],

< Ly(s)|x(s) —=&'(s)| + Ls(s) | q(s) — h(s)|, VE,s€].
(H,) Let positive constant 0 < L < 1 and the nonnegative continuous functions L;(¢) —

Lg(t) satisfy the following conditions, respectively:

L
b-a

P(n) tm[ayb(]{Lil () + Lip () + b(Liy + Li,) (1)} < , Le(0,1), (2.1)

where i; =1,3,iy=2,4,i3=5,7and iy = 6,8,

(¥ (D) - ¥ ()"

P(n) = For+ 1)

, n= {oc,o/,oz —u,o/—u}.

For computational facilitation, we denote P = min{P(«), P(« — u), P(e’), P(e’ — u)}.

3 Main results

In this section, we will verify the existence and uniqueness of the solution for the sys-
tem (1.1) via the Banach contraction mapping principle. Moreover, Ulam—Hyers—Rassias,
Ulam—Hyers, and semi-Ulam-Hyers—Rassias stabilities are established on the infinite in-

terval [a, b].

3.1 Existence of a solution
Now, we present our first main result dealing with the uniqueness of solutions for the
system (1.1), which relies on the Banach contraction mapping principle.

Page 6 of 14
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Theorem 3.1 Assume that conditions (Hy) and (H,) are satisfied, then the system (1.1) has
a unique solution on [a, ).

Proof Similarly to the proof of Lemma 3.1 in [35], one defines function 7: X x X - X x X
as follows:

T, 9)() = <1§1 Fe(©. DA 5 ) + 15 / F(t, 730 y(5(0))) d,

Iot 34 g(tx()," DL, v;‘/fx(t)) +1:+/:¢f /t G(t,7,%(1),x(8(1))) dt) (3.1)

a

2 (Tuw(t), Tox(t)), Vte].

We will prove that the functional 7 has a unique fixed point and the fixed point is the
solution of the system (1.1) by using the Banach contraction mapping principle.

First, one can conclude that 7: X x X — X x X. In fact, it is obvious that y(¢) €
C'(J,Y) and HD“Vd'y(t) € C1(J,Y) for any y € X. From the definitions of the y-Hilfer
fractional derivative and the ¥ -Riemann-Liouville fractional integral, one can obtain
Tiy(t) € C(J,Y) and HD'”‘/’le(t) € CY(J,Y). This implies that T;y(¢) € X. Similarly, it
holds that Tox(t) € X.

Next, we derive that the operator 7' : X x X — X x X is strictly contractive on X x X
for any x1,%2,%1,y2 € X and for each ¢ € [a, b]. From the Definitions 2.1, 2.2, together with
(3.1), one has

[ Tiyn () = Tiya (0|
H ~\WV;¥
<@ / VO - w©) [ (E 1), DL 1))
—f(s,yxs),“DZ'f"’yz (&) | ds
1 ¢ / a-1 §
' / Y EWE - ) / 1E@ 0320 (5)))
—F(t,7,92(1),22(8(x))) ] d | d&

W) - v @) [
= % / [L1®)]31€) - 2]

+ Ly(&) |[1DY y1(8) = DA y,(8) || ] d

(Y (b) -y (a)”
e WA CCCE

+Lo(7) |y1(8(r)) = 92(8(x)) | ] dr &

o t b
_W®) -y@) ||J’1—J’2||x/ [msaxb(Ll CL)E) + maX(L5+L6)(s)dt] de

- Mo +1) 4 ass<b
b) - (@) lIy: -
< WO =02 - ) [140) + L)+ s+ Le)0)

SL||)/1 —J’z”X; LG(O,I),

the last inequality is obtained from the assumption (H3).
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On the other hand, combining Definitions 2.1, 2.2, and (2.1), one can obtain

” HDZ;W Ty (t) - HDu,v;w lez(t) ”

< (Y () = ¥ (a))**In _yZHX(b—a) max {L1(6) + Lo(t) + b(Ls + Lo)(0))
MNoa—u+1) tela,b]

<Lly1-yllx, Le€(0,1).
For any x;(¢),x5(¢) € X, by the definition of T, it is obvious that

| To1(8) - Toa (0)|

=

1 L o'~1 H iV
e | v OWO-v©O)  lelen©. Dl )

— g(&,%2(6),"'D Y xy(8)) | A
1

"T@)

- G(t, t,xz(r),xz(S(t))) || dr d&

_W®) - @)
o' +1)

+ La(®) | D4V 20 (8) DL o (8) | ] At

W®) -v@) [*[*
s W NG EGRT

t , 3
/ VEWWO-vE) / 166,71 (1), (5(2)))

/ [L3(®)1(6) - 22(8)|

r
+ Lg(r)”xl (8(1)) —x2(8(t)) H] dt d&

<W@- ﬁ(gl)l ﬂ;‘l =2 - ) ma 150 + La0) + blL + Le)(0)

SL”xl _x2||X) Le (01 1)'
Similarly, it is not difficult to obtain the following embedding inequality

| Dy Toxi (8) = D™ Toxs 0

_ W) — v @)l —xllx
- Mo —u+1)

(b-a) trgg)g]{Ls(t) +La(2) + b(Ly + Lg)(2) }
<Llx1 —x2llx, Le(0,1).

Hence, for all (x1,%1), (x2,72) € X x X, we conclude that
1T (x190) = T(x2,92) | e < L[ ®1,01) = ®2,02) |0 L € (0,1),

which implies T is a contraction mapping. By Banach’s contraction mapping principle,
the operator T': X x X — X x X has a fixed point (x*,y*) € X x X that satisfies T'(x*, y*) =
(x*,5*). In consequence, the problem (1.1) has a unique solution on [4, b]. The proof is
completed. d
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3.2 Stability
In this subsection, we will deal with Ulam—Hyers—Rassias stability, Ulam—Hyers stability,
and semi-Ulam—-Hyers—Rassias stability on the infinite interval [a, b].

In order to achieve stability results, we list appropriate metrics d;(-) and d(-) in Banach
space X x X. For any (x1,y1), (x2,2) € X x X, we denote the distance d;((x1, y1), (x2,2)), (i =
1,2) as follows, respectively:

dy ((x1,1), (%2, 72)) = inf{M € [0,00) | |1 () - x2(8) | < MD(2),

DY 21 (8) = DL 30| < MD @), ||31(0) - 32(8) | < MD(2),

[0 y(e) = "D ya(0)]) < M®(0), ¢ € [, b1},
where M is a positive constant and ®(t) is a positive, nondecreasing continuous function,

(e 30), (e, 32)) = sup{M  [0,00) | OO

W (t) B

17D a1 (6) - "D @l _ (0 =3 (0)]

’ ’

w() B w(t) -
Hp¥ ) _ H sV
” at yl(t) at J’z(f)H <Mte [61 b]

\lj(t) — b ) )

where W (¢) is a positive, nonincreasing continuous function on the finite interval [a, b]. In
a similar manner to [36] and references therein, we can ensure d;(-) and d,(-) are metrics

in Banach space X x X.

Theorem 3.2 Let (H;) and (H3) hold, ® : [a,b] — (v, @) (w,@w > 0) is a positive, non-
decreasing continuous function. In addition, x,y : ] — X are continuously differentiable

functions satisfying

<o), (32

’ <IVo@r)  (33)

w() - 7 [f(t, HOFDE y(0) + / E(t 1 y(0(50)) df]

Hpir¥ x(e) — 1677 [f(t,y(t), HDEY y(t)) + / t F(t,7,9(2),5(8(x))) dr]

<7 (1),

y(0) - 14 [g(t,x(t),HDZ;V;‘/’x(t)) + / t G(t, 7, x(1),%(8(1))) dt}

and

HHDZ,*Wy(t) - Isi’un/f [g(t,x(t),HDZf:wx(t)) ¥ /t G(t, r,x(r),x(é(r))) dr:|

<17V o()

forallt € ], then there exists a unique solution (xo, yo) € X such that inequalities

() = %0(2)|| < %Cb(t),
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D o) ~ D )| < (o)
P
3@ =300 = ;=7 o)
and
H vy H Vil p
|70 y(6) =D yo(0)| < T @)

hold, where L € (0,1). These inequalities imply that the system (1.1) has Ulam—Hyers—
Rassias stability.

Proof For any t € ], we introduce an operator 7: X x X — X x X as

Tx(t) = 1, f (6, %(0), " DY Y x(t 1) + I;Xi‘/f /tK(t, 7,%(1),%(8(7))) d.

For all (x1,%1), (x2,92) € X x X and ¢ € [a, D], it is easy to derive from conditions (H;),
(H,), and metric d;(-) that

| T () = Tiya (0|
< M WO - ) [LEOE) + L) bE)] d
_m/ﬂws(w ) L) D) + L) ()] de

M t ’ a-1 §
+m/ VAQIVAGERACS) /[Ls(T)CD(r)+L6(T)<I>(5(f))]dfdé (34)

_ Mo
- INa)

/1/1 WO -v(E)" 1[(Ll +L2)(S)+/ (L5+L6)(T)dr]df§
)

< LM®(¢).
In a similar manner, for each ¢ € J, one can find that

||HD”””T1y1(t> HDU Tyya(0)||

a-u-1
<20 [ewo-ve)
(3.5

3
y [(u PL)E)+ / (Ls +L6)(r>dr] de

< LM®(t).
Similarly, one can obtain

| Tox1(2) — Toxa(2) |

(2)
_F(’

/ vE) (W © - vE)” 1[<L3+L4 )+ / (L7+L8)(r)dr] de  (3.6)

<LM®(t), Vte].

Page 10 of 14
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It follows from the definition of 7 DZ;W and the conditions of this theorem that

| DY T (8) = D™ Ty (8)

Mo()

o' —u-1
< F fw (U (0) -y (©)

: (3.7)
« [(L3 FL(E) + / (L +L8)(T)df] de

<LM®(t), Vte].
From the definition of d;(-) and combining (3.4)—(3.7), we have
dy (T (w1, 1), T(%2,92)) < ML = Ly ((%1,91), (%2,52)), L€ (0,1).

Next, we show that d(x, Tx) < 00, so operator T has a fixed point. In fact, from (3.1),
(3.2), and (3.3), we obtain

%) - Tiy @] < 12 @) < P(a) (2), (3:8)
|7 D se) =MD Tuyp(e) | < 157 @(2) < Pl - u) (2), (3.9)
l9(6) - Tox(e)| < 1% @(0) < P(o) @ (), (3.10)
| DB y(8) = HDUY Ton(e) | < 1979 (2) < P(a’ - ) D(2) (3.11)

for all ¢ € . Based on the above results, we have
dl ((x;)’), T(x;)’)) =< P< oo,

where P = min{P(«), P(«¢ — u), P(’), P(e’ — u)}. Hence, it follows by items (1) and (2) of
Theorem 2.1 that there exists a unique fixed point (xo, o) such that T(xo,y0) = (x0,%0)-
According to item (3) of Theorem 2.1, we can obtain

P

Ldl ((x,y), T(x,y)) =< 1-1 Le(0,1).

dy((%,9), (%0,%0)) <

Based on the above facts, we conclude the system (1.1) has Ulam—Hyers—Rassias stabil-
ity and the proof is completed. 0

Remark 3.1 (Ulam—Hyers stability) Assume a positive, nondecreasing continuous func-
tion ®(£) = 1 in Theorem 3.2, then the fractional integrodifferential equation (1.1) has
Ulam-Hyers stability.

In the following theorem, we will show that the solution of system (1.1) has semi-Ulam—
Hyers—Rassias stability.

Theorem 3.3 Assume that (H;) and (H,) hold and ©(t) is a positive, nonincreasing contin-
uous function. Moreover, for t € ], continuously differentiable functions x,y : ] — X satisfy

<1, (3.12)

a

x(t)—lji‘['[f(t ¥(8), 1DV y (1)) + / F(t,r,y(z),y(a(r)))dr]
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HDUA (e) - 1577 [f(t, y(8), DAY y(t)) + / tF(t, 7,3(x),(8(x))) df]

‘ (3.13)
<15,

y(t) - IZLNI' [g(t,x(t),HDZ;";‘/’x(t)) + ft G(t, r,x(t),x(é(t))) dr:|

‘ <1V,  (3.14)

HDUY y(t) - 107 [g(t,x(t),HDZ;v;wx(t)) + / t G(t,7,x(1),2(3(1))) dr:|

’ (3.15)
<157,

Then, for any t € ], there exists a unique solution (xo, yo) € X such that

6PM

”x(t) —xo(t)‘ =< mq’(t),

||”DZ;V””x(t) —HDZ;V;wxo(t)” < %Mt),
6PM

&) =30 < T @),

U,v; Uu,v; GPM
|70 y(6) =D yo()| < T @(0).

at

Proof Similar to the proof of Theorem 3.2, for all (x1,y1), (%2,92) € X x X and ¢ € [a, b],
one can derive from conditions (H7), (H>), and metric d>(-) that

dZ(T(xl’yl)r T(x2r,y2)) < LdZ((xl’yl)r (xZ’yZ))’ Le (01 1)
From the definition of d5(-) and combining (3.12)—(3.15), we have
da((%,9), T(x,)) < OPM < c0.

It follows from items (1) and (2) of Theorem 2.1 that there exists a unique fixed point
(%0, y0) such that T'(xg,¥0) = (x0,0). According to item (3) of Theorem 2.1, one can obtain

() (0.30) = T (0, Tw) < T, L),

1- —1-

so its conclusion implies that the solution of system (1.1) has semi-Ulam—Hyers—Rassias
stability. This finishes the proof. O
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