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1 Introduction

One of the most striking features of conformal field theories, realized over many years
of study, is just how delicately they fit together. We may think of a conformal field
theory (CFT) as specified by its spectrum of local operators and the three-point couplings
characterizing the interactions of those operators. By now it is clear that these elements,
collectively comprising the “CF'T data,” are highly constrained by the CFT axioms, such as
conformal symmetry, unitarity, crossing symmetry.

Extracting useful constraints on the CF'T data from these general properties is, however,
a difficult business. The primary difficulty is that unitarity and crossing symmetry are
most naturally expressed as constraints on correlation function, and it is not always easy to
translate these into constraints on CFT data. A major breakthrough came with [1], which
developed a precise numerical algorithm for deriving rigorous bounds on CFT data. This
was enabled in turn by previous progress by Dolan and Osborn [2, 3] in deriving closed-form
and otherwise usable expressions for the conformal blocks in d > 2 dimensions. Among its
many uses, the conformal block expansion turns unitarity into the simple requirement that
square OPE coefficients are positive. Subsequently these methods, now called the conformal
bootstrap, were expanded and applied to a wide variety of CFTs; see [4] for an overview.

In this paper, we shall be more interested in a complementary analytic approach to
computing CFT data. These methods, which comprise the “analytic bootstrap” [5, 6], center
on identifying and exploiting different perturbative expansions to fix data order-by-order.
Apart from simplifications in certain limits of “external” parameters, such as small coupling



constant or large number of degrees of freedom, the analytic bootstrap also considers
universal behavior in terms of “internal” parameters, such as the charge [7-9] or — as in
this paper — the spin of operators in the spectrum. One benefit of this approach is that it
is possible to parametrize the behavior in certain sectors of the theory in question — in
our case conformal data of spinning operators — in terms of just a few parameters, and
therefore reduce the complexity of the problem significantly.

The study of spinning operators is intrinsically tied to CFT in Lorentzian signature and
the lightcone limit, defined as (1 — 22)? — 0 with 2/ — 2 finite. In this regime, the OPE
O(x1) x O(z2) is dominated by twist 7 = A — £ rather than scaling dimension A.! It is
therefore natural to group operators of approximately equal twist into “twist families,” and
study the dependence of spin for each twist family.? Famously, Nachtmann’s theorem [24]
shows that positivity of the deep inelastic scattering cross-section implies that for the family
of (global symmetry singlet) operators of leading twist, the twists 7, form a convex function
of £. Moreover, in the context more relevant to this paper, the e-expansion for the Ising and
O(n) CFT, it was noted perturbatively that “twist additivity” holds, namely that for any
two operators with twist 7 and 7o, there exists an infinite sequence of spinning operators
appearing in their OPE with 7y — 71 + 7 as £ — oo [25].

A more unified picture emerged through the works of [26, 27] (see also [28]), where it
was shown that twist additivity in fact applies to generic CFTs, and more generally, that
the large-spin asymptotics are controlled by mean field theory. Consider for example the
four-point function of identical scalars O. In this case, the considerations of [26, 27] imply
the existence of operators of the form

(0, O], ~ OO0 0. (1.1)

They are sometimes referred to as GFF operators, since together with the identity operator
1, they are the only operators contained in the O x O OPE when O is a “generalized free
field,” i.e. a non-interacting field with arbitrary Ae. In an interacting theory, the operators
[0, Ol,,.¢ acquire anomalous dimensions 7, ¢, which tend to zero at large £. For n = 0, where
we refer to OO as “double-twist operators,” this fact was noted a long time ago [29, 30].
Supported by perturbative arguments [11, 31, 32], and ultimately proven for CFT in [33],
the anomalous dimensions naturally expand in inverse powers of the “conformal spin”

A4/
2

which is the eigenvalue of the Casimir on the lightcone. In fact, [26, 27] showed universally

JA=h(h-1), h= (1.2)

that in a generic interacting CFT, the double-twist operators @9‘© have dimensions with
leading large spin asymptotics of the form

Ca’Tmin
A(98‘5(9 =200 + L+, Yo = _W, (1'3)

1This is reflected within the four-point function by the scaling of the conformal block: Ga ¢(u,v) ~ u™/2.

2In fact, interest in families of operators indexed by spin far predates the analytic bootstrap and
goes beyond the conformal fixed-point. For instance, such operators have attracted a lot of attention in
QCD [10-15] and its superconformal cousin N/ = 4 SYM [16-23], where they control the deep inelastic
scattering amplitude.



where a, , = )\%OOT ~is the squared OPE coefficient of the operator with minimal twist
Tmin in the O x O énﬁE, and C' is a positive constant, given explicitly in these papers.
Different methods were developed to determine corrections to this expansion and to the
involved OPE coefficients [34-36], culminating in the systematic framework of large spin
perturbation theory [37, 38].

The proposal and derivation of the Lorentzian inversion formula [39] provided several
new insights. Firstly, it showed that the anomalous dimensions and OPE coefficients for
operators in the same twist family are in fact described by functions which are analytic in
spin, putting on a rigorous footing a lot of the previous work.? Moreover, boundedness of
the four-point correlator in the Regge limit imposes that the range of analyticity extends

4 meaning that the

down to include all operators with spin ¢ > 1 (in the generic case),
complete spectrum of spinning operators inside a given correlator (and a global symmetry
representation) with £ > 1 can be captured by a single function C(A,¢) analytic in ¢. For
integer spin £ = {y, this function has poles in A at the position of all spin-£; operators,

with a residue that is given by the OPE coefficient,

2
)‘OOOAMO

C(Aa Z0) = ﬁ)

as A ~ A;. (1.4)
The work [39] also gave a compact formula for computing this function,

dzdz _ _ .
Cra34(A0) = Kate / %M(zv 2)Grra—1.a11-d(2, 2) dDisc [Grasa (u, v)] + (1) (1 > 2),
(15)

valid in the general case involving the correlator of four potentially distinct scalar operators
0;,1=1,2,3,4. Here we have defined the usual cross-ratios,

2 .2 2 .2
Ti,T T4,T

u=zz="3 ;’4, v=>1-2)(1-%2)= ;4 2, (1.6)
L1324 L13224

The precise meaning of all ingredients in the formula (1.5) will be spelled out in the
subsequent sections. Since the formula is valid for ¢ > ¢, with £, < 2, it must be
complemented with finite-spin contributions at spins £ < /..

The key property of the inversion formula (1.5) is that it depends on the correlator
G1234(u,v) only through the so-called double-discontinuity, which is often much easier to
evaluate than the entire correlator. It is sensitive only to certain singularities that appear
in the (crossed) lightcone limit (x5 — x3)? — 0, or equivalently v — 0 for fixed u. This
implies, in principle, a complete dispersion relation, where the correlator can be constructed

3In the context of gauge theories, analytic continuation in spin of the leading twist (twist-2) operators
is essential when studying the relation between the DGLAP and BFKL regimes [17, 40, 41] and in the
construction of light-ray operators [42-44]. In fact, the Lorentzian inversion formula has been related to
light-ray operators [45] and provided a proof of Nachtmann’s theorem for complex spin [46].

4This assumes the general expectation that the correlator should be bounded in the Regge limit by a
Regge intercept £, < 2 [39]. In fact, in the e-expansion, and in the 3d O(N) CFT, we expect £, < 1 [47-49],
implying that the inversion formula should be valid for ¢ > 1.



in terms of its double-discontinuity, plus potentially the contribution from operators at spin
0 and 1 [50].

The upshot of this is that the double-discontinuity suppresses exactly the part of the
correlator that carries the universal spin dependence, namely the contribution from operators
that approach the form of the GFF operators (1.1). This behavior is most apparent when
one combines the inversion formula with the crossing equation,

A1+Ag
u- 2
G1234(u,v) = —5 75, G3214(v, u). (1.7)
vz
Let us look at this in more detail, focusing on the first term in the right-hand side of (1.5).
Using the crossing equation derived from exchanging operators O and O3, giving u <> v,

and writing the crossed channel as a sum over conformal blocks, we get

A1+Ao

. . u 2
lesc[91234(u, U)] = dDisc T AgtAs E )\32(9’)\14(9’GAO/,ZO/ (U, u) . (1.8)
v 2 [0l

The crossed channel conformal blocks scale as v70'/2 in the limit v — 0, where 7oy =
Aoy — Ley. Consider for simplicity the case Oy = O and Oy = 03.° In this case, by an
explicit computation that we will review in the main text, one finds that

dDisc[v®] = 2sin?(ra)v®, (1.9)

where we expect for @’ that a@ = %(T@/ — A; — A3). The precise prefactors and the
integrations in (1.5) introduce many additional factors; but what matters for us is a
dependence on « of the form T'(a + 1)2. So in summary

Cr234(A, 0)|or ~ Sinz(’/TOé)F(Oé + 1)2. (1.10)

This factor has a double zero exactly when 7oy = Ay + Az + 2n for n =0,1,2, ..., which is
exactly when O has a dimension and spin that agrees with the GFF operator [O1, O3], ¢.

The fact that GFF operators have suppressed contribution in the inversion formula
is particularly useful in the presence of a small perturbative parameter 9, if the spectrum
at 0 — 0 is similar or identical to the GFF spectrum.® In this case, we can consider the
contribution from operators O’ with different properties:

e (O’ =1, the identity operator: this is always present for pairwise identical operators
01 = Oy, Oy = O3, and gives rise to the CFT data that exactly corresponds to the
GFF spectrum, with OPE coefficients aﬁEF, which were first found in general d in [55]
and are given in (2.44) below.

®In full generality, the definition of the double-discontinuity depends on the differences A1z and Asy,
where Aj; = A; — Aj. See (2.38) below.

SHowever, the Lorentzian inversion formula has also been applied in non-perturbative theories, such
as three-dimensional CFTs [47, 48, 51, 52] and 6d (2,0) theory [53]. Recently a hybrid bootstrap method
was proposed, which incorporates information from the Lorentzian inversion formula in the numerical
bootstrap [54].



o (O with generic twist 7o/, or twist 7o below the double-twist threshold: such an
operator gives a contribution to C(A, ¢) proportional to the OPE coefficient Agoor A 140

e (O an approximate GFF operator, or any other operator with 7oy = Az + As +2n + 7,
where ~ denotes a small anomalous dimension (y = 4§ 4 ...). Then the factors
in (1.10) conspire to give a suppressed contribution

Chr234(A, 0)|or ~ Ag20r Mgy, (Tor = Ag + Ao +2n + 7). (1.11)

By clever usage of the above observations, the Lorentzian inversion formula has found
applications in various settings, primarily holographic CFTs [56—63] and the (p¢@¢) correla-
tor in critical ¢* theories [64-68], yielding results that sometimes go beyond other methods.”
This is particularly true for corrections to OPE coefficients, which require considerable
effort using diagrammatic methods. The mentioned works involved primarily the four-point
function of identical operators, however the inversion formula applies to more general
four-point functions, and to investigate these will be the purpose of this study.

In this paper, we will apply large spin perturbation theory and the Lorentzian inversion
formula to ¢* theories, but extend the considerations to other correlators than the ¢
four-point function (pppe). Specifically, we focus on the O(n)-symmetric case, called the
O(n) CFT, and work in the e-expansion. Since the initial proposal of the e-expansion
by Wilson and Fisher [75], a lot of data has been computed over the years, as reviewed
in [76]. The most recent contributions involve high-order diagrammatic results [77-81] and
various bootstrap methods, such as Mellin space [82-84] and the related method of analytic
functionals [85],% Lorentzian inversion formula [64, 65] and multiplet recombination [87-89].

There are several motivations for the extension to mixed correlators. First, the numerical
conformal bootstrap involves systems of correlators, and it is instructive to see how the

9 More generally, an increased

data entering these fit together with the e-expansion.
understanding of perturbative data can give insight about reasonable gap assumptions for
future numerical studies. Secondly, conformal perturbation theory [94-96], which can be
used to find observables in the vicinity of the fixed-point, or at nearby fixed-point, requires
the knowledge of four-point correlators to go beyond leading order. Finally, due to the
paradigmatic role of the O(n) CFT in the study of conformal field theories, closed-form
expressions of correlators and conformal data will be of use for the development and testing
of new methods utilizing conformal symmetry.

The goal of this paper, then, will be to pursue this strategy for mixed correlators in
the O(n) CFT. Specifically, we shall compute all correlators involving the operators ¢, s,
and t. Here ¢ is the fundamental field transforming in the vector representation of the
global symmetry group O(n). The operators s and t are the quadratic operators formed
from ¢, transforming in the scalar and symmetric tensor representations respectively. The

"Other applications in a perturbative setting include ¢® theory near six dimensions [69], general ¢"
theories [70], finite temperature [71], defects [72-74].

8See [86] for a numerical application of the analytic functionals to mixed correlators in the 3d Ising theory.

9The interpolation between the perturbative and the non-perturbative numerical regime has been
investigated in [90-93].



result of our calculations will be order-e corrections to the anomalous dimensions and OPE
coefficients of operators exchanged in these correlators, as well as explicit expressions for
the correlators and some order-e2 results for n = 1. The reader primarily interested in our
results can find them collected in section 6.

1.1 Example: mixed ¢ ¢? system for n = 1

To better illustrate the logic of our paper, let us explain the argument using the simplest
possible example, which is the correlators involving ¢ and ¢? when n = 1.'0 In this case,
the O(n) CFT reduces to the Ising CFT, and the global symmetry reduces to Zy. The
operators ¢ and ¢? are the leading Zs-odd and Zs-even operators in the spectrum, and
there are three non-vanishing four-point correlators involving these operators:

(bode), (d909%), (8°0°d¢%). (1.12)

The study of these correlators in the numerical bootstrap led to the isolation of a small
unitary island in the 3d theory [97-99], where ¢ and ¢* are conventionally denoted o and e.
We will now describe how to study this system using the analytic bootstrap. In practice,
this involves many technical steps that will be discussed in the main text — here we give
an overview of the method.

Step 1: (¢pppd) correlator. The starting point is the (pppep) correlator. It was studied
using the Lorentzian inversion formula to order ¢* in [64]. As described above, the CFT
data of operators in this correlator is found by computing the double-discontinuity starting
from operators @’ in the crossed channel. A number of simplifications occur in the (¢dde)
correlator. The identity operator 1 contributes, but all other operators have a contribution
that is suppressed by certain powers of e. In fact, working to order &3, the only operator to
consider besides the identity is O’ = ¢. Thus

A

[
dDisc [Ggeppe (u, v)] = dDisc [Z% (1+apGa,,o(v,w) [ +0 ("), (1.13)

where a2 = )\i sp2 = 2T O(e), computable from the free theory. Note that the contribution
from ¢? will be suppressed by two powers of the anomalous dimension v = Agr — 204,
The double-discontinuity in (1.13) gives rise to CFT data for operators at twist 2 and twist
4. The twist-2 operators are exactly the double-twist operators [¢, ¢]o, = $0'p. We will
introduce a special name for them: 7, = ¢9¢. The reason is that they will appear in other
correlators, where they are no longer double-twist operators.'! One finds that

2
oI (1.14)

AJ£:2A¢+€— 72

where the J? dependence is exact to this order in . Conservation of the stress-tensor
Az, = d = 4—¢ and an analytic continuation to spin zero fixes the remaining two parameters

OFor n = 1, we use the symbol ¢ for the single fundamental field, and ¢ for the operator s.
"Eor instance, in the ¢? four-point function, the double-twist operators will be [(Z)Q, ¢2]07z7 at twist four,
and the operators J; at twist two will be below the double-twist threshold.



in this expression: v, at order 2 and ~v.!? Specifically, one arrives at the data

2
_q4_ &, & 3
Ay=1 2+108+O(€), (1.15)
2
o .. E 2 oy (6 3
Ay =2 5—{—3—1—0(5), Ag=2+l—c+ o (1 €(€+1)>+O(€>’ (1.16)
N 5 ) , o (141)? )
)\¢¢¢2—2(1—3+O<€ )), )\¢¢J[:m(l+6(51 (20)—25; (f))—i—O(E )),
(1.17)

where S1(¢) denotes the harmonic numbers.

Step 2: (popd?¢?) correlator. Next we consider the mixed correlator of ¢ and ¢2.
Working to order ¢, the whole double-discontinuity is given by the operator O’ = ¢:
Ay

U
WG¢GA¢,O(% u)
v

dDisc [g¢¢¢2¢2 (u, fu)} = dDisc +0 (82> . (1.18)

Now ay = /\i 52 but since OPE coefficients are permutation invariant, this is given by (1.17).
Since also the involved scaling dimensions have been previously determined to appropriate
order, one proceeds and finds the new CFT data

>‘¢¢~72)‘¢2¢ij = m (1 +e€ <51(2€) — 251(5) — %) + O (82)) . (1.19)

At spin zero, there could potentially be a finite spin contribution, and we write

Step 3: (¢p?p2¢p%¢?) correlator. This correlator is the most involved one to compute
because the operators that contribute to the double-discontinuity are @’ = 1 and the whole
sum of twist-two operators O’ = ¢?, J;:

dDisc [g¢2¢2¢2¢2 (’LL,U)] =

(1.21)

=dDisc +0 (62) ,

w2
UA? 1—1—(12,0GA¢2’0(U,U)+ Z az,gGAJZ’g(U,u)
(=24,

where ay ¢ denotes the OPE coefficients of the twist-two operators in the »* x $*> OPE. But
they can be determined in terms of the quantities above,
2 2
(Ao rg2g202) (Mssgirere,)

a0 = 5 ) ag ¢ = D) ’ (122)
Npo Aoo e

128pecifically, conservation of the stress-tensor sets vy = é'yQ + O(£%). Then, by evaluating J? at the full
conformal spin, (1.2), it is possible to formally evaluate (1.14) at £ = 0 and impose Az, |¢=0 = Ag2. Solving
this equation to order ¢ fixes v = £ to leading order; see [64] for more details. It is not known exactly why
such analytic continuation gives the correct result. Finally, a direct crossing analysis shows that the spin-0
OPE coefficient takes the value )\i¢¢2 =2(1-%)+0().



and are thus completely fixed, up to the constant &. One can then use the Lorentzian
inversion formula to find the order € and ! CFT data for all operators exchanged in the
correlator. This step requires considerable effort and is performed with the help of the
projection to subleading twists within the inversion formula, which we discuss in section 1.5.

Resumming the correlators. With all data at hand, we can also determine closed-form
expressions of the correlators by computing explicit sums of conformal blocks,

_ U u(l+v) u u 9
Gogge(u,v) =1+ (u+ v) +e (—%logu—i— %logv - 3‘I>(U7U)> +0 (8 ) ;

(1.23)

U u(l+wv u(24+ v
Gppp2g2(u,v) =1+ 2 <u—|—v> +e <—<v)logu+(3v)logv

20 B ) ae (5 2) B o) gy

2 2
U uou S8u(u+v+1)
G =14uv’+ = +4|u+—+—|+e(—m——
¢2¢2¢2¢2(U,'U) u ) <U v ’U > E( 30

2u(v(v +1) + 8v(u+ v + 1) + u(3v* — 2v + 3))
— log u
9v?
2u( —4v(u—+v+ 1)+ (=3u — 202 + v + wv))
— 902 log v

_W@(u,v)> ~ 16e (d + ;) G(u,0)+0(e2).  (1.25)

where ®(u,v) is the standard box integral, given in (3.6), and

|

. 2u3® (u,v)+“72 ((1—v)2—u(v+ 1)) logu+u? (u—v+1)logv ulog (i:z)
Gluv)= (u—v+1)*—4du i z2—Z '

(1.26)

These expressions still depend on the undetermined constant &, introduced in (1.20).
However, it is now easy to see that crossing invariance of the final formula (1.25) always
leaves a piece proportional to (& + %), which can only vanish if & = —%. Using this value,
we have achieved a complete determination of the three correlators at order e.

1.2 Structure of this paper

This paper is structured as follows. In section 2 we set up the problem and describe in detail
all ingredients, including a review of the O(n) CFT, some generalities about conformal
correlators and conformal blocks, and some technical details required to use the inversion
formula for mixed correlators at higher-twist. In section 3 we study correlators involving ¢
and s = ¢'¢’. In this case, the O(n) representation theory simplifies, so we focus on the
computations that involve the determination of the double-discontinuity and the inversion
integral. The results are the CFT data for all operators appearing in the (pppy), (ppss),
and (ssss) correlators, and expressions for these correlators. In section 4 we expand the



set of operators to include t, the traceless symmetric operator t = ptip?}. This introduces
some complexity due to the variety of representations that can appear in ¢ x t. However the
technical manipulations involving the inversion formula are similar to those in the preceding
section, so we proceed more quickly towards the results.

In sections 3 and 4, we take the viewpoint that all data should be fixed by crossing and
analyticity alone. However, in section 5 we take a less strict approach; we combine bootstrap
constraints with previous results in the literature, mainly obtained diagrammatically, to
push our method as far as possible. The result is an improvement on the data for (ppp?¢?)
at n = 1, and includes a number of new order-£2 results.

In section 6 we collect our results in one place, and present explicit data for as many
non-degenerate and pairwise degenerate operators as possible. Finally, we conclude and
discuss future directions in section 7.

1.2.1 Conventions

In this paper, we use the following conventions, which are mostly in alignment with [76]:

Operators for general n The fundamental field is denoted ¢, and composite operators
in the O(n) representation R by their form O"0%pk,; see (2.3). Special names are
given to the operators

s=pi=¢'¢',  t=pp =l (1.27)
where curly brackets denote symmetrization and removal of traces.

Operators for n = 1 The fundamental field is denoted ¢, and composite operators by
their form 0"9¢F.

CFT data Dimensions and OPE coefficients of individual operators are denoted by Ap

and A\p,0,0,. For nearly degenerate operators at twist 79 + 7; (with v, = O(e)) and

1234

spin ¢, we use a;5" and %234 to denote the weighted sum of OPE coefficients and

anomalous dlmensmns,

1234 1234
Aot = Z AOL020; A05040; 5 Vrol 1234 Z AO1 020, A\030,40; Vi (1.28)

7'0 N4 7

We will often use the notation a12324 = a(Tg)21234 (1 + aig?’fe) + O(£?). When there is
no chance of confusion, we will drop the dependence on 1234 and write 7 instead of
70. When different O(n) representations are involved, we have to introduce additional

normalization factors, which we define in section 2.2.

Cross-ratios and conformal blocks We use the standard conformal cross-ratios (1.5)
and, unless specified, evaluate the conformal blocks in d = 4 — ¢ dimensions. The
conformal blocks are such that there are no explicit factors of 2¢; see (2.25), (2.28).



2 Review and setup

Let us start by reviewing some of the topics that are central to this paper. We will first
consider the construction of the O(n) model, focusing specifically on the operators that
appear in its CF'T fixed point, and some group-theoretic elements that will be relevant
later in the paper. We then review some basics of CFTs, which will allow us to state our
conventions and discuss some details that arise for mixed correlators. The reader already
familiar with the O(n) model and conformal symmetry may want to proceed to the next
section and then consult the present one when specific formulas are needed.

2.1 The O(n) CFT

Consider the action of n free scalar fields ¢, with a mass term and quartic interaction,

S = /ddac (; (8H<pi)2 + njgﬁ + % (<p2)2> : (2.1)

For d < 4, the quartic interaction is relevant and triggers an RG flow away from the free
theory. For a fine-tuned value of the mass parameter m?, the flow reaches an IR fixed-point.
The theory at this fixed-point is scale-invariant and conjecturally also conformal, and is
what we will call the O(n) CFT.

In d = 4 — € dimensions and working at small ¢, the IR fixed-point can be studied
perturbatively in e, and all the observables can be given as series expansions in €. We will
be interested in local conformal primary operators, which in this expansion are constructed
as (normal-ordered) composite operators in terms of the field ¢* and the partial derivative
O0*. We will always work in CF'T normalization, where the operators have unit two-point
functions. For spacetime scalars, this entails

(O (@1)0 (22)) = — 2517, (2.2)
(w7y)70

where zfy = 2} — 24 and I, J are indices belonging to the particular O(n) representations

that O; and O; transform in.

The construction of conformal primaries is complicated because one must consider
all possible operators with equal engineering dimension (dimension in the 4d free theory)
transforming in a given O(n) and Lorentz representation. The conformal primary operators
are the linear combinations of such operators that are annihilated by the generator K,
of special conformal transformations, or equivalently those that cannot be written as a
total derivative of any other operator. The explicit expressions for the operators are very
complicated, and we will not write them here.

To leading order in e, however, the construction of primary operators simplifies, and
one only needs to take into account those operators with the same number of fields and
partial derivatives.'® Within such a subspace, the mixing can be solved in a systematic way,

3By the equations of motion, to higher orders in e, there is a mixture between ¢’e’ and 8,,0".
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which was first done in [100, 101], and revisited in [102] and [76]. Following the notation
of [76], one can therefore write down the “form” of an operator as

O =09, (2.3)

where R denotes an irreducible representation (irrep) of the O(n) symmetry group, and we
consider only traceless-symmetric Lorentz representations of spin ¢. The operator in (2.3)
should be read as “an operator constructed as a linear combination of operators with m
fields in the irrep R, and 2n contracted and ¢ uncontracted derivatives, in such a way that
it is a conformal primary.” Note that many operators, both primaries and descendants,
may have the same form, since the derivatives can act on different fields in many different
ways. When there is more than one primary operator of the given form, we say that the
operators are degenerate, even if this degeneracy is lifted by anomalous dimensions in
the e-expansion.'®

We give special names to the bilinear operators s = <p%~ = @iy’ and t = @2, with
components t*7 = pliwi} which together with ¢ = ¢y are the operators whose correlators
we study in this paper. Here S denotes the singlet representation, V' the vector and T' = Ts
the rank 2 traceless symmetric representation. The non-trivial tensor products of these
representations read

VeV=SeTeA=eaOaH, (2.4)
VeT=VeT;éHs=0eOIOaeH, (2.5)
TRT=SoToAeTye Hie B, =eaDoHomrmeH "o H, (2.6)

where we have given the Young tableaux labeling the irreps. The abbreviations can be read
as antisymmetric (A), rank-m traceless symmetric (75, ), rank-m hook (H,,) and box (Bjy).

Let us describe the operator content in each of the O(n) representations involved.
In the limit e — 0, this can be found by studying the spectrum of the free theory in
d = 4, and taking into account that some operators which are primaries in the free theory
become descendants in the interacting theory by the multiplet recombination effect, to be
discussed below. It is convenient to organize the spectrum by twist 7 rather than scaling
dimension. By using the twist in the free 4d theory as our label, the relevant operators for
our considerations can be indexed by four labels,

O = ORr04, (2.7)
where 7 denotes the twist in the free 4d theory (7 = m + 2n for O in (2.3)), and 7 denotes

an additional label for that distinguishes the operators that have identical scaling dimension
in the limit € — 0.

1Not all of these degeneracies are broken at leading order in &; however, it is believed that all degeneracies
will ultimately be broken at sufficiently high order in e. See [25] for a nice discussion and survey at order e?
for a subclass of operators.
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Singlet S representation.

At 7 = 0 we have the identity operator 1.

At 7 = 2 we have a family of non-degenerate operators at each spin £ = 0,2, ..., which
we give special names, s at £/ = 0 and Js, at £ = 2,4,.... The latter are conserved
currents in the free 4d theory. The operator at £ = 2 is the stress-tensor and is
conserved also in the interacting theory, the other ones are broken.

At 7 = 4, we have operators of the form 8%0% for £ =0,2,4,5,6,7,8,.... At £ =0
and ¢ = b5, these operators are non-degenerate.

At 7 =6,8,10,... there are many operators of the form D"@ngg for m =4,6,.... At
T =6, £ =0, there are only two operators: gog and Dgoflg.

Vector V representation.

At 7 =1, we have the operator ¢.

At 7 = 3, we have operators of the form 65@%/, for £ =1,2,3,4,.... The operator at
¢ =1 is non-degenerate.

At 7 =5,7,..., there are many operators of the form D”@ego(}l, form=25,7,....

Traceless-symmetric T representation.

At 7 = 2, non-degenerate operators for £ = 0,2,4, ..., denoted ¢t at £ = 0 and Jr, at
(=2,4,...

At 7 = 4, operators of the form 8€g04T for £ =0,2,3,4,5,..., non-degenerate for £ = 0.

At 7 =6,8,10,... there are many operators of the form D”@Qp? for m =4,6,.... At
7 =26 and £ = 0, 1, there is exactly one operator with four fields.

Antisymmetric A representation.

At 7 = 2, non-degenerate operators for £ =1,3,5, ..., denoted J4¢. The operator at
£ =1 is the global symmetry current and is conserved in the interacting theory.

At 7 = 4, operators of the form 8Zg04A for £ =1,3,5,6,7,8, ..., non-degenerate for
(=1.

At 7 =6,8,10,... there are many operators of the form D”@egoﬁf for m =4,6,....

T3 and Hj3 representations.

At 7 = 3, operators of the form 8590?}’2, non-degenerate for R =15, £ =0,2,3,4,5,7
(absent for £ = 1) and for R = Hs, ¢ = 1,2,3 (absent for £ = 0).

At 7 =5,7,..., many operators of the form D"E)eap?]% form=2>5,7,....
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Ty, Hy and B4 representations.

o At 7 = 4, operators of the form 8%0%, non-degenerate for R =Ty, £ = 0,2,3,5 (absent
for ¢ =1), R= Hy, ¢ =1,2 (absent for £ =0) and R = By, { = 2 (absent for £ =0, 1).

e At 7=06,8,10,... there are many operators of the form D”@Qp? for m = 4,6, .. ..

If we set n = 1 in order to specify to the Ising CF'T, the counting of operators changes
and we find many new cases of non-degenerate operators, i.e. cases with only one operator
at a given twist and spin. In general, the counting of operators of the form [0*9%¢p™ at n = 1
agrees with that of operators of the form Dkf)chj@m for general n, and in fact the order-¢

anomalous dimensions of these operators are related by a factor nLJrg. The exception is the
operator goi}s and one operator of the form 8€g04T4, {=3,5,7,..., where the corresponding

operator does not exist in the n = 1 case.!> A complete classification, including order e
anomalous dimensions, of operators of this type with up to five partial derivatives was
given in [101].

2.1.1 Multiplet recombination effect

When comparing the spectra of the free theory and the interacting theory, there is an
important multiplet recombination effect to take into account [87]; see also [88, 103]. In
simplified terms, this is due to the fact that the equations of motion in the interacting theory,

Op o oy, (2.8)

are different from those in the free theory, which read Oy = 0. Equation (2.8) relates
Ly and cp%/ and as a consequence, some operators O, like (p%/, that are primary operators
in the free theory no longer exist in the interacting theory. The corresponding states
become descendants of the primary O, in this case ¢. Apart from the operator ¢, this
effect also happens for the higher-spin currents O = Jg ¢, which are conserved in the free
theory, 9, J/'* """ = 0. The corresponding states that in the interacting theory become
descendants are those that in the free theory belong to primary operators of the form
0= 84_190‘}%. In summary, the multiplet recombination effect involves the following pairs
of operators:

. (’)zgp,(’)z(p%/.

e O=UJsy, 0= 8e_lcp‘é£ for £ =4,6,8,.... The stress-tensor Js2 is conserved also in
the interacting theory. In fact, neither the free nor the interacting theory contains a
primary operator of the form dp3.

« O=Jry, O=0""¢t, for £=2,4,6,....

e O = Jay, O = 85*1g0j147£ for £ = 3,5,7,.... The global symmetry current J4 is
conserved also in the interacting theory.

5More precisely, the corresponding states go into the descendant level of the higher-spin currents
Jex1 = ¢0*T ¢, which in the interacting theory are not conserved for £ = 3,5,7,... [87].
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Multiplet recombination has an interesting effect on the conformal block decomposition.
In this paper, we will determine expressions for four-point correlators that expand in a
series in small ¢,

Gu,v) = GO(u,v) + GW (u,v) + ... (2.9)

Here the term G(9) (u,v) agrees with the correlator for the free theory in d = 4 dimensions,
and can therefore be expanded in conformal blocks as a sum over primary operators in the
free theory,

fr fr
GO (u,v) = %: aoeeGAgeelO (u,v) + Z a@eeGAgee’Z@ (u,v), (2.10)
(@]

where we have divided the sum into one sum over operators that remain primaries in the
interacting theory, and one of those that correspond to descendants in the interacting theory.
On the other hand, if we were considering the interacting theory at order £°, we would
expect to find

GO (u,v) =Y a0Gap o (u,v), (2.11)
@

where the operators contributing are the same as those in the first sum in (2.10).
In fact, both the expansions (2.10) and (2.11) are correct. This apparent contradiction
between the two expressions is reconciled by a special relation of the conformal blocks [104],

free [A?S‘A‘Ag?fe free [Aflrzee,Agfe} _ [A12,A34]
GAgCC ; (u,v) +ag GA%C%K@ (w,v) = aoGp, 4, (u,0). (2.12)

This equation is possible because on the right-hand side, the operator dimensions involved
are those in the interacting theory, and therefore include anomalous dimensions. The
€ dependence of these anomalous dimensions is canceled by poles in ¢ that appear at
descendant level in the interacting conformal block. We will see an explicit example of such
a recombination effect in section 4.4.'6

2.2 Correlators and conformal data

The four-point function of general scalar operators O; in representations R;, takes the form
I J K L RIJKL R
(O1(21)0 (22) OF (23) O (24) ) = Ko010,0504 (1) D P o5, 1,98,0,050, (0 0), (2:13)
R

where Pg’f[{f]% R, are projectors, to be described below, and

A1—Ag A3—Ay

2 2
T4 1
( 2 > ( INEY N VY Vi (2-14)

13 x3y) T 7 (23) 2

2

L4
K0102(93(’)4($1,$2,x3,$4) - (.TQ >
14

6Notice that the recombination effect involving the broken currents Jg,¢ and their twist-four descendants
of the form 8*~ 1% is not visible in the correlators of identical external operators. This is because they have
spins of opposite parity, and the OPE of operators with identical scaling dimension contains only primaries
with spin that are either all even or all odd. Likewise, the operators ¢ and 3, can only show up in mixed
correlators thanks to the Zo parity of number of fields, so multiplet recombination on the level of conformal
block expansions is a feature that is only captured in mixed correlators.
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The function le 0,040, (4, v) depends on the coordinates x; only through the cross-ratios
u=zzand v = (1—z)(1 — 2); see (1.6). We have the conformal block expansion

1 Aq2,A
951(920304 (uv U) = -/\TR %: )\01020)\0304OG[A(;?50 ] (’LL, U)7 (215)

where Np is a normalization constant. Here the sum is over primary operators O that are
contained in both of the OPEs 01 x Oy and O3 x O4. For scalar operators, the OPE only
contains operators O transforming in traceless-symmetric representations of the Lorentz
subgroup of the conformal group, denoted spin-¢ operators. The functions G ¢(u,v) are the
conformal blocks, which are fixed functions in terms of A, ¢, u, v, spacetime dimension d, and
the pairwise differences of external scaling dimensions Ajs = A1 — Ag and Agy = Ag — Ay.

2.2.1 Projectors and normalizations

Without considering any global symmetry, it is natural to define the OPE coefficients
between scalar operators in such a way that they are completely permutation symmetric,

A010:05 = A020,05 = A0, 050, - (2.16)

In the presence of global symmetry, each operator carries the indices of its irrep, and the
three-point functions would need to be promoted to a three-point tensor structure in order
to make the permutation symmetry of (2.16) manifest. However, such three-point functions
will never appear alone in our work, where we are concerned with four-point functions and
therefore only use the projectors for four-point functions.

Inside our four-point function, we would still like the OPE coefficients A\p, 0,0 introduced
in (2.15) to satisfy permutation symmetry. This condition is unimportant when one
considers only a single four-point correlator, but becomes increasingly important when
larger systems of correlators are considered. Moreover, we would like the contribution
from the identity operator in the four-point correlator to be consistent with a product of
two-point functions, implying

doow =1,  Puplan =o"aKE. (2.17)

Fortunately, there is a choice of normalizations of the tensor structures Pg;%]QI;(RLg R, that
gives permutation-invariant OPE coefficients, satisfying (2.16) and (2.17), for arbitrarily
large sets of external operators [105].!7 Using such tensor structures would give Nz = 1
in (2.15). This choice introduces some unpleasant square roots in the crossing equation
and is usually not chosen in the literature. Here we will instead introduce a minimal

set of normalization constants to give simpler expressions in our formulas. Our choice
corresponds to

Ns =1, Np = Y2 -D/2 Ny = Ynin=1D/2 (2.18)

n n

'"This is summarized in appendix A.3 of [76]. We thank Ning Su for useful discussions and for sharing
some unpublished results with us.
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which for R = T, A agrees with Np = Y4H0E  Noreover, we will use

dim V'
B B B ~ /(n+6)(n+1)n(n—1)/6
Ny =Np, = Np, =1, Np, = e+ 20— 1) . (2.19)
B Vin+4)(n+1)(n—1)(n—2)/2 B V(n+2)(n+ 1)n(n —3)/3
N, = (n+2)(n—1) » Nb, = (n+2)(n—1) » (220)
where for R = Ty, Hy, By the formulas agree with Nz = 7%2.

2.2.2 Crossing symmetry

Crossing symmetry is a highly restrictive constraint on CFT data. When used in the
four-point function (2.13), it gives an equation of the form

A1+A9
R _u =z RR/ R’
g01020304 (U,'U) T Ag+Ag MRlRQ;R3R4gO3OQO1O4 (’U,U), (221)
v 2 R/

where the crossing matrices M RE' pelate the different global symmetry representations
involved in the direct and crossed channel. They can be worked out from the explicit form
of the tensor structures. Here we will make use of results found by the authors of [106] and
we give the explicit expressions in appendix C.

2.2.3 Conformal block expansion in perturbation theory

In most of this paper, we will write the conformal block decomposition on the form

R
g01(920304 (U, U) = Z aR,’To7€G7'0+€+’YR,TOJ,€(U/; U)a (222)
70,4
where 1
ARy = U g = Na Y 20,10,0,20,040, (2.23)
)

and the dependence on O; will often be omitted when there is no risk of confusion.
The sum over ¢ is over operators that are degenerate for d = 4, i.e. with dimension
A=1+l+ 6’}/((911_) + O(?). This means that when there is degeneracy, the symbol vg 7, ¢
really refers to weighted averages of anomalous dimensions, more precisely of the form

1

—_— (1) 2
arr N7 D 820,0,0,20;0,070, + O (s ) : (2.24)

%

YR, 70,4 =

Note that in our conventions, the g -, ¢ contain the factors of €, whereas any quantity with
superscript () denotes the kth order in a series in €. In much of what follows, we will often
drop the subscript on 7y, when using it as a label.

Many properties of conformal blocks were found in the works of Dolan and Osborn [2,
3, 107]. In particular, they determined a Casimir differential equation for the blocks, which
could be exactly solved in two and four dimensions. The four-dimensional solution reads

G(AZLT?’[AIQ’AM](Z,Z) _ ZZ, (k:%;lf’AM](Z)k[AAlf’AM](Z) _ k[AAQJ:?,A34}(z)k%;§,A34}(Z)> :

VARV A 2
(2.25)
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which will be of great use because we are working in the vicinity of four dimensions. In
this equation,

. b
kg”kx)::xﬁzFl(ﬁ;,Br2;2ﬁ;m), (2:26)

which is the same as the one-dimensional conformal blocks, also known as SL(2,R) blocks.

Many useful results for conformal blocks are also available in general dimension, albeit
often only in series expansions in different limits. Recall that, in Lorentzian signature, the
cross-ratios z, z are real independent variables 0 < z,z < 1. The most relevant expansions
for this work are the collinear limit and the double-lightcone limit,

collinear limit: 2z <1, double-lightcone limit: =z < (1 —2) < 1. (2.27)

In Lorentzian signature, the collinear limit can be approached when the insertion points x;
and z2 become light-like separated, even at finite x4 — 2/'. In this limit, the blocks reduce
to the SL(2,R) blocks, times a factor that only depends on the twist 7, = A — ¢,
e O L R ORI Can (2.28)
Note that this expression is independent of d, due to the effectively one-dimensional
configuration. The collinear limit of the correlator captures the contribution from the entire
leading-twist family, where the contributions from the different spins are summed up using

/2

SL(2,R) blocks. It is often convenient to project such a sum to a common factor z7/#, and

trade the contribution from anomalous dimensions 7y, , = 7 — 7 for factors of log z,

T 1 _ T11
G(u,v) = 22 z[:aﬂg (1 + 5 logz+ .. > k%erTT,gH(z) +0(z21), (2.29)
where we suppressed the dependence on Aq1a, Asy.

Working to leading order in €, there is a convenient reparametrization of the expres-
sion (2.29), which is valid up to “regular terms”, which are functions of z which have no
double-discontinuity. Writing

0 1
arp = a(ﬂg(l +eary), Yrp = 5751)7 (2.30)

T ]_ T
G(u,v) = z2 Za&? (1 + 557(14) log z + 5d7,4> k7 (2) + O <z5+1) + regular terms, (2.31)
¢

T,

where

ﬁ:g+g (2.32)

and the shifted OPE coefficients have been introduced using!'®

R 1
Qrp = Qryg — Waf (a£?2777f> . (233)
2a7’,€

18Gee [108] for more details on the nature of “regular terms” and a derivation of this formula.
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The upshot of the formula (2.31) is the following. The whole leading contribution to
the correlator has been written as a sum over integer-spaced SL(2,R) conformal blocks,
up to terms that have vanishing double-discontinuity. By matching singular terms, i.e.
terms with non-vanishing double-discontinuity in (2.31), perturbative CFT data can be
computed, converting the insights of [26, 27] into a systematic framework dubbed large spin
perturbation theory [37, 38]. Below, we will see that the same expressions arise at leading
order using the inversion formula.

We conclude this section by noting that the subleading corrections in z in (2.28) can
be determined order-by-order in general spacetime dimension d, by solving the Casimir
equation in a series expansion. The solution at each order in z can be written as a sum
over SL(2,R) blocks with shifted arguments,

k

GEBAUI( 2 = B3R Y g (b RS20 (7). (2.34)
k=0 i=—k

where h = % and h = %. We defer the details of this expansion to appendix A.

2.3 Lorentzian inversion formula

The Lorentzian inversion formula [39] is a method for extracting CFT data from the
double-discontinuity of the correlator. In its most complete form, it can be written as

1234 ﬂ@l S 1234, o\ ~(d),1234 - 21234 -
CH Al = 1 / dzdz =" (2, 2)G 5 ) a1 _q(2,2)dDisc ™ [Graza (2, 2)]
[0,1]2
+ (D1 2), (2.35)
where
A=A A=A As—A As—A
/<;1234:F<ﬁ_ g Q)F(5+ E Q)F(B_ E 4>F(ﬁ+ 2 4) (2.36)
A om2l (28)T (26 — 1) ’ '
—1d—2 (Ao tAz-A Ay
1234 [ = Z—z (1-2)(1-2) 2
= 2.
W E) = == (22)2 (2:37)

Note that /-f%b234 = n}%134. Here the labels 1234 are short for 0102030, and will sometimes
be suppressed when no confusion occurs. A central ingredient in (2.35) is the double-
discontinuity, which is defined as

dDisc! [ ()] = cos (r A2tRaz =) f(z)
1 im22TA3—A) —Ay 1 -7TL\2+A3QA1*

L SO 260 (z) (2.38)

for a function of z < 1 with a branch cut at z > 1, and the arrows indicate the analytic
continuation around the branch cut.
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2.3.1 The perturbative inversion formula

The most general inversion formula (2.35) captures the entire spectrum of spinning operators.
However it contains a two-dimensional integral against a kernel which contains the conformal
block, which for arbitrary spacetime dimensions is not known in closed form.' To make
progress in the general spacetime dimension, we make use of some simplifications. The first
step is to consider the limit of small z, in which case the integral over z can be performed
for each order in z, giving an approximate generating function C(z,h) [39]. The next step
is to consider the presence of a small perturbative expansion parameter ¢, so that in the
limit ¢ — 0, the spectrum organizes into exact twist families. This gives a perturbative
inversion formula, first considered in [64], from which the CFT data can be determined
exactly order-by-order in €.

The final product will be a generalization of the SL(2,R) inversion formula (see (2.42)
below), valid also beyond the case of identical external operators. The derivation follows
the proof given in [70], and the result is that

T, (log z,fz) =
1
dz B Do+ A3-A Ay . _ ¢
:ﬂ}ll234/2f2k%1234 (Z) (1—2’) 2 dD1801234 [91234 (Z,Z)] |ZTO/2+(—1) ( 12 ),

0
(2.39)

where k}ll234(2) is defined in (2.26). In (2.39), we collected all powers of log z into the
generating function defined by
7 0, l.a L@
T, (logz,h) = TFE ) ¢ §T;E ) log z + gT}—(L ) log?z + ..., (2.40)

which contains the CFT data of the family of operators of leading twist of the form
¢ = 70 +7¢. The CFT data may be extracted from the terms in the generating function via

1 1
Ot =T + ST + cRT | (2.41)

S
h=T04¢

(0)

70,

To order ¢, T},EO) and T},gl) correspond to the terms a. ’,(1 + €é, ) and agg?ﬂmg in (2.31).

SL(2,R) inversion formula. It is sometimes convenient to consider a purely one-
dimensional inversion problem, involving only the Zz cross-ratio:

1
Z T (B) kr(z)=f(2) & T (71) = Ky, / %kzﬁ dDisc [f(2)] + contr. at finite h.
h=h,h+2,... 0

(2.42)
The formula on the right is called the SL(2,R), inversion formula. The achievement of the
perturbative inversion formula is to reduce the general inversion problem to a collection of

SL(2,R) inversion problems.

19T two and four dimensions, where the conformal block is given on exact form, the whole two-dimensional
integral can be performed at once in some simple cases; see e.g. [39, 56].
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Example: GFF OPE coefficients. Asa warm-up, we will use the perturbative inversion
formula (2.39) to find the OPE coefficients of the leading twist operators in the GFF theory.
Consider the correlator

A1+A2

g0102(92(91 (ua U) Z aGFF fngg +2on,0 (U, 1)), (243)

where the squared OPE coefficients aGFF are known in the literature to take the form [55]

GFF
né -

(B1+1-5) (Bo+1-5) (A, (Do)
Anl (0+8) (Ai+Do+n+1—d), (Ai+Dz+0+n—9) (Ai+As+2m+0-1),
(2.44)

where (a),, denotes the Pocchammer symbol. If O; = Oy, there is an additional contribution,
identical up to a factor (—1)*.
Our goal is to verify the formula (2.44) at leading twist (n = 0) by inverting the

contribution from the identity operator:

9020201(’)1 (ua U)|1l =1. (245)

Multiplying with the crossing factor and computing the dDisc, we get

( _) A1+Ag _BA1+Ag
Disc!22! =) - = 2sin(rA;) sin(rAy) 2.4
dDisc (B ity sin(mrAq) sin(rAg) 1i—& (2.46)

Next, we multiply by the factor (1 — 7)A2*A1/<a}11221

, and integrate against the kernel
*leml( Z). It turns out that with the help of an integral representation®’ for the hyperge-
ometric function, the integral can be worked out explicitly, and we get

[ (h+81582) 1 (h— S1382) 1 (b + 81382 — 1)
D (AT (A9)T (h— 2582 4 1) T (20— 1)

T# <log z, B) = , (2.47)

where the absence of any dependence on log z shows that there are no anomalous dimensions.
Upon putting h = % + ¢, this agrees exactly with the GFF OPE coefficients (2.44)
for n = 0.

2.3.2 Projections onto subleading twists

The formula (2.39) extracts the CFT data for leading-twist operators with twist 7g,%!

however in the following we will need to find data also for subleading twist families.

b—1 c—b—1
Specifically »F1(a, b ¢; 7) = rra—y [, di—G—.

21Tn general, it can be used whenever there is no twist family with twist 7o — 2k + O(e) for integer k.
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To find the CFT data for the leading twist family and a collection of subleading twists,
we consider the following quantity,

T (z, B) = ZZ%OTTO (log z,ﬁ) . (2.48)
0

It is defined as the sum of the result of the inversion integral at various powers 270/
see (2.39). In general, the term in (2.48) at a given power 27/2 will correspond to the
CFT data from primaries at twist 79, and from descendants from primaries of twists
70— 2, 70 — 4, .... In order to determine the CF'T data for primaries, we therefore need to
find a way to project away the descendant contribution.

The method to do this in arbitrary spacetime dimensions was briefly described in
section 3.2.4.2 of [70] and makes use of the subleading terms in the collinear expansion of
the conformal blocks. Here we will give an explicit description of how to perform these
projections.

For concreteness, let us consider the case where 19 = 2,4, ..., which matches what we
use in this paper. Then the subtracted generating functions S;,, which yields the CFT data
of primaries, can be found by the following subtractions,

So <log z, 71) =T (log Z, 71) ) (2.49)
Sa <log z, 71) =Ty (log Z, }_1> — mzl:l Cl,m (1 + %7215, h— m) So <log z,h — m) ,  (2.50)
Se (log 2, i_l) =T (log z, l_l) - 21: Cl,m (2 + %’)/47587 h— m) Sy (log z,h — m)
m=—1
— 22: c2m (1 + %'yua, h— m) So (log 2, h— m) , (2.51)

m=—2

where the ¢, (h, h) are the coefficients that appear in the subleading corrections to the
collinear conformal blocks, (2.34) (see appendix A for more details). An important detail
slightly unclear from this formula is that the -, , implicitly depend on h through the
relation £ = h — 7 /2. The ¢ dependence should be converted to h before the replacement
h — h 4+ m is made. This formula also reflects the fact that no projection is needed for
twist two. It is easy to see how to generalize for twist 79 = 8, 10, etc.

Example: twist-four data in the free theory. Let us see how this works by considering
the (p%p%p%p%) correlator in the free theory in 4 — e dimensions,

20, A, 27,

_ U 9A 4 (u U A
gSO%SOQSSOQSSD%(U’U)_]‘—FUQALP +u LP+TL<UA‘P+UA¥’+U A“'), (252)

where A, = 1 — §. This can easily be computed from Wick contractions. To compute the
twist-four data, we must consider both the O(z) and O(z?) expansions of the dDisc, and
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then we isolate the terms which are non-regular near z = 1. We find

.= dDisc lz ((3elogz) <1iz> - <1iz>1+€>] ; (2.53)
2 :dDiSC[_ <1iz>2+€_ % (1:)1%“2_510“) <1iz>2

— %(—6 +e+ 3elog z) (1:) ] . (2.54)

dDisc [G(u, v)]

dDisc [G(u, v)]

Here we have written the double-discontinuity as a sum of different terms, each of
z
T—z°

which is a pure power of The inversion integral of such pure powers can easily be

computed using??

vgs 5 \e QF(E)ZF(E—1+a)
H;‘/o Z2#n (2) dbisc [(1—) } N [ (2h=1)T (@)’ (h+1-a) (259)

found by setting A1 = Ay = « in the example above, (2.47).
The inversion problem therefore amounts to making the replacement

N 2T (1) (h—1+a) )
(1—z> _>F(2ﬁ—1)F(a)2F<fL+1—a> (2.56)
in (2.53)—(2.54). This leads to
Ty = r(rz(??ni (2-2 (logz+281 (h—1))), (2.57)

m:F(h)Q{foz (r—1)
ve (2= 2 i (3-1) = (Z2h (1) Y og— (So+4h (A1) ) 31 (1) ) |.
(2.58)

These expressions may be used to compute Sy from (2.51). Then the CFT data may be
extracted from (2.41), yielding

2
ay) = m (i + 02430+ 2) , (2.59)
Vap = —2€, (2.60)
_ n(2P460+5) 4+ n(20*+60+4)
4+n(2+30+2) 4+n(2+30+2)

Q4.0 Sl(ij 1) (261)

22We simplified the expression using the standard identity sin(ra) = m
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Continuing to higher twists, more data can be found. At all higher twist we find
g

Yr¢ = —2¢, which, recalling that Agee =1 - 5, shows that the operators in the s x s OPE
at these twists must be constructed out of four fields. In summary, we have the following

useful observation:
Twist 2 Operator s at spin zero, and operators Jsy at £ = 2,4,6,....

Twist 4,6,... Operators of the form agﬂngoé, with twist 4 + 2n — 2¢. In the interacting
theory, they will acquire anomalous dimensions at order e.

In particular, any operator with six or more fields does not appear in the free theory
correlator. In the interacting theory, such operators can appear, but with OPE coefficients
suppressed by at least one power of €. Since the operators appear with squared OPE
coefficients, they will not appear in our considerations at order . This means that if there is
only one operator of “p* type” at a given twist and spin, for instance Dgo‘é at g =6, =0,
it will effectively be non-degenerate, even if there is another operator at that twist and spin
(at 70 = 6,¢ = 0 we also have ¢%).

We finish this section by giving the closed-form of the leading-order OPE coefficients
in the free theory,

o 8L+ 1)2

“0 T hrEir1) (2:62)
2((=1)2c+ (r+L-2)l+1))T (3 +6)°T (3 —1)*
al¥) = ( ) GO T(E-Y T=4,6,..., (2.63)

D(r+20— 1) (1 —3) ’

where ¢ = %. They can be verified by computing the free theory four-point function and
decompositing using the conformal blocks (2.25).

3 Mixed ¢ s system

In this section we will consider the correlators involving the operators ¢ and s. Apart from
the (pppyp) correlator, this system is simple since only one O(n) irrep is exchanged in each
OPE channel. This means that we can focus the discussion to the inversion problem, which
we will describe in detail. We begin by reviewing some results for (pppp), before moving
to (ppss) and (ssss).

3.1 Input: results from the (pppyp) correlator

We now review the results from the large spin perturbation theory analysis of the (pppp).
This correlator was considered to order €* for n = 1 in [64], which was generalized to any n
in [65]. Here we will only concern ourselves with computation and results to order 2. The
assumptions that went into the mentioned works are the following;:

e The O(n) CFT is a perturbation from the free theory in d = 4 — ¢ dimensions, and
CFT data admits an expansion in integer powers of €.
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e The leading twist operators are non-degenerate and the stress-tensor and global
symmetry current are conserved.

e The operator dimensions for leading-twist operators can be analytically continued to

spin zero.

e The only undetermined constants are the order-¢ corrections to the OPE coefficients

Nops = % +ale+0(e?), A, =Nr(2+as+0(e?)). (1)

In practice, to order €3, the whole double-discontinuity is given by the crossed-chanel
operators 1, s = cp?g and t = 4. After computing the inversion problem at order £2, the
CFT data depends on the second-order anomalous dimension of ¢ — denoted 75,2) — and the
first-order anomalous dimensions 7, and ;. Conservation of the stress-tensor and analytic

continuation to spin zero provide three equations that fix the these leading constants:

Yo' =0, 7 =0, 9% =0, or Yo = g2 IsT a’Yt:m.

4(n +8)%’ n+8 (3:2)

With these expressions, and by supplementing the ansatz for the undetermined OPE
coefficients in (3.1), we can compute the sum of conformal blocks at order . This gives

correlators of the form

1 u (n+2)u u(l4v) u >
s
=1+- — - -1 — 1
G (Us0) +n <u+v>+5< T 8) (u,v) 570 ogu+2m) og v
2(n+2)
(1) (4d) 2
+5<a5 + n(n+8)> G5 (u,0) + 0 (7). (3.3)
g¢¢¢¢(u7v)_u+v+€( 77],4—8(1)(“,'0) 722} logu+22}logv
m, 4 (4d) 2
+e <at — 8> Gspo' (u,v) + 0O (5 ) , (3.4)
GA v)_u_u+€(u(1—%ogu_ulogv)+0(52) (35)
pppe ’ v 2 %W ) .

where ®(u,v) is the standard box integral, also known as D111, given by [109]

2 (Lip (2) — Lis (2)) + log (2%) log (132)

P = 3.6
(u.0) - , (3.6
where Lig(x) denotes the polylogarithm.
A direct analysis of crossing for (3.3)—(3.5) shows that
2(n+2) 4
1 __snt2) 1 _ _ 3.7
s n(n+8)’ at n+8 (3.7)

To compute the next order in the correlator we would need the order €2 corrections to these
OPE coefficients. In fact, they were determined by the higher-order considerations in [65],23
and we compute the next order in the correlators in appendix D.

2Gee also [84], which determined them using bootstrap in Mellin space.
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Some results that will be needed in the sections below are the OPE coefficients for the
twist-two operators, extracted from the correlators above. They take the forms

2

4520 = m (1 + (51 (20) — 25, () Zizag@) e) co(2), 68
2

arag = m (1 + (51 (20) — 25, (¢) — - i 855’0) E) +0 (52) , (3.9)
2

Gase = m (1+ (51 (20) = 281 () 2) + O (), (3.10)

where we used the values (3.7).

3.2 (ppss) correlator

In this section we will compute the correlator Gy ss(u, v) at order € for general n. We begin
by inverting into the pure channel, i.e. we consider the pairwise OPEs ¢ x ¢ and s x s. The
relevant inversion formula (2.39) reads

_ 1 dz
Topsa(2,B) = (14 (~1)°) 629 /O () dDisc [Gppss (w,v)], (311)

where we used Ay = Ay = A, A3 = Ay = A,. As explained in the introduction, we will
use the crossing equation to determine the double-discontinuity in terms of crossed-channel
operators. In the case at hand, this amounts to operators in the V irrep. To order ¢, the
only operator we have to consider in the double-discontinuity is ¢. We will then compute
the OPE coefficients and anomalous dimensions at order ¢ for a number of twists and
conclude by resumming the correlator.

3.2.1 Inversion into the pure channel

The dimensions of the external fields are

_1_°¢ 2
A, =1 2+O(e), (3.12)
A5:2—€+’ys€+0(52), (3.13)
where 5 = Zig is the anomalous dimension of s. The inversion formula then reads

-5

Tpgss (2,7) = (14 (-1)) w27 /0 1 gk}_fw (%) dDisc l

22 2 g5<P<P5 (U7 u)

(3.14)

Note that the double-discontinuity is determined in terms of the mixed-channel correlator

only. This is a simplification compared to the inversion problem for the mixed channel,

which involves finding double-discontinuities originating from both the pure channel and
the mixed channel; see sections 4.3.1 and 5.3 below.

To perform the integration in (3.14) we need to write Gsups(v,u) as a sum of mixed-

channel conformal blocks, however as already mentioned, only the operator ¢ contributes
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to order . Let us motivate why this is the case. All of the other operators are of the form
D”@%T‘?, where m = 3,5,.... In the double-lightcone u,v — 0 limit the conformal block
(before crossing) associated to such operator is proportional to 27'/2 where 7' is the twist.
It can be written as

' =Ap 4+ Ag+ (m —3) + 20+ Ym0, (3.15)

where we have defined an anomalous dimension 4, ,, ¢, which is of order . Ignoring regular
terms, the double-discontinuity in (3.14) is

. 1 1 naA .
ADise | i aaya (1= 2)HO Al (G (310

Since Ay, m,e ~ €, this operator contributes to the dDisc at earliest at order 2.

In conclusion, the only contribution at order € is therefore given by the exchange of ¢,
which has twist 7 = 1 4 O(e) and spin 0. Hence

Gspps(V,u) = )\LPWGifO’?:“’(’)A‘P’AS (v,u) + terms with no dDisc at this order. (3.17)
Moreover, since the OPE coefficients are permutation invariant, A,sp, = Apps, We can use
the value of this OPE coefficient as determined by the (pppp) correlator,

2
Moo = -+ alle + 0(2), (3.18)

where a$" is given in (3.7).

We then need to evaluate the conformal block. The general formula for the scalar
conformal block with non-identical external scalars of dimensions A; is given in [2] in terms
of the dimension A, of the exchanged scalar and the spacetime dimension d:

A¢+A1—A2 A¢_A3+A4
GAidadabigy ) ¥ S > Jm ? m
A, ,=0 ) -
o e (A, +1-9)

m

<A¢A1+A2> <A¢+A354>
2 2
% m—+p m-+p um(l - U)p (319)
(Ap)2mp mlp!

In our problem we will exchange v and v and plug in d = 4 — ¢, Ay = Ay = A, and
Ay = Az =A,.

When evaluating the double-discontinuity deriving from the scalar conformal block, we
can truncate the sum at m = 0. The discarded terms at m > 0 correspond to descendant
states at higher twist, and their contribution is suppressed by the same mechanism that
suppresses the contribution from higher-twist primary operators. Thus, keeping only m = 0,
we perform the sum over p and expand in € to obtain

1 g=
Toar (2) = (1 (1) i [ Bapec

x dDisc 2u + (~ulogu +ulogv — ’YsUIOgU)E agl)ue
nv

+ +0 (£?).

(3.20)

nv
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3.2.2 Extracting the CFT data in the pure channel

To get the CFT data in the pure channel we expand (3.20) in powers of u and then compute
the integral by means of the inversion dictionary; see appendix E. Focusing first on the
leading twist contribution, 7y = 2, we find

_\2 1
7 = 7;22(;)1) (1 - 57151851 (h—1)+ aag;”> +0 (7)), (3.21)
\2
0 I O N (). (3.22)
nT (2h —1)
Extracting the data using (2.41), we get
o0 — ;‘m (1 _ gmg?jl(g) + eS8y (20) — gZ j: §> +0 (52) : (3.23)
] (3.24)

To proceed to subleading twists, we use the method explained in section 2.3.2. For the
first few twists, we find

2(n+2)r(ﬁ)2

(0) _
S =e (n+8)T (20 —1) +0(). (3.25)
S\, =0+0 (), (3.26)

and all ng ) =0 for k > 1. This is in agreement with the result from [64], that the operators
at twist 6 and higher have OPE coefficients that are of order 2. For twist four, (3.25)
straightforwardly gives

2(2 +n)L(£ + 2)?
rnroraiy )

3.2.3 Resummation of the correlator

agp=c¢ (3.27)

We proceed with the resummation of the correlator G, ss(u,v) at order e. We use the
subcollinear expansion (A.1) for the conformal blocks as discussed in appendix A. The only
operators that contribute to this order are the identity and the families of operators at
twist 2 and 4, with data given by equations (3.23), (3.24) and (3.27).

Since the inversion formula is not guaranteed to hold at spin zero, we are forced
to introduce an additional contribution with support at spin zero only. From the free
theory decomposition, we know that this does not affect the leading-order OPE coefficients,
a0 = % + O(g). For the dimension and the OPE coefficient corrections, we supplement
finite support contributions:

_AT(0+1)? (n+14)S1(¢) n+2 9
=y (7 s e -l read) +0 (), (29
_ n+2 2
e =—ete b+ O (%) (3.29)
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Here we have used the fact that the dimension of the twist-2, spin-0 operator s = <p?9 is
known from the (pppyp) correlator, the non-trivial solution in (3.2), whereas for the OPE
coefficients we have introduced an unknown finite-support solution. At twist 4, we assume
that the OPE coefficient formula extends to spin zero — we will comment more on this
assumption in section 3.3.4.

In summary, the correlator at order ¢ is given by the infinite sum

ggogoss (Za 2) =1+ Z (CLQ,EGQ—&-W,[,E (Z, 2) + a4,€G4,f (Z7 2)) ) (3'30)
1=0,2,...

where 1 represents the contribution of the identity operator and the other contributions are
given by (3.28), (3.29) at twist 2 and (3.27) at twist 4. The result takes the following form,

1 2
nv n(n+8)v

2(n+2)u(l+wv)
B n(n+8)¢(u’v)_ n(n+8)v ]

4e (. n+2 (d=4) 9
—I—n(a+n+8> G5 () + 0 (), (3.31)

where ®(u,v) is the box function defined in (3.6).24 At this point, we will not be able to
determine the value of &. But in the next step, when we have written the result for the

2 U
gwwss(uav)=1+n<u+v>+g[
2(n+2)u

correlator (ssss), we will find that consistency with crossing will fix its value to

n+ 2

a=-"—"% (3.32)
3.2.4 Decomposition in the mixed-channel
Having found the correlator (3.31), we can use crossing to obtain
Asthy
u- 2
Gspps(u,v) = WTQ%&SS(”; ). (3.33)

We can then use the mixed-channel conformal blocks to find the CFT data to order . We
find that only the operator ¢ at twist 1, and operators at twist 7 = 3 contribute. For the
twist-3 operators we find

(0) _ 20(¢+2)°(2(=1)" +n(+1))

3.0 nl(20+3) ’ (3:34)
. 1
Qg p= 2(n+8)(2(71)€+n(£+1)) (12n€—n(n—|—20)(£+1)5’1(£)
—(-1)* (2451(12)+4E(n+2£)j13(”+8)) ) (3.35)
_ 1 4(n+2) n(n+20)((+1)
T e 8) (= 1) +n(l+1)) ((n_m)(_l)u +1 2 >€+O<€2)’
(3.36)

24Gince the contribution proportional to & is already at order e, we have written the finite-spin contribution
at the last line using the four-dimensional block, evaluated at dimension A = 2 and spin ¢ = 0. Explicitly
Gld=4) - ZE Jou(l=Z

2,0 (u,v) = po og( )-

1—2
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and the full OPE coefficients are given by (2.33), where the partial derivative is not acting
on the ¢ dependence in (—1)£. At spin £ = 1, there is no degeneracy, and our formula
reproduces the known anomalous dimension, and gives a new result for the OPE coefficient:

3 n+2 9 9 ~2(n—1) n+ 11 9
73,1——§5+n+88+0(8)7 )\gpsago%,_ 3n <1_3(n+8)8)+0(5)'
(3.37)

3.3 (ssss) correlator

In this section we compute the correlator Gygs5(u, v) at order € for general n. Contrary to the
previous section, an infinite family of operators now contributes to the double-discontinuity,
namely the family of operators of approximate twist 2. The data for all higher-twist
operators can be determined from twist-two data alone, using the inversion formula. The
twist-two data, in turn, is fixed by our previous considerations. For an alternative approach,
taken in [108], the required twist-two data could be specified with a finite ansatz that
depends only on a few undetermined parameters.?’

In this section, we define

arp = a(T?g(l +eaqy)+ O (52) , (3.38)
and we will work with the leading order aiog and order-e correction o, . For the anomalous

dimension we use the same notation as above.

3.3.1 Twist-two CFT data and inversion

The only irrep appearing in this correlator is 5. The inversion formula reads

A 5585 ! dz 8588 (= . u 2metye
Tysss (z,h) = (1 + (_1)€> Ky /0 E—Qki—l (z) dDisc [(1)) gssss(v,u)] . (3.39)

The correlator that appears in the inversion integral is equal to the one we are trying to
compute. The strategy is to write it as a sum of conformal blocks and then isolate the
terms contributing to the double-discontinuity. The latter is completely determined by its
contribution from the identity, and from operators at twist 2.26

To proceed, we need to know the d = 4 — ¢ OPE coefficients and anomalous dimensions
of the exchanged operators at twist 2. For this purpose, we will use the results of the
previous sections for (pppp) and (ppss). In particular, since at twist 2 all the operators —
s and Js — are non-degenerate, the OPE coefficients (3.28) can be expressed as

pPpss __ PPPY ssss
Y VA VAR VA (3.40)

251108] considered the general problem of determining the four-point function of identical operators of
dimension 2 + O(g) in d = 4. The relation to the O(n) model in the e-expansion was discussed in [70].

26This is easy to see by simply counting powers of z, which become 1 — Z upon crossing. The u/v crossing
factor gives (slightly less than) two inverse powers of v ~ (1—Z), so anything that is proportional to z* or higher
will be regular after crossing. In the collinear limit the blocks behave as G(z, z) = 27/2k; (2) + O(z7/*T1),
and therefore it is clear that only twist 2 or lower contribute.
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which implies

ppss) 2

5888 42,0

Q¢ = PPPP > (341)
Qg p

where a3 %7 are the OPE coefficients at twist 2 (3.8) associated to the S irrep. Expanding
at order € we obtain

o _ 8C(C+1)*
Ay = AT+ 1) (3.42)
242 12 n+2 .
Qg ¢ = n+8 n+ 851 (f) + 51(2@ + <n T8 + 2a> (5[70, (343)
_ n+2 2
You=EFE T 85e,o + O (e ) : (3.44)

where as expected ag?z agrees with (2.62) and & is the constant of (3.28).

Now we need to determine the form of the twist-2 contribution to the correlator. We
use the d = 4 — € conformal block of appendix A, which for 7 = 2+ O(e) at order z reduces
to the collinear block z™/2k,_ /244(2). Thus we define

D20 (1 c0) 2 i, 2 () 40 () = F (2,10g2) + 0 (). (3.45)
1

Together with the contribution from the identity operator, it accounts for the entire double-
discontinuity to order . Note that F(z,log z) is the coefficient on the leading power in z,
so it depends on log z but not on z directly. We will break F'(z,log z) into its leading order
and order-¢ pieces,

F(z,logz) = FO(z log z) + e FY(z,log 2). (3.46)
Using the data (3.42)—(3.44), we can compute these pieces exactly. The result is
_ 47 (z — 2)
FO) (31 — =\ 4
(Zv ng) n(i—l) )

8 (22 —6z+44) +2n (222 — 92+ 38)
n(n+8)(z—1)

22(2-2) 4(n+2) _ _

(_n(Z—l) iy Py 1og(1—z)> (log z + log 2)

8(n+2)z(2—2) 8(n+2) .
n(n+8)(z-1) _n(n+8)L12(z)' (3.47)

Next we would like to compute the double-discontinuity in (3.39). It is given by

FY (z,log 2) = —%dlog (1-2)+ log (1 — 2)

the identity operator, and the twist-2 contribution F'(Z,log z) with cross-ratios exchanged
under crossing:

Tovs (=) = (14 (1)) s [ Sgen 2
2z

) 2—e+s€ ~ -
x dDisc [((1—2)(1—2)) (14+(1—-2)F(1—-2z]log(l-2)))

(3.48)
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The argument of the double-discontinuity can be expanded in ¢ and, in principle, at arbitrary
order in powers of z to compute the inversion at any twist using the method of section 2.3.2.
At twist 2 and spin greater than zero we correctly recover the input (3.42), (3.43), (3.44).
As an example, we present the d = 4 — ¢ CFT data at twist 4:

L0 _ 20+ 2)(+1) + T (¢ +2)°

4.0 — nr<2£+ 3) ) (349)
_ 4 (302 _
4L = (n+8)(n(€+2)(€+1)+4)( (B +60+2) =2

— (n(66% + 180+ 17) + 28)S1 (£ + 1) + 3(n(¢* + 3¢ + 4) + 8)S1(2¢ + 2)
+4(n+2)S1(£ +1)* —4(n +2)S1(€ +1)S1 (20 +2) — 2(n +2)Sa (£ + 1)
— 8a(n+8)(S1(£+1) = $1(20+2))), (3.50)

(n+8)(n(€ +2)(£ + 1) + 4) € &),

Va0 =
(3.51)

where Sy(z) is the second harmonic number. The strategy would now be to keep going
for twist 6, etc. However, we find that this quickly becomes technically difficult because it
involves the coefficients ¢ ;,, that determine the subcollinear expansion of the conformal
blocks, which grow very rapidly in size. Fortunately, since we are working in the vicinity
of four dimensions, we are able to circumvent this problem by making use of the four-
dimensional conformal blocks, which take the simple compact form (2.25).

3.3.2 Shortcut: inversion and decomposition using 4d blocks

To solve the aforementioned problem, we will proceed with the computation working with
four-dimensional conformal blocks. The advantage is that the projections to subleading
twists in the inversion formula takes a very simple form. Since we are working only at order
€, the dimensional corrections induced from this procedure can be completely disentangled
— in practice they will show up as an additional contribution to the OPE coefficients at
order ¢ — while the contribution from anomalous dimensions, already at order e, will be
unaffected. To this end, we induce a shift

ol =l + Aary, (3.52)
(d=4—¢) . . ) (d=4)
where a_, represents the physical (true) OPE coefficient corrections, and o,

represents the apparent OPE coefficient corrections when using four-dimensional blocks. As
we explain in appendix B, the shifts Aa,, can be found in an exact form. In fact, since we
are working at leading order in ¢, they can be determined by decomposing the free theory
correlator in two different ways: using 4d blocks and using the true, (4 — €)d blocks.
Consider the conformal block decomposition in the presence of a small parameter ¢,
working to linear order. To capture the contribution of the reference twist 7y to the power
27/2 we define three functions (compare with (A.1))
log z
5

R log z _ _ _ _
> al, (1 + £y 0 + wg) Bruo(2) = Fry(2) + €Hr (2) + €Gig (2)
l

5 (3.53)
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where we factored out 2™/2 and the functions Fy, (%), Hy,(Z) and Gy, (%) are defined up to
regular (i.e. vanishing dDisc) terms. The shifted OPE coefficients é, , are defined in (2.33).
As discussed in section 2.3.2, for a given reference twist 7y, smaller twists will in general
contribute to the same power z/2. In order to isolate the contribution of smaller twists we
have to understand the contribution of a twist 7y to the power zFt70/2 with k =0,1,2,....
This is simple when using the four-dimensional blocks. Specifically, using
2z

Gl (2,2) = 7 (kgre(@ks1(2) = kg pe(2)kza(2)) (3.54)

we see that

0 ~(d=4 2z
(Z o0, (142959 4 50,000) [k 0)]
y4

_ ((FTO(E)+5HTO(2)+5GTO(2)8T)[ 2 kr_l(z)} , (3.55)

zZ—2z 2

where F7,(2), H (Z) and G,,(Z) are the same as above.
The strategy is to use d = 4 CFT data and conformal blocks to compute the correlator

(or rather the non-zero dDisc part of it) at each power 2T/2 from all twists 70 = 2,4, ..., T,
namely
- _ _ _ 2z
G(=.5) g = 3 ((FTO(z) + el () + 66 (200,) | k51 (2)] ) . (3.56)
To<T T=T0 Z%
From this we derive
1
Pr(2) + eHp(2) + eGp(z) —2=
- _ _ _ 2z
=G(z, z)‘z% -y <(F70(z) +eHr, (2) + Gy (2)0;) {_ — kvl(z)} ) ,
To<T z z T=T0 z%
(3.57)

and a(TO?E, a&%&%fg, a(Toy)ﬂT’g can be found from Fp(z), Hr(z), Gr(z) using the SL(2,R)

inversion formula (2.42).

Instead of the correlator Gysss(2, Z) we will use the argument of the double-discontinuity
in (3.48): for each twist T, we expand that argument to order 27/2 and subtract the
contribution of lower twists to obtain the three functions Fr(z), Gr(z) and Hr(z). To
perform the SL(2,R) inversions we need a number of inversion results for specific terms,
which we collect in the inversion dictionary of appendix E. Since the projection to higher
zZZ

twists reduces to expanding the function #=

k%_l(z) and its derivatives, the method can
be implemented for arbitrarily high twists.
(0)

The results for a,_, agree with (2.62)—(2.63), and the anomalous dimensions take
the form

8(n+2) (281(+5—1) = 251(53 —2)+ (-1)/?) 19

Yrl =

(n+8) ((¢+ 1)n(€+7—2)+4(_1)7/2) R
32 42
C@A(=D)T2hn(r —24 (1= D)+ 2)) (O‘+ n+8) (3.58)
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for 7 = 4,6,.... For the corrections to the OPE coeflicients, the most compact way to

present the results of the inversion is to give dfg ), which for 7 = 4,6,... takes the form
ah — 12 og (1 9) -8, (T40-1)+5) (r-4))
™ n+8 2 2
1 6(1—3) 8n+2
T L TR P
(=) (l+1) (L+7-2) | nt8  nn+8

981 (5-2) (Sy (5 4+0—1)+ 51 (1—4)) 4251 (5-2)— 5, (;—2)+¢2)

(_1)7/2

ot

(3n54,7+4(n+8) S1(5+0—-1)—8nS; (1—4)+12(n+4)S1 (5 -2)

_8(n+8)— 165, (7_4)>

_ 32
n (A (=17 (04+1) (r+0-2)

j (S1(3—2) 5, (7—4)) (a+”i§), (3.59)

n

where (o = %f. Ultimately, the physical OPE coefficients can be found by using first (2.33)
within the d = 4 data, and then apply the shift (3.52).

Finally, let us emphasize that the use of four-dimensional blocks in this section is purely
a method to simplify the computations. We have checked for the first few twists that the

outcome of using the 4d block and the shift Aca;, agrees with the general method using
(4 — ¢)d blocks.

3.3.3 Resummation of the correlator

Now we proceed with the determination of a closed-form expression for the correlator. We
can use four-dimensional conformal blocks and four-dimensional data, because the difference
between resumming with 4d and (4 — ¢)d CFT data and conformal blocks is zero at linear
order in . Thus the correlator is given by the infinite sum

Gosss(2,2) = 1+ O (142l G0 (2,2) + 0, (3.60)

a TJ’JYT,Zv‘e
=24,...

where we have isolated once again the contribution of the identity operator. The result is

2 4 2 9 1
gssss(u,v):1+u2+%+— u+g+u7 +6|:_8(77,+ )u<u+v+ )
veen vov n(n+8)v
 2u(nw (v + 1)+ 8v (u+ v+ 1) + nu (30> — 20+ 3))
n(n+ 8)v?
2u (—4v (u+v+1) +n (=3u— 20> + v+ w))

— 1
n(n+ 8) v? 08

log u

4(n+2)u(u+v+uw) _
N n(n+8)v ® (u, U)} +¢G (u,v) + 0 (£2) (3.61)
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5. . n+2 32u3® (u,v) 16u? ((1—U)2—U(U+1)>
g(Z’Z)__<Q+n+8> n((u—v+1)2—4u)+ nv((u—v+1)2—4u) g
16u? (u — v+ 1) 162z 1—2z
n((u—v+1)2—4U)logv+fl(z—5)10g<1—5> ' (3.62)

As we anticipated, the term G (z, Z) that we have separated out is not crossing-invariant. In

u

fact, by explicit computations, we find that Ggsss(u, v)— (v )2_‘%%6 Gssss(v, ) is proportional

to (& + Z—:[g) This leads to the conclusion

n—+2

G=———,
n+8

(3.63)

i.e. G(u,v) = 0. Therefore the correlator is given by (3.61) without the G(u,v) term.

3.3.4 Finite-spin contributions

In the computation above, we allowed for a finite-spin contribution at twist 2, parametrized
by the constant &. Since & appears in the twist-2 data it contributes to the double-
discontinuity, and indeed we see that the CFT data of higher-twist operators depends
on Q.

We did not introduce any similar finite-spin contribution at higher twists, and we shall
now comment on why. It is clear that adding a finite-spin contribution to the higher twist
data would never contribute to the double-discontinuity. It must also be a perturbation to
the correlator that does not destroy crossing invariance. In [110], such crossing-compatible
finite-spin contributions were considered that are perturbations to the correlator of a
generalized free field of dimension A. Allowing only for spin 0 and working in d = 4,2 any
such solution has anomalous dimensions of the form
A -1 (p+1)(A+p—1)(2A+p—3)

(A-1)2A+2p—3)2A+2p—1)

Yp,e = constant X 5&0’ (3.64)

where 7, ; denotes the anomalous dimension at twist 2A + 2p and spin £. Moreover, in the
same solution, ag’]gap,g = %8,,((1;?271,,5). The conclusion is that any such finite-spin solution
must be proportional to the anomalous dimension at twist 2A. But we have found that the
inversion formula gives the correct result at twist 4 and spin 0, and therefore conclude that
we should not add any such finite-spin contribution.?®

Later on we shall consider other correlators, where also odd spin operators are exchanged.
In principle, in these correlators there could be finite-spin contributions appearing at spin
¢ = 1. However, the Lorentzian inversion formula holds down to ¢ > £,, where £, is the

Regge intercept, which in the e-expansion has been found to be below 1 [47-49].

*"The corresponding expression for general d was found in [111].

280f course, our correlator is not identical to the GFF correlator, but the structure is very similar
(and becomes the GFF correlator in the limit n — oo). It is reasonable to believe that also in the our
case, any finite-spin solution, if it exists, must have a contribution to anomalous dimensions and not just
OPE coefficients.
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4 Mixed ¢ st system

In this section we turn to the full system of correlators involving the operators ¢, s and
t. The inversion integrals encountered in this section will be similar to those used in the

previous section.

4.1 (pett) correlator

We begin by working out the computation of Gy (u,v) at order e for general n. The logic
is equivalent to that of section 3.2. We will again invert into the pure channel, exploiting
the known results for (@pee). The novelty of this computation is the appearance of more
than one irrep in the pure channel. For each of these we perform the inversion to get the
CFT data. We conclude by resumming to obtain the corresponding correlators, which
together fix G (u,v).

4.1.1 Inversion into the pure channel

In the pure channel we have to consider irreps in both of the tensor products

VoV=SeT oA, (4.1)
TRT=So0T®A®T,® Hy D By.

As anticipated, we now have to deal with three irreps: S, T and A. Thus the correlator
will have a S-, T- and A-term, each with its own CFT data. Under the exchange 1 <> 2,
the A irrep is odd, and therefore contains odd-spin operators, whereas the other two irreps
are even and contain even-spin operators.

We now use a generalization of the Lorentzian inversion formula for a correlator of four
externals in the irreps R;. Here we will be completely generic and keep all the indices (we
shall simplify this formula in a moment):

A1+A
1d, 1 2
R;Ry,R2;R3,R4 7\ _ 1234 %1234 = . u- oz RR’ R’
T334 (Zah>*/fﬁ / Tgk‘;; (z) dDisc T Agtds ZMRlRQ;R3R4g3214(U7u)
0 < voo2 R’
1 gz A1+A2
£, 2134 Z192134 /= . u- oz RR’ R’
+(=1)"k; / — ki 7" (z)dDisc | —x5a5 D L MR, Ry: Ry R4 F3124(V, 1) | -
0 < v 2 R’

(4.3)

Here M gﬁé% RsR, denotes the crossing matrix introduced in section 2.2.2.
Let us specialize to the case at hand, i.e. Ry =Ro=V,R3=Ry =T, R=5,T,A. In
the mixed channel after crossing we have

TRV =VT=V®Hs;® T3, (4.4)

which implies that the sums in (4.3) are over R’ =V, Hs, T5. Moreover, Aj = Ay = A,
A3 = Ay = Ay, where
Ay =2 — e+ ye+ 0%, (4.5)

with v = n%—S'
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A word of caution is needed here. Before crossing, the second term of the inversion
formula (2.39) contains Ga2134(2, Z). In the present case, when R = A, exchanging 1 and 2
produces a minus sign. Thus (4.3) simplifies to

_ 1 dz
R;V,VTT _ 2\ | optt 2. pptt —
TNV (2 h) = (1 (-1)") &2 /0 ShE(z)

ul™

,U(3*%E+'Yt€)/2 R

o

x dDisc MEE Gl (v, )|, R=S,T, A

'=V,H3,T3

(4.6)

Here the plus sign holds for S, T, whereas the minus sign is for A. The 3 x 3 crossing matrix
M‘IEV]?;T is given in (C.2).

We now need to determine the double-discontinuity, which we will find by writing
gﬁ/@t(v, u) as a sum over crossed-channel conformal blocks. A discussion similar to that in
section 3.2.1 shows that, at order &, the contributions to the double-discontinuity of Hj
and T3 are suppressed, since they only contain operators at twist 3 and higher. Thus only
R’ =V contributes to the sum. Furthermore, among the operators in the V irrep, only ¢
contributes to order e. We write

Ghrppi (v, 1) = /\iDSDGﬁl’ﬁibA“”At (v,u) + terms with no dDisc at this order, (4.7)

where the block is given in (3.19) with d =4 — ¢, A=A, =A;and Ay = Ay = A, and
the OPE coefficient at order ¢ is (see (3.1))

= \2

2
A ppt

2 o =Np (2 + agl)s +0 (52)) , (4.8)
where a!" is given in (3.7) and Ny in (2.18).
Eventually (4.6) becomes

VIV - Ldz
R,V,VT,T tt o,
T (2 8) = (12 1) g [ SR @M e N
2u  (—ul log v — uy 1 (1)
« dDisc lu+( ulogu + ulogv — uy ogv)€+at u€]+0(82)’
v v v

(4.9)

where R = S, T, A. We see that the inversions for the three irreps are identical up to a
factor M{?&TT, which means that we only will need to perform the integral once.

4.1.2 Extracting the CFT data in the pure channel

We proceed exactly as in section 3.2, projecting to subleading twists.. Plugging in the values
for the matrix elements we obtain the d = 4 — ¢ dimensional OPE coeflicients at order e.
As in (ppss), at twist 6 and higher the OPE coefficients are of order £2, i.e. suppressed.
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Explicitly we obtain

AT (041)? L (14+42n) 5 ()
nF(2€+1)( - 8+n

222 +2n—8)I' ({+1)? <1_8(14—|—2n) Sy (0)

+e5; (26)—5nj_8> +0 (52) , (4.10)

asg2,0=

+e5; (26)—5n2> +0 (52) ’

T 2T (20+1) S+ 8

(4.11)
ap2¢0=— jgrr(é:i)f) (1—6%)71&@ +e571(2¢) _EniS) +0 (52) , (4.12)

2

asae=e- (n‘fg(flf (22)€+ 570 (). (4.13)
orae=e (ié%%?éﬁi) +0(=). (4.14)
oans = i gy O () (419
anpe=0(?), k=68,.... (4.16)

It is important to recall that, due to the + sign in (4.9), the OPE coefficients for S, T have
even integer £, while A has odd integer /.
For the anomalous dimension at twist 2 we obtain

YrR20 = —€+ O (62> . (4.17)

Again, this data will be supplemented with its value at spin zero, introducing two new
unknowns in the problem — for the OPE coefficient at twist 2 in S and T'.

4.1.3 Resummation of the correlator

In this section we perform the resummation of the correlator for S, T and A, using the
conformal blocks (A.1). As usual, the S irrep will contain the identity; and at twist 2, spin
0, the irreps S and T will have the operators s and t respectively.

ggwt(u, v) correlator. We start from the OPE coefficients (4.10) at twist 2, and (4.13)

at twist four, but supplement the twist-2 values with a compact support contribution at
spin zero

4
aso2y¢ —> as2e+ Ea?ozgég,o. (4.18)

For the anomalous dimensions, we use the expression (3.29). Having obtained all the
necessary contributions, we compute the infinite sum

gggott (Z7 2) =1+ Z <aS,2,ZG2+7QSZ,Z (27 2) + aS,4,ZG4,€ (Z, Z)) (419)
£=0,2,... ’
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to obtain

2u(v + 1) L ( du(fv+1)  u(v+1) log

S
=1
Gippr(t: ) * n(n + 8)v nv

u(2v+n+6) 2(n+ 2)u
T e )

4 [ n+ 2 (d=4) 5
+6n<a5+n+8>G (u,0) + 0 (2). (4.20)

ggwt(u, v) correlator. We start from the data OPE coefficients (4.11) and (4.14), and
supplement a finite-support contribution,

2\/2(n+4)(n—2) _

a — a + e@r0pp. 4.21
T,2,0 T2,0 CEPICED T0¢,0 ( )
For the anomalous dimensions we use
VT26=—€tE€ (1 - > de0+ O(e (4.22)
We then find
T () = 2(n+4)(n —2)u(v + 1) ‘e (n+4)(n—2) <4u(v+1)
et U (n+2)(n—1) v 20n+2)(n—1) \ (n+8)w
_u(v+1) u(2v +n + 6) 4u )
| — 7] )
ogu+ (n+8)v o8 Y (u’v)n—i-S
8(n+4)(n—2) <~ 2 > (d=4) 2
+€¢0H4Xn—n ar+ - ) Gig (u,0) + 0 (2). (4.23)

g;;‘wt (u,v) correlator. Here there is no finite support contribution, and we get

V2 u(v—1) vn (_4u(v —1)

vn—1 v e 2(n—1) (n+8)v

_u(vv—l) log u + W log U) +0 (82) . (4.24)

In the next section we will be able to fix the constants in (4.20) and (4.23) through a
consistency check; they are

ggotptt( ) =

n+ 2 5 2

- 4.95
nts TT LR (4.25)

ag = —

(d

and hence the terms proportional to the factor Gs 4 (u,v) vanish.

4.2 (tttt) correlator

In this section we compute the correlator Gy (u,v) at order e for general n. The logic is
similar to that of (ssss), but we have more than one exchanged representation as in (pptt).
Since many of the technical aspects have been covered in these two sections, here we will
sketch the computations and give the main results.

In this section, we use the notation a,, = ag(l + ear ) + O(e?) for the OPE coeffi-
cients, and the definition of the anomalous dimension does not change compared to the
previous section.
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4.2.1 Twist-two CFT data and inversion

The relevant tensor product is

TQT=SeoT>®A®T,® Hy® By, (4.26)

so the correlator will be the sum of six pieces. The crossing matrix entering the Lorentzian
inversion formula can be extracted from [112] and is given by (C.3) in appendix C. The
spin £ is odd for A and H4 and even otherwise.

For the three irreps S, T and A we can find the OPE coefficients at twist 2 (where no
mixing occurs) from the previous correlators. We have

pptt |2
tttt R
CLR727£ = PPPp s R = S, T, A, (427)
ARy

where the denominator is given by (3.8), (3.9) and (3.10). From this we obtain

8T (£ +1)°

0) _
aS,Q,@ - nlC (2€ + 1)7 (428)
B 4 2(n+6) n+2
Qg2 = 7 13 I e Sy (€) + S1(20) + (n T3] + 20{5) 5@70, (4.29)
n—+ 2
Vs20 = "€ e 85e,o + O (62) ; (4.30)
2
ol = 2ot D AT (4.31)
2 (n+2)(n—1T(20+1)
4 2(n+6 2 -
OT20= g~ Ez+ S )Sl () + S1(20) + <n+8 + 2aT> 96,0, (4.32)
2
Vrae=—Ete— 854,0 + O (62) ; (4.33)
2
© _  4nl(l+1)
CLA,2,£ - (’I’L — 1) T (24 + 1)5 (434)
4 2(n+6)
= — — 14 2/ 4.
QA2 s T8 S1(0) 4+ S1(20), (4.35)
Yaze=—+0(?). (4.36)

We use this CFT data and the d = 4 — € conformal block at order z to define the three
non-zero twist-2 contributions to the correlator,

Z a(é)v)zyg <1+6O[R’27£) Zl+7Rv2vZ/2k1+e+’YR,2,[/2 (2)"—0 (2'2) = ZFR (2,10g2’>+0 (2'2) 5 R= S, T,A
1

(4.37)
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They are

F3(%,logz) = 42 (7= 2 [( G 2 nn_:—;) log(l—z)) log (22)
+—82(z 2)+(n(8— 9z)+4 (z2—6z+4))log(1—2)—4(n+2) (z—1) Liz (2)
(n+8)(z—1)
—8aglog (1—5)] : (4.38)
2(n+4)(n—2)z(z—2)
B G loes) == ) G-1)
(n+4) (n—2) zZ(z—2) 4log(1-2) o _
+E(n+2) (n=1) [(— 1 nis >10g(zz)—8aTlog(1—z)
 82(2-2)— (42°—(n+24) 2+16)log (1-2)+8(2—1) Liz (2)
(048 (- 1) 1 (439
FA(z,logz) = (n—217;f2—1) +€ni1 [— ;_1 log(zé)—Sg _?751—;;121_0%(1_2)} (4.40)

The Lorentzian inversion formula can be deduced from (3.48) and (4.6); it takes the form

T - Ldz 2z 2—etme
Tﬁ;{’T’T’T (z, h) = (1 + (—1)5) /i’;—ftt/o ktttt( ) dDisc [((1 ey 2))

x S My (Grs + (1= 2) P (1 - 2,log(1 — z)))] : (4.41)
I

where R = S, T, A, Ty, Hy, By. The + sign corresponds to even (S, T, Ty, By) and the —
sign to odd (A, Hy) spins. The term with the Kronecker delta dp s corresponds to the
identity operator which is present only in the S irrep.

Using the methods from the previous section, the CFT-data in all six representations
can be computed case by case in 7, giving results for OPE coefficients and anomalous
dimensions. These lengthy expressions are not particularly illuminating so we omit them,
proceeding instead to the determination of the correlators.?? Before doing this however, we
would like to fix the free parameters &g and &p. This can be done exploiting the knowledge
coming from the free theory: there, we have that the OPE coefficients ar, 60 and ap, 4,0
— which start at order ¢ for every ¢ — vanish.?’ Imposing this constraint we obtain two
equations for the two constants. From (4.41) we find

104 52 26(n — 2) _
_ il e S 4.42
aT47670 69( T 8) + 89 as +e€ I aT, ( )
8 16 _ 4(n+4) _
UBy40 = €72 - dntd) )ozT, (4.43)

290Once the correlators have been determined, the corresponding CFT-data can be extracted by performing
a conformal block decomposition.

309 Actually, in the interacting theory, T4 has an operator at twist 6, spin 0, but its OPE coefficient is
suppressed at order €. For By, instead, it is impossible to construct any operator at all.
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which can be set simultaneously to zero to get3!

n—+ 2 2
e A — , 4.44
WETLE T LR (4.44)

4.2.2 Resummation of the correlator

As for (ssss), it is hard to compute the d = 4 — e CFT data at high twist. We therefore
expand (4.41) in powers of z and use the technique introduced in 3.3.2 to extract the
four-dimensional CFT data to arbitrary twist. Again, it is possible to obtain the physical
(4 — e)d OPE coeflicients by means of a formula similar to (B.2).

Our final result is given by resumming using four-dimensional blocks to obtain six
correlators, one for each irrep:
Gl (2.2) =0rs+> aygh, (1+eali ) GYTY)  (2,2)+0(e?), R=S8,T,A, Ty, Hy, By,

0
(4.45)

Note that the range of 7 depends on R — the sum starts at 2 for S, T, A and 4 otherwise
—, and that the values of £ is odd for A and Hy, and even otherwise.

The result is

n3v? —8uw (u+v+1)+n?v (duv+4u-+v)+2n (u2 (v+1)2—v2+2uv(v+1))
n(n+2)(n—1)v?
4u (n®+4n—4)u (v+1)+(n+2)2(n—1)v>
( n(n+2)(n—1)(n+8)v

2u(nu 6'0 +4v+6 16v(u+v+1)+n2(u+9v+uv)(v+1)+n(n2+6)v(v+1))
n(n+2)(n—1)(n+8)v2 logu
u(n (n+6)u+(n+4)(n+2)(n—1)v+(n+4) (n—2)uv+4(n+2)(n—1)v )
n(n+2)(n—1)(n+8)v2 logv
16u((n—-2) (utv+1)+n? (v+1)) 10 (52),
n(n+2)(n—1)(n+8)v

gtttt (u,v)

D (u,v)

_|_

(4.46)

2u (n?v (v+1)+n (v+1) (u+2v+uv) —8v (u+v+1))
(n+2) (n—1)v?

. <2u(—2(n+4) (n—2)v—(n?+8n—16)u(v+1))
(n+2)(n—1) (n+8)v

u(2n2(u+5v+uv)(v+1)+12nu(v 'H)_64”(U+U+1)+n(n2+8)y(y+1))
B (n+2)(n—1)(n+8)v2 logu

_u(4n(3u+2v2)+2n2 (20 +u+3v+uv) — 321}(u+v+1)+n3v)
(n+2)(n—1) (n+8)v?
8u(2(n—4) (u+v+1)+n?(v+1))
- (n+2) (n—1) (n+8) v )*O (%)

gtjz:tt (Uav) =

® (u,v)

logv

(4.47)

31Note that the same result could have been achieved — as in section 3.3 — by keeping these constants
until the end and noting that they are fixed by crossing symmetry.
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2nu(v—1) (u(v+1)+(n+2)v)
n+2) (- 1)?

B 8nu(v—1) 2n (n+6)u?(v—1) W

“( D80 ) (=D )

(v+1)+(n+2) (n+8)v)

gftltt (Uav) = i

_nu(v—1)(2(n+6

Ju logu
(n+2)(n—1) (n+8)v?
nu (2 (n+6)ut(n+2)v(—4v+n+4))
- (n+2)(n—1) (n+8)v? logv)+0(82), (448)

7, ):M C16u? (n+6+(n+6)v2+4(n—|—4)v)1
e Uy U 02 (n18)v (n+8) 02 ogu
u?(n n v u? (v
e D)0,
u? (v2 -1 du? (v—1
tl;ltzlt (U,U) = (112) <_(’I7,—(|—8)U)(I) (’LL,U)
n u? (v v— n u?

Gings (u,0) = D (u,v)

(n+8)v  (n+8)v

v2

u? (v—1)° < 8u? 2u? (v+1)

u? (n+6+(n+6)v2—2(n+4)v) u? (n+6—(n+4)v)
_ 80 log u+ (%) 02 10gv> +0 (52) .

(4.51)

4.3 (sstt) correlator

In this section we compute the correlator G (u,v) at order € for general n. As usual,
we would like to compute the double-discontinuity and inversion integral for the pure
channel. However, the contribution to this double-discontinuity is from mixed-channel
twist-2 operators, whose OPE coefficients we have not yet determined. We will therefore
first determine the mixed-channel data at twist 2 only, by solving the inversion problem
for the mixed channel. Then we will turn to the pure channel and determine the data
at all twists, and ultimately the correlator. In this section, we again use the notation
arp = a(T(E(l + eaz ) + O(g?) for the OPE coefficients.

4.3.1 Inversion into the mixed channel

Let us begin by explaining why we do not want to invert directly into the pure channel.
As in (ppss), in the pure channel only the S irrep appears. The inversion formula greatly
simplifies to

= dz i uPs
Tootr (2,7) = (14 (=1)°) w3 /O — k2% (2) dDisc [Mgmt (v, u)] L (452)
2

v
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In the mixed channel G;sst, only the T irrep appears on the right hand side. We would like
to proceed as usual by replacing Gysst(v,u) in dDisc by its conformal block decomposition
at twist 2. The problem is that we do not know the associated OPE coefficients )\fs gr at
order €. The first goal will therefore be to find these extract those OPE coefficients by
inverting into the mixed channel.

When considering the mixed channel, the inversion formula (2.39) reads

Ay+Ag
2

- Ldz _ AL . U
Ttsst (Z, h) _ H%SSt/O ?k%sst (Z) (1 o Z)As At dDISCtsst |: oA sttt (v,u)]

Ap+As

14z
+(-1)° H%tSt/o ;;kim (z) dDisc®*! [(Z) ’ Gstst (’U,u)] : (4.53)

Now the first line of (4.53) is in principle known, because we can write the part of Ggg (v, u)
that has non-vanishing double-discontinuity as the contribution from the identity plus the
twist 2, (even) spin £ operators, with OPE coefficients given by our previous results Gggss
and G;},;. We find

Gastt (1,0) | _yy = D Nszs Murzs G5t ., (1, 0) = 2Fpure (,l0g 2) + O (22) . (4.54)
y4

In the second line of (4.53) we have the same problem we had in the pure channel (4.52).
However, we know that in the mixed channel at twist 2 only even spins appear. This can
be seen either from the considerations about the spectrum reviewed in section 2.1 — it
is known that primary operators of the form [p, p|r o, only exist for even spin — or by
decomposing the free theory correlator

2 2
d=4 u 4 U u
ditipticn = () (143 (5 +)) e

We stress that this is no longer true at higher twists. Therefore we obtain the equation
_ Art+As
odd ¢ 7 tsst ! dz tsst (= NAs—A¢ . tsst | W2
Toy<atsst(log 2, h) = 0 = Ky ?kﬁ (2)(1 — z)=+ >tdDisc oA, Gsstt (v, u)

0 z

At+As

1 dz u 2
o F&;_qltst/o ?k%tSt(g)dDiSCStSt [<U> gstst(v,u):|

which tells us that the second line must be equal to the first. Analyticity in spin allows us

, (4.56)

z

to generalize this result to even spins; namely, at twist 2 and for even spin, the two lines
of (4.53) are again equal. Neglecting the contribution of the identity (which is of order z2),
we can replace Gggr (v, u) with (4.54) to obtain

T0=2,tsst

Teven L (log 2, B)

As+Ag
1 dz
— gptest /0 SRE(2) (1 - )™ aDise"™ [“US (1= 2) Fyure (1 — 2,log (1 z))]

z

(4.57)
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Due to the new kernel — that now depends on & through the difference Ay — Ay — it
is hard to proceed directly with the integration. Consider the generic situation in which
one has two operators 01, Os of dimensions A; = 2+ ey, and Ay = 2 + 79 respectively. It
turns out that we are able to compute the following integral:

S24e 1L ] r(h)2 (1+a(m+72)51 (B—l))
h 72 h = .

Ldz _
R1221/ 2% 1221 (2) (1_2)A2 A dDisc 22! _
0 (1—2)"F r(2n-1)

(4.58)

The idea is to write Flure(Z,log 2) in such a way that the argument of the double-discontinuity
2+672+"/t+w  \—lde—eys

x (1—2%) plus order-e¢
corrections; the latter can be then integrated using the old e-independent kernel.

A

We use Fure(Z,10g2) = Fpure(Z,log 2) + e AF,ure(Z,10g 2), where

in (4.57) is given by a term proportional to z

. 47(% — 2)
Fpure(za log Z) - _n(l B 2)1-‘,—5 —2+723+w

(4.59)

£

is such that it captures the € part of Fyure(Z,1log 2) and AFpue(Z, log 2) is just the difference

A

Foure(Z,10g 2) — Foure(Z,10g 2). Plugging these into (4.57) we obtain

_ 1d
Teven 4 (IOgZ, h) _ 2&%&%/ jk%sst (2) (1 _Z)Aszt dDisctsst
0

To=2,tsst z

ﬁ (1 _2)1"!‘5(_14"75)

_ —24+7¢+y
Z2+e 3 = ]

u
- ’

2
) (1—2)5AFpure(l—z,log(l—é))]

(4.60)

14z
+2/@,-L/ _—jkﬁ (z) dDisc [(
0 Z

v

where the first line is exactly of the form (4.58) and the second line can be worked out
with the help of the usual dictionary. Note also that in the first line we already took the
coefficient of the power z. In the second line, the inversion is at leading order in €, so
we could replace the double-discontinuity with that for identical external operators. We
finally obtain the OPE coefficients )‘1:25 gr and anomalous dimensions in the mixed channel
at twist 2:

(0),mixed 8l (E + 1)2

Y0 T hreir1y
mixed n+4 n+412
=— - S1(0) + S (2¢
’ygjéxed =—c+0 (52> , (4.61)

valid for ¢ > 0.

4.3.2 Pure channel data and resummation

The strategy is now to go back to (4.52) and use the twist-2 mixed CFT data to compute
Gisst(u,v) at order z. Before we proceed, we have to consider the spin-0 contribution
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to (4.61), i.e. A%,. But this is known from out previous computation by permutation
symmetry of OPE coefficients
2 2
Atst = Abtss (4.62)

where A2, is the (tttt) OPE coefficient in the irrep S at spin 0, which is given by (4.28), (4.29)
and (4.25). Considering also the dimension of ¢, (4.61) gets corrected to

(0),mixed 8F(€ + 1)2

=~ 7 4.
ag ¢ W20+ 1) (4.63)
pied | A4 n412 2
= — — S1(4) + 51(2¢) — ) 4.64
oy s nis O +5(20) - b, (4.64)
: 2
el = —e+ e ERUTRNC (%) (4.65)

From these we compute the twist-2 contribution
0),mixed ~ _
Grsst (u,0) [y, = Zaé?g e (1 + salﬂxed> G52 mixea (4,0) = 2Fiixed (7,10g 2) + O (22> .
¢

2,0
(4.66)
We are now ready to compute the CFT data in the pure channel for any twist. With the
help of (4.66), (4.52) becomes

_ 1 d7 As

Tysis (Z, h) _ (1+<_1)€) H%Stt/ ?jkis’ft (2) dDisc [h (1—2) Frnixed (1—z,log (1 —2))] .
(4.67)

The argument of the dDisc can now be expanded in € and powers of z, and the integral is

calculated with the usual dictionary. As an example, we display the d = 4 — ¢ CFT data at

twist 4:

Lo _ 8L (+2)?
LET ol (20 + 3)°

1 2
_— 4—-165, (L +1 2451 (0 4+ 1) — 1651 (20 + 2
=35 L(C+1)° 42481 (£ +1) — 1651 (26 +2)
+ 1681 (€ +1) 1 (2042) + 885 (€ +1)),
_ _ 2
Yag =€ (1-5; (£+1))+O(5 ) (4.68)
To find the expression for the correlator we again proceed with the four-dimensional

CFT data, i.e. aiog, a%: 4), Yr,e- Then we conclude by resumming the correlator

Gos(2,2) = 14 Y 0l (14 a7 G (2,2) + O(), (4.69)
e
obtaining
Goors (1,0) = 1+4u(u:vv+1)+€ (_ 4(n+7;l()TzLthL8;LUv+1) B 2u(8u;|l—((§:88))$1+v)) ogu
skl "l o)
(4.70)
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4.4 Mixed-channel data and multiplet recombination

With the correlator (4.70) at hand, we can perform the conformal block decomposition in

the mixed channel, using
Ap+As
)

gtsst(ua U) - ’UAS gSStt(v7 U) (471)

When considering the mixed channel, the multiplet recombination effect discussed in
section 2.1.1 is now manifest. In the interacting theory, the twist-2 currents Jr, are no
longer conserved, and their multiplets recombine with an operator of the form 85*1904T.
Consider the operator content at twist 7 = 4: the number of operators is given by the
generating functions

Free theory: Z deg" =14 q+3¢%+3¢° +6¢* +6¢° + ..., (4.72)
¢

Interacting theory: Z deg" =1+3¢> +2¢° +6¢* +5¢° + ..., (4.73)
¢

where dy is the number of twist-4 operators at spin ¢, i.e. the degeneracy. In particular,
there is no operator at twist 4, spin 1 in the interacting theory.

The multiplet recombination affects the conformal blocks, which we evaluate using
the subcollinear expansion explained in appendix A. Here we have to consider the case
Aszq = —Aqy. There is an order of limits problem in the coefficient ¢; ¢ of (A.7). We are
interested in the case

Agr, =2+0+ 675,12 + 6275?2 ;o A=l —7s), (4.74)

with yélé) = —1. Taking first Aj2 — 0, one finds ¢; 9 = % Taking instead first *yéle) — —1,
one finds @)
A%z + 252")’2 ¢
C1,0 = —(2)’ + O(E) (475)
4e2v5
So we find that in the interacting case, when Ay # 0, the coefficient ¢; ¢ gets a constant
shift at order €, which takes the form A%,/ (462”)/;25) ). The constants ¢; +; are not affected
by this problem, and take the values
(€ +1)2

Cc1,-1 = 1 —|—O(€), C1,1 = 4(2€+ 1)<2£+3) +O(€). (4.76)

We can now use these constants to decompose the correlator to leading order in €.

- Free theory:

0 n+4 1 n+2 7 15n+4

— =0,1,2,3.4,.... 4.
a4,€ 4 y 5n ) 27 126n. ) l 07 ) 737 ) ( 77)
- Interacting theory:
(g)_n+4 0 3n+2 2n+4 15n+4 0 —01234 478
YT T Y TEy o 1a) 126m 0 L oS (4.78)
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where as anticipated there is no operator at spin 1 in the interacting case. By performing
the entire decomposition, we find for the non-degenerate operators

n+4 10 ) n )
a4 ~ ( n+8e>+0(s>, V4,0 6n+8+0(5), (4.79)

n—2 n + 40 9 n+12 9

1 27n + 608 ) 3n + 32 )

The anomalous dimensions are in complete agreement with those reported in [76].

5 Correlator (ppp?¢p?) at n = 1 to order £

In this section we consider the correlator (ppp?¢?) to order £2 at n = 1. We will consider
both the pure channel Gy44242(u,v) and the mixed channel Gy 442 (u,v) decompositions.
In general, there is an obstacle to applying large spin perturbation theory at subleading
orders due to a mixing problem. Here we will outline the status of this problem for the
correlator at hand, and explain how it can be circumvented in the special case of n = 1.
We will then find order-£2 conformal data in both channels.

Let us begin by considering the crossed-channel operators O’ that contribute to the
double-discontinuity at each order. The orders at which they appear are as follows:

O’ appearing in G242 (v, u).

e Order €: O' = ¢, contribution proportional to )\352 b6

e Order €2: O = 9'¢3, contribution proportional to )\352 ¢O/7(29/.
O’ appearing in Gyps242(v, u).

e Order €: O’ =1, contribution 1.

e Order €': O' = ¢, contribution proportional to Appd2 Ap2p22 V2 -

e Order €2: O' = J,, contribution proportional to Apo T Ap22 7,77, Where vz, ~ g2.32

If all of these operators were non-degenerate, then the all relevant double-discontinuities
could be readily computed. Unfortunately, this is not always the case. Recall that when
there are degenerate operators, the symbols a,, and a; ¢y, etc. do not denote CF'T data
of individual operators, but sums over all spin-¢ operators with 4d twist equal to T,

(5.1)

8,17

k k
Arg Ve = A01020, 4, 205040, 0,70

1

where i ranges over the degenerate operators. Therefore, in general, the expressions aT,g’yf_ ’
that enter the double-discontinuity cannot be found from a,, and v, alone. To determine

32The fact that it is proportional to a single factor of the anomalous dimension, and not a squared factor,
will be discussed in section 5.3.
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the contribution from the individual operators is referred to as resolving a mixing problem,
and is in general a task that requires additional input.

In the n = 1 theory it turns out that we have exactly the information needed to resolve
the mixing, if one assumes the knowledge of the leading-order anomalous dimensions. Thus,
in order to make progress, we will put the bootstrap philosophy aside and use as much
input from the literature that is needed to proceed. Thus:

Until this section: only use conformal field theory principles, and information about the
spectrum of the free 4d theory.

In this section: input information about order-¢ anomalous dimensions.

The anomalous dimensions needed were computed in the 1990’s by Kehrein, Wegner and
Pis'mak [100], and constitute a simple example of the diagonalization of the one-loop
dilatation operator; see also [101].

5.1 Unmixing of twist-three operators

Let us consider operators of the form Oy; ~ ‘@3 for n = 1, where i is an extra index
labeling the operators that are degenerate in the 4d theory. The range of ¢ is the number dp
of primary operators at each spin ¢, which is counted by the generating function [101, 113]

1
2dd =1+ g

—7 =P+ et v 2t v 2 (5.2)
In the correlator Gy2 442 (v,u), the operators Oy ; appear as double-twist operators, and we
define their anomalous dimensions by

3
Do, =3-Se+l+vs  wai="ie+0(). (5.3)

Kehrein, Wegner and Pis’'mak [100] found that exactly one operator, which we will call
i =1, at each £ =2,3,4,5,6... has a non-vanishing anomalous dimension,
40

ﬂyé I 1= 17 2(—1)£ 1
1 0
= =5ty 64

i> 1, (£+1)

The fact that there are only two different values for the anomalous dimension means that
we can resolve the mixing problem. First, let us recall the results from section 3.2.4, which
for n = 1 yields

e €+22(1+€+2 )+O(€) 655
’ (20 + 3) ’ :
T'((+2) (1+e+2 ) 7 (-1
RN N F 2£+3) <_6 + W) e+ 0 (62) . (56)

Here 73, is defined by A = 3 + £ + 734, and differs from ~p,, by the constant shift
—3e + 0(e?). We have to solve two equations,

3 _ 3
7é0 + az = asy, aZﬁO (’yzéo 2) €+ a[O (0 — 2) € = ag V3.0 (5.7)
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for two unknowns, afo, aezo. The unique solution to these equations is that azéo = agy,
aé:o = 0, which implies®?
) azg in (5.5) i=1 (for v,; = 7#0)
)\ 2(;30477; = . (58)

O (£?) i>1 (for v,; = 0)

This is a surprising result: the operators with zero anomalous dimensions must also have
suppressed OPE coefficients in the ¢? x ¢ OPE!

5.2 Pure channel inversion and conformal data

We have
T E (1 1 ¢ ¢¢¢2¢2 1 d2k¢¢¢2¢2 ) dD; UA<;/> g
¢¢¢2¢2 (Z, ) = ( + (_ ) )Hﬁ 0 ? A (Z) 1SC W ¢2¢¢¢2 (’U,'LL)
v 2
(5.9)
There are now two contributions to the double-discontinuity,
1. Contribution from ¢: Fy(1 —2,1—2) = )\iQWGAqS,O(U,u).
2. Contribution from twist-3 operators
Fres(1—2,1—2)= Y ase (1)’ Garee(v,u), (5.10)
£=2,3,4,...
where we now define 7, = Ao, | — (Ay + A2 +£) = %(Zﬂe.
These combine to give
Q¢2¢¢¢2 (U,U,) = F¢(1 — Z, 1-— 2) + FT:3(1 — Z, 1-— 2) + ... y (511)

where the terms in the ellipses do not contribute to the double-discontinuity to this order.
For the ¢ contribution, we use the formula (3.19) evaluated to the next order in . Since
we are now generating contributions to the double-discontinuity proportional to 42, we can
no longer truncate the sum at m = 0. But the contribution from m > 1 is canceled by

extending the sum in (5.10) to include spin £ = 0 (the contribution at ¢ = 1 vanishes).3*
Our strategy, then, will be to define

ﬁ’¢(z, Z) = Fy(z, %) — descendants at twist > 3, (5.12)

Fro3(2,2) = Fr=s(2,2) + a3, (Ye=0)” G.0=0(v, ). (5.13)

33Given that a7 represents a squared OPE coefficient, the vanishing of the leading OPE coefficient
implies that the square is of order £2.

34By the multiplet recombination effect discussed in section 2.1.1, the descendant states that contribute
to the m > 0 part of the sum defining Ga,,0(v,u) correspond to the states of the ¢® multiplet in the free
theory. This holds at least for the leading order OPE coefficients. The leading order anomalous dimension,
Ag=3(1—5)+e+...=A4+2+ O(c?), which allows our redefinition (5.12), (5.13), up to regular terms.
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Then because the descendants in the first line cancel the spin zero part in the second line,
we have Fy(1 — 2,1 — 2) + Freg(1 — 2,1 — 2) = Fy(1 — 2,1 — 2) + Fr—3(1 — 2,1 — ), which
is true inside the double-discontinuity. In summary, F¢ only gets contributions from the
m = 0 part of the sum defining G2 4442 (v, u) in (3.19). It takes the form

~ 1
N \2 — _
Fy(2,2) = N2V zz<1 ~1 log(zz)e

1
+ 61 (4log(22) + 27log(22)* + 24 Lig(z + z + zZ))52>. (5.14)

For the OPE coefficient, we use the result [82]

2 R 3
)\¢¢¢2—2<1 ; 81e)+0(e ). (5.15)

For twist-3 operators, we compute the sum (5.10), starting from ¢ = 0. Since we are
already working at order £2, this can be found using the four-dimensional conformal blocks,
and gives

Foy(2.2) = ()2 1og? ZZLiQ(z) — 2Lig(z)1;zlo_g(zl)— z) —log(1l — 2) . (5.16)

Hence, we arrive at the inversion problem

e

A 0\ o262 [ AZ gog202
T ppp202 (z,h) = (1 + (1) )’%B /0 Z—Qk}—l (2)
Ay

u T = = —
W(F¢>(1—271—2)+Fr=3(1—271—2)>]-
v p)

x dDisc

(5.17)

Computing the inversion integral, we find the CFT data order-by-order in twist. The results
for the first three twists are

_ SN SRR N P 3
ANgy=2+1 e+54<1 £(£+1)>6 +0 (%), (5.18)
20 (¢ + 3) ,
Agp=4+10— 1
se=4+ 3(€+1)(€+2)e+0(5), (5.19)
Ner=6+L+0(¢e), (5.20)
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for the scaling dimensions, and

AT (0 +1) € o [9—170(0 +1)?
1— —[1+55) (¢) — 35, (20)] +
2,6 = (2£+1)< 3 10 1(20) 5[ 814 (0 + 1)
5602 +56 -9 5 25 o 1902 +19¢—6
sy 3% W) SO+ O T @
1 2_ 7 1 2 3
+ 551207 = 552 (0) + 5.52(20) QWH)S_Q(@ >+O<a), (5.21)
o (£ 4 2)* 5| —924 — 2683¢ — 2290¢% — 641¢3 — 38¢*
g =—r (5.22)
C T T (20+3) 108 (£ +1) (20 + 3)
4 2 2 3
—g(z +3£+1)Sl(e>+§e(e+3)sl(2e+4) >+0(5),
{455 T (0 +3)
9L 36 (2 150+ 6)T (204 5) +0(=), (523)

for the OPE coefficients. The vanishing of the last expression at ¢ = 0 is consistent with
the fact that )\¢¢¢6 = 0(82) and )\¢2¢2¢6 = 0(5)

The operators Jy at twist 79 = 2 are non-degenerate, and using the data in (5.21) for
Apo T Ap2027, together with the known results for the OPE coefficients )‘35(;3 7,» computed
in [82], we are able to extract the order-e2 part of Ap242.7,- This is a new result and takes

the form
2
v (A¢¢JM¢2¢2JL/)
292, — A2
o
8T (£+1)° £ ,[9—250(0+1)?
1— (2448 (0) — 351 (20)) +
T(20+1) 3 1(0) =35 (26)) 8LL(L+1)?
912 4+914 -9 4 8 o 3T +370—-6
T —5(2 = - T 52
"\ e 351(@)51(6”951“) 540(0 + 1) 51(20)
1 5 1 4
+ 551 (20)% — 552 (0 +582(20) - mS,Q (0) ) +0 (53) . (5.24)

For the stress-tensor at spin £ = 2, the conformal Ward identity holds as expected.
Likewise, for the non-degenerate operators at twist 4, spin £ = 0 and £ = 2, we can
combine our results (3.50) (for & = "+2 and n = 1) and (5.23) to find /\¢¢O

2 3

g2 47 4 9 € € 4
Aot = 51 1as O (5 ) » Aos?et = 70 1aa0 T O <5 ) '

(5.25)

Both of these agree with [85], where the second value was only given numerically.3?

35In fact, they can also be computed from the approach of [82] and we thank Aninda Sinha for providing
us with unpublished results that precisely match (5.25). Moreover, we have computed them within the
approach of [64] and found full agreement.
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5.3 Mixed channel inversion and conformal data

We now have

_ Ay2t8g
Tosaoen (211) = % [* SR (aDise?™s0" | TG, pin(v,0)
2.2 Lz 2442 2 .2 U A¢22+A¢

(5.26)

The contributions from the second line in (5.26) are the same as above; however, they
must now be summed with different conformal blocks, since we have replaced Ao — —Aqs.
We find
2

= =\ 2 — 3 _ _ 1S 2 _ —
Fy (2,2) = MgV zz(l + E(2log(1 —Z) —3log(z2)) + 5592 (811og”(2z) + 12log(z2z)
— 1081og(zz) log(1 — 2z) + 1281log(1 — 2) — 72Li2(z))), (5.27)
3
- _ (22)2621og? 2 ( 9 9 _ 1—
Froy(z,5) = 22128 08 2 (100201 — 2) —1og?(1 — 2) —1 2) — 21og zlog(1 —
0(22) = g m oy (1og"(1 = 2) —log®(1 = 2) —log (=) — 2log zlog(1 ~ 2)
+ 21og Zlog(1 — 2) — 2Lia(1 — 2) + 2Lis(1 — z)). (5.28)

For the contribution from the first line in (5.26), we would need to consider the identity
operator, and the contribution from twist-2 operators. As usual, we are interested in
the limit

1 1 N PR _
UT¢GT+€,Z(U>U) ~1+ 5710g(1 - Z) + §7 log (1 - Z)' (529)
In the case of identical external operators, the double-discontinuity is zero until second
order in 7, since dDisc[log(1 — z)] = 0 while dDisc[log?(1 — z)] = 47%. However, this is no
longer the case with unequal external operators! Instead,

dDisc?M? [log (1 — 2)] = 27 sin(7 A1), (5.30)
where Ajs = A1 — Ay. Likewise,
dDisc?!!2 [log2 (1- E)} = 4rsin (mAj2)log (1 — 2) + 4w cos (mA12) . (5.31)

Taking these considerations into account, we can write down the contributions from
the pure channel. We find

) Aa+8y

dDisc?’49%” UUTZ%WW (v,u)| = dDisc#*#9¢* “UTzF (1-z1-2)], (5.32)
where

F(2,2) = 14 Fy2(2,2) + Fa(z, 2) (5.33)
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and the three terms represent the contributions from 1, ¢ and J;, £ = 2,4, ... respectively.
The last part is the sum over the spinning twist-2 operators times their anomalous dimension

2 . .
Ag, — (204 + 1) = —5aeTT) See (1.16). This gives
- 1_3
Fy(z,2) = % <4 Lis(2) — 4 Lis(2) + 4log (1_3 +log?(1 — 2) — log?(1 — z)) 2
(5.34)
The contribution from ¢? is most conveniently expressed as
Fyo(2,2) 2log zlog (t;) L2 log? 2 log (tg)
2% 3(-2 = ° 18(1— 2)
_logz ((2710 (1-2)—56)1o (1_5) +18Lis (2) + 36 )
81(1—2) 8 S\1—= 2 2)] -
(5.35)

To find it, we used the formula (3.19) for the conformal block and the values A¢? — 2A 4 =
s+ 88%2 and AgpgeAg2p242 = 4 — % for the involved conformal data. Moreover, we only
included the leading term in the limit z — 1, since we are only interested in computing the
conformal data of mixed-channel twist-3 operators.

Finally, we would also expect to get a contribution from twist-4 operators, which
also have a single factor of log(1 — z). However, it turns out that this contribution
vanishes, since it is also proportional to an extra factor of 1 — z, and the inversion of
(1 — 2)log(1l — z) vanishes.

The inversions in the first line of (5.26) can be computed using

_ _A1+Ag —\
5%112/gkLA21’A12]dDisc2112 Lf_i)m (1;Z> ]
T(h+22)0 (h—22)1 (h+ 8582 — 1)

T (2h=1)T (A= 21452 4 a4 1)

: (5.36)

which can be found from the definition using an integral representation for k][—lAzl’Am](Z).
We will use it for Ay = Ay and Ay = A¢2. Likewise, the inversions in the second line
of (5.26) can be computed using®®

A14+Ao

5%212/dzk[Alz,Am]dDiSCmu z 2 - (1—Z)a
z2h (1—2)"\ 2

P(BJF%)ZF(EJF%—a—l)

= — — . (5.37)
[ (2h = 1)T (b= 2422 4 a 1)1 (Ar - @)’
Ay+A o
36Seemingly, there is a mismatch between the negative power v~ 2 in (5.26), and the power v~41

chosen here. However, all the operators that enter the double-discontinuity in (5.26) have at least an extra
power of v*#/2 meaning that all terms are of the form v~21**(const. + O(e)) for integer k, where A; = Ay.
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Putting all the pieces together, and computing the inversion integrals, we find the
following anomalous dimensions for the twist-3 operators:

2(—1)° 42 03 202 12
’}g&?: ( )E— 5 Sl()— + +3+3
LT3+ 1) 9(U+3)(C—1) (0+1)
(1) (302 4+60—1 0) — 3803 — 6902 0 —
+(_1)e9( +1) (302460 —1) S (£) — 3803 — 6972 + 38 7552—1—0(53).

S1(L+3)(£+1)*(£—1)
(5.38)

The complete dimensions of the operators are given by adding Ay + Ay + £. We also
extracted the OPE coefficients to order e, and found that they agree with (3.34) upon
putting n = 1. To this order, in the n = 1 case they represent OPE coefficients of the
degenerate operators Oy 1. We have not determined the order-£2 part of the OPE coefficients.
They would contain an admixture of OPE coefficients of the operators Oy ; with ¢ > 1, i.e.
. (1) _
those with v, = 0.
The first few cases read

B 3 5 161 , 3 B 3 1 17 5 3
A32¢3— |:5—2€:|+9€+9725 +0 (E ), A33¢3— |:6_2€:|+6€+25928 +O<8 ),
(5.39)
3 7 3559 3 2 61
A =|7-2 ey TV 2 3 A :[ _° ] et 2 3
9443 [7 28}4—158%—202506 +0 (e ), 953 = |8 3¢ +96+ 16205 +0 (e ),
(5.40)
and so on. We also note that putting ¢ = 0, we find that
A L3 E L o(H) —d-a 5.41
Of,l‘E:O_ _2_108+ (5)_ — 29 ( )

which is a shadow relation of a similar type as that noticed for ¢3 theory in 6 — e dimensions,
where Agey2|i=0 + Ay = d [69]. We do not understand the exact meaning of such shadow
relations beyond leading order.

5.4 Comparison with numerics

With some new order-e2 data at hand, we can make comparison with the numerical bootstrap
data of [36]. This data was found by applying the extremal functional method to a collection
of points on the boundary of the allowed region for the 3d Ising island. It comprises a list of
operators together with the estimates of their scaling dimensions and their OPE coefficients
in the relevant OPEs involving ¢ and ¢2, in that paper denoted o and e. We will compare
the following sets of datas:

o OPE coefficients )\352 627, for the twist-2 operators Jp, identified with the family [0, oo ¢
of [36]. Our data is given by (5.24).

o Scaling dimensions of operators Op; = 9°¢?, identified with the family [o, €]o, of [36].
Our data is given by (5.38).
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Figure 1. Estimates for the OPE coeflicients Ay242 7, in three dimension, and comparison with the
numerical values of [36].
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Figure 2. Estimates for the twist 73, in three dimension, and comparison with the numerical
values of [36].
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In both cases, we compare the following three evaluations: 1) order-e truncation,
available before this work, 2) order-¢? truncation, and 3) a Padé approximant of the form
ap + a1

Padé[u} (6) = 1 i blf-: .

(5.42)

The resulting values for OPE coefficients are displayed in figure 1, and for dimensions in
figure 2. We find that for all OPE coeflicients, and for the even-spin scaling dimensions,
the new estimates take us closer to the numerical data.

6 Checks and collected results

In this section we will list our results and do some checks with the literature. We start by
summarizing the correlators that we have computed in closed form. For each correlator, we
refer to the corresponding result:

In these expressions there may be some constants whose values are specified in the corre-
sponding sections. Apart from (ssss) that matches with [70] and (ppep) that matches
with [114] for n = 1, the other expressions for the correlators have not been determined to
the best of our knowledge.?”

The knowledge of these correlators gives us access to the anomalous dimensions and
OPE coefficients of the non-degenerate operators. The order-¢ anomalous dimensions are,
in most cases, known and have been tabulated in [76] — we find full agreement. For the
OPE coefficients, our results are new except for the operators that appeared in the (pppp)
and (ssss) correlators. By inputting order-e anomalous dimensions, we can also find the
leading OPE coefficients for the case of twice-degenerate operators.

6.1 Operators without mixing

In table 1 we write part of the non-degenerate operator content for the Ising (n = 1) case.
This is divided into even (+) and odd (—) cases. Recall that, for Ising, we denote the basic

field by 6.
For twist 2 we have:
1 6
A27€:2+£—5+54(1—£(€+1)>52+..., (6.1)
2T (¢ +1)2
2 _ —
Nood = Toor s 1) (14 (=250 + $1(20)e) + ..., (6.2)

3"We computed the expressions for (ppp) purely from conformal data that was known before this paper;
see appendix D.
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R (10,0) Ao A2s0 Mago

+ (2,0) 2 2¢ 2(1 - 1e) 8(1 —¢)

+  (2,0)e=24,.. (6.1) (6.2) (5.24)

+ (4,0) 44 0e Le? ( - %5) 6 (1 %a)
+ (4,2) 6— 3¢ el (1—¢) $(1- %)
+ (6.2) - 1 F5ohom0* 51— 1%e)
+ (8,0) 8 — 8¢ O(c%) 1(1- 82
+  (10,0) 10 — 3¢ O(e?) s (1 - ¢)
+ (12,0) 10 — 18 O(e*) s (1 — 170556508095)
R (70,¢) Ao )\id)QO

— (1,0 1—3e+ 3¢ 2(1-—3¢)

— (3,0)¢=2345,7 (6.3) (6.4)

Table 1. Results for non-degenerate operators in the Ising case.

known to order e* from the literature, [115] and [64] respectively. We determined the OPE
coeflicients )\;2 27, to order g2 in (5.24).

In the mixed channel, we have determined the anomalous dimensions (5.38) for the
operators Oy of the form 9‘¢3 that have a non-vanishing order-¢ anomalous dimension;
see (5.4). The corresponding full scaling dimensions take the form

41 48 (0 4 (63+20%+20+3)
324 9(0—=1)(L+3)  9(£—1)(£+1)%(£+3)

0 9(0+1) (3¢2+60—1) Sy (£)+38L (1—£2) —69¢2—75 +o( 3>
SL((—1) ((+1)2((+3) =)

7 .2 )
Ao, =3+b+e(—L4(-1
0, =3+ +5< 6+( ) 3(€+1))+5

+(=1)

(6.3)

The OPE coefficients for these operators are

[(¢+ 2)?

A2 =200+ 1+2(-1)H)=— "2/
¢¢%0, (4142 ))r(2e+3)

1—¢ (—Z + (—1)‘53

(€+1)> S1(20 +2)

5¢ +100 3 0 1 140 — 15
e (3@— NGNS ) - 3(f—3)(€+3)> Si(t+1)

20(30% + 80+ 7) 803 + 2302 + 38( + 3
+E(_3(€1)(€+1)2(€+3)(_ f 12(@1)(e+1)(z+3)>] 0(52)’

(6.4)

following from (3.34), (3.35) and (3.36) upon putting n» = 1 and using the observation (5.8).
For twist 5 and above, the squared OPE coefficients are all O(g2) and above and we have
not attempted to determine them.
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R (70,0 Ao 220 A2, A2

S (2.0 2-ct+ e 2(1-n%e) s (1) 5 (1)

S (2,0)—24 (D.1) (3.8) (3.42),(3.43) (4.28),(4.29)

S (4,0) 44 0¢ te? 2td (1 - 1) ey (1 - )
S (6,0) 6— e O(Y) 222 (1-ftne) g (1 $ee)
R (10,0) Ao Ao/ Nt Mo/ Nt Nio
T |2oetihe 2(l-gke) e (o) R(1-ERe)

T (2,0)=24, (D.2) (3.8) (4.31),(4.32) (4.64)

T (4,0) 4-tme  pne? S5n (- ) 2 (1- )
T (6,0) 622 O e ( - Bege) % (1- Brdye)
T (61) 7 g — 1 (1 Zoors)
R (70,¢) Ao Nopo/Na Nio/Na

A (2,0)p=13,.. (D.3) (3.8) (4.34),(4.35)

A @) MR nhpe meten (- 85%e)

Table 2. Results for non-degenerate operators with an even number of fields, part 1. The

normalization constants Ny are given in (2.18)—(2.20).

Table 3.

R (10,0 Ap )‘ttO

Ty (4,0) | 4- 3 6(1 - ) i

T, (4,2) | 4 2ElD 2 (1 — Laptsse) A,
T, (6,2) | 6 2ntl0 8 (1 i) M,
Ty (3,0) | 8- 2t § (1 Bhe) A,
Ty (10,0) | 10— iDL (1 1886120
Ty (12,0) | 12 2020 L (1 SXBmBsiss ) £,
M (1) | s-mEe (1o gl ag,

By (4,2) | 6-gtge (1- 91168% e) N,

By (6,0) | 6—2H0e (1 42) V.

Results for non-degenerate operators with an even number of fields, part 2. The

normalization constants N are given in (2.19)—(2.20).
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R (70,0) Ao 2o 20

Voo(L0) | 1-ie 2(1-m2)e 2N7 (1= 25¢)
Ve | 3-ghe M (1- e) oty (1 - deige)
ATIES T S (ko)
32| 5o e - s (- B

T 3.3 ] 6 e - iy ()
Ty (4) | T e - e (1 e
T3 (3,5) | 8— 3&165;1)5 - 2312\/;L~7:i_ . (1 107;)?;1((5)61:587)2578)
o (3,7 | 10— 3(7:;381)8 o _214§%+2)( _37gi%%%178(tz5f£1%§)505)

Table 4. Results for non-degenerate operators with an odd number of fields.

In table 2 and 3 we present data for non-degenerate operators with an even number of
fields in the O(n) model. The irreps in table 2 are common to (ppyy) and (tttt). Likewise,
in table 4 we present data for non-degenerate operators with an odd number of fields.

In addition to the properly non-degenerate operators, there are points in the (79, ¢)
plane where there is more than one operator, but only one of ¢* type. One example is

70 = 6, £ = 0, singlet, where we have 4,0% and Dgo‘é, with dimensions [6 — 3e] + ("i?)e and
2+ [4 — 2¢] + 22H4¢ respectively. Only the second of these operators has an OPE coefficient

n+8
at leading order in the s x s OPE, and we can therefore determine its conformal data.

This assertion can be confirmed by the fact that the dimension reported for (79, ¢) = (6,0)
precisely matches with that of Dcpflg. In tables 1-4, we have included many similar cases.

6.2 Cases with two degenerate operators

When degeneracy occurs one has to unmix the degenerate operators. For twice degenerate
operators this procedure has been done in section 5.

In table 5 we show some degenerate operators and relative CFT data in the Ising
(n = 1) case. One can perform the same computation in the case of twice-degenerate
operators at general n. The resulting expressions are quite lengthy and not particularly
illuminating. For instance, there are two singlet operators at twist four and spin two, with

scaling dimensions

In 4 44 F VIn? — 8n + 624
6(n+8)

ALQ =6—2+ (65)
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R (1.0) (Ao, A0,) (Nop01:Ad60.)  (Aege0,: Ageg20,)
+ (4,4 (8 ~ 58— %5) (413280’ 2389276) <%7 %)
+(6,4) 10 — mg (O(eh),0(eh))  2OGFTET
+(8,2) (1 g0 - 16 ) (0("),0(e") (Wiy%)

R (70,%) (A017AO2) ()‘2¢>2(91 >‘3¢¢202)

- (3,6) (9 —3e+0(e%),9 - {je + 2478778939052) (0(52)7 s7(1— 28}12(2);8188))

— (3,8) | (11- 32+ 0(?),11 - Be + 55%:2) (0(2), g (1 — Hisetie))

Table 5. Results for pairs of degenerate operators in the Ising case. Anomalous dimensions taken
from [76].

We find that their OPE coeflicients are

n+2  EnF 76+ 3V —8n+624 , 3
A2 = 0, 6.6
b0 = T+ 8F  vom—sirer © TOE) (69

In? — 92 3 DVIn2 — 8n + 624
Ny = FOn® —n+92)+ (3n+ HVon® —8n + +0(e). (6.7)
’ 5nv9n2 — 8n + 624

7 Discussion

In this paper, we have applied a combination of large spin perturbation theory and the
Lorentzian inversion formula to systems of non-identical correlators. In particular, we
have considered the e-expansion of the O(n) CFT, and studied all four-point correlators of
pairwise identical operators drawn from the set {¢, s = ¢%,t = 2.}. This set of operators is
the same as the one considered in the most recent developments in the numerical conformal
bootstrap [116, 117].

In our approach, we determined the correlators in an iterative procedure using the
Lorentzian inversion formula, which is sensitive only to the double-discontinuity of the
correlator. The strategy for each correlator was to first determine the double-discontinuity
in terms of a few crossed-channel operators, then to compute the inversion integral, and
finally to resum the data to produce the correlator. We started from the ¢ four-point
function and reviewed the considerations of [64], where the double-discontinuity to order
3 is produced purely form the identity operator and the bilinears s and ¢. This provides
values of the OPE coefficients A,,s and Ap,¢, which also appear in the mixed correlators
of v, s and ¢, t respectively. These correlators then determine the contribution of leading
twist operators, represented by their OPE coefficients as¢, which provide the double-
discontinuity in the correlators of the bilinears. The final step of determining (sstt) required

a careful consideration of the inversion into the mixed correlators. The whole process can
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be summarized by the following diagram:

(pppp)

A )
AW{ e

(ppss) (peptt)
QZ,Zl J{aS,Q,€7aT,2,€ (71)

(ssss) (tttt)

\ laszé

sstt

Along the way, a few free parameters were introduced, and we were able to fix them at
the end using consistency with crossing of the final results. The result is the determination
of all order-¢ correlators of pairwise operators; see the list at the beginning of section 6.
From the conformal block decomposition of these correlators, we have been able to confirm
the order-¢ anomalous dimension of non-degenerate operators, and computed their OPE
coefficients; see tables 1, 2, 3 and 4. The results for the OPE coefficients appearing in these
correlators are new, except for the cases of (pppy) and (ssss).

Apart from determining the structure of operators and the interdependence of confor-
mal data, the computations in this paper involved several difficulties, some of which are
more technical in nature and have not been emphasized in the main text. This includes
manipulations of conformal blocks in general spacetime dimensions (appendix A), computing
several complicated inversion integrals (appendix E) and determining the closed-form of
the correlator from the CFT data.

In the n = 1 case, we were able to move to order 2 in the correlator {ppg>¢?) in section 5,
thanks to a surprising result that appeared in the order-¢ computation; see (5.8). In short,
this result means that, effectively, all operators contributing to the double-discontinuity
at order £? are non-degenerate, and their contribution can therefore be evaluated. This
yielded some completely new pieces of conformal data, such as the OPE coefficients

8T(0+1)2
Vo = ey (ool + 20%) 0 () &

given in (5.24), and the dimensions
2
A;S = Ay + Ap2 + L+ 730, V3,6 = E'Y;S,g) + €2fy§7€) +0 (53) , (7.3)

given in (5.38). In most cases, these new determinations take us closer to the numerical
data in the 3d Ising CFT, determined in [36]; see figures 1 and 2.

An assumption in our work is that the inversion formula extends down to spin zero,
except at twist 7 = 2. In section 3.3.4 we considered the possibility of a finite-spin solution
contribution in the (ssss) correlator based on the considerations in [110]. However, such
contribution must be proportional to a non-analytic contribution at twist 7 = 4, but we
found that the inversion formula result is correct for this dimension (and indeed for all the
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non-degenerate spin-zero operators at higher-twist operators). Also in the (tttt) correlator,
we found that the inversion formula gives correct predictions for the scaling dimension at
spin zero.

Another way to perform these calculations would be the use of Feynman diagrams, i.e.
perturbation theory. We would like to stress that in this work we wanted to emphasize the
power of the Lorentzian inversion formula and test the limits of its applicability, without
using any other method. Also, while order-¢ results can be obtained considering a relatively
low number of loop integrals, the evaluation of the integrals tends to get complicated already
at second order.

A possible application of our results would be to conformal perturbation theory [94-96].
In conformal perturbation theory, one considers a controlled perturbation of the CFT with
an operator O, which may or may not be relevant:

S 5+ / dl290(x). (7.4)

Quantities away from the CFT, or in a nearby CFT, can then be computed in a series in g.
At leading order in g, the corrections induced by this perturbation involve OPE coefficients
with O, evaluated in the CFT. To go to subleading order, order g2, one needs to know
four-point functions of the CFT. A concrete setup that could be studied in the e-expansion
with the help of the results in our paper is the perturbation of N copies of the Ising CFT by
the operator ZL& 5(0?)a(¢?)g. This specific setup was considered in [95] in order to study
a disordered fixed-point. The determination of order g? data using conformal perturbation
theory involves integrals of the correlators (¢pp¢?¢?) and (¢2p?p?¢?).

The machinery considered in this paper naturally extends to other ¢* theories, and
interesting targets would be theories with symmetry groups that are hypercubic, O(m)xO(n)
and more generally G™ x S, for different groups G, recently studied in [118]. For these
theories, it is difficult to find small isolated islands using the bootstrap, and additional
input from the e-expansion might guide the search. The algorithm would be completely
analogous to the considerations in this paper:

(9999)

(ppd30%)
(7.5)

(PhORIROR)

(RSROH OR)
The first step of the ¢ four-point function was worked out to order &3 in [67]. This involves

all representations R appearing in the tensor product of two fundamental fields, and the
only non-trivial step is to determine the crossing matrix Mrgr/. Then one would consider
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mixed correlators, involving the bilinears gb%, and finally the correlators involving only
bilinear operators.

As an alternative approach, one can start directly with the correlator of bilinear
operators, and make an ansatz for the contribution of the twist-2 operators which source
the double-discontinuity. In this way, the results would apply also to weakly coupled four-
dimensional gauge theories containing scalars, where ¢ is not gauge-invariant and therefore
not in the spectrum. For flavor-singlet bilinear operators, this was in fact considered in [108],
but can also be extended to non-singlet bilinears.??

Another potential extension of our work would be to include more correlators, either
in the O(n) CFT or in a general ¢* theory. If one were to include external operators that
are cubic or quartic in the field, such as 90%3 or goflg, more exchanged operators would fall
below the double-twist threshold and the contribution of such operators has to be carefully
analyzed. If one instead includes spinning operators, for instance the global symmetry
current J = Ja,1 or the stress tensor 7' = Js 2, one would need to consider the inversion
formula for spinning external operators, perhaps using the technology of [45].
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A Conformal blocks in 4 — € dimensions

In section 2, we wrote down the simple expressions for the conformal blocks in the exact
z — 0 limit, and in the 4d limit, where ¢ — 0. However, to find the OPE coefficients for the
operators beyond twist two, we need to go beyond the leading power of z in the collinear
expansion for arbitrary dimension. Here we will work with scalar externals which may have
different scaling dimensions. We use A3 = Ay — As and Agy = Az — Ay4. In the collinear
limit, the blocks may be written as a series expansion [36]

ng) [A12,A34] ) Z - Z [AIQ,A34]k - (2). (A.1)

m=—k

(d ) [A12,A34]

The coefficients c;, may be determined by solving the Casimir equation order-by-

order in z. The Casunir equation for this case takes the form

C Gl 2y = (h(h+ 1= d)+ k(A1) GRA=2 (7). (A.2)

38In gauge theories, one must allow for a logarithmic scaling of the anomalous dimensions of twist-two
operators, y2,c = (c151() + co)g¥m + O(gym) + O(1/6).
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where

2z

C2 =D, +D;+(d~-2) (1 =2)0. = (1-2)02), (A.3)

Z—Z

and
Dz = Zzaz(l — z)@z + (Alg — A34)220Z + A12A34z. (A4)

In this paper, we have computed all of the coefficients up to k = 3 for general scalar
externals, and up to k = 6 for identical externals. The expressions quickly become rather
complicated. We record the first set, k = 1, below:

C(],o :1, (A5)
- (h=h)(d-2)

o S d-4+2(h-n) (A.6)
1 AipAgy (d(h—1) =2 (h? = h+h—1))

a0 T (h=1)h(d=2(h+1))

(d—2) (h? =A%) (h2 - 23,) (h+h—1)

_4?#(2%—1) (2E+1) (d-2(ﬁ+h+1))'

— Ajp + Aszg + h) , (A.7)

11 = (AS)

These expressions are valid for general d. In this paper, we are only interested in the order-&
corrections to the conformal blocks, so to use them we set d = 4 — ¢ and expand around
e=0.

B Dimensional shift in OPE coefficients in (ssss)

Consider the conformal block decomposition of the (ssss) correlator

gssss(ua U) =1 + Z a‘(r(,)l? (1 + 50[5}2) GS_CQ%_LZ(U, U) + @] (52) s (Bl)
7,0

where we have explicitly written the d dependence of the conformal blocks and the order
()

correction to the OPE coeflicients s

which, working to order €, are the only elements
in (B.1) that depend on dimension.

In the main computations of this paper, we have made use of the d = 4 dimensional
conformal blocks for simplicity. However, the physical CFT data should be expressed
in terms of the decomposition in d = 4 — ¢ dimensional blocks. The difference between
these two sets of conformal blocks starts at order ¢, so it will affect ;o but not ai?g. To
leading order in ¢, this comparison can be done with a linear shift in the corrections to the

OPE coefficients:
aly? =l + Aary. (B.2)
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The quantity Aa;, can be computed order-by-order in 7 and then the full expression can
be determined. It is enough to do this for the free theory: the form of Aa,, will be the
same in the interacting theory to order . Setting ¢ = %, the result takes the form

Aary = C(—1)7/2+(£}r1)(g+7_2) {(€+1)(£2+7—2) (431(7/2_2) S+ 1)
4 281(r/2 4 £ — 1) — 281 (1 — 4) _SI(TM_g))
S (s (5 1 (8) w21 (35) 25, (5)
4
- 51 (22 + 5 (=) +5T4410g2>} (B.3)
For ¢ = % = 0, this expression reduces to the corresponding expression in the OPE

coefficients of the generalized free field of dimension A = 2:

(aGFF,d:4—5[A — 9] SFP=(A = 2})‘ — ( ) Ay )

TOE

T0=2n-+4,c=0 ’ (B4)

where aS’?F’d and aig)e are given in (2.44) and (2.63) respectively.

Although we do not do it in this paper, it is possible to derive similar formulas for
(tttt) as well.

C Crossing matrices

Here we will recall some expressions for the normalization constants ANz and the crossing
matrices. The discussion follows closely appendix A.3 of [76] and is based on unpublished
work by the authors of [106].

For (pppp) we have

1 n+2)(n—1) 1—n
n 2n?2 2n
M= =2 1 (C.1)
2n 2
1 n—+ 2 1
2n 2

in the basis {5, T, A} and the normalization constants are given by Vg = 1 and N = Yinl

for R="T, A; see (2.18).
For (pptt) we have

(n—2) n+4
(n— 1) n+2) 3(n 1) 3(n+2)
| nyv/(n—2)(n+4) prrw| " 2(n—2)
M= | it~y sty wisy 3T (C.2)
__n_ n _V/n(n=2) 2n(n+4)
n—1\/ (n+2) (n—1)v/3 3(n—1)(n+2)
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in the basis {S,T, A} and {V, H3,T5}. For R = S, T, A, Ny agree with (2.18), and Ny =
NH3 = NT3 =1.
For (tttt) we have

M=
2 1 _ 1 n(nt+1)(n+6)  _ (n=2)(n+1)(nt4) (n=3)n(n+1)
(n—1)(n+2) n n+2 6(n—1)(n+2)2 2(n—1)(n+2)2 3(n—1)2(n+2)
2n n?44n—24 n n?(n+1)(n+6) 2n(n+1) _ (n=3)n%(n+1)
(n—1)(n+2) 2(n—2)(n+4) 2(n+2) 3(n—1)(n+2)2(n+4) (n—1)(n+2)? 3(n—2)(n—1)2(n+2)
2 _1 1 (n+1)(n+6) 0 _ (n=3)n(n+1)
(n—1)(n+2) 2 2 3(n—1)(n+2)? 3(n—1)2(n+2)
1 (n=D(n+2)  n-1 (n—2)n__ =2 =3
n(n+4) n 6(n+2)(n+4) 2(n+2) 3(n—1)
_1 2(n—1)(n+2) 0 n(n+6) 1 (n=3)n
(== s =y 2 3-2)(n=1)
1 _(=Dn+2)  _n-1 n+6 n+4 _n?—2n+43
2(n—2)n 2n 6(n+2) 2(n+2) 3(n—2)(n—1)
(C.3)

in the basis {S,T, A, Ty, Hy, B4} and for R = S,T, A, Np agree with (2.18), and for
R =Ty, Hy, By,

vdim R
= 4
Nr dim 7T ’ (C4)
where dim7y = "(nJrl)(gim(n*l), dimH, = (n+1)(n+4§n71)(n72) and dimBy =

n(n+1)(q;2)(n73); see (2.19)—(2.20). The matrix (C.3) appeared previously in [112] in
another normalization convention. Our conventions for the normalization differ from those

(n—1)(n+2)
2

used in that paper by a factor dim7T = for the last three representations and

with a factor n for the T" and A representations.

D (pppp) at order &2

In this appendix, we determine the correlator (@) to order £2, by computing an explicit
sum of conformal blocks. As described in the introduction, the order-¢? conformal data
can be found by the Lorentzian inversion formula following [64]. This computation gives
the leading-order anomalous dimensions of s and ¢, as well as the order-¢2 dimensions and
OPE coefficients of the twist-two operators. The dimensions take the form

n+2 6 2
A =2 — 1-— =2,4,... D.1
S,2,0 +0—c+ 2(n+8)2 ( £(€+1)>8 ’ 14 s Xy ; ( )
1 n+ 2 n+6 9
A -9 — — =2,4,... D.2
T2 +l—e+ (7’L+8)2 ( 2 £(£+1)>6 ) ¢ s Xy ) ( )
n+2 2 9
A — 94/ 1— {=1,3,... D.
A28 + €+ 2(n—|—8) < E(E—Fl))s ; )37 ) ( 3)

and the corresponding values for the OPE coefficients can be found in [64].3° Likewise
we need the leading OPE coefficients of twist-four operators, explicitly given in [65]. The

39The dimensions were first determined in [119], and the OPE coefficients in [84]. The data is available in
computer-readable format in [76].
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inversion problem to this order does not give the finite-spin contributions at spin 0, for
which we supplement the following data:

n+ 2)(13n + 44 n+4)(22—-—n
6(n+2)(3n+ 14 12(3n + 14
aP = — ( :L_(n):_ 8)‘3’)’ )7 ag2) - _((n—f——g)?’)' (D.5)

The order-¢ correction to the OPE coefficients were given in (3.7) in the main text.

By computing the sums over conformal blocks, we find the correlators

1 u (n+2)u u(l+v) u
S _
g(pww(u,v) =1 + E (U+ ’l)) + e (—M@(u, U) — WIOgU—F 27’}/[)10gv>

+e [Sn ((1+v)log u — 2logulog v + log? v)

+ m ((1+v)logu —logv)
_ (n+2)(n+11) Lip(z) — Liz(2) log u
2n(n + 8)2 z2—Zz
u(n + 2)
4dn(n + 8)2%v

— (n+8)(n+ 11)log v)®(u,v)

(4(n* +Tn+22) + (n+8)(n+ 17) logu

) n+2
4n(n—|—8)

3u(n + 2) log ulog (
z

Cdn(n 482 z-— T (u, v)} +0 (%), (D.6)

which was given for n = 1 already in [114],

T _ u 2u u(l+v) u
gwww,(u,v) =u-+ ” +e <—n+8q)(u,v) — Tlogu—|— %]ogq)

+ &2 {8“ ((1 +v)logu® — 2logulogv + log v )
u(n +2)
4(n + 8)2v
(3n + 22)11, Lig(z) — Lig(i)
2(n +8)2 22—z

u 2
+ m@(n +7n+22) + (n+ 8)(5n + 34) log u

— (n+8)(3n + 22) log v)®(u, v)

(1 +v)logu —logv)

log u

n + 6)u log? ulog (1=2 u
() s v vo(@). o7
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and

Q;‘@@@(u,v) =y — % + e (u(12—v)

u
logu — — log v)
v 2v

+ &2 [SU ((1 — ) log? u — 2log ulog v + log? v)
v

(n+2)u

(n+2)u
- 4(n + 8)%v

5 log v@(u,v)} +0 (53> .

(1 —v)logu — logv) — 101872
(D.8)

We found them by explicitly summing the conformal data and matching with an ansatz
based on the structure of the result in [114].
In these expressions, ®(u,v) is given by (3.6), and

T(u,v) = ! - { <log2 G%;) + log? v) log (£) — (log G:;) + log v) log? ()
+1og? (12) log +41og vLiz (52) — 4log ulLiy (%)

22) — 4Ly (322) + 4Lig (55255 ) +4Lis (2

Iy

)

W

is another ancillary function, introduced to simplify the expressions.

E Inversion dictionary

The functions that show up in the inversion integrals in this paper only take a few different
forms, so it is possible to determine all of the inversion integrals we may need. The only
contribution to the double-discontinuity will come from terms which are singular at z = 1.
These include log(1—Zz) and inverse powers of (1—Zz). Using (1—2)¢ = 1+log(1—2)e+0(e?),
the inversion for the log can be determined by the inversion of the inverse powers. The
double-discontinuity for inverse powers can be computed using the formula

dDisc [(1 f Z)a] = 2sin®(7a) (1 f 2>a. (E.1)

Plugging this into the inversion integral gives us

—\2 —
s P or (B) T (h—1+«a
o [ 2y rane (122 - - (2h<1)>r 2 - ) 5

The end result is

—\ 2 _
N 20 (h) T (h=1+a)
( _) — — e . (E.3)
1-2 [ (2h=1)T ()T (h+1-a)

There is a subtlety that arises for positive integers o — for us the case a = 1 is most
relevant. In this case, we see that the double-discontinuity vanishes but the integral diverges.
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The correct procedure is to keep « free until the end of the calculation. Setting o — 1 in
equation (E.3) will yield the correct answer.

Some inversions are difficult to obtain because they involve an infinite series of poles at
z = 1. In practice, these can sometimes be computed by inverting a finite number of the
terms that appear, guessing the general form, and then resumming the answer. Another
useful method is to compute a finite number of terms, which determine the leading powers
of 1/¢ after the inversion. With a suitable ansatz, these large-spin asymptotics fix the
inversion. We have computed several new inversions using these two tricks. Below is a list
of inversions used for this paper,*’ using the normalization defined by (E.2) and (E.3):

) 2
log(1-2)* — <5 (E.4)
log (1—%)? 2 2
=2 Sl E.
z T Ry (E-5)
log (1—2)? 2 4 8
o2 = E.
2 T PR ReE—) TR (=) (E6)
2y - 2
log(1—2)*logz  — ~ 7 (E.7)
log(1-2)*. J241 J?=5
#logz A +(J2—2)27 (E.8)
log(1—2)%, 8J2+6  J?-8 7J2-72
— " logz — - + + : E.9
72 &% 9J4 " 2(J2-2)? 18(J2—6) 59
o, _ 2o+45_ (¢
log(1—2)2Lis (1-2) — w (E.10)
log(1—2)%_ . _ 4—2J2 ({4252 (0)—1)
—Ti(1-2) — Ti(J2—2) , (E.11)
log(1—2)%_ . ) 2(JO4 T4 (4¢2+8S o (£) —3) —2J% (4Ca+8S 5 (£) —1)+24)
_721412(1—2) — 2 )
z J4(J2=2)% (J2—6)
(E.12)
_olog(z 2
log (1—Z2)? 1g_(5) —  4S3(0)—(3 N (E.13)
log (1—2)% log (Z) 3 1 3 1
z 1—2 — 453(6)_C3_J4_J2_(J2—2)2+J2—2’ (E.14)
log (1—2)? log (2) 117 6 3
4 (e —
= 1z o 0-GTgmgn (22 2(12=2)
5 7
- E.1
3726 | 18(12—0) (1:19)

49The normalization used in this definition may be fixed by the equation

2 D(+1)? Y dz e 2. -
== m/o E—Qk“l(z)lesc [log (1 z)] .
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We have used J? =/(¢+1), and S_,, is defined as in [120] to be
¢ J
S.()=%" (sgn(a))”. (E.16)

If a < 0, this formula is not analytic in spin because the sign of each term alternates.
Therefore its even-spin and odd-spin terms each have their own analytic continuation. In
the above, we consider the even-spin continuation, which is all we need for our purposes. In
particular, we use the continuation for S_, given by

S.a(0) = 5 (5 (ﬁ) s, (€2 2 -26). (E17)

where S2(¢) denotes the (unique) analytic continuation of the second harmonic number.
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