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1 Introduction

Suppose that ¥ # C C H with C being a closed convex set in a real Hilbert space H, and
(-,-) and || - || are the inner product and the induced norm in H, respectively. Let Pc be
the metric projection of H onto C, and for a given mapping S: C — H, let its set of fixed
points be denoted by Fix(S).

Let A: H — H be a Lipschitz continuous mapping with Lipschitz constant L, and
consider the classical variational inequality problem (VIP) of finding x* € C such that
(Ax*,x — x*) > 0 Vx € C. We denote the solution set of the VIP by VI(C, A). One of the
most popular approaches for settling the VIP is the extragradient method invented by Ko-
rpelevich [1] in 1976. For any given initial point py € C, the method of Korpelevich [1]
generates a sequence {p,} as fabricated below:

q: = PC(pt - KAPz),
pt+1:PC(Pt—ZAQt)’ t:0’1’2)~~~)
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where the constant £ lies in (0, %). The literature on the VIP is numerous, and Korpelevich’s
extragradient method has received extensive attention of many scholars, who intensely
enhanced it in various aspects; for example, please see [2—26] and the references therein,
to name but a few.

Thong and Hieu [26] put forward subgradient extragradient process with extrapolation,
which generates a sequence {p;} for any given p;,po € H as follows:

We = pp + a(pe = pe1),

Yt = Pc(we — L Awy),

C={peH:(w— AW —yp,y: —p) = 0},
Pee1 = Pc,(w—LAY,), t=1,2,3,...,

where ¢ € (0, %) and weak convergence is obtained. Given nonexpansive mappings S; :
H—H,i=12,...,N, Ceng and Shang [16] presented a subgradient extragradient-type
process for computing a common element of the common fixed point set and VI(C,A)
when

N
Q= ﬂ Fix(S;) N VI(C,A) # 0.

i=1

Furthermore, the following strongly convergent algorithm was studied in [21] when € :=
ﬂﬁl Fix(S;) N VI(C, A) is nonempty.

Algorithm 1.1 (See [21, Algorithm 3.1]) Modified inertial subgradient extragradient
method.

Initialization

Let 21 >0, >0, u €(0,1), and x1,%9 € H be arbitrary.

Iterative steps

Calculate x;,1 as follows:

Step 1. Given the iterates x; and x;_; (£ > 1), choose «; such that 0 < «; < &;, where

. e .
g - min{c, Tl }oifxy A,
o otherwise.

Step 2. Compute w; = S;x; + oty (Spx; — Sex—1) and y, = Po(wy — A Awy).
Step 3. Identify C; = {y € H : (w; — LeAw; — ¥, y: — y) > 0}, then calculate

Zy = PCt(Wt - )\.[A_)/[)
Step 4. Update x;,1 = Bef (x¢) + yexe + (1 — ye)I — BpF)z;, where p € (0, i—g) and update

[we=ye 12 +llze=ye 1
At}

min{u ‘2(AWt*Aytth*yt> , if (Aw, — Ay, z, — y¢) >0,

)‘-t+1 =
At otherwise.

Set t:=t + 1 and return to Step 1, where f is a contraction (f : H — H is a contraction if
there exists v € [0, 1) such that ||f(x) —f(y)|| < v|x -y, Yx,y € H), F is n-strongly mono-
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tone and « -Lipschitz continuous (kindly see Sect. 2 for its definition) with {8.}, {y:}, {e:} C

(0,1) fulfilling some conditions.

Next, suppose that C and Q are nonempty, closed, and convex subsets of Hilbert spaces
‘H, and H,, respectively. Let T : H; — H; denote a bounded linear operator and A, F :
H, — Hi and B : Hy — Hy be nonlinear mappings. Then, the bilevel split variational
inequality problem (BSVIP) (see [27]) is as specified below:

Seek g* € Q such that (Fq*,z - q*) >0 VzeA, (1.1)

where A := {z € VI(C,A) : Tz € VI(Q, B)} is the solution set of the split variational inequal-
ity problem (SVIP), which was introduced by Censor et al. [28] and formulated as follows:

Find x* € C such that <Ax*,x - x*) >0 VxeC (1.2)
and
y* = Tx* € Q such that <By*,y —y*) >0 VyeQ (1.3)

with VI(C,A) and VI(Q, B) representing the solution sets of variational inequalities (1.2)
and (1.3), respectively. Note that the SVIP involves finding x* € VI(C, A) such that Tx* €
VI(Q, B). Censor et al. [28] proposed a weakly convergent method for approximating the
solution of (1.2)—(1.3): for any given initial x; € H;, identify the sequence {x;} generated
by

a1 = Pc(I = 2A) (% + y T*(PoU = AB) - I) Tx,), t=1,2,3,..., (1.4)

where A and B both are inverse-strongly monotone and 7 is a bounded linear operator.
Under appropriate assumptions, it was proven in [28] that the sequence {x;} converges
weakly to a solution of (1.2)—(1.3).

We note that the VIP can be expressed as the FPP: Sz = Pyp(z — uBz), u > 0, with
VI(Q, B) = Fix(S). Consequently, we can reformulate the BSVIP in (1.1) as follows: Let A :
‘H, — H; be quasimonotone and L-Lipschitz continuous, F : H; — H; be «-Lipschitzian
and 7n-strongly monotone, 7 : H; — H, be a nonzero bounded linear operator, and

S :Hy — Hs be a T-demimetric mapping with t € (-o0, 1); then,
Find ¢* € © such that (Fq*,z - q*) >0 VzeQ, (1.5)

where Q := {z € VI(C,A) : Tz € Fix(S)}. In this case, such a problem is referred to as a
bilevel split quasimonotone variational inequality problemn (BSQVIP) and its strong con-
vergence results are obtained in [18].

Assume that f : H; — H; is a contractive mapping with v € [0,1) with v < ¢ =1 -
m for p € (0, i—g), A :H; — H; is pseudomonotone and L-Lipschitz con-
tinuous with ||Au|| < liminf, [[Au,| for each {u,;} C C with u, — u, {S;}Y, is finitely

many nonexpansive mappings on #; and & := ﬂf\il Fix(S;) N Q # @. Then, the bilevel split
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pseudomonotone variational inequality problem (BSPVIP) with the common fixed point
problem (CFPP) constraint is formulated as follows:

Seek g* € E such that <(,0F -fq*,p - q*> >0 VpekE. (1.6)

We propose triple-adaptive subgradient extragradient-type rule with inertial extrapola-
tion to solve (1.6) in real Hilbert spaces, where the BSPVIP involves the FPP of demimetric
mapping S. The rule exploits the strong monotonicity of the operator F at the upper-level
problem and the pseudomonotonicity of the mapping A at the lower level. Consequently,
we obtain strong convergence result. In addition, a numerical test is provided to show the
viability of the suggested rule.

The article is organized as follows: In Sect. 2, we provide some concepts and basic tools
for further use. Section 3 gives the convergence analysis of the suggested algorithm. Lastly,
Sect. 4 gives a numerical illustration. Our results improve and extend the corresponding
ones in [21, 29], and the relevant explanatory argument is given after the main proof of
convergence result in Sect. 3.

2 Preliminaries
A mapping S: C — H is (see [30]):
(i) L-Lipschitz continuous or L-Lipschitzian if 3L > 0 such that
ISz — Sy|| < L||\&t—y|| Vir,y € C. If L = 1, then S is nonexpansive;
(ii) ¢-strongly monotone if 3¢ > 0 such that (Siz — Sy, — ) > ¢|lit —y||? Vi, y € C;
(iii) monotone if (S& — Sy, it —¥) > 0 Vi, y € C;
(iv) pseudomonotone if (Si,y — i) > 0 = (Sy,y —u) > 0 Vu,,y € C;
(v) quasimonotone if (Sit,y — ) >0 = (Sy,y —u) > 0Vir,y € C;
(vi) t-demicontractive if 3t € (0, 1) such that

ISt = pII* < llit = plI* + tllie - Stl®  Viz € C,p € Fix(S) #;

(vii) 7-demimetric if 37 € (o0, 1) such that

1-7

(it — Sit, it — p) > it — Sit|®> Viie C,p € Fix(S) #0;

(viii) sequentially weakly continuous if V{x,} C C, x, — x = Sx, — Sx.
Given u € H, there exists unique Pcu € C with the following properties.

Lemma 2.1 (See [31]) The following hold.:
() (it —V,Pcit — Pcv) > ||Pcit — Pcv||? Vit v € H;
(i) w=Pci <= (1—-w,v—w) <0Vue H,veC;
(i) ||z —V)|?> = |lit — Pcitl|® + |V — Pcit||* Vie e H, v € C;
(iv) e —vII*> = &ll* = [VI* = 2(k =V, V) Vit, v € H;
) 19+ @ =)= z)>+ QA =D)|V> =01 =)t -V|?> Vir,v e H,9 € R.

Clearly, (ii) = (iii) = (iv) = (v). However, the converse is not generally true.

Lemma 2.2 (See [32]) Let w € (0,1], S: C — H be nonexpansive and S” : C — H be
defined by S” x := Sx — wpF(Sx) Vx € C, where F is o-Lipschitz continuous and ¢-strongly

Page 4 of 22
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monotone. Then ST is a contraction provided 0 < p < Z—g, ie, |S7x-8S"y|<(1-w¢)||x-

9| VX, 5 € C, where ¢ =1 - /1 - p(2¢ — po?) € (0,1].

Lemma 2.3 IfA: C — H is pseudomonotone and continuous, then u* € C solves VIP <
(Av,v—u*)y>0VveC.

Proof The proof is straightforward and thus we skip it. d

Lemma 2.4 (See [32]) Let {a,} C (0,00) satisfying the condition a; .,y < (1—=A,)a, + Ay, Vt >
1, where {1}, {y:} C R and (i) {1} C [0,1] and y_,;°; A = 00, and (i) limsup,_, .. y; < 0 or
Yooy [Aeyel < 00. Then lim;_, o a; = 0.

Lemma 2.5 (See [31, demiclosedness principle]) IfS is nonexpansive with Fix(S) # 9, then
I1-S isdemiclosed at zero, i.e., if {x;} is a sequence in C such that x, — x € C and (I - S)x; —
0, then (I — S)x = 0, where I is the identity mapping of H.

Lemma 2.6 (See [6]) Let {I';} C R with 3T} C (T} such that T, < Ty.q Yk > 1. Let
{(8)}s=s, be formulated as

¢(s) = max{k <s:T < Tii1}

with so > 1 satisfying {k <so: T < Ty} # 9. Then:
(1) ¢(s0) <(so+1) <--- and ¢(s) — oo;
(ii) Ty < Tpe1 and Ty < T g1 Vs> so.

3 Convergence analysis
For the convergence analysis of our proposed rule for treating BSPVIP (1.6) with the CFPP
constraint, we assume throughout that
o T:Hy — H, is anonzero bounded linear operator with the adjoint 7%, and
S:Hy — Hy is T-demimetric with I — S being demiclosed at zero, where 7 € (—00, 1).
o A:Hy; — H, is a pseudomonotone and L-Lipschitz continuous mapping satisfying
the condition: ||Au|| <liminf;_, o, ||Au| for each {u,;} C C with ; — u.
« {8}, is finitely many nonexpansive self-mappings on H; such that
E:= ﬂf\il Fix(S;) N Q # @ with Q := {z € VI(C, A) : Tz € Fix(S)}. In addition, when
required, we write S; := Symoan> £=1,2,3,....
« f:H1 — H, is a contraction with constant v € [0,1), and F : H; — H; is n-strongly
monotone and « -Lipschitzian such that v < ¢ := 1 - /1 — p(2n — p«?) for p € (0, i—g).
o {Be) {yeh {e} € (0,00) such that B + y: <1, Y2 B = 00, limy o0 B = 0,
0 <liminf, . y; <limsup,_, ., ¥: <1 and & = o(B;).

Algorithm 3.1 (Triple-adaptive inertial subgradient extragradient rule)
Initialization: Let 1.1 >0,€ >0,0 >0, u € (0,1), « € [0,1), and xp, x; € H; be arbitrary.
Iterative steps: Calculate x;,1 as follows:
Step 1. Given the iterates x;_; and x; (£ > 1), choose «; such that 0 < «; < &;, where

min{a, m} lfxt ?/xt_l, (31)

oy =
o otherwise.
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Step 2. Compute w; = Syx; + o0 (Spx; — Sx—1) and y; = Pe(w, — A Awy).

Step 3. Construct C; :={y € Hi : (W — AeAw; — ¥, ¥+ —y) > 0}, and compute v; = Pc, (w; —
MAy) and z; = vy — 0, T*(I — S)Tv,.

Step 4. Calculate x;,1 = B,f (x;) + yexs + (1 — y)I — BipF)z; and update

llwe=ye |12 +llve=ye I
At)

2{Awe—Ayr,vi—ye) if (Aw; — Aye, ve = y:) > 0,

min{u
Ats1 =

At otherwise,

and for any fixed € > 0, o; is chosen to be the bounded sequence satisfying

(1—7)[| Tv, — ST,
0 <o, < - if T STv,, 3.3
SESO ST, T ¢ TS (3.3)

otherwise set o, =0 > 0.
Set£:=¢t+ 1 and go to Step 1.

Remark 3.1 We have from (3.1) that lim;_, o % lx; — xs—1]| = 0. Indeed, we have a;|x; —
xe-1]l < & Vt > 1, which together with lim,_, % = 0 implies that % locs — || < % — 0.

It is easy to see that C; is closed and convex. Furthermore, C; # {J since C C C; and C # .

Hence, {v,} is well defined.

Lemma 3.1 The step size {\;} is nonincreasing with A, > X := min{As, %} vVt > 1, and

limtﬁoo }“t > A= min{)\.l, %}.

Proof By (3.2), we get A, > A1 VE > 1. Now, observe that

%(”Wt —J’t”2 + [lve —J’t”z) > [we = yellllve — yell
(Aw = Ay, ve = y1) < Llwe = yellllve — yell

. w
} = A1 me{)\t,z}. 0
We prove the following lemmas.

Lemma 3.2 The step size o, formulated in (3.3) is well defined.

Proof 1t suffices to show that || T*(Tv; — STv;)||> # 0. Take p € E arbitrarily. Since S is a

7-demimetric mapping, we obtain

Ilve = pll| T*(Tve = STv,) | = (v — p, T*(Tv; — STwy))

= (Tv, - Tp, Tv, - STv,) (3.4)

1-7 9
= 5 1 Tve — STv,||”.
If Tv; # STv,, then || Tv; — STv;||? > 0. Thus, || T*(Tv, — STv;)||? > 0. g

Lemma 3.3 The sequences {w;}, {y;}, {v:} satisfy

At At o
v - plI* < ”Wt_P”Z_(l_M )Ilwt—ytll2—(1—u )IIW—%II2 Vp € E.
)\Hl )‘-t+1
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Proof Observe that

u 2
||Wt_yt||2+

lve =y I> VE>1. (3.5)
}\Hl }\Hl e

2{Aw; — Ay, v —y1) <

Note that (3.5) holds when (Aw; — Ay;, v, —y;) < 0. Conversely, we have (3.5) by (3.2). Also,
VpeECCCC,

lve = pI% = || Pe, (ws — eAy,) - Pe,p|)?

< (ve—D,Wr — M Ay, — D)

S ve = DI + = s =PI — = v = will? = (v — b, heAye)
=—|lv; - + —|lw; — — —|lve = wel|” = (v = P, s
2 t—P D) t—P ) t t t — D> AMAYt
which hence yields
||Vt—f9||2 = ||Wt—lA9||2 - ||Vt—Wt||2 —2(v; —i?,ktAyt% (3.6)

Since p € VI(C, A), we get (Ap,x—p) > 0Vx € C. Pseudomonotonicity of A implies (Au, u—
Pp) > 0Vu e C. Letting u := y; € C gives (Ay;,p — ;) <0. Thus,

(Aye,p = ve) = Ay, D = 91 + (A Yo = Vi) < AV Y = Vi) 3.7)
Substituting (3.7) for (3.6), we obtain

e =pII* < lwe = pII> = l1ve = yell> = l9e = well> + 2(we = AeAys = 3o, vi = 1) (3.8)
Since v, = P¢,(w; — A;Ay:), we have that v, € C;, and hence

2(w, — )\:Ayt — Y, Vi —yt) =2(w; — A Ay — VeVt —yt>
+ 2)\,1<AW[ _Ayh Vi __yt>

< 2)"t<Awt _Ayty Vi _yt>’

which together with (3.5) implies that

)Vt 2 )\t 2
2wy = AAY: = Y, Ve = Ys) S lwe —yell” + lve = pell”. (3.9)
)\t+1 )"t+1
Therefore, substituting (3.9) for (3.8), the result follows. O

Lemma 3.4 {x;} is bounded.

Proof First of all, we show that Pg(f + I — pF) is a contraction. Indeed, for any x,y € H;,

by Lemma 2.2, we have

|P=(f +1 - pF)x - Ps(f +1-pF)y||
< &) =fO)| + |t - pF)x— (I = pF)y |
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<vlx-yl+Q-lx-yl =[1- (¢ -]lx-yl,

which implies that Pz(f + I — pF) is a contraction. Banach’s contraction mapping principle
guarantees that Pz(f + I — pF) has a unique fixed point. Say g* € H;, i.e., ¢* = Pg(f + [ -
pF)q*. Hence, there exists unique g* € E that solves

((bF-f)q",p-q*)=0 VpeE. (3.10)

This also means that there exists a unique solution g* € & to BSPVIP (1.6) with the CFPP
constraint.

Now, by the definition of w; in Algorithm 3.1, we have

” wi—q" ” = ”Stxt + 0 (Spx — Spxe-1) — 4 ”

= “xt -q" H + ﬁt% lloce — o1 I
¢

B

From Remark 3.1, we know that lim;_, %ﬁ |lxs — %:_1]| = 0. This means that {% lxs — %11}
is bounded. Thus, 3M; > 0 such that % locs — %1 || < My VYt > 1. Hence,

”wt—q*” < ”xt—q*” +BMy V> 1. (3.11)
From Step 3 of Algorithm 3.1, using the definition of z;, we get
Jae=' | = [ve- x-S To— |
= ”Vt -q" Hz - Zat(Vt -4 T - S)TVt>
+ 02| T - )Tv|” (3.12)

= ”Vt -q H2 - 20t(T(Vt —q*),(l - S)Tvt)

+ otz || (I - S)Tv; H2
Since the operator S is t-demimetric, from (3.12), we get

||zt -q ||2 < “vt—q*H2 —o(1 - 17)||(I—S)Tvt||2 +ot2“ T*(I—S)Tvt”2

) ) ) (3.13)
= ”vt -q" H + Gt[G:” T*(I—S)Tvt” -(1- ‘L')H (I—S)Tvt” ]
However, from the step size o; in (3.3), we get
e Q=D T - STH?
LT TP
if and only if
(0| T*(U = $)Tve || = (1 = ) Tv - STv,|1?) < —ove | T - S)Tve|)*. (3.14)

Using 0 < € < o; in (3.3), we have that —€2 > —o,€, and hence

—ove| T - S)Tv,|* < —€*| T*(1 - ) Tv,||”. (3.15)
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Combining (3.13), (3.14), and (3.15), we obtain

”Zz—q*HZ =< ||vt—q*||2—ote”T*(I—S)Tvt”2
< ”vt—q*H2—62||T*(I—S)Tth2 (3.16)
)
<|ve-q"]"

In addition, by Lemma 3.1, we have lim;_, oo A; > A := min{A, %}, which leads to lim;_, o (1 -

Y
H Atsl

Thus, by Lemma 3.3, we get

) =1—p > 0. Without loss of generality, we may assume that 1 — M% >0Ve>1.

A
lve-a*|* < |we-a*]* - (1 —M/\—t)llwt —yl?
t+1

A
- (l—u t )nw—yth (3.17)

)\Hl

< Jwe—q"|.
Combining (3.11), (3.16), and (3.17), we obtain
o'l = g = g = ']+ s iz @19

Since B; + yy <1Vt > 1, we get f—;ﬁ <1Vt > 1. So, from Lemma 2.2 and (3.18) it follows
that

|%ei1 = a* || = || Bef () + yewe + (1 = v2) = BepF)ze — q* |

=< ﬂt“f(xt) -q ” + Vt”xt -q ”

1-» Bt
+(1—/3—J/)< I- oF |zt —q"
' ' 1-Bi—v: 1-Bi—v !

=Blre) £ (@) + (@) —a7[) + vellx -7

1-y Bt
+(1 -8 - )( I1- F)z— *
B 1-8-w l—ﬁt—ytp o1

<Bi(v]xe—a*| + | (@) - a*]) + ve |2 - q*]

B: B\ .
( - 1—%'01:)2[_ (1_ 1—)/t>q
=Bl —a*| + [f(@*) =" |)) + vl % — 4|

(1— P pF)zt—<I— P ,oF)q*+ P (I - pF)q"*
1-y 1-y 1-y

+(1-y)

+(1-y)
<B(v|x—q"| + | (a") - q*||) + vel|x. - 7"

ra-n| (1= 12 e 12 Ja-prir |

=Bi(v]x - g || + |F(a*) —a*[) + vl % — 47|
+ (1 =y = Be)||ze = q*|| + Be|| T - pF)g" |
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<Be(v|x—q"| + | (") - q*||) + vel|xe - 7"
+ (1 =y = B)(|xe = q*|| + Ber) + Be | - pF)g* |
<[1-Bi& =] |x —q*| + B:(M:1 + | (") =" | + |1 = oF)g* )
My + |f(q*) - q*ll + | = pF)g”|
—-v
M+ f(q*) - q*ll + | — pF)q*|| }
¢-v '

= [1 - B¢ - V)] ”xt -q ” + f(¢ - v)

*

’

< max{”xt—q

Thus, [|lx; —g*|| < max{|lx;—g*|, M“W(q*)_g*_";"Uﬂop)q*" }forallt > 1. Thus, {,} is bounded,

and so are the sequences {v}, {w:}, (¥:), {ze}, {f ()}, {Fze}, {Seoxe}. O

Lemma 3.5 Let {v;}, {w:}, {x:}, {9:}, {2:} be the sequences generated by Algorithm 3.1. Sup-
pose that x; — x;,1 — 0, wy —x; = 0, wy —y; = 0, and vy — z; — 0. Then w,({x;}) C E with
ww({x:}) = {z € H1 11y — z for some {x,,} C {x:}}.

Proof Take an arbitrary fixed z € w,,({x;}). Then 3{x, } C {x;} such that x,, — z € H;.
Thanks to w; —x, — 0, by which 3{w,, } C {w,} such that w, — z € H,.In what follows, we
claim thatz € E.In fact, from Algorithm 3.1, we get w; —x; = Spx; —x; + @, (Spox, — Spx 1) VE >
1, and hence

| Sexe — x|l = ”W: — % — ot (Sexy — Spx1) “

< lwe = x|l + eI Spxy = Speen |

o
< lwe =l + ﬂtF”xt =1l
t

Using Remark 3.1 and the assumption w; — x; — 0, we have
lim ||x¢ - Stx,” =0. (319)
t—00

Also, from y, = Pc(w; — L, Aw,), we have (w, — A, Aw, — ¥4, 9, —y) > 0 Vy € C, and hence

%(wt VY6V =) + (AW, ye —wy) < (Aw,v—wy) VYveC. (3.20)
Observe that A, > min{},, }. So, from (3.20), we get liminfy_, o (Aw;,, y —wy ) > 0Vy € C.
In the meantime, observe that (Ay,,y — y;) = (Ay; — Aw, ¥y — wy) + (Awg, y — wy) + (Ay, wy —
¥¢). Since w; — y; — 0, we obtain Aw, — Ay, — 0, which together with (3.20) arrives at
liminfy_, oo (Ays, v =y ) > 0 Vv € C.

Fori=1,2,...,N,

lloer = Sewiell < e = Xpaill + %evi = Seaitrnill + 1Seeidieei — Sewike|l

< 20 = il + oeri — Sevicrail-

Hence, from (3.19) and the assumption x; — x;,; — 0, we get lim;_, o ||x; — Sgyix¢|| = O for
i=1,2,...,N. This immediately implies that

tlim lx: — Spxs] =0 forl=1,2,...,N. (3.21)
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Pick {¢x} € (0,1), ¢k | 0. For all k > 1, let my be the smallest positive integer such that
(AYesy —yu) + sk =0 Yk > my. (3.22)

Since {¢x} is nonincreasing, it is clear that {m;} is nondecreasing.

Again from the assumption on A, we know that liminfy_, o [|Ay, || > || Az||. If Az = 0, then
z is a solution, i.e., z € VI(C,A). Let Az # 0. Then we have 0 < ||Az|| < liminfy_, | Ay, ||
Without loss of generality, we may assume that Ay, # 0 Vk > 1. Noticing {y,,,} C {34}
and Ay,, #0 Vk > 1, set u,, = ”3’#, and then (Ay,,,, 4, ) = 1 Yk > 1. So, from (3.22),
we get (AYu,,Y + Sklhmy, — Ym,) = 0 Yk > 1. By the pseudomonotonicity of A, we obtain
(A + Skl )Y + Skl — Ymy) = 0 Vk > 1. This immediately yields

(Ay,y = Ym) = (Ay = AW + Skt )s Y + Sklhmy, = Y ) = Sk (AP ) Vh=1.  (3.23)

From x; — z and x; — y; — 0 (due to w; —x; — 0 and w; — y;, — 0), we obtain
Yy — 2. So, {y;} C C guarantees z € C. Since {y,, } C {y;} and ¢x | 0, we have 0 <
: . Sk limsupk—)oo Sk _
limsupy_, o, | k2 || = limsupy_, Tyl < it T = 0. Hence, we get gxit;,, — 0.

Next, we show that z € E. Indeed, using (3.21), we have x, —Sjx,, — Ofor/=1,2,...,N.

By Lemma 2.5, I — §; is demiclosed at zero for [ = 1,2,...,N. Thus, from x;, — z, we get
z € Fix(S)). Since [ is an arbitrary element in the finite set {1,2,...,N}, it follows that z €
ﬂf\i 1 Fix(S;). Also, letting k — oo, we have that the right-hand side of (3.23) tends to zero.
Thus, (Ay,y —z) = liminfi_, 5 (A,¥ — ym,) > 0¥y € C. By Lemma 2.3 we have z € VI(C, A).
Furthermore, we claim 7z € Fix(S). In fact, noticing z; = v, — o, T*(I - S) Tv;, from 0 < € < o,

and v; — z; — 0, we get
€| T*U = 8)Tv| < ou|| T*U - ) Tve| = lve =zl > 0 (¢ — 00),
which together with the t-demimetricness of S leads to

1_
TT | = 8)Tve | < (I - 8)Tvr, (v, - q7))
(3.24)
< H T*(I—S)TVtH HVt -q" ” -0 (t— 00).
Noticing x;,1 = Bef (x:) + yexe + (1 — y)I — BepF)z;, we have

(1= y)llze = xell = ||xt+1 — Xt — ﬁt(f(xt) - PFZt) ”

< %er = 2ell + Be(|[f (o) | + 1o Fze1).

Since 0 < liminf;_, o (1 = ¥;), % — %1 — 0 and B; — 0, from the boundedness of {x;} and

{z:}, we get lim;_,  ||z; — ;|| = 0, which hence yields
lve =%l < Mlve =2zl + |1z =]l — 0 (¢ — o0).

From x, — z, we get v;, — z. It follows that Tv, — Tz. From (3.24) one derives 1z €
Fix(S). Therefore, z € ﬂf\il Fix(S;) N © = E. This completes the proof. O
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Theorem 3.1 {x;} generated by Algorithm 3.1 converges strongly to the unique solution
q* € € of BSPVIP (1.6) with the CFPP constraint.

Proof First of all, in terms of Lemma 3.4 we obtain that {x;} is bounded. From its proof we
know that there exists a unique solution g* € E of BSPVIP (1.6) with the CFPP constraint,
i.e., VIP (3.10) has a unique solution g* € E.

Step 1. We claim that

A

(1-B¢ - Vr)[(l —MA t1>(||Wt — el + v —ytllz) +62|| T*(I—S)Tvt”Z]
t+

< |- = e —q*|* + BeMa

for some My > 0. Also

1-
X1 —q* = Be(fx) — q*) + ve(we — q*) + (l—ﬂt—yt){ l_ﬁf% [(1— lftyth)zt

ﬁt * ﬁt *
- (I— l_yth)q } + 71_&_%(1—,01% }
= ,Bt(f(xt) —f(q*)) + yt(xt - q*)

+(1—yt)|:(1— lﬁt ,oF)z[—( - P pF)q*] + Bi(f — pF)q".
-V 1-y

Using Lemma 2.2, we get

,Bt(f(xt) —f(q*)) + )’t(xt - q*) (3.25)

2
+(1—Vt)[<1— P ,OF>Zt—< _ P pF)ti*]
1-)/; ]-_yt

+2B(f - pF)q*, %01 — )

|xe —q||° <

2
=< |:,8tv”xt —q*H + Vt“xt -q" ” +(1 —Vt)<1 - 1€—t%§> ”Zt—q*H:|

+2B:((f - pF)q* %001 - q7)
= [Biv]xe -’ + villx - + 1= B vz - |
+28{(f - PF)q" %001 - 4*)
<Bolx-a' |’ +vilx-a*)’ + - Bs -z -a'|°
+2B{(f - PF)G" %001 - 4*)
<pvfae—a' "+ velx - " + Q- Bt~ v |z -
+ BeM, (3.26)

(dueto By +y; + (1Bl —y1) = 1= (¢ —v) < 1), where sup,. ; 2||(f — pF)q* || lx: —q* || < M>
for some M, > 0. Substituting (3.16) for (3.25), by Lemma 3.3 we get

[xea=a** < ool - a "+ vllwe =g+ 0 = B = [ ve ="
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— | T - 9)Tv:|*] + B>

<B|x—q* | +ve|x— | + (1= Big —n)[llwt ~q|

A
- (1_% d )(nwf—ytn% lve = y:11%)
t+1

- T - )T, ||2} + BiM;. (3.27)

Also, from (3.18) we have

lwe=a'|” = (| - a[| + BeM1)*
= |xe—q*|* + Be(2Mi | — | + Bi}) (3.28)

<|xe—q*|* + BeMs,

where sup,.; (2M; ||x; — q*|| + B:M?) < M3 for some M3 > 0. Combining (3.27) and (3.28),

we obtain

[xea =a** < Bevlwe—a | + yillwe— 7|

+ (1= B~ Vt)[”xt -q “2 + ,BtMs]

-(1-BC - Vt)|:(1

A
-1 ’ )(nwt—y[n% Ive = y:11%)
t+1

+ 2| T - S)Tvt||2] + BiM,

)"t+1

<[1-B-]|x-q*|* - 1Bt - m)[(l—u & )(nwt - yll?

e —y:l?) + €2 T*(I—S)Twnz} + BiM,

A
= th—q*IIZ -(1-p& —Vt)|:(1—l¢¢)L t1>(llwt—yt||2+ ||Vt—3’t||2)
t+

+ 2| T - ) Tv, ||2] + BiMa,

where M, := M, + Ms. This immediately implies that

A
(1-BiC - y:)[(l —Mtt1>(llwt —yell? + lve = pell?) + €| T*(I—S)Tvt”z] 529

= ”xt -q" ”2 - me -q" H2 + BeMy.
Step 2. We claim that
2
%1 —q* > < [1 - Bele = )] % —q*||* + Bule - v)[—v<(f — PE)q" %01 — q°)

§ v ﬂt

Page 13 of 22
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for some M > 0. Indeed, we have

lwe = |” <[| - || + ellxe —ea01]
(3.30)

<|lxe—q*|* + aellxe — e 1[2] % — || + e e — w1 11]-

Combining (3.18), (3.25), and (3.30), we have

e =g |* < vl - |+ vill e a7

+ (=Bt = )|z - a*|)” + 28(f - PE)G" 31001 - )

< polx-a* " + vl - a* "+ 0= Bg = v |wi - |°
+2B:((f = PE)q*, %01 — )

<ol - |+ villwe = a7 | + = Big =y { e - a" |
+atgllxe — w1 1[2]| e — g || + el — 21 11] }
+2B:((f - 0F)q* %001 — q7)

< [1-Bue = )] |lxe = q*|* + crelixe — eI [2]] e — q* | + erellxe = xe-al]
+2B((f = PF)q* %01 — q°)

<[1-Bue -] - q* | + el — s M

+2B(f = pF)q*, %001 — q°)

2((f — pF)q*, %1 — %)
—-v

(1= —u>]||xt-q*||2+ﬁt<c—v>[

M o
+ P —xt_ln} (3.31)

where sup,.; {2[lx; — g || + a¢lloee — xa ([} < M.
Step 3. We show that {x;} converges strongly to g* € E. Put T; = ||x; — g*|%.
Case 1. Assume that integer £y > 1 with {I';};>, is nonincreasing. Then lim;_, I'; = d <

+00, limy—, oo(T's — T'z41) = 0. By (3.29), one obtains

A
(1-pBg - y:)[(l Ky t1>(llwt —yell? + lve = pell?) + €| T*(I—S)Tvt”z]
t+

= ”xt -q ”2 - th+1 -q H2 +BeMa =T =T + BeMa.

Since lim;—, oo (1 — ) =1 = > 0, liminf; oo (1= ;) > 0, B — 0,and T'; = T';,; — 0, one

Aol
has
lim [lw, -yl = im [|v; = y;]| = lim | T*( - ) Tv,| = 0. (3.32)
t—00 t— 00 t—00
Noticing z; = v, — 0, T*(I — S)Tv, and the boundedness of {o;}, from (3.32) we get

lve =zl = 00| T*T = $)Tve| > 0 (£t — o0), (3.33)
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and hence
lwe —zell < llwe = yell + |y = vell + v =2zl = 0 (£ — 00). (3.34)

Moreover, noticing x;.1 — g% = yi(%: — ¢*) + (1 — y)(z: — %) + Be(f (x:) — pFz;), we obtain
from (3.18) that

et =" = |velxe=a7) + Q= vz = ") + Be(f (ee) - pFz2) |

< vl -a7) + 0=y (z-a)|’
+2(Be(f (%)) — pFze), %es1 — q°)

< velwe—a* |7+ A=)z —a*|* - ve@ = v lxe — 21
+2[[B(f (e0) = pFzt) | 9001 — "

<vlx-a "+ A=)z -a* | - v - y)llxe -zl
+28,([f o[ + 1Fzel) 61 = 27

< vl =’ + Bedr)* + (L= (| — 47| + Be)”
= V(L= yo)llxe = zel® + 2B:([f ) | + Il 0Fzel) |01 — |

= (e —q*|| + BeM)” = 121 = )15, - 2]
+28,([f 0| + 1 0Fzell) 01 — 47|

= % —q"|* + Bdi[2]% - 4" + Bd1]

— ¥ = y)llxe = zel* + 2B (| ) || + | oFzell) || %01 — g

’

which immediately leads to

Ye(L =y llxe - Z:||2 =< ||xt -q" ”2 - ”xt+1 -q ”2
+ B [2]xe = g | + B ] + 2B ([ f (60|
+ I pFze) | %e1 — g7 ||

1
<T;-Tp1+B:M [21-!2 + ﬂtMl]

+28,(|f )| + I0F= )T L,

Since 0 < liminf;, o ¢ < limsup, , y: <1, > 0, T, =Ty — 0, and lim, ., I, =d <

+00, from the boundedness of {x;}, {z;}, we infer that
tlim llxs — z¢|| = O.
So, it follows from (3.34) that

Iwe =%l < lwe = zell + llze =%l > 0 (& — 00). (3.35)

Page 15 of 22
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Also, from Algorithm 3.1 we obtain that

lcee1 — %]l = Hﬁtf(xt) + (1= ye)(ze — %) - ﬁthZt”
<A =y)llze — x|l + ﬁt”f(xt) - :OFZtH (3.36)

< llze — el + ﬁt(”f(xt)n + ”)OFZt”) -0 (t— o0).

In addition, the boundedness of {x,} means there is {x;, } C {x;} such that

lim sup((f - pF)q*, %, — q*) = ](lirglo<(f - pF)q* %y — q*). (3.37)

t—>00

Since {«;} is bounded, we may assume that x,, — Z. We get from (3.37)

limsup{(f — pF)g",%: = ") = lim ((f - pF)q", % — ")
=00 o (3.38)
=((f - pP)q"Z - q").

Since x; — %11 = 0, w, — 2 — 0, w, — y, — 0, and v; — z; — 0, by Lemma 3.5 we deduce
that Z € w,({x;}) C E. Hence, from (3.10) and (3.38), one gets

limsup((f - pF)g*, % — ¢*) = ((f - pF)q",Z - ") < 0, (3.39)

t—00

which together with (3.36) leads to

lim sup((f - pF)q" %1 — q*)

t—00

=limsup[((f - pF)q", %1 — %) + ((f — F)q*, % — q*)] (3.40)

t—00

< liinsup[ll(f— PF)q*|| %1 = x|l +((f = oF)q*, % — q*)] 0.
— 00

Note that {B,(¢ —v)} C [0,1], D72, Be(¢ —v) = 00, and

sl = x|l

{-v -v B

lim sup

t—00

[2<(f—pF)q X1 — %) s M ] <o.

By Lemma 2.4 and (3.31), lim,_, » ||%; — ¢*||* = 0.
Case 2. Suppose that 3{T'; } C {T;} such that T < Ty .1 Vk € N, where \ is the set of
all positive integers. Define the mapping ¢ : V' — N by

¢(t) =max{k <t:Ty <Ti1}.
By Lemma 2.6, we get

Ly <Typp+1 and Ty <Typ.
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From (3.29) we have

Ag(t)
(1-Bsiy¢ - V¢(t>)[<1 R ) (W) = Yo I* + Ve = you lI?)
¢(t)+1

|75 |

< |lxs0 - a* ||2 = %61 -4 ||2 + ByyMa

=Ty — Tpwye1 + BowyMa,
which immediately yields
. L ~ . i _
i [lwg) =Yool = Hm [[veq) = ypoll = im [ T7( = $) Ty | = 0.
Similar to Case 1,

lim ||[vye — 2. = lim ||[wg — . = lim ||», - X, =0,
t—)oo” (1) — Zo(2) | t_mll o) — %0l t—>oo|| b(0)+1 — %oz |l

limsup((f — pF)q", %041 —4") < 0.

t—00

By (3.31),
2((f = PE)q" xp001 — ")
Pow (& =)To0) = Tp) = Tower + Py (¢ - V)[ [ - j(m
M «
+ i ﬁ:z a0 —x¢(:)1||i|
2((f = pF)q*, %0041 — 4°)
< _
=< Byin(& U)|: Z—v
M «
v ﬁzz g —x¢(:)1||i|,
and so
limsupl (5
t—0o0
2U(f - pF)q", g M
< limsup|: (= PPN %o = 4" + iU %) —x¢(t)—1||]
t—00 f-v ¢-v 13¢(t)
<0.

Thus, lim;— « ¥4 — g*11* = 0. Also note that

%o = @ = %000 = 4| = 209001 = %o %00 - 4°)
+ %p0+1 — Xg(0 1>
<2llxp@e1 = g || %00 — 7|

+ 1%pye1 — X0 1>

(3.41)

(3.42)

(3.43)

Page 17 of 22
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Owing to I'y < Ty(y.1, we get

e = a*|* < |01 - "
< a0 = || + 2lxg001 = xo00) | %0) — a* |

+ X011 — Xg0 1> = 0,

ie,x; —> q*ast— oo. g

Remark 3.2

()

The results in [21] are extended to develop BSPVIP (1.6) with the CFPP constraint,
i.e., the problem of finding ¢* € E = ﬂf\il Fix(S;) N Q such that

((oF-f)q*,p—q*) > 0Vp € B, where Q2 = {z € VI(C,A) : Tz € Fix(S)} with A being
pseudomonotone and Lipschitzian mapping. The results in [21] are extended to
develop our triple-adaptive inertial subgradient extragradient rule for settling
BSPVIP (1.6) with the CFPP constraint, which is on the basis of the subgradient
extragradient method with adaptive step sizes, accelerated inertial approach, hybrid
deepest-descent method, and viscosity approximation technique. In [21] the

following holds:

N
x—q' €= |Fix(S)NVIC,A) &  |lx -l =0

i=1
with g* = Po(I — pF +f)g*. In our results, Lemma 2.6 implies that

N
x— q" € 8= |Fix(S) N {z € VI(C,A) : Tz € Fix(S)}
i=1

with g* = Pg(I — pF +f)q*.

BSQVIP (1.5) (i.e., the problem of finding g* € Q such that (Fg*,p — ¢*) > 0Vp € Q,
where Q = {z € VI(C,A) : Tz € Fix(S)} with A being quasimonotone and
Lipschitzian mapping) in [29] is extended to develop BSPVIP (1.6) with the CFPP
constraint, i.e., the problem of finding g* € E = ﬂf\il Fix(S;) N Q such that
((oF-f)q*,p—q*) > 0Vp € E, where Q2 = {z € VI(C,A) : Tz € Fix(S)} with A being
pseudomonotone and Lipschitzian mapping.

4 Numerical implementation

In this section, we compare our proposed Algorithm 3.1 with Algorithm 1 of [27] using
the example below. All codes were written in MATLAB R2017a and performed on a PC
Desktop Intel(R) Core(TM) i7-8700U CPU @ 3.20GHz 3.19GHz, RAM 8.00 GB.

Suppose that H; = Hy = Ly([0,1]) is endowed with the inner product (x,y) =
[ x(£)y(t) dt, ¥x,y € L5([0,1]) and the induced norm ||x]| := [ |x(£)|* dt, ¥,y € L»([0,1]).
Let T : Ly([0, 1]) — Ly([0, 1]) be defined by

1
Tx(s) = / e*x(t)dt, Vxe€Ly([0,1]),Vs,t€[0,1].
0

Page 18 of 22
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Then T is a bounded linear operator with adjoint
1
T*x(s) = / e*x(t)dt, VxeLy([0,1]),Vs,t€[0,1].
0

Let C = {x € Ly([0,1]) : {t + 1,x) < 1}. Then C is a nonempty closed and convex subset.

The projection Pc is given as

1-(t+1,x) R
Pe(x)= ] WP t+1)+x, if (t+1,x)>1,
o if (£ +1,x) < L.

Also, let Q = {x € L»([0,1]) : ||x|| <2}. Then Q is a nonempty closed and convex subset.
PQ is

x ifxeQ,

Pol) =14
Tl

if otherwise.

Let A : L,([0,1]) = Ly([0, 1]) be defined by

t
Ax(t) = e WI? f x(s)ds, VxeLy([0,1]),¢ € [0,1].

0
Then A is pseudomonotone and Lipschitz continuous but not monotone. Also define B:

Bx(t) := max{x(t),O}, vt € [0,1].

Take f(x) = 5, x € Lo([0,1]), B, = t%l and F=1.

To test the algorithms, we choose the following parameters for the algorithm: for our
algorithm, we used A; = 0.06, € = 107™%, 6 = 0.5, 4 = 0.06, @ = 1073, ¢, = (£t + 1)72, B; =
(t+ 1)L, y; = 2¢(5¢ + 9)L, p = 0.07. For Anh’s algorithm, we choose n = 0.06, y = 0.05,
w=0.07,8 =103, A, = 2t(5¢t + 1)}, oy = (t + 1)71. We used Err = ||xp1 — ]| < 10* as a
stopping criterion for each algorithm. We test the algorithms using the following starting
points:

Case I: xg = 2¢2 + 1, x; = exp(3t)

Case Il: xp = 2¢% — 2t + 1, %1 = —4(£3 + 2¢ — 3);

CasellLxg=t*—1,%, =t> - 9;

Case IV: xg = 1% + 21, %1 =  cos(2¢).

The numerical results are shown in Table 1 and Fig. 1.

Algorithm 4.1
Initialization: Let A; >0,€ >0,0 >0, u € (0,1), @ € [0,1), and xp,x; € H; be arbitrary.
Iterative steps: Calculate x,1 as follows:
Step 1. Given the iterates x, 1 and x; (£ > 1), choose «; such that 0 < «; < &;, where

. e .
a; = min{a, sz—xzle} if % # %1, (4.1)
o otherwise.
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Table 1 Computational result

Algorithm 4.1 Anh’s algorithm
Case No of Iter. 8 271
CPU time (sec) 2.1034 10.2340
Case ll No of Iter. 8 285
CPU time (sec) 3.7897 11.7137
Case lll No of Iter. 9 291
CPU time (sec) 3.5364 19.1699
Case IV No of Iter. 7 133
CPU time (sec) 1.6817 7.7101
100¢

—O— Algorithm 4.1 —O— Algorithm 4.1
—8— Anh Algorithm —— Anh Algorithm

10-5 L L L L L 10-5 L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Iteration number (n) Iteration number (n)
102 T v v r r 100 F v v v r r r
—O— Algorithm 4.1 —O— Algorithm 4.1
’ —— Anh Algorithm 1 —— Anh Algorithm
10 3
-1
10 “
0 o)
10 [
| |
s 102l
1
a
o)
107
o
1
|
10 6\ B
|
o
10'5 L L L L L 1075 L L L L L L
[ 50 100 150 200 250 300 0 20 40 60 80 100 120 140
Iteration number (n)

Iteration number (n)

Figure 1 Numerical results, Top Left: Case |; Top Right: Case II; Bottom Left: Case ll; Bottom Right: Case IV

Step 2. Compute w; = x; + o (% — x,_1) and y; = Pc(w, — A Awy).

Step 3. Construct C; := {y € Hy : (wr — AtAw, — ¥4, y: —y) > 0}, and compute v; = Pc, (w; —
AAyy) and z; = vi— o, T*(I - S) Tvy, where S = Po(I - ¢B) — p(B(Po(I—¢B))—B) and ¢ € (0, 1).

Step 4. Calculate x;,1 = B3 + yix; + (1 = y:)I = B;p)z; and update

. o120l s 112
mll’l{//LHWt Yell“ +Hlve—yell Al

Ayl = 2{Awe-Ayve—ye) if (Aw, — Ays, v = y2) > 0, (4.2)
At otherwise,
and for any fixed € > 0, o; is chosen to be the bounded sequence satisfying
1-1)|| Tve — STy ||?
O<e<o; < (- 0)lTv: Vtg —¢ if Tv, #STvy, (4.3)
IT*(Tve - STv,)|

otherwise set o, =0 > 0.

Set£:=t+ 1 and go to Step 1.
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