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1 Motivations

Relativistic four-dimensional quantum field theories feature several renormalizable opera-
tors: Yukawa, gauge, scalar self-interactions and the topological terms. The latter stand
out of this list because they are total derivatives. At the classical level they have no impact
since they do not alter the equations of motion; at the quantum mechanical level they do
not introduce Feynman vertices. Nevertheless, the topological angles 6 can affect physical
observables if non-perturbative effects are taken into account [1-4] or if topological defects
are present [5]. In a semi-classical analysis one studies the quantum fluctuations around a
certain background field configuration, and 6 shows up in the path integral via a factor e?”
whenever the background gauge fields are associated to a non-trivial topological charge v.

Because 6 can appear in observables, it is only natural to wonder about its renormaliza-
tion group evolution. Since # does not parametrize vertices for the quantum fluctuations, it
is clear that the perturbative correlators and beta functions cannot depend on it. At most,
perturbatively 6 represents a counterterm necessary to reabsorb (finite and divergent) cor-
rections to CP-violating diagrams with external background gauge fields. In other words,
in perturbation theory 6 can only get additively renormalized because of contributions
induced by the other couplings.

That 6 renormalizes is out of the question. We can distinguish between finite and
infinite renormalization effects. Finite (threshold) corrections to 6 are very common. In



generic theories they occur at tree-level, when crossing a CP-violating fermion mass thresh-
old, and even more often at loop level. In the case of the QCD @ angle, for example, ref. [9]
found that the leading order finite correction is a 3-loop effect when matching to the ef-
fective field theory below the W mass. Infinite corrections are more rare. A necessary
condition for these contributions to actually occur in a mass independent renormalization
scheme is that the quantum field theory under consideration possesses polynomial CP-odd
flavor-invariant combinations of the couplings (other than ) that can contribute to

do
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In the Standard Model the first such combination appears at a very high power in the
Yukawa couplings [6, 7] indicating that, if present, the UV divergence that renormalizes
f should occur at a prohibitive perturbative order. In view of this one may ask if such
divergence exists at all, and whether this high perturbative order is a general feature of
renormalizable quantum field theories. To better assess these questions it would be useful
to find “toy” field theories in which 6 develops a beta function at a sufficiently low order
as to allow an explicit computation, which may provide an indirect confirmation of our
expectations in the Standard Model. It is not difficult to find non-renormalizable field
theories that induce divergent corrections to 6. For example, adding cg?|H|?GG/A? to the
Standard Model Lagrangian gives the minimal subtraction result 8y = —4cm?, /A2, see [8].
However, the latter effect is power-law suppressed and is therefore practically irrelevant in
the presence of a large gap between the IR scales and the UV cutoff. In addition, we will see
there are a few non-trivial challenges that a calculation of divergent contributions to 6 faces
within renormalizable theories, including the fact that the regularization scheme adopted
must be able to consistently deal with the so-called ~5 problem. In the non-renormalizable
theory we mentioned above those challenges are not encountered because the operator GG
was already present on the outset. The questions we are interested in therefore better be
addressed within renormalizable field theories. Yet, surprisingly enough, to the best of our
knowledge nobody has ever found divergent corrections to 6 in that context.

While no concrete renormalizable example where 6 gets infinitely renormalized is on
the market, there exists well-known instances in which one can rigorously prove that 8 is not
infinitely renormalized at any order. An example is pure Yang-Mills, where this property
follows trivially because that theory does not satisfy the necessary condition stated above:
there are no flavor-invariant CP-odd phases other than 6, and hence there is nothing that
can contribute perturbatively to By. The same holds for QCD with massive fermions, since
once the phases in the quark mass matrix are removed via anomalous chiral rotations of
the fermions, CP-violation is entirely encoded in 6. Another popular instance is provided
by supersymmetric gauge theories, where the exact one-loop running of the holomorphic
gauge coupling reveals that the theta angle does not run. The reason here is again the same:
there is no available CP-odd (holomorphic) combination of the other marginal couplings.

The main goals of this paper are to present concrete examples of four-dimensional
renormalizable field theories that can induce infinite corrections to 8, as well as to identify
the leading order structure of the beta function Sy in any mass-independent renormalization



scheme (see section 3); to discuss the subtleties encountered in a perturbative treatment
of 6 as well as to show how to concretely approach the calculation of By in dimensional
regularization (see sections 2); and finally to analyze the relevance of £y (section 4).!

Studying the RG evolution of 6 in a general renormalizable theory is not only of
academic interest. There are technical as well as potentially phenomenological reasons for
doing it. At a genuinely phenomenological level, studying the beta function of 8 in general
theories might potentially shed light on the absence of CP-violation in QCD, or more
precisely on the necessary properties that its UV completion must satisfy to account for
experimental observations, which in fact was the original motivation of our precursors [6,
10]. Yet another reason is that we do not know what theory will eventually be found to
complete the SM at shorter distances. It is perhaps not completely unconceivable that in
such a UV-completion topological angles occur in some particular observable, say because
of the presence of magnetic monopoles or because small-instanton effects cannot be ignored.
In these situations a renormalization group evolution of # may become phenomenologically
relevant. At a more technical level, By is an obvious target for explicit calculations. The
beta functions of the “ordinary” couplings of general renormalizable field theories have been
explicitly calculated up to 2-loop order (see [11-13] and more recent updates). Yet, strictly
speaking, this program cannot be viewed as fully complete until 5y is also computed. On a
completely different note, the peculiar nature of 6 encodes important information about the
renormalization properties of the theory. For example we will see that the independence
of perturbative correlators on 6 translates into a constraint on the anomalous dimension
of the CP-odd operators of the theory. These and other observations may turn out to be
useful in concrete calculations.

2 0 in perturbation theory

In a semi-classical approach to quantum field theory, the bare fields ¢ are split into a clas-
sical finite-action background ¢g. overlapping with the vacuum, plus a quantum fluctuation
d¢o that vanishes sufficiently fast at the boundary. The path integral is defined to include
a sum over all inequivalent background configurations (e.g. collective coordinates) along
with the functional integration over the fluctuations around each background. Singling out
the topological term from the total gauge-fixed action,? which we schematically write as

Tt is worth dissipating a possible source of confusion right away. It is well-known that physical observ-
ables must depend on a flavor-invariant combination @ of the topological angle and the other couplings of
the theory (e.g. the quark masses in QCD or the Yukawa couplings in the Standard Model). In a generic
field basis the beta function of  receives contributions from corrections to both @, which represent the
main subject of this paper, and the other couplings as well (these latter corrections are those estimated
in [6], strictly speaking). Throughout the paper we will be mostly concerned with the basis-dependent
parameter 0, the coefficient of the topological term. The physics of the QCD parameter 0 will be discussed
in section 4.2.

2Throughout the paper we assume the gauge-fixing preserves the background gauge invariance.



Siot = S + (93600)/(3272) [ GG, this recipe produces the following generating functional
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The topological term is special because it is a total derivative. By construction the quantum
fluctuations vanish at the boundary, so that any fluctuation-dependent contribution to
such a term vanishes and [ Goéo =7 GOCCNJOC reduces to an integral of the sole external
background fields, which we can take outside the functional integral in (2.1): the angles 6
do not appear in any interaction of the quantum fluctuations but can act as counterterms
in computations with external background fields.

So far our discussion has been rather general. Yet, an actual evaluation of (2.1) is nec-
essarily regularization-scheme dependent. In the following we will specialize on dimensional
regularization (Dim-Reg), in which space-time is continued to d dimensions with coordi-
nates zt = {xﬁ, o b, where ji,7,---=0,1,2,3 and fi,,--- denote the (d —4)-dimensional
indices.

In Dim-Reg the very definition of topological term forces us to define the Levi-Civita
tensor and deal with the famous 5 problem. So far the only known consistent prescription
is the 't Hooft-Veltman-Breitenlohner-Maison scheme [14, 15], where the Levi-Civita tensor
is a formal object e*” a5 that carries only 4-dimensional indices. In other words, the (d—4)-
dimensional indices /i, 7, - - - of an arbitrary vector do not contribute when contracted with
this tensor. An important implication is that

GoGlo = 3 GR CE ey = 0T (2.2)
is 4-dimensional divergence of a (x*-dependent) vector. Hence the regularized quantity
[d% Go.Go contains a non-trivial residual (d — 4)-dimensional integral and is not a
topological term in d dimensions.

The d-dimensional continuation of (2.1) formally represents a set of regularized Green’s
functions. Such a path integral violates two of the familiar properties of the topological
angle, namely its periodicity in 27 and its role as compensator (spurion) of the abelian
axial symmetry. The technical reason for the first loss boils down to the fact that, as a
consequence of (2.2), the bare angle 6y is not the coefficient of a topological operator in
the regularized theory. The second loss occurs because anomalies are d-dependent; as a
result, in d-dimensions a shift of the coefficient of GG does not fully compensate an axial
rotation. An intuitive way of arriving to the same conclusions is provided by dimensional
analysis: the engineering dimension of the bare coupling in Dim-Reg is [fy] = d — 4, and
it is therefore impossible for 6y to be periodic in 27 or even to shift via the dimensionless

parameter of the axial transformation while retaining its p-independence in d-dimensions.?

3In our discussion we implicitly assume the theory has integer topological index v. The extension of our
arguments to theories in which v is rational is straightforward.



To recover the topological nature of the theta angle, as well as its role as a compensator
for abelian axial transformations, one has to derive the renormalized 4-dimensional version
of the path integral. In general this procedure requires a renormalization of theta as
well. Renormalization renders 6 a genuinely (4-dimensional) topological term and the
background-dependence in the 4-dimensional limit of the path integral (2.1) reduces to
a dependence on the topological index v. The renormalized coupling 6 is periodic in 27
and transforms via a shift under abelian axial rotations. This ensures in particular that
physical amplitudes are invariant under unitary field re-definitions.

2.1 [y from (extra)-ordinary diagrams

For completeness we recall the standard prescription to extract the beta function within the
Minimal Subtraction scheme. The relation between the bare couplings 6y, &y; (the latter
symbol denotes all couplings except 6y) and the renormalized couplings 6 and &; read (in
d = 4 — e dimensions)

o = Mie[e + ZH]? (23)

and & = pf[& + Zg,]. By definition Zg = Y02 € " Zg (&) contains no finite term,
and similarly for Z¢,. The 4-dimensional beta functions B¢ = limg_,4 pd/dp read By =
pi§i82971/8§i + Z@}l and similarly B& = pj§j82i71/8§j — piZi71. In the above 329/8(9 =
0Z¢, /00 = 0 because 0 does not appear in Feynman diagrams. As customary for ordinary
couplings, also the beta function of 6 is controlled by the simple pole Zg/e. Diagram-
matically, the latter counterterm is defined to subtract the divergent contributions to the
connected, CP-odd wertices with external background gauge fields in Z [Jo, Poc], see (2.1):

2
Q[Jo, ®oc) D — Zi,l i3g701'2 [T / dx Gcoéco. (2.4)
The divergent corrections to the external legs are removed via a renormalization of the
background field, Af. = (g/g0)A¥, so that ggGOCéOC = ¢°G,G.. The divergence remaining
n (2.4), if any, must be subtracted by Zp ;.

A word regarding the actual computation of Zg; is now needed. After all, we have
argued that the topological term does not represent an ordinary vertex, so how can we now
claim that combining the ordinary vertices of the theory one can find divergent corrections
to it? The key point is that (2.4), in order to be non-vanishing, must be a functional of
classical backgrounds with non-trivial asymptotic behavior. This implies the calculation
of Zy1 must be dealt with care. In particular, integration by parts cannot be performed
lightly, as opposed to what is customary done when dealing with external sources for
asymptotic states.* One way to proceed is to extract the divergent piece in (2.4) directly

41f integration by parts is performed neglecting boundary terms, the structure (2.4), say the part with
two external legs for definiteness, would be written in the familiar form

2o, do] > / die AL (z) / dhy A8 () Cpa(z — ), (2.5)

with G, (z — y) an ordinary Feynman diagram. This cannot contribute to the beta function of 6, since it
is impossible for G, (z — y) to contain two derivatives contracted with a Levi-Civita tensor, as required to



in position space while allowing an arbitrary background A# [16]. This is the approach
followed in [9] and [17] to compute the induced 6 term in the Standard Model below the
weak scale.

An alternative way to calculate the divergent diagrams contributing to Zy; may be
via the trick proposed in [18]. The idea is to promote the CP-odd couplings to non-
propagating fields, i.e. “axions”, in the intermediate steps and then send them to constant
values at the very end of the computation. In this way [ dz 0 GG would describe an
ordinary vertex with #(z) and a number of gluons, which is non-vanishing as long as the
external 6(z) carries a momentum. It is now plausible that ordinary Feynman diagrams
with external gluons and non-dynamical axions contain divergent contributions that need
to be subtracted by [ d%: 0 GG, very much like ordinary diagrams were shown in [18] to
be capable of generating finite threshold corrections to #. Amusingly, though, now that
the topological term behaves as an ordinary vertex one may naively expect 6 to be able to
show up in matrix elements as well as in the beta functions. It turns out however that this
cannot happen. One way to see it is that the renormalized S-matrix amplitudes must be
periodic functions of 8. Yet, the new vertex described by the topological term is measured
by the strength 6g?/3272. Hence the only way it can contribute to renormalized amplitudes
and beta functions is via powers of #g%/327%. However there is no way that a perturbative
function of #g?/327% and the other couplings be invariant under § — 6 + 27 unless the
dependence on g2 /3272 is actually absent altogether. The situation is completely different
when non-perturbative effects are taken into account, of course, since in that case inverse
powers of the gauge coupling cannot be excluded a priori and a dependence on g2 /3272
can be turned into a periodic function of the sole 6.

We see that the divergent contributions to 6 can be seen via non-standard perturbative
calculations, either by directly evaluating (2.4) in position space [16] or via the method
proposed in [18]. In section 2.2 we will present a third alternative approach to calculate
directly By, based on more conventional perturbative methods.

Yet, whatever method is adopted one has to pay particular attention to how chiral-
ity is implemented. The divergent contribution we are interested in is proportional to
the Levi-Civita tensor and must arise from a fermion trace involving the 5 matrix. A
consistent treatment of the latter has to be implemented, and at present in Dim-Reg the
unique option seems to be given by the 't Hooft-Veltman-Breitenlohner-Maison scheme.
Unfortunately, using this scheme might complicate the calculation a bit, due to the non-
standard anti-commutation properties that 5 satisfies and the necessity of introducing
ad-hoc symmetry-restoring counterterms in order to preserve non-anomalous (global and
gauge) chiral symmetries. Fortunately the results of this paper are completely general and
hold independently of the approach followed.

2.2 Extracting B¢ from operator mixing

The insertion of composite operators in correlator functions can be systematically described
by introducing in the bare Lagrangian appropriate spacetime-dependent sources for them

reproduce the topological term in (2.4). Any CP-violating structure of the type (2.5) identically vanishes
and cannot describe (2.4).



(and adding the appropriate counterterms). After having integrated out the dynamical
fields one is left with a generating functional for the time-ordered, connected correlation
functions of the renormalized operators. The local renormalization group [19-22] is a
very powerful incarnation of this general prescription. In that approach the Lagrangian
is expanded in a complete basis of operators O and all couplings of the theory become
functions of spacetime, including the metric that sources the energy momentum tensor.
A local version of the renormalization group equation for the operators O can be derived.
Once all couplings are sent to their constant (z* independent but p-dependent) background

d a,ﬂ) <7AB 0 )(@ﬂ)
U Al = _ B . 2.6
dp < Oy ViB a?,ﬁj Oy (26)

Here JZ are the (conserved or anomalous [24]) currents of the global symmetries of the

values, this reads [23]

theory, O; denote the marginal interactions, {; the associated couplings, and ;7 = ud€;/dp.
We considered a theory without mass operators for simplicity, but the introduction of mass
terms is straightforward and does not affect our discussion.’

Let us begin by discussing the consequence of (2.6) on the CP-odd sector of QCD.
The marginal CP-odd operators are the divergence of the singlet axial current, d,,J%', and
the topological term GG (modulo operators that vanish via the equations of motion). By
CP-invariance the anomalous dimension matrix contains a block diagonal 2 by 2 subgroup
involving these two operators only (the operators that vanish on-shell do not affect the
following discussion). From (2.6) one confirms that this takes the form discussed in [25].
The vanishing 7,7 = 0 entry is understood as a result of the fact that in Dim-Reg the
current J. renormalizes multiplicatively, being the unique gauge-invariant axial current
of the theory, and the same is true for its derivative. Eq. (2.6) reveals that the GG-GG
element of the anomalous dimension, often denoted by Voo In the literature, is given by
Yoi = 85G5/8§G5, with £~ being the renormalized coupling

992

€66 = 33 (2.7)

Crucially, 6 cannot appear in any perturbative calculation, so all our expressions are un-
derstood as being evaluated at {5 = 0 = 6. As expected, in the external source formalism

®A complete basis of Op’s includes two sets of marginal operators: O7 = {E,, Oz }. The interactions
Op are those that define the bare action. These are multiplied by sources &5 whose background values
represent the ordinary couplings of the theory. The Ej.,’s denote instead redundant marginal interactions.
They include evanescent operators as well as operators that vanish via the equations of motion. They
are not associated to any actual coupling of the theory. However they must be included in the functional
integral multiplied by spacetime-dependent sources £, in order for Oj to form a closed set of composite
operators under renormalization. The background value of such sources vanishes. Because the £5/,’s are not
actual couplings, their (background-value) beta functions are proportional to the £7.’s themselves times
functions of the true couplings &;/, i.e. the operators Ej, are multiplicatively renormalized. With this
observation we see that (2.6) describes a familiar pattern of RG-mixing: the anomalous dimension matrix
for {Ef, Op } has a lower triangular form in which the redundant operators renormalize among each other
whereas the Op renormalize via a mixture of themselves, d,J%, and Ep.



the latter can only occur with derivatives [26]. Because ud(0g?)/du = Bog® + 08,2 we find

0 [ g? B2
= o |Boas s Héaa sy
e o 8§G5 327?2 GG 92

fele] §ea=0

0

Tac = @505 =3 (2.8)

In the last equality it is crucial that 8y nor 8,2 depend on 6, or equivalently & oG- The
resulting relation between v~ and the beta function of the gauge coupling is consistently
observed in explicit calculations [27, 28]° and proven in [29, 30]. Note that 3y disappears
from this relation and (2.8) would still hold even if it was non-trivial. Yet, we know that
Bp = 0 in QCD because of the argument given in the introduction: by CP-invariance of
the theory the only quantity that could appear in g is # itself, but this can never happen
in perturbation theory.

Suppose now we extend QCD introducing in the Lagrangian new CP-violating dimen-
sion-4 operators O7 with I+ GG, e.g. Yukawa couplings. A priori these may mix with the
topological term as well as the derivative of the axial current. Yet, according to (2.6) the
anomalous dimension matrix has a lower triangular form. This is because by dimensional
analysis the renormalized axial and Chern-Simons currents cannot contain a component
of the bare dimension-4 interactions Og,, they can only mix among each other following
the pattern described above. On the other hand, nothing forbids the renormalized Oj to
contain a linear combination of 8MJ5‘)‘ 0 Goéo. The lower-triangular structure can also be
understood as a consequence of the independence of the anomalous dimensions and beta
rrai! %ea =0 [24]-

Interestingly, eq. (2.6) demonstrates that (2.8) remains valid even in the presence

functions on 6, i.e. 3

of the new interactions Oj (I # Gé) More importantly for us, the new CP-violating
couplings make it possible for 6 to get additively renormalized, and (2.6) turns out to

contain important information on fBp. The component of —udO7/dp proportional to GG
is (for I # GQ)

0

_ g> 0
Vi = g¢ Paa

= ma—&ﬁg. (2.9)

_ 0 g9 Nﬁsﬁ
= 67& [6932772 +§Ggg21

€ ~=0

GG

£eg=0

Eq. (2.9) may be interpreted as an indirect procedure for deriving fBy. The latter may
indeed be extracted by integrating the off-diagonal element 77 of the anomalous dimension
matrix of the CP-violating operators, roughly measured by the amount of GoGo contained
in Oy, with respect to the couplings {7 that contribute additively to Bg. Interestingly, this
procedure does not require the background field method nor promoting the CP-odd phases
to spurion fields. It can be carried out using ordinary perturbation theory because the
anomalous dimension matrix is to be calculated assuming a non-vanishing momentum is
flowing into the relevant operators, such that even GG describes an ordinary vertex.

A generalization of eq. (2.9) to arbitrary renormalizable theories is straightforward.

5We use a different convention than these authors. For us the scaling dimension of an operator is de + -,
with dq the engineering dimension.



3 [ in renormalizable QFTs

In the previous section we have shown how to extract the beta function of the topological
angle. In this section we are interested in identifying which renormalizable theories have
enough CP-violating phases to allow, at least in principle, the presence of divergent con-
tributions to 6. More precisely, we will identify the explicit form of the leading non-trivial
order beta function Sy as well as the Feynman diagrams responsible for generating it.

The most general (d = 4) renormalizable gauge theory can be compactly written in
terms of Weyl fermions v; and real scalars ¢, as

1 14 1 .
L= ——5—FaFP + (Dud)a(Dyo)a + v]ic" (D)) (3.1)
494 2
1Y . .aly.aly. h )\ade GAB quo’FA FB
_ 5 am%%% +hc | — Al ¢a¢b¢c¢d + @6 wt po

+(relevant couplings) + (gauge fixing) + (ghosts),

where (Dy1); = 0,1 — iAﬁ]}‘?wj and (Dy¢)e = Ouda — iAﬁSﬁ)be. The gauge generators
T4 are hermitian whereas S are purely imaginary hermitian, and hence anti-symmetric.
The fermions and scalars are in general in a reducible representation of the gauge group,
and the indices 4, j,--- (ranging from 1 to some integer Ny) and a,b,--- (ranging from
1 to Ny) include both gauge and flavor components. The coupling A is fully symmetric,
and Y is symmetric in the fermionic indices. The gauge symmetry is an arbitrary product
of abelian factors and simple groups Ggauge = 1IgG. The indices A, B,--- run over the
adjoint representation of Ggauge and the (real) gauge coupling g4 is to be interpreted as
the direct sum of identities in the non-abelian part of that space plus a symmetric part for
the abelian factors. Note that our normalization of the gauge fields is non-canonical, so
that the gauge boson propagators are proportional to gi B

Gauge invariance restricts the form of some of the couplings in (3.1). Most importantly
for us, the topological term must be proportional to the identity 5@43 in any non-abelian
components G and symmetric, but potentially with off-diagonal entries, in the abelian

QAB = Z egdé"B + Z 9194592' (3.2)
G=non—Ab. G1,G2=Ab.

factors:

Another implication of gauge invariance is
SAY, = Y, T4 + (TH)*Y,. (3.3)

We will make use of this relation extensively throughout the text. There is also a constraint
on A, though such a relation will not be relevant here. Note that none of these relations
depend on the space-time dimension and hence can be assumed to hold in Dim-Reg as well.

3.1 CP and flavor symmetry

We want to identify which combinations of the couplings can appear in By. In Dim-Reg
the renormalization group evolution of 6 is necessarily controlled by the marginal couplings
of the theory. Classically relevant interactions are therefore not important in the present



discussion and have not been explicitated in (3.1). To proceed we first have to familiarize
with the approximate symmetries of our theory.

In the absence of interactions eq. (3.1) enjoys a large global symmetry that includes a
flavor symmetry that rotates the matter fields, one that rotates vectors, and CP:

gﬂav X gglob x CP. (34)

The flavor symmetry Gpay = U(INy) X O(Ny) rotates all fermions among each other and
acts similarly on scalars, the group Ggjop rotates the vectors leaving 9124 p in (3.1) invariant
and finally CP acts as usual up to unitary rotations. The combined action on the fields
reads:

Yi(w) = Uyep (Pr),  ¢u(x) = Oadp(Pz),  All(x) — RAPPYAD (Px) (3.5)

where U, O, R are matrices respectively of U(Ny), O(Ny), Gglob and we defined Pray, = at.
The symmetry (3.4) is explicitly broken by the gauge generators, the Yukawa and scalar
couplings as well as anomalies. Yet, it can be formally restored by promoting 74, S4,
Ya, A, 0 to spurions with transformations designed to exactly compensate (3.5) so that the
theory is manifestly invariant under the full group (3.4).” Explicitly, the transformations
of the spurions T’ A SA, Ys, A under Ggay X Gglon X C'P are given by
T‘z? — _RABUimU;n[TB]:(nn (36)
S5y = —R*P 0,05, [S"].
Yaij - Uitv’LU;(nOab[nmn]*

)\abcd — Oam Obn Oco Odp )\mnop .

The renormalized coupling 842 should also be interpreted as a spurion. It is a complete
singlet of O(INg), a 2-index symmetric tensor of Gglop, and is also U(IVy)-invariant except
for its anomalous subgroup. Denoting with T4 the generators of each irreducible repre-
sentation r of the gauge group modulo flavor degeneracies, and by U, the flavor rotation
among the fermions in r, the spurious Gaay X Ggloh, X C'P transformation of 6 explicitly
reads

9AB — —RAM RBN {eMN — 2> Arg Det[U,] Tr[TTMTTN]} . (3.7)

Here the overall minus is necessary to compensate the P-odd nature of e”“p"F;ﬁF,f,.

The beta function udf@4? /dy is not affected by the anomalous shift of the topological
term and therefore is a complete singlet of the flavor symmetry Gg,, and CP-odd in the
sense that

d d
L gAB —RAMRBNM@HMN. (3.8)

dp

IAB

The beta function is a linear combination of functions of the spurions (3.6) multiplied

by real numerical coefficients, since its calculation involves no branch cuts. The quantities

“In Dim-Reg the addition of counterterms is generically necessary to render the theory formally invariant
under the axial part of U(Ny). We assume this is done order by order in perturbation theory.

~10 -



IAB are obtained by contracting the indices of the spurions with the invariant tensors

8ij,0ab, 9% p that define the kinetic terms. In the language of Feynman diagram, this is just
a consequence of the fact that any diagram contributing to the beta function is obtained
by contracting vertices with propagators. In order to appear in Sy the tensors should
transform precisely as in (3.8). Yet, from (3.6) follows that under the full symmetry (3.4)
any 2-index tensor function of (3.6) transforms as

IAB(T, 57 Y, )\) N RAMRBNIMN(T*, S*, Y*, A*) (39)

The minus signs of (3.6) cancel out because Ggion-covariance forces I AB {6 be built out of
an even number of (scalar plus fermion) gauge generators. Now, to reproduce the transfor-
mation of udfP /du the tensors must satisfy I45(T*, S* Y* \*) = —T4B(T, S, Y, \), and
of course be real. We thus conclude that it is the imaginary part of the invariant that has
the correct CP-odd property, namely®

d

M@HAB = an Im [I;?B} , (3.10)

where ¢, are real numbers and « is some label. In other words, the CP-odd invariants that
define By are the imaginary parts of the Gg,,-singlet, 2-index tensors of Gglop. A theory
that does not possess any such quantity cannot renormalize 6. This is what happens in
Yang-Mills theories as well as QCD. In the next subsection we will show the explicit form of
the leading order contribution to [y in arbitrary renormalizable theories of the form (3.1).

3.2 The 3-loop diagrams

Following the method described above we identified all structures that can potentially
contribute to [y at the first few perturbative orders. Our analysis is summarized in ap-
pendix A. We find that there are no 1-loop-sized 2-index tensors that are CP-odd, and
therefore that the 1-loop beta function must vanish. The first non-trivial contribution to
Be potentially arises at 2-loops and is controlled by a unique structure

Dgan o T pn[148] + 00 3.11
M —Cmm[(z)}Jr (7°), (3.11)

where c is an ordinary number expected to be of order unity and
137 = T { (A, - VoY (T4 Y, T8 )
= T {(Yo YV Ye = VYY) TP} S0 (3.12)
1 * * * *
= STV Y Ye - VIV (5455

is the only invariant with non-vanishing CP-odd component (i.e. an imaginary part) at
O(h?). Note that symmetry under the exchange A <+ B in the first and third lines of (3.12)

8The relations I4Z(T*, 8%, Y*, A\*) = [[*B(T,S,Y,\)]* = —I45(T, 5,Y, )\), the first equality following
from the fact that all coefficients are real and the second from the requirement that (3.9) reproduces (3.8),
are equivalent to Re[[“Z(T*,S*,Y* \*)] = Re[I*Z(T,5,Y,\)] = 0 and Im[[4Z(T*, S*,Y* \*)] =
—Im[I*B(T, S, Y, \)].
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is a consequence of cyclicity of the trace as well as symmetry of the Yukawa under the
exchange of the fermionic indices and hermiticity of the gauge generators, whereas in the
second line of (3.12) also (3.3) is needed.

The invariant If; has been written in three different forms employing the iden-
tity (3.3). These expressions provide complementary information about the properties that
a theory must possess in order to renormalize 047 at this order. For instance, from the sec-
ond and third lines in (3.12) it is evident that there would be no 2-loop beta function if the
scalars were gauge-singlets, i.e. if S4 = 0. To show this using the expression in the first line
is less immediate: one has to use (3.3) with S4 = 0 to prove that Y}V, T4 = T4Y*Y;, from
which consistently follows that the first line of (3.12) vanishes. Actually, a more careful
inspection reveals that the scalar fields have to belong to at least two different representa-
tions of G. To prove this we distinguish between non-abelian and abelian gauge groups.
In the case the indices A, B are associated to a non-abelian gauge group, from (3.2) we
know that the relevant part of the beta function is the one proportional to 5% g- If all the
scalars belonged to the same representation, then contracting the latter with the expres-
sion in the third line of (3.12) would give a Casimir times the identity in the scalar index
space. This implies that the invariant would vanish as Tr {Y Y. Y'Y, — YY,YY,} = 0.
In the case A, B refer to abelian gauge groups the generators can all be taken diagonal,
ie. Sﬁ) = qfdab and so (SASB)ab = qg?qf&ab. As before, we see that when the charges
qf, qf do not depend on the index a then the combination of scalar generators is again
proportional to the identity d4, and the third line of (3.12) is identically zero.

The three equivalent forms of (3.12) also help us identify the diagrams that contribute
to the 2-loop beta function, e.g. if we adopted the background field method. These are
illustrated in figure 1, with the ® indicating the insertion of the external background gauge
field. The topology in figure la is responsible for generating the invariant in the first line
of (3.12), the one in figure 1b is associated to the second line of (3.12) and finally the
topology of figure 1c to the third form of the CP-odd invariant. The overall correction to
Bp must include a sum over all three topologies. We emphasize that these are effectively
3-loop diagrams, and yet they contribute to the 2-loop order beta function because 6
appears in the action multiplied, in the canonically normalized field basis, by a loop factor
g*h/32m2.

The coefficient ¢ in (3.11) is model-independent and may be derived calculating the
above diagrams in any model with a non-vanishing I, éf{ , as for example in the toy scenario
discussed below. We will not be able to compute it here because far beyond our current
technical abilities. Yet, we think there is circumstantial evidence that an explicit compu-
tation would find ¢ # 0. Indeed, ref. [31] presents a calculation of the beta function of the
gauge coupling at 3-loop order using the background field method. The class of diagrams
considered there includes those of figure 1.7 Consistently, those authors find that the beta
function of the gauge coupling is controlled by the set of CP-even invariants of appendix A,

including in particular the CP-even component of our I (‘%J)B (namely its real part). This

In practice the calculation is very different, though, because here we are interested in the CP-odd
contributions proportional to the Levi-Civita tensor (see the discussion in section 2), whereas in [31] the

authors were allowed to take €,;,5 = 0.
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(a) (b)

Figure 1. Topologies of the diagrams generating the CP-odd invariant (3.12). Crossed circles
represent insertions of the external gauge field. Topology (a) refers to the form in (3.12) written in
terms of two fermionic generators, topology (b) to the one in terms of one fermionic and one scalar
generator, and topology (c¢) to the one in terms of two scalar generators. It is intended that each
diagram within a given topology should be properly symmetrized.

gives us confidence that the evaluation of the diagrams in figure 1 will not cancel against
each other. The result ¢ = 0 would thus be rather surprising to us, and would indicate the
presence of an accidental cancellation.

4 Implications

In the introduction we mentioned a few implications of Sy, both technical and phenomeno-
logical. Here we elaborate on two of them. First we show the impact of a non-vanishing £y
on the Weyl consistency conditions. Next we discuss the relevance of By on UV solutions
of the strong CP problem.

4.1 Consistency conditions

Jack and Osborn pointed out that the beta functions in a general P-conserving renormal-
izable theory must satisfy a constraint (see e.g. [22])

22 =Tr585, (4.1)
where A and Ty are functions of the couplings (except #) that appear in the Weyl anomaly
when all couplings are promoted to space-time dependent functions. Such conditions relate
terms of the beta functions of different couplings and different orders in perturbation theory,
and can serve as non-trivial consistency checks of multi-loop calculations. For example,
eq. (4.1) has been employed to resolve an ambiguity in the 4-loop beta function of the strong
gauge coupling in the Standard Model [32]. The very same tool can potentially be used to
extract information about the renormalization group evolution in general renormalizable
theories like (3.1) (see e.g. [33]). In that case however one cannot a priori ignore the
topological angles. Irrespective of whether they vanish in the bare action, they may be
needed as counterterms and therefore generically possess a beta function. Let us see how
0 qualitatively impacts (4.1).
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To start, according to [24] the formal structure of (4.1) remains unchanged when
considering P-violating theories. The absence of an explicit dependence on 6 then implies
that its I = 6 component becomes [24]

0 = Tpofo + Toy By + TogBg + TorBx, (4.2)

where 0,Y, g, A schematically denote the couplings in (3.1). The same considerations de-
veloped in section 3 allow us to identify the tensorial form of T77. At leading order we

have
2 2
9hcy
TQABQCD = 61% (43)
and
JAcy?
TyasydY = c (fl‘giggﬁ (@) ay — ayh(r)yy)r?] (4.4)
Y

931(1912313 + T C D
s gy It (vtay —avty){r¢ 1P}]
with ¢1 23 numerical coefficients. Note that ThydY must be CP-odd. In extracting its
form a key role is played by the fact that CP-odd quantities can here depend on the
derivative of the couplings, as opposed to section 3 when we discussed the form of Fy.
Analogously, one can see that the CP-odd structures Tp,dg and Ty d\ inevitably arise at
a higher perturbative order. Within a 2-loop accuracy the contributions proportional to
Bg, B can therefore be neglected and (4.2) gives

dHAB
K ~ 6126/;21 Tr [(YJ(TA)*BYQ - Bl (TA)*YG)TB] (4:3)
F Ay (v gy, — oY) {1, 77)]
+O(R?).

Plugging in the 1-loop beta function of the Yukawa coupling Y, we find that the fermionic
trace proportional to cg does not contribute at 2-loops whereas the one proportional to
co consistently reproduces (3.11) provided 2c2/c; = ¢. We thus find a fourth independent
method for computing the coefficient ¢ of 5y. Establishing its numerical value would require
knowing the leading order Tyg and Tyy, which means performing a 1-loop and again a 3-loop
calculation respectively.

The remaining components of (4.1) are also quite consequential and deserve to be
carefully explored. A naive counting suggests that, in employing the consistency relations
of Jack and Osborn with I =Y, the 2-loop By identified in this paper might be correlated
to structures appearing in the 3-loop 4, the 4-loop Py, and the 2-loop By via the 6-
loop contribution in A of order g*Y®. Furthermore, an inspection of the full system (4.1)
reveals that the highest perturbative order at which the g-Y-A-6 beta functions enter in
the consistency relations are respectively 5-4-3-2.
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4.2 (In)Stability of UV solutions of the strong CP problem

In the Standard Model the first contribution to Sy is expected to arise at 7-loops [6, 7].
This implies that the renormalization group evolution of # is numerically negligible, leaving
open the possibility that the absence of CP violation in low energy QCD be the result of
some unknown mechanism at very short distances ~ 1/A, even close to the Planck scale,
that sets O(A) ~ 0. Among the proposed UV solutions of the strong CP problem we can
find heavy axion scenarios or models with approximate CP [34, 35] and P [36, 37].

The numerical stability of § = 0 is however not a generic property in field theory. We
have seen that arbitrary renormalizable theories potentially develop a non-trivial renor-
malization of the theta angle already at 2-loops. This demonstrates that UV solutions
of the strong CP problem cannot work if the effective field theory below A is completely
generic and has unsuppressed Yukawa interactions. This has important phenomenological
implications. If no QCD axion is ever to be found, the possibility that some yet unknown
UV solution is at play would become increasingly more likely. Tools like those developed
here should then be used to identify the class of extensions of the Standard Model that
may consistently describe the low energy physics below A.

The radiative instability of UV solutions to the strong CP problem is typically worse
than naively expected, actually. First of all, arbitrary extensions of the Standard Model
would necessarily feature new mass scales, and it is well-known that threshold corrections
can affect the topological angles at tree and loop order. A recent discussion of these
corrections in the context of CP-invariant models is given by [38] and in P-invariant models
by [39] (see [40] for a model-independent qualitative assessment). What we want to stress
here is another subtle effect: despite the fact that the beta function of 6 is generically at
2-loop order, physical phases typically renormalize at 1-loop. By physical phases we mean
those special combinations of the renormalized couplings, namely those combinations that
are invariant under unitary rotations of the fields, that enter observables. We have seen
that € is not invariant under anomalous rotations of the fermions, see (3.7), and therefore
the physical rescaling invariant quantity of interest must take the form

=0+ f({&}), (4.6)

where f is a model-dependent function. Here € is what we may call the physical, rescaling
invariant “topological” angle. When no f with the required properties exists then no
invariant can be built out of # and that parameter is unphysical. The physical angle runs
according to

15)
By = Bo + 8;1551 (4.7)

The symmetry properties of 35 are precisely the same as those of 3y. In particular, both
must be proportional to the imaginary parts of the invariants I45. Yet, while 8y and Be;
are polynomial in the couplings, it may happen that 0f/0¢; brings inverse powers of the
&i’s that are not compensated by f¢,. In such a situation (3; develops negative powers
of the couplings in front of the invariants I4Z, which in practice indicates that B arises
at an order in perturbation theory that is lower compared to Syp. We will see explicitly
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below how this can occur in a concrete model. Importantly, the Standard Model turns
out to be special even in this respect because this enhancement cannot appear. Indeed,
adopting the standard definition § = § — Im Tr log[VuYal, where ), q denote the Standard
Model couplings, we find 8; = B — ImTr [y; 18y, + yd—l By d] Since by the accidental
flavor symmetries By = ,83,)1, for some polynomial 63,, then 35 is made up of the very same
polynomial structures of couplings as 8y. This fact for example ensures that the estimates
of [6, 7] are robust.

The faster renormalization group evolution of the physical theta angles and the pres-
ence of important threshold corrections put significant stress on whatever low energy theory
emerges from possible UV solutions of the strong CP problem. Rather than carrying out
a general analysis of the challenges these scenarios have to face, we find it convenient to
discuss a simple representative model.

An example. Consider the following extension of the Standard Model. We introduce
two Weyl fermions with charges 1 ~ 3 and ¢° ~ 3 under the QCD group SU(3)., a singlet
scalar ¢1 and a scalar octet ¢o ~ 8. These fields are all neutral under the electroweak
group. The Lagrangian reads

£ = Low +5(06)° + 5(D62)? + wlidy + yipys (19)
—[(m + y191)Y° + y210y°ha + he] — V(¢ 63, |H[?).

In addition to the CP-odd parameters of the Standard Model, this theory features two
more phases. On top of that, the rescaling-invariant QCD theta angle contains a new
contribution because fqcp is now affected by chiral rotations of 1,9 as well. A natural
definition of the phases (the definition of the Jarlskog invariant is the standard one) is
given by

oy = Arg [(1133)?] (4.9)
om = Arg [y1y3[m*)"]

0 = QQCD — Arg det[yuyd] — Arg[m].

All these CP-odd parameters run already at 1-loop:
4 2 49
. T 16n2 S Py Dyﬂ + §|y2| }

d 4 4 —
'udL;Zn = +167T2 {|y1\2 (singay — 2sin W) + g\y2|2 (— sin ¢, + 2sin S%ngm)}

do 2 “ 24
—_— = — Sin
'udu 1672 |

Py T Om
2

4 _
+ §|y2|2 sin W} '

Note that, as opposed to the Standard Model, this is also true for  because the phase of
the exotic fermion mass has a non-trivial renormalization group evolution. As a result ;
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arises at 1-loop while our result (3.11) says that
B = (g FOm [(013)°] + O (4.10)
= ezl Pl sing, + 007,
Therefore, in the present model the latter beta function is always subdominant and can be
neglected. Indeed it would be enough to have either a small y; or a small yo in order to
suppress 3y, but this would not stop 6 from running. Similarly, sin ¢y = 0 would suppress
Bg but not B if sin ¢, # 0. Only under the simultaneous conditions sin ¢, = sin ¢, = 0
the parameter 6 becomes approximately stable under the renormalization group, but this
is obvious since in that situation our theory introduces no new CP-odd phases compared
to the Standard Model.
It is interesting to verify our earlier claim that the 2-loop By requires at least two

scalars with different gauge representations. In the present model
157 = 31m [(y1y3)?] 647, (4.11)

If we replace ¢o with another scalar singlet (or ¢; with another scalar in the adjoint) that
invariant would not be generated by any diagram. The reason is that in such a scenario
the kinetic term of the scalars would possess a O(2) symmetry that rotates (¢1,¢2). As
usual this flavor symmetry is explicitly broken by the interactions, but may be formally
resurrected by promoting all the couplings to spurions, as described in section 3. The pair
(y1,y2) would be formally a doublet of O(2) and Sy should be a singlet. However (4.11)
does not meet this requirement. Manifestly O(2) invariants are y,,, which is not invariant
under axial rotations of the fermions, and y,y;;, which is CP-even. There is no combination
of the former that is simultaneously CP-odd and invariant under axial rotations, besides
of course the one involving 6, which we know has no perturbative effect. Note that the
quantity yeeqpyp = tIm[yiys] is SO(2)-symmetric and CP-odd, but in order to have an
invariant under Za C O(2) one would need an even power of it, thus resulting in a CP-even
combination. We conclude that ¢ cannot be in the same representation if (4.11) is to be
generated.

An important point to stress is the following. The definitions (4.9) (and more gener-
ally (4.6)) are ambiguous because any combination of invariants is also invariant. One may
then object that the claim that the rescaling-invariant topological angle runs at 1-loop
is not sufficiently general: maybe there exists a rescaling invariant combination that is
also approximately renormalization group invariant, and one may decide to call it 6. Yet,
the ambiguity in defining the physical theta angle arises only from a UV perspective. Its
IR definition is basically fixed by experiments. In the Standard Model one usually takes
fqcp — Argdet[Y,Vq] because at leading order in a perturbative expansion in Yukawas
(masses) this is precisely the quantity observed in low energy processes. The situation is
similar here. Indeed, because the new fermions 1, 9° are colored, phenomenologically we
expect |m| 2 1TeV; at scales below the mass threshold |m| we can thus integrate them out
such that our theory reduces to the Standard Model with topological angle given by

Ospp = {0qcp — Argdet[VuVa] — Arg[m]}“:|m| + O(h),
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where the small corrections are due to 1-loop threshold effects. We thus see that the
UV ambiguity is resolved: within the accuracy we are working the rescaling-invariant
topological angle defined in (4.9) is precisely the one constrained by low energy experiments.
The distinction between fgy and 6 is 1-loop order, and so the difference in their beta
functions starts at 2-loops. Hence the statement that 6 runs already at 1-loop in fact also
applies to the physically relevant CP-odd parameter measured in experiments. An UV
solution of the strong CP problem that enforces the condition §(A) = 0 would not be able
to explain the absence of CP violation in low energy QCD. To ensure |fgy| < 10710 one
has to invoke a non-trivial conspiracy among different UV parameters.

We conclude by commenting on what would happen if we set m = 0. Such an alter-
native scenario may still be phenomenologically viable provided the exotic fermion gets a
mass y1v; from the vacuum expectation value of the singlet (¢1) = v;. This model in-
troduces a unique new phase ¢, whereas the QCD topological angle may be defined as
0 = 0 — Argdet[V, V4] — Arg [y?] /2 as well as in an infinite number of inequivalent ways.
Again, the ambiguity in its definition is resolved by observing that the QCD angle at the
matching scale reads

éSM = {QQCD — AI‘g det[yuyd] — Arg[ylvl]} | + O(ﬁ).

p=ly1v1

Again, in order to have a small |fsy| there should be a cancellation between the phase of
y1, which runs at 1-loop, and fgcp — Argdet[),Y,], which does not run before 7-loops.
This cancellation is not stable unless sin ¢, = 0, i.e. unless we recover the same amount of
CP-violation as in the Standard Model.

The lesson to be learned is clear. Generic extensions of the Standard Model feature
several flavor-invariant CP-odd phases with non-trivial renormalization group evolution.
In such a situation there are no simple UV conditions that ensure |fgy;| stays small.

5 Outlook

It has been known for quite some time that topological angles have measurable conse-
quences. Re-summing the logs associated to their renormalization group evolution might
therefore be quantitatively relevant in some case. In this paper we discussed the pertur-
bative running of the 6 angles in general renormalizable theories as well as the techniques
necessary to compute it in dimensional regularization.

We found that 6 can acquire an additive beta function no earlier than 2-loop order.
This effect is proportional to a unique combination of the ordinary couplings we called
1 éf . The effect is present only in sufficiently complex theories with (CP-violating) Yukawa
interactions involving scalars with more than one irreducible representation of the gauge
group. Within the background field method the corresponding divergent diagrams are
shown in figure 1.

There are a number of directions in which our work can be extended. An obvious one
would be to perform the explicit calculation of the numerical coefficient ¢ of the 2-loop beta
function (3.11). This can be achieved with one, or more, of the four techniques discussed
in this paper, namely the background field method [16], the CP-odd spurion trick of [18],
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or the two new techniques proposed here: via inspection of off-diagonal elements of the
anomalous dimension matrix of the CP-odd interactions (see section 2.2) or via the Weyl
consistency conditions (see section 4.1). The calculation may be carried out in any model
with a non-vanishing I (‘gf, like for example the toy model discussed in section 4.2. In all

cases it requires the computation of 3-loop diagrams.

Another direction that needs to be explored is the consistency conditions implied by
the local renormalization group approach of Jack and Osborn. In section 4.1 we have shown
that the 2-loop By cannot be ignored compared to the 3-loop f,, the 4-loop By, and the 3-
loop . Yet, in order to draw more quantitative conclusions a systematic generalization of
the local renormalization group technique to P-violating theories with anomalous currents,
as initiated in [24], as well as a (re)analysis of the beta functions within a consistent scheme
for 5, appear necessary.

The phenomenological implications of §y also deserve to be further scrutinized. We
have seen that the radiative stability of the QCD angle is a peculiar accident of the Standard
Model. Quantitatively, a small strong CP phase represents a renormalization-invariant fea-
ture of the Standard Model, but certainly not of arbitrary extensions. This observation
becomes phenomenologically relevant if the strong CP problem is solved by some mecha-
nism at some high UV cutoff (e.g. models based on approximate P or CP symmetries). In
those cases the UV theory would typically predict é(A) = 0 and the experimental observa-
tion |0(1 GeV)| < 107! would translate into a constraint on the renormalization evolution
below A. Our considerations can help identify which extensions of the Standard Model at
renormalization scales 1 GeV < pu < A are compatible with such a picture. For example, we
found that a 2-loop By can only be generated if there are at least two scalars with different
representations of the gauge group. Thus, a two-Higgs doublet model would not induce
that effect, despite the many additional sources of CP violation. The claim that such an
extension features the same radiative stability as the Standard Model is however too naive.
We have demonstrated that the rescaling-invariant angles 6 often run at lower order in
perturbation theory than 6 itself and that sizable (finite) effects on @ usually arise at the
mass thresholds that extensions of the Standard Model inevitable possess. UV completions
where all these effects are under control are rather rare. Only a very limited number of
options would be available if Nature decided to address the strong CP problem in the far
UV. The identification of these options represents an interesting open problem.
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A CP-odd flavor-invariants

In this appendix we build the flavor-invariants introduced in section 3 and identify the CP-
odd ones. We approach the problem perturbatively. By counting the powers of A in the
flavor-singlet structures one sees that corrections to the 1PI vertex with two external gauge
bosons proportional to g2¢Y2¢Y \°» correspond to diagrams with n = cg + cy + ¢y loops.
Yet, the associated contribution to Zg; is a 1-loop factor smaller because the definition
of the # vertex includes a factor g?h/16m2. This implies that in order to find a correction
of n-loop size to the beta function, hereafter denoted by B(gn), one should calculate an
n + 1-loop diagram.

On pure dimensional grounds, therefore, corrections to [y are expected to be con-
trolled by

1

g Pa Y (A1)
2

RN PN DN N A SV

In this paper we will content ourselves with 1- and 2-loop size effects, namely B(gw), though
the formalism we adopt can be extended up to arbitrary order. Up to this order it is rather
straightforward to argue that only the terms involving the Yukawa couplings have some
real chance of being CP-odd, as we now show.

A general renormalizable gauge theory without scalar quartics and Yukawas always
conserves CP (if the topological angles can be neglected, which is the case perturbatively).
Hence there cannot be any CP-odd invariant I42 built out of T4, S4 only. Purely bosonic
flavor-invariants cannot work either. They depend on S4, Agpeq and are automatically CP-
even. Indeed, )\ is real whereas S# are purely imaginary. To build a CP-odd combination
we would need an odd number of S, which cannot be covariant under rotations of the
adjoint index because the only invariant tensor at our disposal for contractions is g2 5.
This conclusion was expected on account of that the Feynman diagrams we are interested
in must be proportional to the Levi-Civita tensor, and therefore fermion traces are strictly
necessary to generate them.

We can explicitly demonstrate that even the combinations ¢g?), ¢?A? and g*\ can be
discarded. Recall that a fermion loop is necessary, so such invariant must include traces
of the fermion generator. The only g2\ invariant we can have is Tr[TAT P \gap and is
manifestly real, i.e. CP-even, since the fermionic trace gives the direct sum of identities
in the adjoint index multiplied by (real) fermion Casimirs. Similar considerations apply
to the g?)\? invariants, which are of the form Tr[TATP]A\? with all possible contractions
of the scalar indices. Whatever contraction is taken the invariant is CP-even. Finally, at
order g*\ we can have structures of the form Tr[TTTT|\, Tr[TT)Tr[TT)\, and Tr[TT]SS.
The former two are manifestly real because the potential CP-violating contribution would
have to come exclusively from the fermionic generators, and we have recalled above that
this is not possible. The last one may either contain [S™S™]pAapee or [SM SN uaNpbees
which are both real. We did not include structures with a single scalar generator because
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those vanish: the (anti-symmetric) scalar indices in S4 should necessarily be contracted
with those (symmetric) of A. Similarly, three scalar generators would require the fermionic
trace TrT = 0, which vanishes in the absence of mixed gravity-gauge anomalies.

We conclude that, at least up to the perturbative order considered here, the Yukawa
couplings are strictly necessary to build the CP-odd flavor-invariants 48 of the the-
ory (3.1). For convenience it is useful to introduce the basic covariant combinations in
which they can appear:

YAL-A

ab;ij "= Ya*ik(TAl)* e (TAH)*kaj' (A'2)

These objects transform under fermion rotations precisely as T4, under scalar rotations as
the product of two Yukawas, whereas under gauge boson rotations in an obvious way. We
will use this compact notation to write the possible invariants appearing in Bém)

Absence of B(1)): 2-loop diagrams. At lowest order we have a very limited number
of flavor-invariant structures that can contribute. They are so few that we can write them

explicitly:
Y2 Te[TATEIY ), T[TATE)), Te[TATPITr[Yae], SASE) Tr[Ta.],  (A.3)
Here and in the following Tr[---] denotes a trace over the fermionic indices and () imply

symmetrization. We did not include invariants in which the scalar indices of S% o are
contracted with those of the Yukawas because thanks to (3.3) these can be written in terms
of the first and second invariants of (A.3). Furthermore, we did not include structures of the
form Tr[TgZ‘B)] because Tr[bel'"A"] = Tr[Y T4 ---T41] due to the trace transposition
property. This relation will also be exploited later in enumerating the invariants of higher
order.

We find that none of the invariants in (A.3) is CP-odd. To see this note that the
matrices Yqq, Y7 are hermitian and therefore their trace is real. This immediately tells
us that the last two structures are real. Similarly, the structures Tr[TY4] are necessarily
CP-even because they are the trace of the product of two hermitian matrices, which is
real. The first structure in (A.3) is CP-even for the same reason, because TAT5) is also
hermitian.

Terms in 8(?): 3-loop diagrams. At the next order, the relevant structures are:

GY2N: Te[TTYolA, Tr[TY1]A, SSTr[Yq]), (A.4)
Te[TT)Tr[Yo]A

g*Y? . TY[TTY,], Tx[TTTY], Te[TTTTY]
Te[TT|Tr[Ye], SSTr[Ys|, Tr[TT|Tr[TY:], Tr[TTT|Tr[Y:], SSSTr[Y],
Tr[TTTT|Tr[Yo], Tr[TT]|Tr[TT]|Tr[Yo], SSSSTr[Yo]

@Yt Te[TeYo], Tr[Y1Ty], T[T YT,
Tr[Yo]Tr[To], Tr[Yy]Tr[Yy], Tx[TT]Tr[ToYo], SSTr[YoYo]
Tr[Yo|Tr[Yo]Tr[TT], SSTr[Yo|Tr[Yo]
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where to make our notation more compact the n in the expression Y,, indicates the number
of adjoint indices in Y. The indices are left implicit because many contractions are possible,
and again invariants where one scalar index must be contracted with a Yukawa have been
omitted because of (3.3).

g?Y 2\ terms. Most of the ¢g?Y 2\ terms are manifestly real once we take into account
that the symmetry of A forces the scalar indices in [Y,],, to be symmetrized or contracted
among themselves, i.e. T (4 or Tqq. In either case the resulting T tensor is hermitian in
the fermion indices. Hence all traces are inevitably real and the invariants CP-even.

9*Y? terms. Consider next the ¢*Y? terms. Here the scalar indices are contracted
among themselves; it is the possible contractions of the gauge indices that increases the
number of independent structures. However all the invariants turn out to be CP-even
because of properties of the gauge generators and gauge invariance. Let us show this
explicitly by considering the invariants of the form Tr[TT7Ys]. These are

gepT[TATHTE]) (A.5)
gepT[TCT PGP

and

where the contraction among adjoint indices is consistently performed with the metric
945, (3.1). In the first two structures, hermiticity of TAT5) and TN ensures they are
all CP-even. The other structures are also CP-even. To see this let us look for a CP-odd

version of the first invariant in (A.6), namely
gt p T[T ATOTDP) — g2 T[T TATEIP)] (A7)

The indices C, D run over all possible adjoint indices. On the other hand, A, B are restricted
to a certain non-abelian group or to any two of the abelian factors. Consider first the case
A, B refer to a certain non-abelian group. Then T8 commute with all the T that are
associated to the other groups. In addition, 648 5‘g4B and hence we should not simply
symmetrize but actually sum over A, B as well. As a result the above invariant identically
vanishes. Consider next the case in which A, B refer to the abelian groups. Then 75
commute with 7¢P and the expression again identically vanishes. Similar considerations
show that all invariants in (A.6) are CP-even.
What about invariants of the form Tr[TT7T7Y;]|? Here we have

g2 p Te[TAITCTPYIB)] (A.8)
g pTe[TCTPTAYE)
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and

g2 p T[T ATCTIBIYD ) (A.9)
gCDTr[TCT<A|TDT|B>]
P [TATBTCYD |
Tr[TCTV‘TB TP

The expressions with the Casimir 920 DTCTD = @gCg are manifestly real. The first and
second in (A.9) are real because they are the trace of the product of two hermitian matrices.
A potential CP-odd combination with the third structure is

gep {74, TP} 1€, 0], (A.10)

An identical one is obtained from the last structure in (A.9). Again, these identically vanish
when imposing gauge-invariance. Namely, if A, B refer to indices of a non-abelian group,
then we should include a sum 553 and find that {TA, T8 } is proportional to the Casimir
Cg of that group. Hence it commutes with all T¢ and we get gZ,Tr[Cg[T%, T2 =
92 pTr[[Cg, TC]TE] = 0. The same result trivially applies also when A, B refer to the
abelian groups.

The arguments just exposed can be applied to all the other invariants appearing
n (A.5), including the ones with the scalar generators. Therefore our conclusion is that
all the ¢*Y? structures are CP-even.

g?Y* terms. The structures ¢g?Y* are more involved because the scalar indices can
be contracted in several different ways. For example Tr[Y9Y(] can be Tr[T(AB)Tab],
Tr[Tng)Tba], Tr[Tt({;‘B)Tbb]. Here it is crucial to observe that [Yo]t = Yy, if T has
less than two gauge indices, or even more provided they are symmetrized. This way one
finds that Tr[Y Y| are all CP-even. Similar considerations apply to Tr[Y1Y1] as well as
all the multi-trace expressions in (A.5). Including the generator T', however, changes the
game and leads finally to some interesting candidates. We are thus left with the structure
Tr[Y1YoT]. The CP-odd invariants of this form are

Tr [T V(TP Tab]} (A.11)
Tr [T (17, V]|
T [T T, T

where the first invariant is already symmetric in the adjoint indices, as follows from the
trace transposition property. The same property also shows that the second and third
invariants are actually equivalent. Furthermore, using (3.3) it is straightforward to prove
that [Yaa, TA] = 0, so the second and third expressions actually vanish. This ensures that
the only non-vanishing CP-odd invariant in (A.11) is the first one, which is therefore the
only possible contribution to the S—function of §45
eq. (3.12).

at 3-loops. This is precisely I (I%B of

~93 -



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited. SCOAP? supports

the goals of the International Year of Basic Sciences for Sustainable Development.

References

1]

2]

[10]

[11]

A.A. Belavin, A.M. Polyakov, A.S. Schwartz and Y.S. Tyupkin, Pseudoparticle Solutions of
the Yang-Mills Equations, Phys. Lett. B 59 (1975) 85 [INSPIRE].

G. ’t Hooft, Symmetry Breaking Through Bell-Jackiw Anomalies, Phys. Rev. Lett. 37 (1976)
8 [INSPIRE].

C.G. Callan, Jr., R.F. Dashen and D.J. Gross, The Structure of the Gauge Theory Vacuum,
Phys. Lett. B 63 (1976) 334 [INSPIRE].

R. Jackiw and C. Rebbi, Vacuum Periodicity in a Yang-Mills Quantum Theory, Phys. Rev.
Lett. 37 (1976) 172 [INSPIRE].

E. Witten, Dyons of Charge e theta/2 pi, Phys. Lett. B 86 (1979) 283 [INSPIRE].

J.R. Ellis and M.K. Gaillard, Strong and Weak CP Violation, Nucl. Phys. B 150 (1979) 141
[INSPIRE].

[.B. Khriplovich and A.I. Vainshtein, Infinite renormalization of Theta term and Jarlskog
invariant for CP violation, Nucl. Phys. B 414 (1994) 27 [hep-ph/9308334] [iINSPIRE].

E.E. Jenkins, A.V. Manohar and M. Trott, Renormalization Group Evolution of the Standard
Model Dimension Siz Operators I: Formalism and lambda Dependence, JHEP 10 (2013) 087
[arXiv:1308.2627] [INSPIRE].

I.B. Khriplovich, Quark FElectric Dipole Moment and Induced 8 Term in the
Kobayashi-Maskawa Model, Phys. Lett. B 173 (1986) 193 [INSPIRE].

F. Wilczek, Problem of Strong P and T Invariance in the Presence of Instantons, Phys. Rewv.
Lett. 40 (1978) 279 [INSPIRE].

M.E. Machacek and M.T. Vaughn, Two Loop Renormalization Group Equations in a General
Quantum Field Theory. 1. Wave Function Renormalization, Nucl. Phys. B 222 (1983) 83
[INSPIRE].

M.E. Machacek and M.T. Vaughn, Two Loop Renormalization Group Equations in a General
Quantum Field Theory. 2. Yukawa Couplings, Nucl. Phys. B 236 (1984) 221 [INSPIRE].

M.E. Machacek and M.T. Vaughn, Two Loop Renormalization Group Equations in a General
Quantum Field Theory. 3. Scalar Quartic Couplings, Nucl. Phys. B 249 (1985) 70 [INSPIRE].

G. ’t Hooft and M.J.G. Veltman, Regularization and Renormalization of Gauge Fields, Nucl.
Phys. B 44 (1972) 189 [nSPIRE].

P. Breitenlohner and D. Maison, Dimensional Renormalization and the Action Principle,
Commun. Math. Phys. 52 (1977) 11 [INSPIRE].

V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Calculations in External
Fields in Quantum Chromodynamics. Technical Review, Fortsch. Phys. 32 (1984) 585
[INSPIRE].

— 24 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(75)90163-X
https://inspirehep.net/literature/101400
https://doi.org/10.1103/PhysRevLett.37.8
https://doi.org/10.1103/PhysRevLett.37.8
https://inspirehep.net/literature/3438
https://doi.org/10.1016/0370-2693(76)90277-X
https://inspirehep.net/literature/3673
https://doi.org/10.1103/PhysRevLett.37.172
https://doi.org/10.1103/PhysRevLett.37.172
https://inspirehep.net/literature/108763
https://doi.org/10.1016/0370-2693(79)90838-4
https://inspirehep.net/literature/142191
https://doi.org/10.1016/0550-3213(79)90297-9
https://inspirehep.net/literature/131655
https://doi.org/10.1016/0550-3213(94)90419-7
https://arxiv.org/abs/hep-ph/9308334
https://inspirehep.net/literature/357551
https://doi.org/10.1007/JHEP10(2013)087
https://arxiv.org/abs/1308.2627
https://inspirehep.net/literature/1247479
https://doi.org/10.1016/0370-2693(86)90245-5
https://inspirehep.net/literature/222800
https://doi.org/10.1103/PhysRevLett.40.279
https://doi.org/10.1103/PhysRevLett.40.279
https://inspirehep.net/literature/5997
https://doi.org/10.1016/0550-3213(83)90610-7
https://inspirehep.net/literature/188748
https://doi.org/10.1016/0550-3213(84)90533-9
https://inspirehep.net/literature/191282
https://doi.org/10.1016/0550-3213(85)90040-9
https://inspirehep.net/literature/204935
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1016/0550-3213(72)90279-9
https://inspirehep.net/literature/74886
https://doi.org/10.1007/BF01609069
https://inspirehep.net/literature/124212
https://inspirehep.net/literature/192993

[17] M.E. Pospelov, CP odd effective gluonic Lagrangian in the Kobayashi-Maskawa model, Phys.
Lett. B 328 (1994) 441 [hep-ph/9402317] [INSPIRE].

[18] H. Georgi, T. Tomaras and A. Pais, Strong CP violation without instantons, Phys. Rev. D 23
(1981) 469 [INSPIRE].

[19] H. Osborn, Derivation of a Four-dimensional ¢ Theorem, Phys. Lett. B 222 (1989) 97
[INSPIRE].

[20] 1. Jack and H. Osborn, Analogs for the ¢ Theorem for Four-dimensional Renormalizable
Field Theories, Nucl. Phys. B 343 (1990) 647 [INSPIRE].

[21] H. Osborn, Weyl consistency conditions and a local renormalization group equation for
general renormalizable field theories, Nucl. Phys. B 363 (1991) 486 [InSPIRE].

[22] 1. Jack and H. Osborn, Constraints on RG Flow for Four Dimensional Quantum Field
Theories, Nucl. Phys. B 883 (2014) 425 [arXiv:1312.0428] [InSPIRE].

[23] F. Baume, B. Keren-Zur, R. Rattazzi and L. Vitale, The local Callan-Symanzik equation:
structure and applications, JHEP 08 (2014) 152 [arXiv:1401.5983] [INSPIRE].

[24] B. Keren-Zur, The local RG equation and chiral anomalies, JHEP 09 (2014) 011
[arXiv:1406.0869] [INSPIRE].

[25] D. Espriu and R. Tarrach, Renormalization of the Axial Anomaly Operators, Z. Phys. C 16
(1982) 77 [INSPIRE].

[26] G.M. Shore, New methods for the renormalization of composite operator Green functions,
Nucl. Phys. B 362 (1991) 85 [INSPIRE].

[27] S.A. Larin, The Renormalization of the axial anomaly in dimensional regularization, Phys.
Lett. B 303 (1993) 113 [hep-ph/9302240] [INSPIRE].

[28] T. Ahmed, L. Chen and M. Czakon, Renormalization of the flavor-singlet axial-vector
current and its anomaly in dimensional reqularization, JHEP 05 (2021) 087
[arXiv:2101.09479] INSPIRE].

[29] P. Breitenlohner, D. Maison and K.S. Stelle, Anomalous Dimensions and the Adler-bardeen
Theorem in Supersymmetric Yang-Mills Theories, Phys. Lett. B 134 (1984) 63 [INSPIRE].

[30] M. Liischer and P. Weisz, Renormalization of the topological charge density in QCD with
dimensional regularization, Eur. Phys. J. C' 81 (2021) 519 [arXiv:2103.15440] [INSPIRE].

[31] A.G.M. Pickering, J.A. Gracey and D.R.T. Jones, Three loop gauge beta function for the
most general single gauge coupling theory, Phys. Lett. B 510 (2001) 347 [hep-ph/0104247]
[INSPIRE].

[32] C. Poole and A.E. Thomsen, Weyl Consistency Conditions and s, Phys. Rev. Lett. 123
(2019) 041602 [arXiv:1901.02749] [INSPIRE].

[33] J. Davies, F. Herren and A.E. Thomsen, General gauge- Yukawa-quartic B-functions at
4-3-2-loop order, JHEP 01 (2022) 051 [arXiv:2110.05496] [INSPIRE].

[34] A.E. Nelson, Naturally Weak CP Violation, Phys. Lett. B 136 (1984) 387 [INSPIRE].

[35] S.M. Barr, Solving the Strong CP Problem Without the Peccei-Quinn Symmetry, Phys. Rev.
Lett. 53 (1984) 329 [nSPIRE].

[36] K.S. Babu and R.N. Mohapatra, A Solution to the Strong CP Problem Without an Azion,
Phys. Rev. D 41 (1990) 1286 [INSPIRE].

— 95—


https://doi.org/10.1016/0370-2693(94)91503-2
https://doi.org/10.1016/0370-2693(94)91503-2
https://arxiv.org/abs/hep-ph/9402317
https://inspirehep.net/literature/371724
https://doi.org/10.1103/PhysRevD.23.469
https://doi.org/10.1103/PhysRevD.23.469
https://inspirehep.net/literature/156707
https://doi.org/10.1016/0370-2693(89)90729-6
https://inspirehep.net/literature/25198
https://doi.org/10.1016/0550-3213(90)90584-Z
https://inspirehep.net/literature/27337
https://doi.org/10.1016/0550-3213(91)80030-P
https://inspirehep.net/literature/29410
https://doi.org/10.1016/j.nuclphysb.2014.03.018
https://arxiv.org/abs/1312.0428
https://inspirehep.net/literature/1267024
https://doi.org/10.1007/JHEP08(2014)152
https://arxiv.org/abs/1401.5983
https://inspirehep.net/literature/1278619
https://doi.org/10.1007/JHEP09(2014)011
https://arxiv.org/abs/1406.0869
https://inspirehep.net/literature/1299160
https://doi.org/10.1007/BF01573750
https://doi.org/10.1007/BF01573750
https://inspirehep.net/literature/12211
https://doi.org/10.1016/0550-3213(91)90557-E
https://inspirehep.net/literature/304284
https://doi.org/10.1016/0370-2693(93)90053-K
https://doi.org/10.1016/0370-2693(93)90053-K
https://arxiv.org/abs/hep-ph/9302240
https://inspirehep.net/literature/34047
https://doi.org/10.1007/JHEP05(2021)087
https://arxiv.org/abs/2101.09479
https://inspirehep.net/literature/1842640
https://doi.org/10.1016/0370-2693(84)90985-7
https://inspirehep.net/literature/191985
https://doi.org/10.1140/epjc/s10052-021-09296-1
https://arxiv.org/abs/2103.15440
https://inspirehep.net/literature/1854169
https://doi.org/10.1016/S0370-2693(01)00624-4
https://arxiv.org/abs/hep-ph/0104247
https://inspirehep.net/literature/555795
https://doi.org/10.1103/PhysRevLett.123.041602
https://doi.org/10.1103/PhysRevLett.123.041602
https://arxiv.org/abs/1901.02749
https://inspirehep.net/literature/1712840
https://doi.org/10.1007/JHEP01(2022)051
https://arxiv.org/abs/2110.05496
https://inspirehep.net/literature/1942193
https://doi.org/10.1016/0370-2693(84)92025-2
https://inspirehep.net/literature/194054
https://doi.org/10.1103/PhysRevLett.53.329
https://doi.org/10.1103/PhysRevLett.53.329
https://inspirehep.net/literature/14817
https://doi.org/10.1103/PhysRevD.41.1286
https://inspirehep.net/literature/281423

[37] S.M. Barr, D. Chang and G. Senjanovic, Strong CP problem and parity, Phys. Rev. Lett. 67
(1991) 2765 [NnSPIRE].

[38] A. Valenti and L. Vecchi, The CKM phase and  in Nelson-Barr models, JHEP 07 (2021)
203 [arXiv:2105.09122] [INSPIRE].

[39] J. de Vries, P. Draper and H.H. Patel, Do Minimal Parity Solutions to the Strong CP
Problem Work?, arXiv:2109.01630 [INSPIRE].

[40] J. de Vries, P. Draper, K. Fuyuto, J. Kozaczuk and D. Sutherland, Indirect Signs of the
Peccei-Quinn Mechanism, Phys. Rev. D 99 (2019) 015042 [arXiv:1809.10143] [InSPIRE].

— 96 —


https://doi.org/10.1103/PhysRevLett.67.2765
https://doi.org/10.1103/PhysRevLett.67.2765
https://inspirehep.net/literature/324963
https://doi.org/10.1007/JHEP07(2021)203
https://doi.org/10.1007/JHEP07(2021)203
https://arxiv.org/abs/2105.09122
https://inspirehep.net/literature/1864192
https://arxiv.org/abs/2109.01630
https://inspirehep.net/literature/1916114
https://doi.org/10.1103/PhysRevD.99.015042
https://arxiv.org/abs/1809.10143
https://inspirehep.net/literature/1695840

	Motivations
	theta in perturbation theory
	beta(theta) from (extra)-ordinary diagrams
	Extracting beta(theta) from operator mixing

	beta(theta) in renormalizable QFTs
	CP and flavor symmetry
	The 3-loop diagrams

	Implications
	Consistency conditions
	(In)Stability of UV solutions of the strong CP problem

	Outlook
	CP-odd flavor-invariants

