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1 Introduction

Quantum Field Theory (QFT) is the main language for describing quantum phenomena
below atomic scales. In weak coupling regions, perturbation theory is surprisingly successful
modelling the systems as a small deformations from the free field theory case that can be
solved exactly. In strongly coupled regime perturbation theory breaks down and we should
consider different routes of approach. Nowadays, several methods have been developed
among which are electric-magnetic duality relating different energy regions of the system [1-
3] and the AdS/CFT correspondence [4-7] where the weakly coupled string theory in the bulk
is mapped to a strongly coupled theory on the boundary of space. Also, using localization
principle we can calculate the non-perturbative partition function of a supersymmetric QFT
and correlation functions of supersymmetric operators in various dimensions [8].

Another appealing method in this line of non-perturbative approach is the seminal work
of [9] where the scaling dimensions of operators with large U(1) charge in 3D conformal field
theories (CFTs) were computed using an effective field theory approach as an expansion in
inverse powers of the conserved charge. Later, numerous applications of the large charge
expansion have taken place ranging from scalar field theories [10-24] to non-relativistic
CFT [25, 26] and supersymmetric theories [27-33] (see [34] for a comprehensive review).



In particular, in [10] a semiclassical method to determine the scaling dimensions
of operators with large charge Q) was developed, offering UV complete realization of the
effective field theory (EFT) approach considered in [9]. The authors computed the anomalous
dimensions of the scalar operators ¢% in the Abelian ¢*-model at the Wilson-Fisher fixed
point in 4 — e dimensions. Since then, the method was generalized to several non-Abelian
models with quartic interactions [11, 35, 36], while Yukawa interactions were discussed
in [33] in the context of Wess-Zumino model with cubic superpotential.

In this work, we generalize the method of [10] to include fermionic interactions allowing
us to present it (in section 2) in the streamlined ready-to-use form for generic Yukawa-
quartic theory. As examples, we consider two models containing quartic, and Yukawa
interactions and compute contributions to the anomalous dimensions of the lowest lying
charged operators. Our first example, in section 3, is Nambu-Jona-Lasinio-Yukawa (NJLY)
model [37, 38] containing Yukawa and quartic interactions and featuring Wilson-Fisher
infrared fixed point in D = 4 — € dimensions. For two fermion flavors Ny = 2 and in
D = 3 this model describes the superconducting critical behaviour in graphene [39] while for
Ny =1/2 it is relevant for surface states of topological insulators [40-42]. Intriguingly, the
latter case has been conjectured to feature emergent supersymmetry at criticality. Moreover,
it is believed that the NJLY model provides a UV completion of the Nambu-Jona-Lasinio
model in 2 < D < 4 [38, 43]. Our second example, appearing in section 4, is the model
studied in [44] featuring a perturbative ultraviolet fixed point in 4D. This theory provides
a perturbative realization of the asymptotic safety scenario often considered in the search
for a theory of quantum gravity [45, 46] and serves as a basis for UV-complete BSM model
building [47-52]. Moreover, it offers the intriguing opportunity to study the large charge
expansion in a non-supersymmetric four-dimensional CFT and, in this context, has been
previously investigated in [53]. Since in this model the scalar fields are not charged under the
gauge group, the gauge fields will be spectators to the large charge dynamics. Interestingly,
by varying the parameters of the theory, our calculation captures various regimes of the
large-charge dynamics. In particular, we identify a perturbative limit where our results
match diagrammatic computations, a generalized Gaussian phase characterized by a linear
scaling of the lowest scaling dimension with the charge of the corresponding operators, and
the superfluid phase captured by the large charge EFT. Section 5 summarizes our work and
discusses future directions. Three appendices follow with complementary material about
details of the calculations in the main text.

2 General approach

Here we review and generalize the method of [10] in order to compute the contributions
to anomalous dimensions of the charged scalar operators from quartic A and Yukawa y
interactions with couplings denoted collectively as x; = {A7,y?} with index I running over
all the couplings.

o The method uses the power of conformal invariance which requires in the first step to
tune our QFT to the perturbative fized point of the renormalization group (RG).



We require weakly-coupled fixed points (FPs) in order to facilitate comparison to
standard perturbative expansion with small coupling and, depending on the model,
this perturbative FP can be of the Wilson-Fisher or Banks-Zaks type. For Wilson-
Fisher type one engineers a small parameter ¢ by moving away from integer space-time
dimension d — d — € while for the Banks-Zaks type the small parameter € is built
from the parameters of the model, such as number of field components, number of
colors, flavors, etc. In general, the fixed point can be complex. At the end of the
computation, we can invert the fixed point condition fr(k7,€) = 0 which gives the
fixed point values of the couplings £} as a function of €. Then we express our results
for anomalous dimensions back as the power series in the couplings 7 and, taking
the € — 0 limit by simply removing the star symbol (x) from the couplings we obtain
the results valid away from the FP.

e Having CFT in flat space we map it to the cylinder R x S¥1 using the fact that Weyl
invariance at the fixed-point guarantees equivalence between the two theories.

Technically, parametrizing R” and R x SP~1 by (r,QP~1) and (7, 2P~!) respectively

7/R

the mapping is given by r = Re where R is the radius of the sphere. In addition,

for the scalar fields the Weyl invariance requires adding the mass term m2$¢ where
m? = (D2—;%2)2 arising from the coupling to the Ricci scalar (see also appendix A).
For the fermions, starting with the flat free fermion theory Sy = [ dPx iy in

D-dimensions, the curved space action is given by
sj = [ dPa =g UiV ai, (2.1)
M
where Y o =7V, is the Dirac operator on M manifold! and

1
Vputh = 01 + Wi ap (2:2)

The v matrices on curved background are related to the flat ones by the vielbein,
namely v* = egfyﬂ where p, v, ... is for the curved indices and i, D, ... is for the flat
indices. The theory above enjoys Weyl invariance without extra modifications, as can
be checked using the Weyl transformations

el (z) = e 7Wel(z), V(@) = ez @), (2.3)

o On the cylinder we exploit the operator/state correspondence for the 2-point function
of a scalar primary operator O, using the fact that the flat space limit x; — 0 is
equivalent to T, — —oo which relates the scaling dimension Ao of the operator with
the energy on the cylinder Eo as Ep = Ap/R i.e.

(O (@f)O(:))ey1 = |7 |20 ]i] 2 (OF () Oy " = e (2.4)

n case of ST the eigenfunctions of the Dirac operator will be the corresponding D-dimensional spherical
harmonics.



To compute this energy Ep we choose an arbitrary state |@Q) with a fixed charge @
and evaluate the expectation value of the evolution operator e #7 (T = Ty —T;) in
this state

(Qle~T|Q) TR e FoT (2.5)

The T — oo limit is saturated by the lowest energy and therefore E» corresponds to
the lowest energy eigenstate with charge Q).

In practice we will fix the charge by imposing a charge-fixing condition and will compute
the constrained path integral using semiclassical expansion around the vacuum of the
fixed-charge theory which is determined by the chosen charge configuration. In this
work, the vacuum will correspond to a superfluid phase with homogeneous charge
density while for generalizations we refer to [54, 55]. The charge configuration is
defined by a set of O(1) parameters {g; } such that when we have multiple charges Q;
corresponding to the Cartan generators of a non-Abelian group we take all of them to
be large and of the same order, i.e. we rescale them as Q; = Qg; with 1/Q being our
small expansion parameter. The charges must correspond to the Cartan sub-algebra
in order to be simultaneously observable. To introduce each of these charges into the
grand canonical partition function we modify the Hamiltonian as H — H — Y, 1;Q;.

An interesting aspect of this approach is that by varying the charge configuration
one can access the scaling dimension of a variety of different composite operators by
performing a single computation. Another important feature of the computation is that
a priori it only fixes the energy eigenvalues corresponding to a set of Cartan charges
called weights, while the correspondence between the weights and the irreducible
representations may require additional analysis [36, 56].

We will work in the double-scaling limit @ — oo, k7 — 0 with Qx; = (fixed) as
appropriate for the semiclassical expansion. In the superfluid phase scalar bosons condense
so that in the perturbative regime Qr; < 1, the lowest energy eigenstate will correspond
to the charged operator with minimal classical scaling dimension that can be built from
the scalar fields. In the strongly coupled regime Qx; > 1 the level crossing may occur
hindering the identification of the lowest-lying operator. In any case, the semiclassical
expansion of the lowest scaling dimension corresponding to the chosen charge configuration
can be represented as

1

EQR=Ag= ) o

j=-1

Aj (QrT.{ai}) - (2.6)

Within each model we will compute the A_; and Ag terms. Calculation of A_; amounts
to plugging the solutions of the classical equations of motion into the effective action while
expanding around the classical solutions to quadratic order and performing the Gaussian
integration we obtain the 1-loop contribution to the anomalous dimension Ag. Since A_;
is the classical result it will be finite while calculation of Ay will require renormalization.
Each A; in eq. (2.6) resums an infinite number of Feynman diagrams with A_; resumming
the leading powers of the @ at every loop order, Ay resumming the next-to-leading powers



and so on. In fact, the usual perturbative loop expansion can be written as

d—2 ) ] l
Aog=Q (2) +3 RYP where PP =3 0@t R, (2.7)
=1 k=0

where the coefficients Cy; stem from the small-charge expansion of Ag_;. In short, eq. (2.6)
can be seen as a re-arraignment of conventional perturbation theory in eq. (2.7). At the
[-th loop order one needs to determine [ + 1 coefficients C);. Since in practice we will
only compute A_1 and Ay, at the [-loops order we remain with [ — 1 unknown coefficients.
However, these can be fixed by matching to the known perturbative results for [ — 1 values
of @, if available. This procedure allows to “boost” perturbation theory with each extra
loop-order of boosting requiring one additional input coefficient.
Vice versa, expanding in the opposite large Qx; limit one obtains the general form

Ag=Q7T [a1+02QTT +a3QT .. ] +Q° B+ HQTT +..] +0 (Q77T),  (28)

which can be independently proven by building an EFT describing the superfluid phase
realized by the large-charge sector of generic interacting CFT. In this case, all the micro-
scopic physics is encapsulated in parameters entering eq. (2.8)? with the exception, in odd
dimensions, of By, which is universal and whose value is a robust prediction of the EFT
formalism. In even dimensions one needs to include also QP log(Q) terms, with p < 0 to be
determined, which stem from the cancellation of the UV divergences and have universal
coefficients [57]. The most relevant examples of theories that do not satisfy eq. (2.8) are
given by free scalar theories and BPS operators in supersymmetric theories with scaling
dimension Ag = QAp—1.

3 NJLY model

In this section we consider the multi-flavor NJLY model [37, 38] containing Yukawa and
quartic interactions, at the Wilson-Fisher infrared FP in 4 — € dimensions. The interesting
features of NJLY-model are that it is the UV completion of NJL model and in the limit of
a single Majorana fermion, it leads to the supersymmetric Wess-Zumino model of a single
chiral superfield.

Our starting point is the NJLY Lagrangian

_ ) - _ . 2\ -
Lnjiy = %(3y¢1)2+%(3u¢2)2+¢j$¢]+9¢Rj¢¢f+g¢Lj¢¢fg+ (4;)1 (¢¢>2’ (3.1)

where j = 1,..., Ny is the flavor index of the Dirac fermions and ¢ = ¢1 + i¢ is a complex
scalar field. The model enjoys a U(1) chiral symmetry expressed in the form

¢ — e 2%, Vrj — e r,  r; — €YR;. (3.2)

2To be more precise, the UV physics is contained in the Wilson coefficients of the large-charge EFT from
which eq. (2.8) is derived.



We now follow the steps outlined in section 2 starting with the fact that in D = 4 — ¢
dimensions the NJLY model features an infrared fixed point of the Wilson-Fisher type at

g2 . (—AN?+448Ny+4, /Ny (Ny+38)+1(Ny+19)-274) o
@n)? 411Ny 1600 (N;+1)3 “+0 (<),
.3 (/N (Np+38)+1-Ny+1) . 0¢2
20 (Ng+1) 2000(Nf+1)3\/Nf (Nj+38)+1

x (\/Nf (Ny+38)+1 (3Ny (—4NF+38N;+161)+20) +20+ 12N} + 114N}
+191N}—1637Nf> +0(é). (3.3)
Mapping this CFT to the cylinder M = R x SP~1 the action reads

SNILY = /dDﬂCF( (Bugn)? + (@@2)2 + %ngb% + %ngb% + ;¥

. _ ) 412N /-
g drb] + gbr vy + (35)°). (3.4)

By using the operator /state correspondence for a charged state denoted by |@), we compute
the expectation value of the evolution operator in the infinite time limit as

A1 (z p—z (p:x)=(f:x ) _
[f dQ(xp— )]/ f DPDXD¢D¢€_S,

(Qle~HTIQ) = 2~ /szpre’ e

(px)=(fx1)
(3.5)
where we defined
Z = / D¢DFDYDip e | (3.6)
and
$(x) = p(a) X G(x) = p(x) e ) (3.7)
Note that the term
T/2
/de—l(Xf _Xi) :/ dT/de 1X (38)
is the charge fixing condition. Then the two-point function can be written in the form
p:
Qe Q) = 27! DpDx e 5, (3.9)
p=f

where

Seff :/ dr/dQD 1
T/2

2 2 .
m o (47X 4 1Q
2Pt Ty P TR,

*(3/)) + p (0x)* + X

(3.10)
+ @Zjv/vﬂ/}j + Q&Rﬂ/)% Pefix +9 &ijé peix



To compute the leading A_; term in the semiclassical expansion we need to solve the
classical equations of motion supplemented by equation fixing the value of the charge

471)2 )\ _ S _ o
=V2pt [(0x)? +m?| p+ (7T6)p3+gng¢i e "X gp il eX =0, (3.11)
—Vu (pgg“”aux) +9URrj¥] pe X+ gl peX =0, (3.12)
9. Q
=% 1
PX= g (813)
where —V? = —92 — V%D_l (for details see appendix A). The fermionic equations of motion

are not written since they have trivial solution 1/1217 r = 0. Plugging these into eq. (3.11)—
(3.13) the extra fermionic terms will vanish leaving us with the classical bosonic equations
of motion for the complex scalar field. At the classical level, this is exactly the computation
considered in [10] so we will be brief. Choosing the ground state corresponding to the
superfluid phase with homogeneous charge density as

p=1 X = —iuT, (3.14)
and substituting this ansatz (together with @D‘f’ r = 0) in (3.10) we obtain the classical
effective action )

Seft Q m

=—13 — . 3.15

T -1\t (3.15)

Note that from eq. (3.14) and the equations of motion above we have

4
== 3\Q. (3.16)

Setting D = 4 in eq. (3.16) the chemical potential can be expressed in terms of the ’t Hooft
coupling as

win

35 + (2 4+ V=3+22)°
= 1
35 (24 vV=3+22)°
Substituting this into (3.15), the leading order in the semiclassical expansion reads
L 2
35 (v 4+ vV=3+27)° 33 (3§ + (24 V=3+2?) “)
4 A_l = + T .
(m +v-3+ 1‘2> ?

, T =6MQ. (3.17)

2 (3.18)
- 3
35 + (z 4+ V=3+22)°

Having obtained the classical contribution to the anomalous dimension, we now proceed to
the evaluation of the first quantum correction, namely Ag. Therefore, we expand the scalar
fields around the non-trivial saddle point solution above

plx) = f+r(z), x(z) = —ipt + chw(:z:) , (3.19)

as well as expand the fermion fields around the zero classical solutions. In addition, in order
to get rid of the unwanted phases in the Yukawa interaction terms, we redefine the fermions as

pr, — br, /2 YR — Pre M2 (3.20)



and note that under this change the fermion kinetic term shifts as
— . ILL — . — .
UV ! = S0+ 0Vl (3:21)

Plugging the expressions (3.19) and (3.20) into the action (3.10) and keeping only quadratic
terms in the fluctuations, we arrive at

T/2
S = / dT/de,l {1(87")2 + 1(67r)2 — 2iprdem + (u? — m?*)r?
—T/2 2 2

(3.22)
B DO 4 PVt + g Fuih + g Fonsih).
The Gaussian integral of the action (3.22) on R x S3 is cast in the form
- det F'
DrDrDyDye 5 = 3.23
/ rprbybye det B’ (3.23)

where F' denotes the fermionic determinant and B the bosonic one. For our evaluation we
need the eigenvalues of the Laplacian on S3. These are given in appendix A including their
degeneracies on S. Here we just recall that (JKQ( 5) ny) denote the boson eigenvalues and
degeneracies respectively, while for fermion these are denoted by (Ay+,ny). The dispersion
relations of the scalar modes are

wi(0) = \/ T+ 3u2 = m? Lt (32 = m)?, (3:24)

and describe a massive mode with mass w4 (0) = 6u% — 2m? and a massless mode with

speed cg = \/%. The latter is the Goldstone boson stemming from the spontaneously
broken U(1) symmetry. The dispersion relations of the fermion modes are

—m 2

The presence of Yukawa interactions destroys the Fermi surface existing in the free case
at Apr = —u/2 implying that in order to compute the fermionic contribution to Ag, we
only sum the zero-point energies so that altogether we have?

1 (e.¢]

Ao =52 ne(O)(wi(O) +w(0) = Nynp(6) (wr () + wp(0))] - (3.26)
=0

The sum over ¢ needs to be regularized. We perform regularization by subtracting the di-
vergent powers of £ in the expansion of the summand around ¢ = oco. The sum over
the subtracted terms is then regularized with the corresponding zeta function value.

3Recall that in flat-space the Fermi surface is defined by the solution po = w(p) = 0 for some p = pr > 0.
In presence of Fermi surface and following the textbook flat-space calculation of the free energy Q = H — u@
we expect to have an additional “matter” contribution Qmatter = —2 f (g‘%’s(u —w(p))f( — w(p)) where
w(p) is the corresponding flat space dispersion relation. To elucidate the role of this term, it would be
interesting to consider fermionic systems with Fermi sea [58].



The procedure allows isolating a 1/e pole in dimensional regularization stemming from
> tP5 =((14¢€) =1+~ + O(e) with vg the Euler-Mascheroni constant. This pole
is then canceled by a corresponding contribution in the renormalization of A_; which is
performed by expanding the bare couplings in powers of the renormalized ones and then
tuning the latter to their FP values to remove the dependence on the arbitrary renormaliza-
tion scale. Since the two 1/e terms arising in the procedure stem from two different orders
of the semiclassical expansion, namely A_; and Ay, their cancellation provides a useful
self-consistency check of our calculation. The renormalized result reads

Ao =AY — NpAY) (3.27)
where
_ 15ut+6p2 -5 1S V3p2 —1
AP (nQ) = -T2 T2 L SN g0y 4 Y T (3.28)
16 2 & V2
and

51274 )\2

+ \/1% <\/392 (’f “U L omu—sgp 4 \/392 (’f —1) +27r2(u+3)2) .

. s 392 (12 — 1) (¢ (9u% + 3) + 8w\ (13 — 32 1 &
AD G, g7 = —6— 2 =) (6" (90 +3) ( u))+220(f)(€)
=1

(3.29)
The summands appearing in the expressions above are given by
b 2 3 2 2 2 5 (M2_1)2
o® () = (14-0)? [wy (O)+w_(0)] =263 —602—2p —Q(M ”)”T’ (3.30)
and
c D) =201 4 0)(2+ O)[wps () + wp_(£)] — 2(£ + 1) (£ + 2)(20 + 3)
2,2 _ 2 2 _ 2(,2 _1)2

1672\ ¢ 1287402 ¢

Eqgs. (3.29) and (3.31) constitute the main result of this section. As mentioned, we can

make contact with diagrammatic computations by expanding our results in the small Qe

limit. The expansion for A_; and Aéb) can be found in [10] and we do not repeat it here.

(f)

Instead, we report below the small QQe expansion of Aof up to the three-loops order

2 394 S g%¢(3)  g*A? 1-3¢(3)
AW — g 2 _ 3 _ 4y '
o =@ (87r2 3o0in ) T 122 " 3201 ) T9 \ Gams 12 T9 N i3
(3.32)

In appendix C, we provide explicit results for the full Ag up to the 6-loops order, in a
form suited for comparisons with diagrammatic calculations. By rewriting the small-charge



expansion of Ag and A_; at the fixed point (3.3) we obtain Ag to order O(e?)

Q /Ny (Np+38)+1+N;—11) N Q2 (\/Ny(N;+38)+1-Ny+1)

ApH =
Q=@+ 20 (Nj+1) 20(Ns+1)

€

64N 7 +3748N?+10557N7+5581N; =50 32N} 4+391N7+1797Ny+25
2000 (Ny+1) 3,/ Ny (N +38)+1 1000 (N;+1)3

2

—84N; —4318N} —3327TN7 —4251N;+80 . 84N} +1722N7+2729N+80
2000 (Ny+1)3\ /Ny (N +38)+1 2000 (Np+1)3

40 () . (3.33)

) (1=Np) /Ny (Ny+38)+14 N3 +18Ny+1 -
100 (Nf+1) 2

The fixed charge operator corresponding to this result is ¢9 and A_; and Ag resum,
respectively, the leading and next to leading powers of () at every order in €. The red
term in eq. (3.33) would stem from the small charge expansion of A; and does not follow
directly from our computation. We instead fixed it by matching the result to the known
2-loop scaling dimension of ¢ (see [38]), which corresponds to @ = 1. We have checked that
for @@ = 2 our result reproduces the known 2-loop scaling dimension of the operator ¢¢
(see [38]). The large 't Hooft coupling limit of A_; can be trivially obtained from eq. (3.18).
In order to expand Ay, we follow [59] and split the sum over ¢ in eq. (3.28) as

0 Ap 0
Za(b) = Za(b) + Z o® (3.34)
/=1 (=1 Ap+1

where A is an arbitrary cutoff scale such that Au is an integer. The sum over the low modes
(“low £7) can be computed by expanding the summand for large p and then computing the
sum over /. We have

1 5) 1
L ® _°2 2(,2_ _ 1o 0
5 ;:10 = gH <,u 2) Hy, S (Ap(Ap+3))+0 (u ) , (3.35)

where H)y,, is the (Ap)™ Harmonic number. The polynomial terms in A can be neglected

since we are ultimately interested in taking the limit A — 0. The Harmonic number can

be expanded for large Ay obtaining
1 dw 5u3 YY)

5 o0 — 2“2 (;ﬂ - 2) (log,u+7E)+g,u2 (,u2 — 2) logA+16—A T 96AZ  3A +0 (,uo) .
(3.36)

To evaluate the sum over the high modes we introduce k¥ = ¢/u and make use of the
Euler-Maclaurin summation formula

Ly * (A) B i
_ (b) — H/ dk Y (k) — — 2m E(2m 1) A (k) = (b) k)
2/\;10 2J/a (k) 4 mZ::l 2(2m)!(p)2m—1 (A), (k) = o (ku)

(3.37)

~10 -



The above is evaluated by expanding (k) as X(k) = p? (El(kz) + %Eg(k) +.. ) and then
expanding (3.37) for small A keeping only the terms that do not vanish in the A — 0
limit. In the procedure, the integrals over the ¥;(k) need to be regularized by performing
subtractions that regularize the infrared behaviour of the integrands leaving untouched
their UV asymptotics. We obtain

1 & re 5 5p
527 “”‘“( 1°g<) /Eg k_810gA>_16A
Ap+1
1 5 oo 5 5u2
2 reg
14 + 151 Yo% (k)dk 4+ = log A
+ 1 <24( +50g(4>>+/0 3o (k) +40g +96A2>

+u@;— g), (3.38)

where the expression of the integrands is given in appendix B. Combining (3.38) and (3.36),

all the A-dependent terms drop leaving us with

A(()b) = 2“2 (,u2 - 2) log p + p? <156 (273 —3+log ( )) / Y8 (k >
%ﬂt(i< ®E+1+3bg<>> /‘zmi >+o(u). (3.39)

We have checked that the above is consistent with the results of [10], which have been
(b)

obtained via a numerical fit to A

The same procedure can be applied to A(()f ), obtaining
4 15369% 1
Ay):3U£;UP(wy%hE—5—28bgm)+1&ﬂ0@2—8#A)bg<ﬂgg‘
2
2 2 442 H 4 2 2
+ 1447°g*N(—2yg + 1 + 141og(2)) + 327" A ) ~ Srga2 (18WEg — 4A8ypT g A
2,2 4)2 2 2 2))1 39° 1 1
— 207 g“ A + 167°\" + 3¢ (39 — 8 ) 8 | 3523 + O (logu) . (3.40)

At the fixed point (3.3), the large 't Hooft coupling expansion of A_1, Ay matches the
general non-perturbative form (2.8), which we rewrite as

Ag= %(Qe) 3= {a10+a11€+0 (ez)} +%(Qe)% {a20+a216+0 (62)} +0 <Q0> . (3.41)

making evident that we are computing the a; = ajo+ 1€+ .. coefficients of eq. (2.8) in the
e-expansion. The leading/next-to-leading orders of the latter, stem respectively from A_;
and Ay. We can now take ¢ — 1 in order to obtain predictions for the «; coefficients of the
three-dimensional theory. The latter may be in future compared either with experiments or
Monte-Carlo simulations along the lines of [55, 60-62]. Our results for Ny =1/2,1,2,3,4,5
are summarized in table 1. Notice that the NLO correction is small for a; but quite large
for ap as already noted in the g = 0 case [10].
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aq a2
LO | NLO | LO | NLO
Ny =1/2|0.655 | 0.545 | 0.572 | 0.217
Ny=1 |0.644 | 0.596 | 0.582 | 0.244
Ny =2 10.608 | 0.595 | 0.617 | 0.312
Ny =3 | 0.578 | 0.567 | 0.649 | 0.377
Ny=4 1]0.553 | 0.536 | 0.679 | 0.435
Ny =5 1]0.532 | 0.507 | 0.705 | 0.488

Table 1. Value of the coefficients oy and g in (2.8) computed to LO and NLO in the e-expansion.

3.1 Emergent supersymmetry — the Wess-Zumino model

In four dimensions and for Ny = 1/2 and (47)%X = 3¢g> = 3?2, the Lagrangian of the NJLY
model (3.1) reduces to the Wess-Zumino model describing a four-component Majorana
fermion and a complex scalar [41, 63]

Loz = %(am)? 4 %(am) + ww + 0 it + 1= (B4 68) . (342)

2f
This is an N = 4 supersymmetric theory of a single chiral superfield ® and superpotential
W = k ®3. The chiral symmetry of the NJLY model becomes the R-symmetry of the
Wess-Zumino theory with the R-charge related to the axial one as Ry = %Q. InD=4-¢
the fixed point in the s coupling occurs at

2 21

(Zﬂ) 3 + 9 + 36(1 - 4C(3))63 + 0(64) . (3.43)

At this fixed point, the chiral operator ¢ has conformal dimension protected by supersym-
metry and determined by its R-charge as
D-1 D—-1
Ry = :
2 ¢ 3

Moreover, due to the equations of motion, ¢? is a descendant of ¢ and thus Ay =0y + 1.

Ay = (3.44)

This relation and eq. (3.44) are in agreement with eq. (3.33) for Ny = 1/2. In the same
way, all the results in the previous section apply here when Ny = 1/2 and the couplings are
tuned to the supersymmetric fixed-point. Moreover, since the scaling dimensions for Q) = 1
and @ = 2 are now known to all orders of the e-expansion, we can use our semiclassical
results to derive Ag at order 3. We find

g =Q+ (Q-3)Qe~ (@@~ D + 11(Q - 2)(Q - NQUQ~ 11 +12((3))é*

18 108
(3.45)
Finally, further evidence for emergent supersymmetry in the critical NJLY model can be
obtained by looking at the dispersion relations of the fermions (3.25), which for Ny =1/2
reduce to

2 3u A
Wfi(f) = \/2(,u2m2)+ <g+Afi> ~ 7M+%+O()\?ci). (3.46)
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As discussed in [9], the value of the mass of the fermions is dictated by Bose-Fermi degeneracy
to be %X = %u. Analogously, the speed of the fermion modes takes the value +£1/3 as a
consequence of supersymmetry.

4 An asymptotically safe model in D = 4

We now proceed to the next model generalizing the NJLY model above in several aspects.
First, we wish to study CF'T in exactly four dimensions which can be achieved by introducing
gauge fields. Specifically, the model enjoys SU(N.) gauge invariance and contains Ny flavors
of Dirac fermions V¥; in the fundamental of SU(N.) plus an Ny x Ny complex matrix
scalar field ®. This field transforms in the (N, Ny) representation of the U(Ny) x U(Ny)
symmetry and can be written in terms of 2NJ% real scalar fields:

N2-1
. f
/b 3 (WA i) T (4.1)

2Ny =

The scalar field @ is not charged under the gauge group and therefore, as we will see, the

((I))aa =

gauge fields up to NLO in the large charge expansion in this model will be spectators. In
addition, the group-theoretical structure of this model has a more rich structure and this
allows us to illustrate the procedure of identifying the irreducible representation from the
given charge configuration. Finally, the model has two scalar couplings which will lead to
some technical differences from NJLY model.

The Lagrangian reads [44]

1 _ _ _
L=~ Te(F" F) + Te(VipW) + y Te(V Vg + Up0T0))

2
+ Te(9, 070" ®) — u [Tr(@10)]” — v Tr(00T00). (4.2)
In the Veneziano limit
N
Ny =00, N.— o0, zzﬁf:ﬁxed, (4.3)
C

this theory displays a perturbative UV fixed-point for small § = z — %, which at the leading
order reads [44]*

. 26 P A L VB
(8% - — (8 - — (8 = —
957 Y19 19 (4.4)

1
Al =15 <\/20+6\/ﬁ—2\/ﬁ> 5,

where we introduced the rescaled couplings appropriate for the Veneziano limit

_ gQNC _ yzNC _ ulNy
O[g = ——— ay = — o [

S

vN?
o T YT )

4There is another real fixed point for the coupling a, given by aly = —1—19 (\/ 20 + 6v/23 + 2/ 23) é

which however leads to an unbounded from below scalar field potential [44].
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Note that this 4D UV fixed-point of the Banks-Zaks type exists only in the presence of
gauge bosons since arbitrary small parameter § emerges measuring deviation from the
asymptotic freedom boundary at Ny/N. = 11/2. For § > 0, the asymptotic freedom is lost
and the model has the perturbative asymptotically safe fixed-point instead. In contrast,
the pure scalar sector leads to U(Ny) x U(Ny) linear sigma model and does not have any
small parameter to define perturbative fixed-point in 4D. A family of large charge operators
in this linear sigma model in D = 4 — ¢, where the infrared Wilson-Fisher fixed-point
still exists, was considered in [35]. As demonstrated there, even though for Ny > /3 this
fixed-point is complex the method still applies for any Ny.
We follow [35] and consider a homogeneous ground state

D (1) =M™ B, (4.6)

where M and B are Ny x Ny diagonal matrices with entries M;; = —ip; and Bj; = b;. The
Noether charges are two diagonal and traceless Ny x Ny matrices given by

Q) = -Vdyd! = —2iVMgBIB = 0, Qr=V®)dy = 2iVMgB'B=-Q. (4.7)

oxD/2
where V = — s the volume of SP~1. The equations of motion read

I'(D/2)

m2

N
2,u22:ub?+v2b,2€+7. (4.8)
k=1

We consider a family of charge configurations labelled by 2-parameters J and s as

Qs =diag(J,J,....,—J,—J,...,0,0,...). (4.9)
H,_/h,_/?/?/
S S f—s

The above has been investigated in [36] and interpolates between the charge matrices con-
sidered in [35] (s = 1) and [53] (s = N¢/2). The M and B matrices can be parametrized as

7 1=1,...,s,
b i=1,...,2s,
i =14 —p i=s+1,...,2s, b; = . (4.10)
0 i=2s+1,...,Ny,
0 i=2s+1,...,Ny,
yielding the following equations of motion
m2
J =2V ub?, 2u2:(u+23v)62+7. (4.11)

The classical scaling dimension in D = 4 of the corresponding lowest-lying charged operator
is Q = 4sJ [36]. The equations of motion can be solved to obtain the chemical potential

o 31/3 4 42/3 72J

Y = g TN

2

72J

(ath+28av)+J -3+ (m(ath+25av)> , (4.12)
!
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as well as the leading order JA_; of the semiclassical expansion for the scaling dimension [36],
reading®

N]% s
72(0, Ny +2s0) 203

JA_(Jap, Jay) = (\?/?:xs/3—3a:4/3+6€’/§$2/3+2 32/3:U2+35/3> .

(4.13)
We separate the bosonic and fermionic contributions to Ag as
Ag =AY —2sN AL (4.14)

The dispersion relations of the scalar modes and the explicit renormalized expression for
Aéb) can be found in [35]. The dispersion relations of the fermionic modes can be found by
proceeding as in the previous section. We have 25N, modes corresponding to the fermions
carrying the flavor charges that have been fixed. Their dispersion relations read

y2NF (4p® —m?)
3212 (Nyauy, + 2saw,)

Wfi(ﬁ) = \J (1 + )\f:t)Q + (4.15)

In addition, we have (INy—2s) N, modes with the dispersion relation of a free massless fermion

wo = Af+ that do not contribute to Ag. Hence, since Aéf) = —onf(l)wyrs(f), we have

(4p2 = 1) ay N? (1242 + 1) ay N? = 2 (12422 — 13) N (N, + 250,))

AP _
0 32N2 (Nyap + 2say) 2

2(4p2 — 1) ayN? 2(4p2 — 1) oy N?

N¢ (Nyap, + 2sa) Nc (Nyap, + 2say)
1

—6+5> o), (4.16)
1=1
where
2
o N(0) = (1-44®)"Njoy  (4p® —1) Nj (42 + 4% + 60— 1) o,

8(NZ (Nypay, + 2say) ? 40N. (Nyap, + 2say)

2(4p2 — 1) N7y, )
+(+1)(L+2) N, (Nyan + 25a) + (3+20+2p)

N J 2 (42 — 1) N2a,

3+20—2u)2 —40—6]. 4.17
N, (Nyan +2sa) TG F 2 ) (4.17)

5 o A (Jap,Joay,Jay,Jag,s)
Here Ag = Zk:_l i .
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The small-charge expansion of A(()f ) up to order O (Q3) reads

N2o
Y
5 Qo <Nc — Nfa;L+2$ozv> Q% (2N0Nfah + 4sN o, + N% (—ay))

Al
0 2sN2 252N2N7
Q@ay (—2N2 (Npa + 2500) 2 = (3C(3) — 1) NeN3ay (Npau, + 2501,))
sSNZNG

_.|_

Q3ay C(3)N}la§
sSN3N}

+O(Q4) .

Again, we give explicit results up to the 6-loop order in appendix B. In [35] it has been
shown that the fixed-charge operators transform according to the irreducible representations
(I'r,Tr) of SU(Nys)r, x SU(Ns)r where I'z, appears in the decomposition of the tensor
power of the adjoint representation of SU(Ny)r, denoted as (Adj L)®Q/ % and analogously
I'r € (Adj R)®Q/ 2 The corresponding operators can be built as a product of blocks with
simple definite transformation properties under SU(Ny);, x SU(Ny)g x U(1)4 ie. as a
product of “unit-charge” blocks. These can be formally written as

T [1L, (ry@rf@f)] (4.18)

where y; > 0 is an integer and 7; is an Ny X Ny matrix defined as 7; = Ej,(j)4(;) for some
p,q =1,2,..., Ny that depend on j. Here E,, is an Ny x Ny matrix with 1 in the (p, q)
entry and “0” elsewhere. The fixed-charge operators are then obtained as products of these
blocks with the freedom of redistributing the trace operation and changing the order of
matrix products for different j. We do not consider derivatives in the construction since
they generally increase the scaling dimension. As explained in [36], this construction ensures
that the charge configuration Q is a linear combination of the charge configurations Q; of
its building blocks, i.e. @ =3}, y;Q;, where
1
Qi = 5%()a(j) - (4.19)
with oy, being the nonzero weights of Adj; which corresponds to the nonzero roots of
SL(Ny, C).% Note that according to our normalization, the charge configuration is related to
the weight w appearing in the corresponding irreducible representation as Q@ = w/2. In gen-
eral, this construction does not predict which operator has the lowest scaling dimension Ag.
However, in the case s = 1 one can prove that the lowest-lying operators live in the (I';,T's)
representation of SU(Ny)r, x SU(Nf)g where I' ; has Dynkin label (2J,0,0,...,0,2J) [36].
In particular, for s = 1, Agp—» is the scaling dimension of the operator Tr[T*®T*®!] which
transforms in the (Adj;, Adjp) representation of SU(Ns)r x SU(Ny)pg.”

5These are given by [64]
Qjp = €5 — €k, ];ék, j,k:l,Z,...,Nf,

where e;’s denote the standard basis elements of CV/ | i.e. e; = {0,...,0,1,0,...,0}.
——  —

j—1 Ny—j
"The adjoint representation of SU(N) has Dynkin label (1,0,0,...,0,1).
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Since the scaling dimension of this operator has been computed to two loops in [65], we
can combine this information with our results to obtain Ag s—1 to the same order. Moreover,
we note that since the scalars are not charged under the gauge group then the contribution
of the gauge coupling to Ag s—1 starts (at least) at next-to-next-to-leading order (NNLO)
in the semiclassical expansion (i.e. with Ap). Therefore, there is no contribution at 1-loop
and the 2-loop contribution is simply linear in ). Hence it can be fixed by matching with
ATr[TWI)T“‘IDT}' We find

Ag:;oof>:Q<d—2>+<Q—2>Qah+2<Q—1>Qav+Qay_Ql2 (3_4_1> o2

2 Ny N]% NJ? Ny
2 3 1 3 4oy 4oy, o

ST PRSP PR
Nf Nf Nf Nf v Ny Nf

3 2 9 O 22
+z §+Ff Oéy—§ 1—N7? OégOéy

3 2 3 1 2 4 za?2
+8 ( ) apoy +4 ( — ) ol — Chiy oM y]

N3 N2 4 2 2
N} N} N} N} Ny N? Ny
3
-y (Nyan + 200) 2 (4.20)
f

which include the contribution of all the couplings of the theory. The contribution from the
quartic couplings has been previously derived in [35].

4.1 Ag in the Veneziano limit and the large-charge expansion

It is interesting to study the Veneziano limit (4.3) of our results. In fact, this is the limit
where the perturbative asymptotically safe fixed point is realized. Moreover, as we shall
see the dynamics simplify considerably due to factorization. We take the Veneziano limit
by keeping @ and 1/§ large but parametrically smaller than Ny, N¢, i.e. we consider
Ng,N.> @Q,1/6 > 1. Moreover, for the moment we consider that s does not scale with
Ny. In this case, from eqgs. (4.13), (4.16), and the expression of Aéb) obtained in [36], we
obtain in the Veneziano limit

Q (43 ) { zai } <43 )
Ap = ZA_ A — A ] = 1 —4 — —Aq) . 4.21
Q= At 0o+0O oM QZ/ ah+ah ay | +0 oM (4.21)
ooay )
725NCA0

The expression (4.21) is remarkably simple: in the full A_; and Ay survives only the
term linear in @) of their small-charge expansion. Moreover, the s-dependence disappears
completely. We conjecture this to be true at the non-perturbative level, i.e.

Ag = QAg=1 = QAs, (4.22)

and we interpret the above as the occurrence of a generalized free field theory phase in the
large-charge sector of the theory. This should be seen in contrast with the superfluid phase
realized in generic CFT, which leads to eq. (2.8) in the large-charge regime as opposed to
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Ag ~ Q.2 The latter behaviour is indeed realized in free field theories. As we shall see
below, in this limit there is an operator corresponding to () = 1, which is simply .

Note that eq. (4.22) can be seen as a consequence of large Ny factorization. In fact,
we saw that the fixed-charge operators live in tensor powers of the adjoint representation.
At the same time, complete factorization in the (Adj;, Adjg) channel has been previously
discussed in [65, 66] yielding the OPE

A
1 Cnl A
O(z1) x DV (22) = 5= + 5O (4.23)
L1 n,l T12

where we have only the contribution of double-trace operators

g e

O;;‘,l = (OAgm am(gy “ynOA — Traces) . (4.24)

The scaling dimensions of Oﬁi 1 is Ay = 2Ag + 2n + | where [ denotes its spin. The first
operator is O;?’l = Tr[Te@T®T) = $Tr[®|Tr[®T] + O(Nif), where we used the well-known
identity T};Ty; = %@-ldjk — ﬁ&ﬂkl for the SU(Ny) generators. In particular, the latter
observation explains why we have Ag = Ag—1 in the Veneziano limit.

From the point of view of the operator construction, we observe that large- N factor-
ization occurs at the level of the single trace operators, i.e. implies that the building blocks
(T]-(I>TjT ®T)¥ introduced in eq. (4.18) appears inside the same trace.

Finally, in the Veneziano limit eq. (4.20) reduces to

_loo d—2 5 3za2
AGP =@ () +Q <ay + agay +2a} — 5 y) . (4.25)

2

For Q =1, eq. (4.25) agrees with the known 2-loop scaling dimension of ® in the Veneziano
limit [65].

In order to realize the superfluid phase characterized by eq. (2.8), we should let the
charge scale with Ny in the Veneziano limit. In particular, from eq. (4.12), we see that the
natural 't Hooft coupling is not JJ but rather

2J
J = N—% (Nyap + 2s0y) . (4.26)
We, therefore, take the Veneziano limit by keeping J fixed and large. In other words, we
are interested in the regime where the charge is the dominant large parameter of our CFT.
This is defined by the condition J > 1, that is

N
J > Tf . (4.27)
For simplicity, we will restrict ourselves to the case s = smax = Ny/2, previously considered

in [53]. A_; can be trivially expanded for large 7, leading to eq. (3.24) of [53]. To obtain

8Even if in taking the Veneziano limit we did not treat the charge as the largest parameter of our theory,
one may still consider the charge the largest parameter of the ultraviolet CFT defined in such a limit.

~ 18 —



the large J expansion of A we first take the Veneziano limit of eq. (4.14) which leads

to ]%—;2) = Ao(ah,av,ay,z,,u). Next, we substitute the couplings with their fixed point

value (4.4), use that z = § 4+ 11/2, and expand Ag around § = 0 to the leading order.
Finally, we split the sum and use the Euler-Maclaurin formula as explained in the previous
section, obtaining

2 4/3
%_ 361 2‘27J2A ‘75 [57<W+\/46W+189+12>
f (f—\/ +20+1>

j2/3 19
+ 5|17 (\/ﬁ+ \/461/23 + 189 + 12)

+0(7°) , (4.28)

—3.3777(1)6 + O(6%)

4 4.5881(1)8 + O(6?)

where the digits in brackets denote the numerical error owing to the numerical evaluation
of the integrals in the Euler-Maclaurin formula. The result above matches with the
general structure of eq. (2.8) stemming from the superfluid EFT. Interestingly, at the
considered order, the logu terms arising in the procedure cancel between scalars and
fermions illustrating the interplay of different kinds of matter fields in realizing conformal
dynamics. Note that in the case of the Wilson-Fisher fixed-point as the one in the previous
section, these logarithms do not cancel but instead are crucial for obtaining the form (2.8)
for non-integer D. Moreover, there is no universal Q"log Q term. The latter is a prediction
of the superfluid effective theory describing the large-charge sector of generic U(1)-invariant
CFT [57]. This is an effective field theory for the superfluid phonon stemming from the
combined spontaneous breaking of external and internal symmetries in states with finite
charge. In fact, while this mode is present in our spectrum [36], its contribution is subleading
in the Veneziano limit. The order x° term in the large ; expansion of Aéb) reads

N2
—4e ERTE ((5-82(+1)(¢+2))a

<7f+\/326f+1479+2>+ Z{

—4 (401 + 1263 + 92 4 £ = 1) anon, + (—80* = 246° — 2002 — 41 + 1) o)

(4.29)

2(202 + 204 3) apoy +4 (2 + L+ 1) o N (0+2)(0+1)?
4£(ah+av)2 \/g ’

where the last term can be identified with the contribution of the superfluid phonon with

.. 1 1
the characteristic speed —7—= = == [9].

5 Conclusions and future directions

In this work we generalized the semiclassical method of [10] to compute the contributions to
the anomalous dimensions of fixed-charge scalar operators from Yukawa interactions. The
models we studied were the NJLY and an asymptotically safe gauge-Yukawa model in four
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dimensions. In all cases, we have chosen as a vacuum a superfluid phase with homogeneous
charge density so that the leading contribution of fermionic fields starts at the one-loop
level with the Ag term. Our main results for all the models include:

1. Expansion of both A_; and Ay in the small 't Hooft coupling limit. In appendix C
we have collected explicit perturbative results up to the 6-loop level stimulating future
comparisons with other computational methods.

2. Expansion of both A_; and A in the large 't Hooft coupling limit. We have derived
EFT predictions inviting comparisons with future Monte-Carlo and lattice studies.

3. Beyond A_; and Ag terms, we have boosted perturbative expansion by matching with
the known 2-loop perturbative result for Q = 1 operator, predicting the full 2-loop
result for operators with any Q.

Main model-specific results can be summarized as:

e For the NJLY model, we gave evidence for emergent supersymmetry in the critical
model by looking at the dispersion relations of the fermions for Ny = 1/2. Moreover,
by exploiting that the ¢? operator is a descendant of ¢ at the supersymmetric fixed
point, we obtained Ag to order O (€3) in the Wess-Zumino model.

e For the asymptotically safe gauge-Yukawa model, we demonstrated factorization in the
Veneziano limit and the emergence of a generalized Gaussian CFT phase of the theory
when the total charge does not scale with Ny, N.. In the opposite case, the theory
realizes a superfluid-like phase for which we observed the absence of the expected
universal Q" log Q contribution to Ag, since this is suppressed in the considered limit.

Several directions could be followed since the formalism above can be applied to general
theories with other types of global symmetries. The prominent theoretical direction may be
the evaluation of the anomalous dimension of the large-charge operators in N’ = 4 SYM
which will shed some light on the structure of the AdS/CFT correspondence in this limit as
well as the phase diagram of the theory [67, 68].

For applications of the large charge expansion to two-dimensional models, an interesting
class of o-models are the A-deformations [69] of WZW-models where a class of chiral chain
operators have been calculated [70] at large k-level and classical solutions have been obtained
in [71, 72]. Following the general lines of [73] we may use the large charge expansion to
study the interplay between large charge and large k.

It would be also interesting to extend the method to the study of fermionic operators.
For the free theory, the anomalous dimensions of the charged fermions were obtained in [74].
Nevertheless, it remains an open question to apply the method to fermionic operators
in interacting theories such as the Gross-Neveu model [75] which may be specified by
fermion-boson dualities in two dimensions [76]. Also, since WZW-model has fermionic
representation [77] with k = 1 it is possible to extract information about fermions in the
large charge limit since large k calculations are invalid.
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A Scalar and spinor fields on SP

We give some details about the Laplacian of scalar and spinor fields defined on S” sphere.
In this appendix we restore the radius of SP that we denote as R. The conformally coupled
action for a real scalar field ¢ on a curved background with Ricci scalar R is written as

1 D-1 1 D—-1
5=y [a7ov=a (002 + 2tret) = 5 [aPevmgo(~vho + DR 0. ()

Recall that the Laplacian A, on curved background M is defined by
1

=——90

\/§ 2

where V? = Vv, V# and as usual V,U" = 9,U” +I'; ,U?. The eigenvectors of the scalar
Laplacian are spherical harmonics Y; labelled by angular momentum quantum numbers,
{ e Z >0 with

Ag (V=99""0,9) = —Vi40, (A.2)

1
—v@n:}¢w+p—nn, (A.3)
and degeneracy
204+D-1)I'({+D—-1
m(t) = I ) (A1)

T(D)T(£+1)

Finally the S” Laplacian acting on spinor fields, gives the following eigenvalues and

degeneracy respectively
D AT'(¢+ D)
S - =~ =7 A.
Ar+() (6 i ) A A V77) N (A (8-5)

B Integrals appearing in the large-charge expansion of Ay in the
NJLY model

Here, for reader’s convenience, we give the two integrals appearing in eq. (3.38). The first
one is

8k
+4\/k2+\/4k2+9+3k3+5) o
8

1
YI%(k) = < — 8k* — 8Kk% + 4\/1<:2 — V4k2 + 9+ 3k3
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and the second one reads

9 20k2+27 o 1) ]{72 )
Egeg(k') = 1 (2 7\/4k’2> k + <(4k2+9)3/2 + (\/4162 + 2) k
VR —VIZ9+3 2/ —VIZ+9+3 R+ VT 1943

o )
VR VIR 1943+ VK2 4 VARZ 19 43— L
8 (k2 - \/4k2+9+3)
(3 (18\/4k2 19+ 65) k2 + 54 (\/4k2 19+ 3) + (8\/4k:2 19+ 52) k4) 2

. 3/2
2(4k24—9YV2(k2+-V4k24—94—3)/

5 5
—2/-6—4k+(4k)(%2+1).

C Explicit results for Agq

In this appendix we provide explicit results for Ag for all the models considered in this
work. The expressions include the contributions stemming from the small 't Hooft coupling
expansion of both A_; and Ag. We write the usual loop-expansion for Ag as

AQ_< )+ZP“°°P, (C.1)

where Pg'IOOp) is a polynomial of degree [ 4+ 1 in @, i.e.
pyeor) Z CQt1F . (C.2)
k=0

By comparing with eq. (2.7), we see that the C; stems from the small-charge expansion of
Ag_q i.e. from the k-th order of the semiclassical expansion. For every model, we list Cy;
and C; up to [ = 6.

C.1 NJLY model

For the NJLY model we obtain

A 2 8\3
Co1 3 Cozr = — =A%, Coz = o570
256\° 572
140y _ 25647 _ 972
Cos = 27)\ Cos 943 Cog = 243)\ , (C3)
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and

_¢’Ny A _g'Ny gPANy | 2)?
Cii= 872 3’ Ciz= 3274 1272 9 ¢
S¢(3)N INC(3)—1)N 2NN 2
Crg =~ + OGN S (1603 -1),
Chia— 598C(5)Nf+96/\(6C(3)*5§(5))Nf g N (4—15¢(3)) Ny
4= 7102478 19276 14474
2X3(¢(3)+4)N 2
—SXLCOVEDNs 2 N4 (77¢(3) +80¢(5) —142).
o _79"°C(T)Ny 598A(7C(7)—SC(5))Nf+96A2(5<(5)—7<(3))Nf
T 4096710 307278 9676
n g*X3(96¢(3)+10¢(5)—21) Ny " g* 21 (10¢(3)+21) Ny
43274 16272
+ 525 A (476((3) +480¢ (5) +448¢(7) ~ 1179)
o _ 21g"%¢C(9)Ny 7910)\(10§(7)_9C(9))Nf+598/\2(64C(5)_49C(7))Nf
16 = 39768712 12288710 921678
5g523(64¢(3) —40¢(5) —T¢(T))Ny  g*X*(693¢(3)+115¢(5) —128) Ny
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C.2 An asymptotically safe model in D = 4

For the asymptotically safe model considered in section 4 we find the following coefficients
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