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ABSTRACT: We study the properties of pseudo entropy, a new generalization of entangle-
ment entropy, in free Maxwell field theory in d = 4 dimension. We prepare excited states
by the different components of the field strengths located at different Fuclidean times act-
ing on the vacuum. We compute the difference between the pseudo Rényi entropy and
the Rényi entropy of the ground state and observe that the difference changes significantly
near the boundary of the subsystems and vanishes far away from the boundary. Near
the boundary of the subsystems, the difference between pseudo Rényi entropy and Rényi
entropy of the ground state depends on the ratio of the two Euclidean times where the
operators are kept. To begin with, we develop the method to evaluate pseudo entropy
of conformal scalar field in d = 4 dimension. We prepare two states by two operators
with fixed conformal weight acting on the vacuum and observe that the difference between
pseudo Rényi entropy and ground state Rényi entropy changes only near the boundary
of the subsystems. We also show that a suitable analytical continuation of pseudo Rényi
entropy leads to the evaluation of real-time evolution of Rényi entropy during quenches.
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1 Introduction

Entanglement entropy is a useful quantity in a quantum system to characterize the degrees
of freedom present in the system. For conformal field theory in 2-dimension, the universal
contribution to the entanglement entropy of the ground state is proportional to the central
charge [1-3] or the degrees of freedom and the similar statements hold true in higher
dimensions. Moreover, the holographic derivation of entanglement entropy [4, 5] gives us
a deeper insight into the gravity emerging from the quantum entanglement.

To define the entanglement entropy of a quantum system, one subdivides the Hilbert
space into two Hilbert spaces and integrates out the degrees of freedom in one of the Hilbert
spaces to define the reduced density matrix. Finally one obtains entanglement entropy as
the Von-Neumann entropy of the reduced density matrix.

Sa=—Tra (palogpa). (1.1)

Here p4 is the reduced density matrix associated with the sub-region A. Generally one
computes the entanglement entropy of the ground state or vacuum of a quantum system
by evaluating the Von-Neumann entropy of the reduced density matrix of the ground state.
Recently a new generalisation of entanglement entropy known as the pseudo-entropy
has been introduced in [6-8] which is a Von-Neumann entropy of the transition matrix
p¥11¥2 . The transition matrix is constructed from initial state |;) and a final state |tbp) of
a quantum system, where [¢1) and [¢)2) are not orthogonal to each other.
Dl _ 11) (o]

Ty (¢1]e2) # 0. (1.2)
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Now one subdivides the Hilbert spaces into two Hilbert spaces and traces out the degrees
of freedom in one of the sub-spaces to define the reduced transition matrix

pﬁlwﬁ _ Terwlh/Jz' (1.3)

Therefore, the pseudo-entropy is defined as the Von Neumann entropy of the reduced
transition matrix

SA(PZIWQ) - _Tr (pjﬁll% logpAllwz) . (1.4)

When initial and final states are the same, pseudo-entropy reduces to entanglement entropy.
Note that, the reduced transition matrix is non-Hermitian in general and pseudo-entropy
can be complex-valued. But this quantity is useful in the post-selection process where a
initial state results into a final state and one is interested in measuring the weak value [9, 10]
of an observable (O) = Tr(Op¥11¥2).

We evaluate pseudo Rényi entropy for different fields to understand its general prop-
erties. The main motivation of this paper is to study the properties of the pseudo-entropy
in gauge theory, in particular free Maxwell theory in 4-dimension. However, there are sub-
tleties in defining the entanglement entropy of the ground state of a gauge theory because
the degrees of freedom are non-local. But it has been understood well for the free Maxwell
field in 4-dimension [11-16] and in linearized gravity [16-18]. In free Maxwell theory, we
prepare two excited states by different components of the field strengths acting on the
vacuum. Therefore the excited states remain gauge invariant and the pseudo-entropy of
the two states becomes well defined. At a constant time slice, we subdivide the region by a
planar boundary and study pseudo-entropy as a function of the distance from the boundary
of the subsystems. We evaluate the difference between pseudo Rényi entropy and Rényi
entropy of the ground state and observe that the difference is non-zero near the boundary
of the subsystems and it vanishes far away from the boundary. The difference between
pseudo Rényi entropy and the Rényi entropy of the ground state near the boundary de-
pends on the ratio of the Euclidean times where two operators are kept. This indicates
that the pseudo Rényi entropy and Rényi entropy of the ground state are the same when
two operators are far away from the boundary of the subsystems.

The paper is organized as follows. In section (2), we define pseudo-entropy in con-
formal field theory using the replica trick. In section (2.1), we begin with revisiting the
computation of pseudo-entropy in d = 2 conformal scalar field theory. Moreover, we take
a slightly different approach which is to vary the positions of the operators instead of the
center of the subsystems which was done in [6]. This approach results in the same con-
clusion since we have a translational invariance along the spatial direction. Then we move
on to evaluating pseudo-entropy in d = 4 dimension. We prepare two excited states by
two operators which act on the vacuum and study pseudo-entropy as a function of the
distance from the boundary. In section (3), we study the properties of pseudo-entropy in
free Maxwell theory in d = 4 dimension. We first create two different states by the same
components of the field strengths acting on the vacuum located at two different Euclidean
times. Similarly, we use two different field tes to prepare different states. In both cases,



we study the behavior of pseudo-entropy as a distance from the boundary of the subsys-
tems. We also study its real-time behavior of it by Wick rotating the Euclidean time to
Minkowski time and observe that the difference of pseudo Rényi entropy and the Rényi
entropy of the ground state saturates to a constant value log 2 after a large time.

2 Pseudo-entropy in conformal field theory

Given two non-orthogonal states [11) and [i2), one defines the pseudo-Rényi entropy in
the following way

S5 = o (Tr(p 1)) n>2 (2.1)
where n is the Rényi parameter and pseudo-entropy can be obtained by taking n — 1 limit
in the equation (2.1). The reduced transition matrix is defined in (1.3). One can evaluate
51(4”) (pwlw’?) in quantum field theory using the replica trick method which is explained in
details in [6]. The inner product of the states is evaluated using the path integral approach
on a manifold with proper boundary conditions imposed on the states. We denote the
manifold corresponding to the inner product of the states (11]i)2) as X1 and Tr(plﬁl‘w)n
by ¥,. Then, nth pseudo-Rényi entropy can be expressed as [6]

log - Z%n
= o)
1—n % (Zs,)"

Sj(4n) ( 1 |¢'2) _

Pa (2.2)

where Zy, corresponds to the path integral over the n-sheeted manifold. We are interested
in evaluating the pseudo-entropy in conformal field theory. We create two states by two
operators acting on vacuum at two different points.

[P1) = N101(x1,11)|0), |1h2) = N2Os(x2,t2)[0), (2.3)

where N7 and N> are the normalization constants. Therefore the reduced transition matrix
becomes

P12 = AT (04 (1, 11)[0)(0]0 (2. 2)) (24)

Here N is the overall constant to ensure the unit normalization of the reduced transition
matrix.

We would like to ask how pseudo-entropy varies from the ground state of a conformal
field theory. Therefore, we compute the difference between the pseudoRényi entropy and
the Rényi entropy of the ground state

ASXL) _ S}(qn)(piﬁllw) _ Sg”)(p(f?)), (2.5)

where pff) is the reduced density matrix of the vacuum ,i.e, p(AO) = Trg|0)(0]. Tr(pﬁl‘w)n

can be evaluated by performing path integral over n-sheeted manifold with two operators
01 and O, inserted at each sheet but in different points. Finally the difference can be
written in the following way [6]

1 (O(x1,t1) O (x2, t2) - - - O (X2n, ton))

AST — 1
A 1—n 8 ((O(x1,t1)OT (%2, 12))) %,

(2.6)



Here path integral over n-sheeted manifold Zy,, is expressed in terms of the 2n-point
function on the replica surface where each sheet carries two operators located at different

points. We will evaluate explicitly ASI(:) for scalar and free Maxwell theories.

2.1 Conformal scalar in d = 2 dimension

In this section we revisit the analysis of pseudo-entropy of conformal scalar in d = 2
dimension [6]. We compute the difference between the pseudo Rényi entropy with the
Rényi entropy of the ground state.

We begin by considering a massless scalar field theory in Euclidean 2-dimesion with
the co-ordinate w = x + ¢7. We create two states by acting two operators on the vacuum
at the same spatial points but in different Euclidean times a and a’.

Y1) = e~ “HerTO()|0),

: 2.7
[h2) = e HerTO(2)[0). =0

For simplicity, let us begin by computing the variation of second pseudo-entropy ASI(L?)

explicitly. In [6], ASl(f) is computed as a function of the center of the sub-systems, and
the inserted operators were kept at fixed spatial points. Here we will investigate ASE)
as a function of the spatial insertion of the operators. Note that, we have translational
invariance along the spatial direction and therefore ASEE) should remain the same if we
vary the center of the subsystems or vary the spatial positions of the operators.

In the path integral picture, the operators are inserted at
(w1, w1) = (z — ia, x +ia), (wo, We) = (x —id',x +id). (2.8)

We choose the operator O = e3¢ + efé‘ﬁ, with conformal dimension h = h = %. The
variation of the second pseudo-Rényi entropy becomes

<(9(w1, wl)OT(’wg, QI)Q)O(U}:}, 12)3)OT(’LU4, 1IJ4)> '

AS? - _1o
Sa log (O (w1, 1) O (wa, W9)))?

(2.9)

So, the expression of ASS) involves the four and two-point functions of the operator

O = e3? + e~3% on the replica surface. To compute the four and two-point functions on
the replica surface, one uses the conformal mapping

2= (“’_“f. (2.10)

w—v

This uniformization map takes branched cover Y9 to a plane. Note that, © and v are the
end points of the subsystems which are held fixed. Since it is a free theory, one can evaluate
the four-point functions easily using the Wick contraction of the operators. For n = 2,
two-point function is given by [19]

1 1
1 1 1 1 T2 1 T2
(6(:1,21)6(22, 22)) = — 5 log|f — 23|+  lo ("2> +h1og (';) SNCREY
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(a) ASS) obtained by varying the subsytem size. (b) ASf) obtained by varying a and a’.

Figure 1. The first plot shows the variation of ASff) with respect to subsytem size with fixed
UV cutoffs. Blue line: ¢ = 20, orange line: ¢ = 10, green line: £ = 4. The second plot shows the
variation of ASff) with respect to UV cutoffs at a fixed subsytem size of ¢ = 20. Blue line: a = 4,
a’ = 6, orange line: a = 2, @’ = 8, green line: ¢ = 0.1, a’ = 9.9.

(2)

We evaluate the four-point functions and express AS AZ

9
L4 [n|+1—=n|

as a function of the cross-ratio

ASE =1log (2.12)

The cross-ratio n is given by

_ (s —2)(z — )

(21 — 23)(22 — 24)’ (2.13)

where z;’s can be obtained from the relation (2.10) and u,v are kept fixed. We evaluate
ASEE) as a function of the insertion of the operators. Figure (1a) shows ASI(f) for different
sub-system size u — v = £, keeping a and a’ fixed. We plot ASf) for £ =20,¢=10,¢4=14
and observe that AS,(42) picks up a sharp negative value when the insertion point becomes
very close to the edges of the subsystems. Since we have translational invariance along

the spatial line, one can also vary the center of the subsystems z = “TJ”’ and observe the

similar behavior of AS}? [6].

Therefore second pseudo Rényi entropy is mostly zero, except at the points where
operators become very close to the edges of the sub-systems.

This property can be understood in the language of entanglement swapping [6]. When
the spatial positions of the operators become close to the boundary, the system exhibits
entanglement swapping. But entanglement swapping does not occur in the case where both
the operators are located in one of the subsystems. In this case, there is no contribution to
the ASI(f). Therefore, pseudo Rényi entropy becomes the same as the ground state Rényi
entropy. It was also proved that the pseudo entropy is always greater than the original
entanglement entropy of each state for 2-qubit systems but this is not true in general for all
systems with larger degrees of freedom [6]. For example, in the four-qubit systems, ther-
mofield double states, and two-coupled harmonic oscillators the pseudo entropy becomes
smaller than the original entanglement entropy of each state. Therefore the monotonicity



of the pseudo entropy is not a general feature for all systems rather one has to investigate
case by case. In this paper, we mainly focus on the variation of pseudo entropy with respect
to the ground state Rényi entropy.

2.2 Conformal scalar in d = 4 dimension

In this section, we study the pseudo-entropy in conformal field theory in d = 4 dimension.
In particular, we are interested to evaluate the difference between the pseudo Rényi entropy
and the Rényi entropy of the ground states, and the expression is given in (2.6). In d = 2

dimension, we observe that the quantity ASf) decreases sharply near the boundary of the

subsystems. Therefore we want to investigate the property of AS}P and particularly how

it behaves near the boundary of the subsystem in d = 4 dimension.

Same operator different insertion. At a constant time slice we subdivide the space
and restrict one of the subspaces in the region of x > 0 which means the two subsystems
are separated by y — z plane.

We now consider two excited states which are prepared by acting two same operators
but at different points on the vacuum in d = 4 dimension.

1Y) = e T (x1,y1,21)]0),

, 2.14
X) = e “ T (22, y1,21)[0). 214

Here ¢(z,y, z) is the conformal primary operator with unit dimension and a and o’ are the
cutoffs to avoid the UV divergences which can also be thought of as Euclidean times. Since
we want to study ASI(L‘Q) as a function of the distance from the boundary, we substitute
y1 = y2 and z1 = 29, which means two operators are placed at the same points along the
boundary of the subsystems. Therefore ASI(42) is a function of the Euclidean times and the
transverse distance from the boundary located at x = 0. For computational simplification,
we use polar coordinates for the t — x plane and the other y — z plane remains in cartesian.

Therefore we work with the following metric
ds® = dr® + r2d6? + dy* + d2>. (2.15)

We now compute AS @ ,

<¢(7’1, 951) » Y1, 21)¢(7’2, 9%1)’ Y1, 21)¢(r17 952)7 Y1, 2’1)¢(7’2, 652)7 Yi, Z1)>
(o(r1, 0191, 21) (12, 02,91, 21))3;, .

We analyze the pseudo-entropy with the same operators but inserted at two different points.

ASY = —log

(2.16)

Since y and z coordinates are the same, r; and 9 can be written as

r=1/a2+ 22, 1y =/a?+ 3.

Also, the angle between two points are given by

/
cos(f) — ) = 2L T2 (2.17)

r1r2



To evaluate the AS (2), we compute the four-point function by using Wick-contraction

(01, 05"y, 2)p(r2, 08y, 2)p(r1, 0y, 2) (12, 087y, 2)) =
(p(r1, 05", 2)b(r2, 08y, 2)) (6(r1, 07y, 2)6(r2, 057y, 2))
+{(p(r1, 087y, 2)(ra, 057y, 2)) (62, 057y, 2) (11,0, 2))
+ (01,00, 2)6(r1, 07y, 2)) (B(ra, 08y, 2)B(ra, 087y, 2)). (2.18)

The two-point functions of conformal primaries on the replica surface are known [20]. The
two-point function which involves the two operators on the same sheet is given by

(b(r1, 0, y, 2)(r2, 05y, 2)) = (B(r1, 0, y, 2)B(r2, 057y, 2)),
1

N (872)(r1 + 12) ((7‘1 +1r9) — 2,/r17T3 COS 7(61;62)> .

Similarly we have the two-point function which involves the operators across the sheet.

(2.19)

This two-point function can be obtained by shifting 02 — 02 + 27 in the expression of the
two-point function on the same sheet. Therefore we obtain the two-point functions across
the sheets

(@(r1, 08y, 2)B(ra, 057y, 2)) = (B(ra, 057y, 2)(r1, 65"y, 2)),

= ! . (2:20)

(872)(r1 + 12) ((7‘1 +19) + 2,/r173 cos 1292)>

We also require the two-point functions across the sheets but involving the same points.
This can be obtained by taking the limit ;1 — r9 and 7 — 02 + 27 in the expression of the
correlator on the same sheet (2.19). So the two-point functions involving the same points
across the sheets are given by

1
(00,01, 9.2)0(r1. 6179 2)) = oy o)
1 .
(612,08, 20602 05" ,2)) = (G

Calculation of pseudo-entropy. Given all the two-point functions one can compute
the four-point function explicitly. We therefore write the four-point functions explicitly in
terms of r and 6 variables

<¢(T1,9§1),?/’Z)¢(T2,9él),y, )¢(7‘179§2)7y7 )¢(T279§2)7y72)>:

64(r2r cos(f1— 92)+5)+2r +2r2) 1
7“1—1—1”2)2(—77“27"1 cos(f1—02)— 3)+r%+r2) T%TS (2 22)
409674 ' '

The two-point function on the n = 1 sheet is also given by

1
472 (r? + 12 — 2ryrocos(6y — 62)) "

(@(r1, 01, y,2)d(r2,02,y, 2))x, = (2.23)
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Figure 2. ASf) as a function of the center of the operators.

This is just the usual two-point function on the flat space which depends on the distance
between two pints. Therefore the pseudo-entropy for n = 2 can be obtained

64(ror1 (cos(01—02)+5)+2r7+2r3) L
(T1+7‘2)2(7%r27‘1 (cos(01—92)73)+r%+7ﬂ§)2 272
409674 ’

ASQ = —log';\)/, N =

2
D 1
N (4%2 (rf +r3 — 2r1ro cos(6y — 02))) ’

Here N is the four-point function given in (2.22) and D is the square of the two-point

(2.24)

function on n = 1 sheet which is given in (2.23).

We now substitute 1 = z9 = x and plot the variation of pseudo Rényi entropy as
function of center of the two operators x = % From the plot, we observe that ASf)
increases as the center of the operators approaches the boundary of the subsystems. This
indicates the entanglement swapping near the boundary of the subsystem.

Let us understand ASf) as a function of z. When the center of the two operators

becomes very close to the boundary

256
(a—a’)* | 128(a2+6aa’+(a/)?)
a?(a’)? (@'+a)2

lim ASY = log +O@Y) 4. (2.25)

We keep two different UV cutoffs. Therefore it is expected that ASf) will take a finite

positive value when a and a’ are comparable which is a ~ a’. We define the ratio %’ =p

because as we will see the near boundary behavior of ASE? will depend on this ratio.
When p ~ 1, which means the two UV cutoffs are comparable the leading behavior of

the lim,_ ASI(42) ~ %(p —1)2 > 0. In the first plot of, we keep a ~ a’ and observe that
ASff) becomes a finite positive quantity near the boundary. In the plot (2a) green line:
a =8, a’ =12; orange line a = 7, a’ = 13 and blue line a = 6 and o’ = 14.

When p ~ 0, which means one of the UV cutoffs are negligible in compared to the
other, the leading behavior of lim, o ASE) ~ (logp?) < 0. In the second plot (2b) we
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Figure 3. Real-time evolution of ASf). Blue line: x = 2, ; orange line = 4; green line x = 6.
We keep ¢ = 0.1 in all cases.

consider the case where a > a/. We observe that ASS? becomes sharply negative near the

boundary. In the plot, green line: a = 100, a’ = 5; orange line a = 150 , a’ = 8 and blue
line @ = 200 and o’ = 10.

But in both cases, ASf) changes significantly near the boundary of the subsystems due
the transition in the entanglement. In the large x limit where the center of the operators

is far away from the boundary, ASf) becomes negligible.

N2
lim AS§>:M+@<;4> L (2.26)

T—00 812

This feature is similar to the case of conformal scalar in d = 2 dimension. When the
operators are far away from the boundary there is no contribution to the ASf) indicating

the fact that pseudo Rényi entropy becomes the same as the ground state Rényi entropy.

Real-time behavior. Real-time behavior of ASff) can be evaluated by substituting
a = —it — e and @’ = —it + € in the expression given in (2.24). Here t is the real-time
and € is a small positive real number used to avoid the divergence. We observe that ASf)
becomes log 2 in the large time. This has been noted earlier in the context of local quench
by a scalar primary operator in d = 4 dimension [19-22]. Therefore our computation of
ASff) in (2.24) provides a good consistency checks in the real-time framework where one
interprets it as a transition in the entanglement due to local quench of a scalar primary
operator.

From the plot, we observe that ASf) = 0 when t < x and it starts increasing im-
mediately after ¢ = x and finally approaches to log2. This can be understood in the
language of relativistic propagation of quasi-particles [20]. One can decompose the scalar
field ¢ = ¢+ ¢r where ¢r, and ¢ corresponds to the left(x < 0) and right (z > 0) moving
modes. The entanglement between two modes kicks in at ¢ > z and they get maximally
entangled at the large time. We calculate the large time behavior,

t—00 4

2
lim AS? =1log2 — % +0 <1> : (2.27)



3 Free Maxwell field in d = 4 dimension

In this section, we evaluate the pseudo-entropy of the free Maxwell field in d = 4 dimen-
sion. The field strength can be used to create excitations. We create excitations by the
same components of the field strengths with different cutoffs. We also use the different

components of the field strengths to create different states. We will follow the procedure

developed in the previous section to compute ASI(E) analytically. In d = 4 dimension, the

free Maxwell theory is conformal, and therefore all the two-point functions and four-point
functions can be computed exactly. But we are using the replica trick and therefore all
the two-point functions have to be computed on the replica surface which was introduced
in [16].

We know that the U(1) theory is gauge invariant under the transformation

Ay — A+ Oye, (3.1)
where € is the gauge parameter. We can use the covariant gauge condition to fix the gauge
0'A, =0. (3.2)
The equations of motion in the covariant gauge becomes
VZA, = 0. (3.3)
Therefore under the gauge transformation
Al = A+ Oy, with Oe = 0. (3.4)

Given a gauge potential which satisfies (3.2) and (3.3) one can make a further gauge
transformation so that

0"Al =0, DAL =0 ac{rb},ic{y 2} (3.5)

These two gauge restrictions acting on the gauge potential can be done by choosing the
gauge transformation to be

Dt A;
oz

€= V=024 02 (3.6)
Note that the gauge transformation also satisfies [le = 0. Therefore, it is a valid choice of
gauge. Note that (3.5), are two gauge restrictions acting on two subspaces separately and
gauge potential becomes transverse in both the subspaces.

We need to evaluate the two and four-point functions on the replica surface. For this
it is convenient to choose polar coordinates

ds® = dr? +r?d6? + (dy)* + (dz)*. (3.7)

~10 -



Here 6 ~ 6 + 27n. This n corresponds to the Rényi parameter and one gets a periodicity
in the 6 coordinate after 2wn rotation. The two point function fo the gauge field on the
cone satisfying the gauge condition (3.5), is given by [16, 23]

Gz, 2') = (Au(z)Ay (2). (3.8)
P, Py 0;0;7 =
Gy (z,2') = @21) G(x, 2’ Gij(z,2") = [5@- — VQJ] G(z,2'),

Gui(x,7") = Giw (z,2') = 0.
All two-point functions are transverse and G(z,z’) is the scalar propagator on the cone
which is given by
1 _1
1 an —a n

G N = 3.9
(.%',x ) 4n7r27“r’(a _ a—l) a% N a_% — 9cos (H) ) ( )
n

/

a rr
= — . r=Vt2+ a2 =Vt? 4+ 22

1+ a? (xz _ x/z)Q + r2 + ,r./2’

and P, are defined as
P, = €apg™ V., €12 = —€91 = 1,€11 = €22 = 0. (3.10)

Note that, the scalar two-point function (3.9) on the replica surface is not invariant under

translation in the ¢ and x coordinate. So it is convenient to use the gauge we choose to write

the correlators (3.8) on the replica surface. Using the gauge invariant two-point functions

on the replica surface, we compute AS;Q) for different components of the field strength.

3.1 Excitation by the same components of the field strength with different
cutoffs

The field strength is the gauge invariant operator and therefore different states prepared by
the different components of the field strengths acting on vacuum remain gauge invariant.
We choose two field strengths located at two different Euclidean times. We obtain pseudo
Rényi entropy for n = 2 explicitly to study the properties of it.

Excitation by F,.g. We begin with the component F,9. We prepare two states in the
following way

) = €T By g1, )0

, (3.11)
o) = e HCFT B o (29,91, 21)]0).

We keep y and z coordinates of the operators the same and «, o/ are the two different
cutoffs to avoid UV divergence. The cutoffs o and ' distinguish two states. One can think
of it as two operators located at two different Euclidean times. The subsystem is associated
with z > 0 region which means the y — z plane separates the two subsystems. Therefore,
two operators are separated only along the perpendicular direction from the boundary of

- 11 -



the subsystems, We now evaluate ASf),

AS(z) log (Fro(r1, 0" y1, 20) Frg(r2, 0 51, 20) Fro(r1, 0 g1, 210) Frg(ra, 057, 21)>.
(Frg(r1, 0191, 21) Fro(r2, 02,41, 21)) %,

(3.12)

To evaluate ASE), we need to have the four-point and two-point functions of the gauge
invariant operator Fig.

Using the definitions of the gauge invariant two-point functions, we compute

<FT9(xi1)FT9($i2)> = a7‘1 87“2 <A9A9> + a4916092 <A7”AT’> - a1”1 892 <A¢9AT’> - a9181”2 <ATA9>7

PP PP, PP, PyP!
- [amam (%;) B, O, ( %20> — By, 05, ( $20> — 0,,0, (%21)] G(ziy; xiy),

—(’rlT‘Q) (8r1 + Brl + 891> G($i1;$i2). (3.13)

Here G(zi,;x;,) is the massless scalar Green’s function on the replica surface in d = 4
dimension and the definition of the operator P, is given in (3.10). P, denotes the operator
located at the first coordinate and P, denotes the operator located at the second coordinate.
To derive the last line in (3.13) we use the on-shell condition.

(82 Ot agl + v2> Glas:m3,) = 0, V= 02 4 02,

It is now easy to compute the four-point function using the Wick contraction. The four-
point function involves the correlators on the same sheets as well as the correlators across
the sheets. The two-point function across the sheet can be obtained by shifting 85 — 05427
in the expression of the correlators on the same sheet. This follows exactly the same pattern
we observed in evaluating the four-point function of the scalar field in d = 4 dimension.
Therefore, the four-point function is given by

(Fro(r1, 08y, 20) Frp(ra, 057, 41, 21) Frg(r1, 08 y1, 21) Frg(r2, 05 41, 21))

= (Fro(r1,05", y1, 21) Fro(r2, 08 g1, 20)) (Frg(r1, 05 1, 21) Frg(ra, 657 g1, 21))+
(Fro(r1,08, y1, 21) Frg(r1, 02 y1, 20)) (Fro(r2, 05 y1, 21) Fra (ra, 057 31, 21)) +
(Fro(r1,080, 9, 2) Fro(r2, 08 y1, 21)) (Frg(ra, 057 y1, 21) Frg(r1, 612 11, 21))

Ll ) ey sy

Amt (11 +72) 8 (—2y/Fia cos (£ (61— 62)) + 71 +72) 4 256m2rf ) \ 2567213
. r2r3 (MCOS (% (0, — 02)) +7r + 7"2) 2

4t (rq +19) 6 (2\/%0% (% (61 — 02)) +7r+ 7’2) 4

We also compute the two-point function on n = 1 sheet

(3.14)

<Fr9(’rla egl)a Y, Z)FTG(T27 eél)vya Z)>21 = 7(7'17‘2) (82 + 81”1 + 891> Gn:l (xh; xiz)v

T1T2
_ . (315
w2 (—27"27“1 COS (91 - 92) + T% + T%) 2 ( )
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Figure 4. AS’S) as a function of the center of the operators Fjg.

Note that, AS;Q) becomes a function of r and 6 only because we keep the operators at
the same y and z coordinates and separated them along the transverse direction from the
boundary. We write r; and 73

r=y/a?+ 22, ro= a2+ 23 (3.16)

Also, the angle between two points are given by

ad’ + z129

cos(f1 — b)) = (3.17)

r1r2

With two and four-point functions on the replica surface, we can obtain AS}?. It becomes

a function of the ratio of the four-point function and the square of the two-point function
on the replica surface.

M

ASY = —log D (3.18)

where A7 is given in (3.14) and D; is the square of the expression given in (3.15). Now we
substitute 1 = x2 and plot AS AQ ) as a function of the center of the operators x = %
The two-point function of F,g on the replica surface is proportional to the scalar
Laplacian (in 7 and € coordinates) acting on the Green’s function. So one can expect a
similar behavior of the pseudo entropy for the excited states prepared by field strength
F,y acting on ground state at different Euclidean times. Let us investigate near boundary

behavior of ASf).

. 2)
5
~log 655360 (a')* i
(a_a/)g <32768044(a6+15a(a’)5+(a’)6+15o¢5o¢/’—;-27la4(aé)2+42043(a’)3+27a2(a’)4)(0/)4 +9>
(a—a’)? (o' +a)
(3.19)
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Figure 5. ASE‘Q) as a function for same components F¢ of the field strength. Blue line: = = 2;
orange line x = 4; green line x = 6. We keep ¢ = 0.01 in all cases.

It is clear that near boundary behavior of ASE?) will depend on the ratio of the two

Euclidean times p = %/
When p ~ 1, which means the two Euclidean times are comparable, the leading be-
2) 3

havior of the lim,_,q ASAQ ~ 155(P — 1)* > 0. In the first plot of, we keep a ~ o’ and

observe that ASE) becomes a finite positive quantity near the boundary. In the plot green
line: o = 8, o/ = 12; orange line « = 7, o/ = 13 and blue line a = 6 and o’ = 14.

When p ~ 0, lim,_,o ASff) ~ log(p) < 0. In the second plot we consider the case
where a > o/. We observe that ASE) becomes sharply negative near the boundary. In
the plot, green line: o = 100, o’ = 5; orange line a = 150 , o/ = 8 and blue line o = 200
and o/ = 10.

But in both cases, ASI(LXQ) changes significantly near the boundary of the subsystems
due to the transition in the entanglement. In the large z limit where the center of the

(2)

operators is far away from the boundary, AS AZ becomes negligible. This is what we also
observed in the case of the scalar field in d = 4 dimension. Therefore, pseudo Rényi entropy

only differs from the ground state Rényi entropy near the boundary of the subsystems.

Real-time evolution. We also analyze the real-time evolution of AS% for the excited

states created by F,.¢ located at two different Euclidean times. To obtain the real-time

expression, we substitute & = —it — € and o/ = —it + € in the expression of ASf), where €

is a small positive real number. We insert the operators at the same y and z co-ordinate.
We fix the x co-ordinate and observe the real-time dependence of ASEP. We observe that

in the large time ASI(E) reaches to log2 when the left and right moving states become

maximally entangled [22].

9x:2

A2
(2)

Like the conformal scalar in d = 4 dimension, AS}’ remain zero till ¢ = z. It starts

growing after that and saturates to log2 at large time. But the growth of ASf)

lim AS? =log(2) T (3.20)

to reach
the maximal entanglement differs from the scalar case.

— 14 —



Excitation by F,.. We consider the case where the excitations are created by two same
components of the field strength at different Euclidean times o and o’. We choose the
particular component to be F)..

[i1) = e “HCFT B (21,91, 21)]0),

: (3.21)
[Ph2) = e @ HCFTFyz(:UZayla 21)[0).

We place the operators at the same y and z co-ordinates but in different x coordinates.
We want to study ASI(f) as a function of the center of the two operators. This is same as
keeping the operators fixed and moving the center of the subsystem which is = > 0 in this

(2)

2
case. We now compute AS)”,

(2) _ <Fyz(7'17 egl)vyla Zl)Fyz(r% 9é1)7 Y, Z)Fyz(rlv 0§2)7 Y1, Zl)Fyz(T27 952)7:[/17 Zl))
AS), log .

(Fyz (11,019, 2) Fyz (2, 02, 51, 21))%,

(3.22)

To evaluate ASI(?, we require the two and four-point functions of F,. on the replica surface.
Using the definition of the two-point functions given in (3.8), we obtain

(FyszZ> - (8y18y2 <AzAz> + 621822<AyAy>) )
1
= —5(351 +02)G (24, iy),
1 9 1 1 9
= 5 87"1 + Hagl + Eagl G("Eil,ﬂ?b). (323)

In the second line, we use the translational invariance in the y and z coordinates and the
isotropy in the y — z plane. This can be checked very easily that

1
6§1G(xi1?xi2) = 331G($z‘uxiz) = §V2G(xi17xi2)' (3'24)

In the last line we use the on-shell condition which is given by
2 1 L o 2 2
87«1 + Eael + ?aﬁ + 8y1 + 821 G(l’il,.%iQ) =0. (325)

Here G(zi,,x;,) is the scalar two-point function on the replica surface. It is now easy to
compute the four-point function using the two-point functions on the replica surface. The
four-point function involves the correlator on the same sheet and correlators across the

~15 —



As? As?
0.0037 7
0.0030
0.0025 -

00020 -

0.0015
0.0010 -
‘_q—/om\
20 “10 10 20 S 200 200 400 )
(a) ASY for o~ . (b) ASY for a>> o

Figure 6. AS’S) as a function of the center of the operators F),.

sheets as well.

(Fye(r, 087 g1, 20) Fye(r2, 08y, 2) Fya (1, 08 g1, 20) (0, 057w, 1)
= (Fye(r1, 08"y, 20) Fye (ra, 057y, 20) ) (Fye (1, 087 g1, 20) Fya (2, 087 g1, 20)) +
(Fya(r1, 080 g1, 20) By (1, 057 1, 20)) (B (r2, 05 9, 21) Foa (2, 08, 21))+
(Fye(r1, 087, . 2) Py (r2, 057y, 20)) (B (r2, 08 g1, 21) Fye (1, 07 g1, 1)
179 (m(—cos (%(6’1—92)))—%7“1%—7’2)2 +< 3 ) < 3 )

1
B 2 [47‘(‘4 (’I“l + ’1“2) 6 (—QMCOS (% ((91 — 92)) + T1 + 7“2) 4 256’R—Zrilj) 2567’(’2?”5’

r1T9 (\/7"17"2 cos (% (61 — 92)) +r+ 7“2) 2 ] (3.26)
+ . .
474 (7‘1 + 7’2) 6 (QMCOS (% (91 — 92)) +r + 7”2) 4
We also compute the two-point function on n = 1 sheet
(1) (1) Ll 1 L oo
(FyZ(Tla 01 ' Ys Z)FyZ(T% 92 » Y1, z1)>21 = 5 87’1 + Haﬁ + 7‘72891 G(xil;xiz)n:h
1
1 1
=_ . (3.27
272 (—2rary cos (01 — 0a) +rf +13) 2 (3.27)

ASff) is a function of r and € only because we keep the operators at the same y and z co-
ordinates. Note that, two-point function of F} . is also proportional to the scalar Laplacian
acting on the scalar Green’s function in d = 4 dimension. This reflects the duality between
the field strengths Fy4 and F), in Euclidean coordinates.

Foo(r) = %\@Fyz(r). (3.28)

Now we plot AS;Q) as a function of the center of the two operators.
From the plot, we observe that ASf) changes significantly when the operators are

very close to the boundary of the subsystems and there is no contribution to the ASE)
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Figure 7. ASf) as a function for same components Fy. of the field strength. Blue line: =z = 2;
orange line x = 4; green line x = 6. We keep ¢ = 0.01 in all cases.

far away from the boundary. This property is similar to the case of a scalar field in d = 4

dimension. We now investigate the near boundary behavior of ASf).

2
o 16384 (~Vaao’ + o' + a) 9
lim AS}” = 161og(2) — log | (o — &) i+ =
w0 (o' + a)° (—2\/aa’ +a + a) a’ (a)

2
16384 (vVaa’ + o’ + a)
+ 1
(o + a)® (2\/ ao’ + o + a)
(2)

Evidently, the near boundary behavior of AS;” will depend on the ratio of two Euclidean

times p = %' When a ~ o/, ASI(42) ~ 15(p — 1)* > 0. Therefore two comparable

)

(3.29)

near the boundary

of subsystems. In the first plot (6a), we keep a ~ o’ and observe that ASS) becomes a

Euclidean times of the operators leads to a small finite positive ASI(42

finite positive quantity near the boundary. In the plot green line: o = 8, o/ = 12; orange
line a =7, o/ =13 and blue line o = 6 and o/ = 14.

In the p ~ 0, lim,_q ASf) ~ log p? < 0. In the second plot (6b), we consider the case
where a > o/. We observe that AS’E‘Q) becomes sharply negative near the boundary. In the
plot, green line: a = 100, o/ = 5; orange line @ = 150 , &/ = 8 and blue line o = 200 and
o/ = 10. Similar to the scalar case, the variation of the pseudo entropy is significant near
the boundary of the subsystems due to the entanglement swapping but far away from the

boundary there is no transition in the entanglement and hence no contribution to ASS).

(2)

Real-time evolution. We also analyze the real-time evolution of AS AQ

components F,, of field strength. We substitute &« = —it — ¢ and o/ = —it + € in the
(2)

for the same

expression of ASY’, where € is a small positive real number. We insert the operators at
the same y and z co-ordinate. We fix the x co-ordinate and observe the time depenence of

AS}?. We observe that in the large time ASI(L‘Z) reaches to log 2.

9x:2

-zt (3.30)

: 2) _
tliglo ASy7 =log(2)
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Note that ASE) due to the local quench by the operator Fy. is identical to that of ASE)
by the operator F,y in the large ¢ limit. This is the consequence of the duality relation
between the field strengths. This duality relation is reflected explicitly on the two-point
functions and hence in ASf). The explicit time dependence of ASI(f) also remains same
and saturates to log2 at ¢ — oo when two excited states created by F). acting on the

vacuum become maximally entangled.

Excitation created by F,,. We consider the case where the excitations are created by
two same components of the field strength at different Euclidean time o and o’. In this
case we choose the field strength to be F.,,.

1h1) = e HCFTE (24,91, 21)]0),

, (331)
’1/}2> =e @ HCFTFry(xQ’ Y1, Zl)m)

We place the operators at the same y and z co-ordinates but in different x coordinates.
We want to study AS,(f) as a function of the center of the two operators. This is same as
keeping the operators fixed and moving the center of the subsystem which is > 0 in this

case. We now compute AS,(42)7

Fry('l”l, eg)a Y1, Zl)FTy(T27 951)7y7 Z)Fry(rlv 9§2)7y13 Zl)Fry(T2)9é2)7y17 Z1)>

AS3 = —1lo <
A & <FTy(r1,¢9’1y, Z)Fry(r2a027ylazl)>%1

(3.32)

To evaluate ASE‘, we require the four and two-point functions of F,, on the replica surface.
Using the definition of the two-point functions given in (3.8), we obtain

(FryFry) = (07,01, (AyAy) + 0y, 0y, (Ar Ay)) |

62
— <8r1 2L 82 891692 ) G(.Til,l‘iQ),

ey —
2 V2 y1 7“1’/“2V2

1 1
= 5 (87«1&2 — 7“17‘2891892> G(xiuaziz). (3.33)

In the second line, we use the translational invariance of the scalar Green’s function in the
y and z coordinate and in the final line, we use the isotropic relation (3.24) in the y — z
plane. Here G(x;,, z;,) is the scalar two-point function on the replica surface. To evaluate

~ 18 —



AS® | we need the four-point function which we evaluate

(Fry(r1, 01y, 2) Fry (ra, 08y, 2) Fry (r1, 017y, 2) Fry (r2, 057y, 2))
= (Fry(r1, 08y, 2) Fpy (12, 057 1, 2)) (B (1, 057, 2) Fry (2, 057y, 2))+
(Fry (1,087, 2) Fry (2, 087y, 2)) (o (2, 08V y, 2) Fry (1,01, 2))
(Fry (1,087, 2) Fry (11, 057y, 2)) (Fry (2, 08y, 2) Fry (2, 057, 2)

(r? + 6rory +73) (7“17“2 cos (01 — 02) — 3\/r172 (r1 + 72) cOS (% (01 — 92)))
+ 719 (97“% + 22191 + 97“%)

1672779 (11 +72) 3 (—QMCOS (% (01 — 92)) +7r + rg) 3

2

(13 + 67911 +73) (7“17“2 cos (01 — O3) + 3, /1713 (r1 + r2) cos (% (0, — 02))>
+ 7172 (973 + 22r9r1 + 973)

1672r1r9 (11 + 12) 3 (21/7“17’2 cos (% (61 — 02)) +7r + T2> 3

3 3
: 3.34
* (25671%3) <256n2r‘11) (3:34)

The four-point function involves the correlator on the same sheet and the correlator across
the sheets. We also evaluate the two-point function on n = 1 sheet,

1 1
<FryFTy>E1 = 5 <87’18""2 - 691692) G([Eil’xiz)n:h
r172

~ 2rirg — (rf 4 r3) cos (61 — 62)
= 7-(2 (—27“27"1 COS (01 — 92) + T% + T%) 3"

(3.35)

ASf) is now a function of r and 8 only because we keep the operators at the same y and z
co-ordinates. We substitute z1 = xo and plot ASj(f) as a function of the center of the two
operators x = %

From the above plot of AS) we observe that changes significantly near the boundary
of the subsystem which is at 2 = 0. More importantly, AS® diverges at a point z = Voo,
This is one of the major differences with the pseudo-entropy of the excited states created
by the F,g and Fj,. Let us investigate the reason for the divergence of AS? at the point
z = vaa!. The two-point function of F,, at n =1 sheet is given in (3.35). We can write
it as a function of z and Euclidean times « , o'.

2 — ad

72 (o — o) Va? + 22/ (o)? +IL‘2'

Note that, the two-point function vanishes at x = £v'aa’/. From the explicit expression

(FryFry>Zl = (336)

of AS® we see that the square of the two-point function on the same sheet comes in
the denominator and therefore AS®) becomes singular at the point = +vaa’. So we
understand that AS® decreases near the boundary which is similar to the scalar case
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Figure 8. ASf) as a function for same components F;., of the field strength. Blue line: a = 2,
o’ = 400; orange line a = 4, o/ = 400; green line « = 5, o/ = 500.
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Figure 9. ASS) as a function for same components Fy., of the field strength. Blue line: z = 2;
orange line z = 4; green line x = 6. We keep € = 0.01 in all cases.

as well as for the states excited by F,g or F,,. The main difference turns out to be the
singularity of AS®) at z = +v/ao/ in this case. But it follows the general features of the
scalar case in d = 4 dimension except at the point z = +v/ao/. We will see the singularity
at £ = +v/ad’ as a coordinate artifact in section (3.1).

Real-time evoulution. We also analyze the real-time evolution of AS}? for the same

components F,, of field strength. We substitute & = —it — ¢ and o/ = —it + € in the

expression of AS @)

, where € is a small positive real number. We insert the operators at
the same y and z co-ordinate. We fix the = co-ordinate and observe the time depenence of

ASI(f). We observe that in the large time ASE) reaches to log 2.

2
lim ASf) = log(2) — Slu

Jim o (3.37)

Note that, the growth of AS’f) to reach maximal entanglement due to the local quench by

the operator F); is different to that of AS,(42) by the operator F,g in the large ¢ limit and
this should be because this is a vector like excitation whereas the excitation by F,g was

—90 —



a pseudo-scalar excitation. However, it still saturates to log2 when left and right moving
modes become maximally entangled in the large time limit.

Excitation created by Fy,. We consider the case where the excitations are created by
two same components of the field strength at different Euclidean time a and o’. In this
case we choose the field strength to be Fjp,.

1) = e *HerT By (21,91, 21)[0),

, (3.39)
[ihe) = eV HEFT By (25,41, 21)|0).

We place the operators at the same y and z co-ordinates but in different x coordinates.
We want to study ASE?) as a function of the center of the two operators. This is same as
keeping the operators fixed and moving the center of the subsystem which is > 0 in this

case. We now compute ASE),

og <F9y(rl7 9§1)7 Y1, Zl)ng(T‘Q, 951)7 Y, Z)Fey(rlv 9§2)7y17 Zl)ng(Tg, 052)7 Yt, Z1)>
<F9y(7’1, eiy7 z)FGy("?a 927 Y1, Zl)>%l
(3.39)

To evaluate ASE), we require the four and two-point functions of Fy, on the replica surface.
Using the definition of the two-point functions given in (3.8), we obtain

rir2

1
<F0yF9y> = o <8T167"2 - m891892> G(:L‘iwxlé)’

= —7’1T2<F7»yFry>. (340)

Note that this two-point function reflects the duality between F, and Fy,. Here G(z;,, x;,)
(2)

is the scalar two-point function on the replica surface. To evaluate AS A2 , we need the four-

point function which is given by

<F9y(7'1, egl)vyla Zl)Fﬁy(T27 051)7 Y, Z)ng(’l"l, 952)) Y1, Zl)FQy(T27 952)7 Y1, Zl)> =
(T1T2)2<Fry(’r17 ‘951)7 Y, Z)Fry(TZa 051)5 Y, Z)Fry(rla 0§2)5 Y, Z)Fry(r% 952)7 Y, Z)> (341)

We also evaluate the two-point function on n = 1 sheet,

r1ir2

1
<F9yF9y>E1 = _T <6T18T2 - m891892) G($il,$i2)n=17

= —r1ra(FryFry) s, - (3.42)

From all the two-point functions, it is easy to see that ASf) for the states created

by the operator Fp, (inserted at two different Euclidean times) will be identical to that of
AS;Q) for F,.,. The overall scale factor (r1r2)2 in the numerator gets cancelled from the
denominator in (3.39). Therfore, the properties of ASﬁf) remain the same in this case. It
exhibits the similar nature shown in (8). So we observ(e )that, at the point z = +vaao/

where two states become orthogonal to each other, AS AQ diverges and it is mostly zero
everywhere except near the boundary of the subsytems. To understand the orthogonality
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of the two states more extensively let us also consider the case where one prepares states
by acting Fr, on vacuum, where 7 is the Euclidean time direction. One has to evaluate
the two point function of Fr, on replica surface. But one can relate F;, to F., and Fy, by
coordinate transformation.

or 00
FTy == EFry + EFQy (343)
Therefore two-point functions of F, can be computed from the two-point functions of F;,

and ng.

Ory Ory 001 004
FryFry F.,F; o (Foy Fi
Ervr) = o oy Frvll & 50, o)
or1 005 001 Or
F, F, "2 (Fy ). 44
87_1 6 < Y 9y> 87—1 87—2< Oy y> (3 )

We have computed the two-point function (F,,F.,) in (3.33) and (Fy,Fp,) in (3.40). Let
us now compute (Fy,Fp,).

<F7’yF6’y> - 87"166’2 <A A > + 8yl 8?42 <ATA9>7

(aﬁa% + arzagl) Gl i,). (3.45)

Here G(z;,;x;,) is the scalar two-point function in d = 4 dimension on the replica surface.
Note that, we place two operators at two different Euclidean times 7 = o and 7 = o/ and
therefore the two-point function of F}, becomes

F. F = F,,F, —
< i Ty):; 3 2r179 < " Ty>:21 g 2r179

I 2 /
ad’ —a? OO (0,2 40,22 ) Gl i) e

T2 1 To=a’

(3.46)

To derive equation (3.46), we use the relation between (F., F.,) and (Fy,Fy) which is given
n (3.40). The two-point function of F., on n = 1 sheet is given in (3.36). Note that, the
first term vanishes at x = £vaa’. Let us compute the second term explicitly for n = 1,

2l + ) (VAT - P 1 )

3/2

lim <FryF9y> T1= a =
z—+vaao! To=a 47r2 (o — a)5 (a2 + 22) ((0/)2 + x2)

X ((o/ +a)’ + 4\/((12 + 22) ((a’)2 + 1:2) + 41'2) : (3.47)

We observe that the second term does not vanish at z = +v/aa’ and hence the two excited
states prepared by Fr, acting on the vacuum will not be orthogonal at x = +v o
Therefore, the orthogonality of states is associated only with the components F), and Fp,
indicating the coordinate artifact.

(2)

Now we compute AS),” for the excited states created by F}., or Fy, acting on vacuum.

We observe that near the boundary of the subsystems it depends on the ratio p = 5
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of the two Euclidean times. When p ~ 0 or a > o/, ASf) ~ logp? and for p ~ 1,

2
ASY ~ —B(p—1)4,

So we understand that ASI(42) only changes near the boundary of the subsystems and
vanishes far away from the boundary. The singularity at * = ++v/ @’ is just a coordinate
artifact which does not show up in other components of the field strengths.

3.2 Excitation by the different components of the field strength with different
cutoffs

We create two different states by the different components on the field strengths acting on
the ground state. We choose two different UV cutoffs. In other words the operators are
placed in two different Euclidean times.

We create two states in the following way

le> _ efchFTFry(xlayl, Zl)|0>,

: (3.48)
[tho) = e HCFTFey(IL"mZ/l, 21)[0).

We follow the same strategy and place the operators at the same y and z coordinates but

(2)

in different x coordinates. We want to study AS 142 as a function of the center of the two

operators. This is the same as keeping the operators fixed and moving the center of the

subsystem which is « > 0 in this case. We now compute AS?) )

(2 _ . IOg <F7«y(7"17 99)7 Y1, Z]_)ng(TQ, 951)7y7 Z)FT‘y(Tlv 9§2)7y17 Zl)ng(TQ, 9§2)7y17 Zl))
<Fry(7'lveiyaZ)Fey(r2,927y1721)>221
(3.49)

To evaluate ASf), we require the four and two-point functions of F,., and Fp, on the
replica surface. Using the definition of the two-point functions given in (3.8), we obtain

<FryF9y> = (ar18€2<AyAy> + 8@/18112 <ATA0>)

1 T
-3 (ana@ + Tfamagl) Glzi,, zi,). (3.50)

To derive the last line we use the isotropic condition in the y — 2z plane given in (3.24).
Similarly we also need the two-point functions of Fj., and Fy,. The two-point functions of
F,, is given in (3.33). Two-point function of Fy, is also given in (3.40). We also evaluate
the two-point function on n = 1 sheet,

1 T
<FryF9y>21 = 5 (87“1892 + ,rjafzaﬁ) G(‘/Eipxig)nzl’

_ ra(rz =) (r1 +72)sin (61 — ) (3.51)
2 (—27"27“1 COS (01 - 92) + T% + T%) 3 ‘
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To evaluate AS (2), we compute the four-point function

(Fry(r1,65", 4, 2) Foy (r2,05” 4, 2) Fry (11,017 y, 2) Foy (2,657 y, 2))

= (Fry(r1, 08", 2) Foy (12,057 3. 2)) (Fy (1,08 y, 2) By (2,08, 2))+
(Fry (1,08 1, 2) Foyy (11,017, 2)) (Fgy (12,05 y, 2) Fyy (r2, 08, 2))+
(Fry (1,08 7, 2) Foy (12,057 . 2)) (Foy (12,05 . 2) Fry (11,08, 2)

(amam 8r2391> G(r1,6057,62) (3r1392+ arzael) Glr1,60057,62)

T1—T2

. rir 1 L
— lim 142 (arl&»z 891892) G(T‘l,el;rg,ez) (37,18,,2 —891892> G(T1,91;T2,92)
172 rire
91—)62+27T

<8r1392+ 5r2391>G(7”1,91;7“2,92+27T)<0r1392+ 0r2391>G(T1,91;T2792+27T),

B (’I"l *7“2) 27‘2 sin (5 (91 *02)) (QMCOS (5 (91 *02)) — (T‘l +T2)) 2
- 256747y (r1+r2)* (—%/Wcos (% (91—92))+r1 +r2) 6

_ (3>2 b
25672 ) rir3
(r1—72)2sin? (5 (01-0) ) (2/Fi73c0s (3 (01 —62) ) +3 (r1+75) )2
256 (r1+72)* (%/WCOS (% (61 —92)) +71 +7"2) 6

_l’_

(3.52)

Here, G(r1,601;72,602) is the scalar two-point function on the replica surface for n = 2.
Note that, the four point function diverges negatively as the operator approaches to the
boundary which is located at x = 0. This is due to the second term which comes from the

(2)

correlators across the sheets but involve same points. Therefore, AS,” becomes complex
near the boundary. This is one of the examples where ASE‘Q) becomes complex and the
reason is that the reduced transition matrix is not Hermitian which can be seen from the

expression
Y1l /
PRIV = Trp (Fuy (0, )]0)(0]F gy (o, %)) (3.53)

(2)

Now we plot the real part of AS;” as a function of the center of the two operators.

(2)

From figure (10), we observe that real part of AS)’ decreases significantly near the

boundary of the subsystems and vanishes far away from the boundary. Therefore, there is
(2

no contribution to AS},” far away from the boundary where pseudo Rényi entropy becomes
equal to the Rényi entropy of the ground state.

4 Discussion

In this paper, we study pseudo entropy in the free Maxwell field theory in d = 4 dimension.
Mainly we are interested in evaluating the difference between the pseudo Rényi entropy
and the Rényi entropy of the ground states. This effectively captures the variation of the
Rényi entropy from the ground state.
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Figure 10. Real part of ASf) as a function for different components of the field strength. Blue
line: o =5, o/ = 25; orange line a = 10, o’ = 30; green line o = 15, o’ = 35.

To set up the whole formalism we begin with conformal scalar field theory in d = 4
dimension. We prepare two excited states by two conformal operators with fixed conformal
weights acting on the ground state. We keep the spatial positions separate them by placing
them at two different Euclidean times. We observe that the difference between the pseudo
entropy and the ground state Rényi entropy are the same everywhere except near the
boundary of the subsystems where it changes significantly. This difference at the boundary
actually depends on the ratio of the two Euclidean times near the boundary. Near boundary,
behavior can be understood at the correlator level. The two-point functions on the replica
surface change significantly near the boundary and hence it is reflected on the ASXL). We
also show that under a suitable analytical continuation of pseudo Rényi entropy leads to
evaluation of real-time evolution of Rényi entropy during quenches. In this case ASXL)
starts growing from the point when real time of the operator becomes the same as the
spatial insertion point and it reaches to log 2 after a large time when left and right moving
modes become maximally entangled [20].

To understand the general features of ASXL) in gauge theory, we prepare excited states
by a different component of the field strengths acting on the vacuum. Therefore the states
remain gauge invariant and we evaluate the difference between pseudo Rényi entropy and
the Rényi entropy of the ground state. Similar to the scalar field, the difference ASI%”) is
mostly zero everywhere except near the boundary of the subsystems. This property can be
explained by the two-point functions of the field strength on the replica surface. Two-point
correlators also exhibit a significant change near the boundary which reflects on ASXL) and
the peak of AS’I(L‘") depends on the ratio of the Euclidean times of the field strengths.

In general, one requires the 2n-point correlators on the replica surface to evaluate the
difference between pseudo Rényi entropy and ground state Rényi entropy, ASI(Lln). Once,
it is expressed as a function of the Rényi parameter n, it is easy to take the limit n — 1
in the expression of ASSL). But, one can also evaluate the difference between pseudo
entanglement entropy and ground state entanglement entropy in the particular region of
the parameter space & = % (g — a1), where o = —it — € and ay = —it + € are the two

Euclidean times where the field strengths are placed. Note that, in the limit & =€ — 0,
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the correlators on the same sheet and the correlators across the sheets have the leading
contribution in ASgn) as shown in [19-22] for conformal scalar and free Maxwell field and
recently in [24] for the local gravitational excitations. Therefore, in the limit @ — 0, one
can extract the leading term in the expression of AS4.

As a future direction, we would like to investigate pseudo entropy for the linearized
graviton. One can, in principle, create excitations using the Riemann tensor acting on
the ground state. The difference between pseudo entropy from the ground state entropy
can be evaluated in Euclidean path integral formalism. Therefore one can also compare
ASSL) for spin-0, spin-1 and spin-2 field and understand the general spin dependence. The
physical question would be to relate this quantity AS&") with some property of the local
operator which creates the excitation. It will be interesting to evaluate and understand
the general properties of pseudo-entropy for the fermionic systems where one can prepare
different excited states by the different primaries at different Euclidean times. But Wick
rotating the Euclidean time to real-time should lead to the analysis of the local quench by
the fermionic operators [21]. Another important direction would be to understand pseudo-
entropy in conformal higher derivative and conformal higher spin fields [25, 26] where one
has to develop two and four-point functions on the replica surface. It will be nice to show
the non-unitarity nature of these theories within the framework of pseudo entropy.

Acknowledgments

It is a pleasure to thank Justin R. David, Aninda Sinha, and Chethan Krishnan for fruitful
discussions and comments on the draft.

A Derivation of two-point functions and AS&") for arbitary n

In this section we present the derivation for ASXL), for scalar field, free Maxwell field in

d = 4 dimension. The key ingredient is just the two-point functions on the replica surface.
We list out the two-point functions of scalar and different components of the field strength
on the replica surface for arbitrary n.

Scalar correlator in d = 4 dimension. One has to compute the 2n-point function
of conformal scalars on replica surface. Since the theory is free, one can easily evaluate it
using Wick contraction of the two-point function. The two-point function on the replica
surface is known [19, 20] and presented in (3.9). This can also be written as

3 n
sinh o

G(xil;xm)(nk) = 91792727%) (Al)

8m2nriry sinhn (cosh% — cos 2
243+ (y1—y2)%+(21—22)
2rirs
points separated by k sheets are the same as the two-point functions separated by k —n

2
. Note that, the two-point function which involves

where coshn =

sheets.

G(wiy; xiQ)(n,k) = G(ziy; xiz)(n,kfny
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In this two-point function, & = 0 denotes the correlator involving the points on the same
sheet. Threrefore, 2n-point function on replica surface can be expressed as

(M (i) (wiy) -+ ) (3, )™ (3,))s,, = (G(xil;ﬂfiz)(n,kzo))nJr (G(ﬂfn;ﬂ?iz)(n,k:l))nJr' .
(A.2)

where - -- includes all possible contraction of points in sheets for £ > 1. One can easily
obtain the 2n-point function from the correlator given in (A.1).

Two-point functions of field strength on replica surface. We begin with the corre-
lator (F,.9F,9) which is proportional to the scalar Laplacian acting on the two-point function
of conformal scalar.

1 1
(FroFro)s, = —T172 (331 + Haﬁ + 730§1> G(Tiys Tiy) (n )
1

(coth(n) + 1)csch(n) (cosh (i) cos (%) + n coth(n) sinh (1) (cosh (L) — cos (%)) — 1)
4m2n2r? (cos (0> — cosh (%))2

' (A.3)

Here 6 = 01 —05—27k. Using this two-point function, one can compute 2n-point function on
the replica surface. Similarly the two-point function (F).F,.) on replica surface is given by

1 1 1
(FyFyz)s, = 5 (a,?l O+ T%agl) G iy, Tiy) (k)
(coth(n) 4 1)csch(n) (cosh (3) cos (%) + n coth(n) sinh (;) (cosh (L) — cos (%)) — 1)

8m2n2riry (cos (9> — cosh (%))2

n

with 0 = 61 — 05 — 27k.

h 0
(FryFry)s, = csch(n) 3 lSn coth(7) cosh? <7]) cos ()
1672n3r?r3 (cos <0> — cosh (%)) " K

n

2 2
— 2n cosh (77) — 4n coth(n) cosh? <77> coth(n) <— cosh (77> + cos (9> + 2)
n n n n
+ sinh (77) ( — 3 —3coth?(n) + ((2n2 - 1) cos <2€> + 4n? + 3)
n n

2 20 0
+ 2n? cosh (U) + cosh(2n) + cos () csch?(n) — 4n coth(n) sinh (7]) cos () )
n n

n n

+ csch?(n) sinh (2:) (cosh(27]) —4n? - 1) + cos (i) ]
= —riry <F9yF9y>Zn' <A.5)

Given all the two-point functions on the replica surface for arbitrary n, one can evaluate

the 2n-point function explicitly and compute ASI(;).

_97 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited. SCOAP? supports

the goals of the International Year of Basic Sciences for Sustainable Development.

References

1]

2]

8]

[9]

[10]

J.L. Cardy and I. Peschel, Finite Size Dependence of the Free Energy in Two-dimensional
Critical Systems, Nucl. Phys. B 300 (1988) 377 nSPIRE].

P. Calabrese and J.L. Cardy, Entanglement entropy and quantum field theory, J. Stat. Mech.
0406 (2004) P06002 [hep-th/0405152] INSPIRE].

P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, J. Phys. A 42
(2009) 504005 [arXiv:0905.4013] [INSPIRE].

S. Ryu and T. Takayanagi, Aspects of Holographic Entanglement Entropy, JHEP 08 (2006)
045 [hep-th/0605073] [INSPIRE].

V.E. Hubeny, M. Rangamani, and T. Takayanagi, A Covariant holographic entanglement
entropy proposal, JHEP 07 (2007) 062 [arXiv:0705.0016] [INSPIRE].

Y. Nakata, T. Takayanagi, Y. Taki, K. Tamaoka, and Z. Wei, New holographic generalization
of entanglement entropy, Phys. Rev. D 103 (2021), no. 2 026005 [arXiv:2005.13801]
[INSPIRE].

A. Mollabashi, N. Shiba, T. Takayanagi, K. Tamaoka, and Z. Wei, Pseudo Entropy in Free
Quantum Field Theories, Phys. Rev. Lett. 126 (2021), no. 8 081601 [arXiv:2011.09648]
[INSPIRE].

A. Mollabashi, N. Shiba, T. Takayanagi, K. Tamaoka, and Z. Wei, Aspects of pseudoentropy
in field theories, Phys. Rev. Res. 3 (2021), no. 3 033254 [arXiv:2106.03118] [INSPIRE].

Y. Aharonov, D.Z. Albert and L. Vaidman, How the result of a measurement of a component
of the spin of a spin-1/2 particle can turn out to be 100, Phys. Rev. Lett. 60 (1988) 1351
[INSPIRE].

J. Dressel, M. Malik, F. M. Miatto, A. N. Jordan, and R. W. Boyd, Colloquium:
Understanding quantum weak values: Basics and applications, Rev. Mod. Phys. 86 (2014)
307.

W. Donnelly and A.C. Wall, Entanglement entropy of electromagnetic edge modes, Phys.
Rev. Lett. 114 (2015), no. 11 111603 [arXiv:1412.1895] [INSPIRE].

H. Casini and M. Huerta, Entanglement entropy of a Mazwell field on the sphere, Phys. Rev.
D 93 (2016), no. 10 105031 [arXiv:1512.06182] [INSPIRE].

H. Casini, M. Huerta, J.M. Magan, and D. Pontello, Logarithmic coefficient of the
entanglement entropy of a Mazwell field, Phys. Rev. D 101 (2020), no. 6 065020
[arXiv:1911.00529] [INSPIRE].

S. Ghosh, R.M. Soni, and S.P. Trivedi, On The Entanglement Entropy For Gauge Theories,
JHEP 09 (2015) 069 [arXiv:1501.02593] [NSPIRE].

R.M. Soni and S.P. Trivedi, Entanglement entropy in (3 + 1)-d free U(1) gauge theory,
JHEP 02 (2017) 101 [arXiv:1608.00353] [NSPIRE].

~ 98 —


https://creativecommons.org/licenses/by/4.0/
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB300%2C377%22
https://arxiv.org/abs/hep-th/0405152
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0405152
http://arxiv.org/abs/0905.4013
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0905.4013
https://arxiv.org/abs/hep-th/0605073
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0605073
http://arxiv.org/abs/0705.0016
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0705.0016
http://arxiv.org/abs/2005.13801
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.13801
http://arxiv.org/abs/2011.09648
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2011.09648
http://arxiv.org/abs/2106.03118
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2106.03118
https://doi.org/10.1103/PhysRevLett.60.1351
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C60%2C1351%22
http://arxiv.org/abs/1412.1895
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.1895
http://arxiv.org/abs/1512.06182
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1512.06182
http://arxiv.org/abs/1911.00529
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.00529
http://arxiv.org/abs/1501.02593
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1501.02593
http://arxiv.org/abs/1608.00353
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.00353

[16] J.R. David and J. Mukherjee, Hyperbolic cylinders and entanglement entropy: gravitons,
higher spins, p-forms, JHEP 01 (2021) 202 [arXiv:2005.08402] INSPIRE].

[17] V. Benedetti and H. Casini, Entanglement entropy of linearized gravitons in a sphere, Phys.
Rev. D 101 (2020), no. 4 045004 [arXiv:1908.01800] [INSPIRE].

[18] J.R. David and J. Mukherjee, Entanglement entropy of gravitational edge modes, JHEP 08
(2022) 065 [arXiv:2201.06043] [INSPIRE].

[19] M. Nozaki, Notes on Quantum Entanglement of Local Operators, JHEP 10 (2014) 147
[arXiv:1405.5875] [INSPIRE].

[20] M. Nozaki, T. Numasawa, and T. Takayanagi, Quantum Entanglement of Local Operators in
Conformal Field Theories, Phys. Rev. Lett. 112 (2014) 111602 [arXiv:1401.0539] [INSPIRE].

[21] M. Nozaki, T. Numasawa, and S. Matsuura, Quantum Entanglement of Fermionic Local
Operators, JHEP 02 (2016) 150 [arXiv:1507.04352] [INSPIRE].

[22] M. Nozaki and N. Watamura, Quantum Entanglement of Locally Excited States in Mazwell
Theory, JHEP 12 (2016) 069 [arXiv:1606.07076] [INSPIRE].

[23] P. Candelas and D. Deutsch, On the vacuum stress induced by uniform acceleration or
supporting the ether, Proc. Roy. Soc. Lond. A 354 (1977) 79 [INSPIRE].

[24] J.R. David and J. Mukherjee, Entanglement entropy of local gravitational quenches,
arXiv:2209.05792 [iNSPIRE].

[25] J. Mukherjee, Partition functions of higher derivative conformal fields on conformally related
spaces, JHEP 10 (2021) 236 [arXiv:2108.00929] [NSPIRE].

[26] J. Mukherjee, Partition functions and entanglement entropy: Weyl graviton and conformal
higher spin fields, JHEP 04 (2022) 071 [arXiv:2112.15461] [INSPIRE].

~ 99 —


http://arxiv.org/abs/2005.08402
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.08402
http://arxiv.org/abs/1908.01800
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.01800
http://arxiv.org/abs/2201.06043
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2201.06043
http://arxiv.org/abs/1405.5875
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1405.5875
http://arxiv.org/abs/1401.0539
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.0539
http://arxiv.org/abs/1507.04352
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1507.04352
http://arxiv.org/abs/1606.07076
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.07076
https://inspirehep.net/search?p=find+J%20%22Proc.Roy.Soc.Lond.%2CA354%2C79%22
http://arxiv.org/abs/2209.05792
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2209.05792
http://arxiv.org/abs/2108.00929
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2108.00929
http://arxiv.org/abs/2112.15461
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2112.15461

	Introduction
	Pseudo-entropy in conformal field theory
	Conformal scalar in d=2 dimension
	Conformal scalar in d=4 dimension

	Free Maxwell field in d=4 dimension
	Excitation by the same components of the field strength with different cutoffs
	Excitation by the different components of the field strength with different cutoffs

	Discussion
	Derivation of two-point functions and Delta SA**n for arbitary n

