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Abstract: Let G be a graph. A 2-rainbow dominating function (or 2-RDF) of G
is a function f from V(G) to the set of all subsets of the set {1,2} such that for a
vertex v € V(G) with f(v) = 0, the condition Uweng ) fw) = {1,2} is fulfilled,
where Ng(v) is the open neighborhood of v. The weight of 2-RDF f of G is the value
w(f) =2 pev(e) [f (V). The 2-rainbow domination number of G, denoted by vr2(G),
is the minimum weight of a 2-RDF of G. A 2-RDF f is called an outer independent
2-rainbow dominating function (or OI2-RDF) of G if the set of all v € V(G) with
f(v) = 0 is an independent set. The outer independent 2-rainbow domination number
Yoir2(G) is the minimum weight of an OI2-RDF of G. In this paper, we obtain the
outer independent 2-rainbow domination number of P,,(0P, and P,,00C,. Also we
determine the value of ¥4ir2(Crn Cy) when m or n is even.

Keywords: 2-rainbow dominating function, 2-rainbow domination number, outer in-
dependent 2-rainbow dominating function, outer independent 2-rainbow domination
number, Cartesian product
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1. Introduction

In this paper, G is a simple graph with vertex set V = V(G) and edge set E = E(G).
The open neighborhood of a vertex v € V is theset N(v) = Ng(v) ={u € V |uwv € E},
and its closed neighborhood is the set N[v] = N(v) U {v}. The degree degq(v) of a
vertex v is the cardinality of its open neighborhood. Consult [11] for notation and
terminology which are not defined here.

Let k be a positive integer, and set [k] := {1,2,...,k}. A function f : V(G) — 2¥
is a k-rainbow dominating function (or k-RDF) of G if for a vertex v € V(G) with
f(v) = 0, the condition {J, ¢y, f(u) = [k] is fulfilled. The weight of a k-RDF f
of G is the value w(f) := }_, ey (g [f(v)|. The k-rainbow domination number of G,
© 2021 Azarbaijan Shahid Madani University
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denoted by 7,1 (G), is the minimum weight of a k-RDF of G. A k-RDF f of G is a
Yrk-function if w(f) = v,(G). The k-rainbow domination number was introduced by
Bresar, Henning, and Rall [5]. The k-rainbow domination and its variants have been
studied by several authors (see for example [1-4, 6-10, 13-19]).

An outer independent k-rainbow dominating function (or OIk-RDF) on a graph G is
a k-rainbow dominating function f with the additional property that the set of all
v € V(G) with f(v) = 0 is an independent set. The outer independent k-rainbow
domination number 7,;1(G) is the minimum weight of an OIk-RDF of G. Outer
independent k-rainbow domination was introduced by Kang et al. in [12] in 2019.
For two graphs G and H, we let GOH denote the Cartesian product of G and H.
In this paper we focus on the outer independent 2-rainbow domination number and we
obtain the outer independent 2-rainbow domination number of P,,[0P, for m,n > 2,
where P, is the path of order m. Also we determine the outer independent 2-rainbow
domination number of P,,[JC,, when m > 2,n > 3 and C,,,0C,, when m or n is even,
where C,, is the cycle of order n.

2. Outer independent 2-rainbow domination number of F,,0F,

Let V(P,,0P,) = {v},v?,..., 0™ |1 <i<n} and

79 Y
E(P,0P,) = {v]v]T' [1<i<n, 1 <j<m-1}U{v]vl |1 <i<n-1,1<j<m}.

Then for every 1 < i < m, the i-th copy of P, in the grid P,,0P, is denoted by
vivh .. o,

Also we use 0,1,2,3 to encode the sets 0, {1}, {2}, {1, 2}.

Theorem 1. For m,n > 2, Yoir2(PmOP,) = [5*].

Proof. First we will present constructions of a OI2-RDF of P,,0P,, of the desired
weight. We consider the following m lines of length n.

1. m and n are even:

1010...10
0202...02
1010...10

0202...02
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2. m is even and n is odd:

1010...10 1
0202...02 0
1010...10 1
0202...02 0

3. m is odd and n is even:

0202...02
1010...10
0202...02
1010...10
0202...02

4. m and n are odd:

0202...02 0
1010...10 1
0202...02 0
1010...10 1
0202...02 0

Now we show that Yo (Pn0P,) > [22]. Let f be an OI2-RDF with w(f)

2

Yoir2 (PmOPy) and for every 1 < i <n, w(fi) = |f(vi)[ +|f(v7)[ +- - +[f(0]")]. First
let m is even. By defination of function f, for every 1 <i <n, w(f;) > 5. Hence

w(f)

S W) =5

1<i<n

{

mn

2

|
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Now let m is odd. Then w(f;) > mT_l for every 1 < i < n. It is easy to see that, if
w(f;) = 21, then w(fi—1) > 2 and w(fi11) > 2L, First let n is odd. Then

20(f) = 2 3 w(f)

1<i<n
= W) +wlfa)+ Y (@) +w(fir)
1<i<n—1
-1 -1 -1
> 1 +mT+(n—1)(mT+mT“)
= mn— 1.
Therefore w(f) > ™2=1 = |Z2] when m and n are odd. Now let n is even. If
w(f1) +w(fn) = m, then
2(f) =2 > w(fi)
1<i<n
= w(f)+wlf)+ Y (W) +w(fin)
1<i<n—1
= mn.

Now if w(f1) = w(fn) = 251, we can see that, there is 2 < k < n — 2 such that
w(fi),w(fre1) > 25+, Hence

2w(f) =2 Y w(f)
1

= w(fi) +w(fis) +w(fo) +wl(fa)+ Y (@(fi) +w(firn))

1<i<n—1,i#k

m+1 m+1 m-1 m-—1 m—1 m+1
—9 nT-
S R B A S
= mn,
and w(f) > [“5*] when m is odd and n is even. This complete the proof. O

The following figures are the values of the vertices of P4O0P5 and Ps0OP;.
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v% v% v% vi v% 1 0 1 0 1
v% Ug v% vz v% 0 2 0 2 0
v o o3 [vd i [wd 1 0 1 0 1
v‘l1 vg V3 vff vé 0 2 0 2 0
v% v% vé vi Ué 0 2 0 2 0
v w2 [ [0 [0 1 0 1 0 1
v? 'Ug’ vg vi Ug 0 2 0 2 0
Uf U% v§ vﬁ vg 1 0 1 0 1
U £V £V £ R 0 2 0 2 0

3. Outer independent 2-rainbow domination number of P,,0C),

We write V (P,,0C,,) = {v},v?,..., 0" |1 <i < n} and let

E(P,0C,) = {viv] [1<j<m}u{vl/™ |1<i<n1<j<m-—1}

U{vlv], [1<i<n—1,1<j<m}.

Also we use 0, 1,2, 3 to encode the sets 0, {1}, {2}, {1, 2}.

Theorem 2. For m > 2 and n > 3,

mn/2 if n is even,
’70172(Pm Cn) { m(n + 1)/2 if n is odd.

Proof. First we will present constructions of a OI2-RDF of P,,0C,, of the desired
weight. We consider the following m lines of length n.

1. m and n are even:

1010...10
0202...02
1010...10

0202...02
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2. m is even and n is odd:

1010...10 1
0202...02 1
1010...10 1
0202...02 1

3. m is odd and n is even:

1010...10
0202...02
1010...10
0202...02
1010...10

4. m and n are odd:

1010...10 1
0202...02 1
1010...10 1
0202...02 1
1010...10 1

Now let f be an OI2-RDF of P,,0C,, with w(f) = Yeir2(Pn,OC,).
First let n is even and for every 1 <i <n, w(f;) = [f(v})| + [f(W)| + -+ |f (o).
If m is even then for every 1 <i < n, w(f;) > 5. Hence

w(f)= Y wif)z 5

1<i<n
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Now let m is odd. Then w(f;) > %_1 for every 1 < i < n. It is easy to see that, if
w(f;) =251, then w(fi—1) > 2 and w(fi41) > 2. Hence

2 ) w(f)

1<i<n
m—1+m+1
2 2

2w(f)

n(

= mn.

Where the sum is taken modulo n.
Finally let n is odd. Assume that w(f;) = [f(v})| + [f(v8)] + -+ + |f(v)| when
1 <4 <m. Then w(f;) > "'2"1 for every 1 <1i < m. Hence

B (n—|—1)
w(f)= Y wifi) = —

1<i<m

This complete the proof. O

4. QOuter independent 2-rainbow domination number of

C,0C,

We write V(C,,0C,,) = {v},vZ,..., 0" |1 <i<n} and let

1 7))

E(Cn0C,) = {vlv]T' |1 <i<n, 1 <j<m-1}U{v]v] |1 <i<n-1,1<j<m}

Ufvlo [1<i<n}u{vivl |1<j<m}.

Also we use 0, 1,2, 3 to encode the sets 0, {1}, {2}, {1, 2}.
Theorem 3. For m,n > 3,

mn/2 if  m and n are even,
Yoir2(CrnBC,) = ¢ n(m+1)/2 if mis odd and n is even,
m(n+1)/2 if m is even and n is odd.

Proof. First we will present constructions of a OI2-RDF of C,,,0C,, of the desired
weight. We consider the following m lines of length n.

1. m and n are even:
1010...10
0202...02
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1010...10
0202...02

2. m is even and n is odd:

1010...10 1
0202...02 1
1010...10 1
0202...02 1

3. m is odd and n is even:

0202...02
1010...10
0202...02
1010...10
1111...11

Now let f be an OI2-RDF of C,,0C,, with w(f) = Yoir2(Cr,OCY).
First let n is even and for every 1 < i < n, w(fi) = [f(v})] + |f(0D)| + -+ + | f(0)].
If m is even then for every 1 <i <n, w(f;) > . Hence

w(f) = Y wlf) = o

1<i<n
Now let m is odd. Then w(f;) > mT“ for every 1 < ¢ < n. Hence

NOED wfy > MY,

1<i<n



N. Dehgardi 323

Finally let n is odd and m is even. Assume that w(f;) = |f(vi)|+|f(W8)|+---+]|f(v1)]
when 1 <4 <m. Then w(f;) > % for every 1 < i < m. Hence

B m(n+1)
w(f)= Y wifi)= —

1<i<m

This complete the proof. O

If K,, be a complete graph of order n, then similarly we obtain the following results.
Theorem 4. For m,n > 2, voir2a(PnBOKy,) = m(n —1).
Theorem 5. For m,n > 3, Yoir2a(Cr OK,) = m(n — 1).

Theorem 6. For m,n > 4, yoira(KmBOKy,) = m(n —1).
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