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Abstract

In this work, the Exponentiated Chen-G family of distributions is studied by general-
izing the Chen-G family of distributions through the introduction of an additional shape
parameter. The mixture properties of the derived family are studied. Some statistical
properties of the family were considered, including moments, entropies, moment gener-
ating function, order statistics, quantile function. The estimation of the parameters of
the family of distributions was done using the maximum likelihood estimation method,
considering complete and censored situations. Using the Exponential distribution as a
baseline, the Exponentiated Chen Exponential distribution was obtained and its statis-
tical properties were studied. The Exponentiated Chen Exponential distribution has the
Exponentiated Exponential, Exponential, Chen Exponential distributions as submodels.
Lastly, the Exponentiated Chen Exponential distribution was applied to two real data
sets and the results were compared with its submodels and relative distributions.

Keywords: Chen-G family, exponential distribution, statistical properties, baseline distribu-
tion, maximum likelihood estimation.

1. Introduction

Many generalized families of distributions have been proposed and studied over the last two
decades for modeling data in various applied areas such as economics, engineering, biological
studies, environmental sciences, medical sciences, and finance. So, several classes of distribu-
tions have been constructed by extending common families of continuous distributions. These
generalized distributions give more flexibility by adding one (or more) shape parameters to
the baseline model. They were pioneered by Gupta, Gupta, and Gupta (1998) who proposed
the Exponentiated-H class, which consists of raising the cumulative distribution function (cdf)
to a positive power parameter. For x > 0, the Exponentiated-H family of distributions has
the pdf

f(x;β) = γj(x;β)J(x;β)γ−1 (1)

and the corresponding cdf as

F (x;β) = J(x;β)γ (2)
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where γ >0, j(x;β) and J(x;β) are the baseline pdf and cdf respectively with parameter β.
The Exponentiated-H has been extensively used in generalizing some baseline distributions.
These include Exponentiated Weibull (Mudholkar and Srivastava 1993), Exponentiated Pareto
(Ibrahim and Abu-Zinadah 2009), Exponentiated Generalized Lindley (Rodrigues, Percontini,
and Hamedani 2017) e.t.c.
Furthermore, several new classes of distributions can be developed by adding one or more
parameters to an existing distribution or family of distributions. In literature, many families
of distributions have been proposed and extensively studied. Examples include Weibull-G
(Bourguignon, Silva, and M. 2014), Transmuted-G (Shaw and Buckley 2009), Beta-G (Eu-
gene, Lee, and Famoye 2002), Kumaraswamy-G (Nofal, Altun, Afify, and Ahsanullah 2019),
Marshall-Olkin (Yousof, Afify, Nadarajah, Hamedani, and Aryal 2018), Logistic-X (Tahir,
Cordeiro, Alzaatreh, Mansoor, and Zubair 2016), Chen-G (Anzagra, Sarpong, and Nasiru
2020), Lomax-G (Cordeiro, Ortega, Popović, and Pescim 2014) e.t.c.
These families of distributions have been further extended by the introduction of additional
shape parameter(s). Some of these extended families of distributions include Kumaraswamy
Odd Log-logistic family (Alizadeh, Emadi, Doostparast, Cordeiro, Ortega, and Pescim 2015),
Kumaraswamy Marshall-Olkin family (Handique, Chakraborty, and Hamedani 2017), Beta-
Weibull-G (Yousof, Rasekhi, Afify, Ghosh, Alizadeh, and Hamedani 2017), Exponentiated
Weibull-G Cordeiro, Afify, Yousof, Pescim, and Aryal (2017), Beta Transmuted-H (Afify,
Yousof, and Nadarajah 2017), Kumaraswamy Transmuted-G (Afify, Cordeiro, Yousof, Alza-
atreh, and Nofal 2016), Transmuted Weibull G (Alizadeh, Rasekhi, Yousof, and Hamedani
2017), Transmuted Exponentiated G (Yousof, Afify, Alizadeh, Butt, Hamedani, and Ali 2015),
Transmuted Odd Frechet G (Badr, Elbatal, Jamal, Chesneau, and Elgarhy 2020) e.t.c.
In this work, a new class of distributions called the Exponentiated Chen-G distribution is pro-
posed, which is obtained by mixing Exponentiated H family of distributions and the Chen-G
family of distributions. From the Chen-G distribution, the Chen-Pareto (Awodutire 2020)
was derived. The generalized distribution can accommodate different forms of the hazard
function and contain few distributions as some special sub-models in literature.
Therefore, the plan of this work is as follows: Section 2, discusses the derivation of the new
family of distributions with its subfamilies. Section 3 treats the linear representation of the dis-
tribution. In Section 4, the statistical properties of the distribution which includes moments,
moment generating function, reliability functions, order statistics, entropy are studied. The
estimation of parameters of the family of distributions under complete and right-censored
observation was considered in section 5 using the maximum likelihood estimation method.
Section 6 discusses the Exponentiated Chen Exponential distribution including its statistical
properties, simulation studies, and applications to both complete and censored observations.
Necessary conclusions were done in section 7.

2. The exponentiated Chen G family of distributions

Consider a baseline cumulative distribution function (cdf) G(x;β) with corresponding prob-
ability density function (pdf) g(x;β) and parameter vector β. Then, the cdf of the Chen-G
family of distributions (for x > 0) is

J(x;β) = A[1− eτ(1−eG(x;β)θ )] (3)

with the corresponding pdf as

j(x;β) = Aτθg(x;β)G(x;β)θ−1eG(x;β)θeτ(1−e
G(x;β)θ ) (4)

where

A =
1

1− eτ(1−e)
(5)

and x > 0,τ ,θ > 0.It is important to note that A is a normalizing constant, τ is the scale
parameter and θ is the shape parameter.
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Inserting equation (4) in (1), the pdf f(x;β) of the Exponentiated Chen G family of distribu-
tions is obtained as

f(x;β) = γAτθg(x;β)G(x;β)θ−1eG(x;β)θeτ(1−e
G(x;β)θ )(A[1− eτ(1−eG(x;β)θ )])γ−1

which equivalently is

f(x;β) = γAγτθg(x;β)G(x;β)θ−1eG(x;β)θeτ(1−e
G(x;β)θ )[1− eτ(1−eG(x;β)θ )]γ−1 (6)

and inserting (3) in (2), the cdf of the ECG distribution is

F (x;β) = (A[1− eτ(1−eG(x;β)θ )])γ . (7)

When γ = 1, (6) and (7) become the pdf and cdf the Chen-G family of distributions respec-
tively (Anzagra et al. 2020). When τ=1 and θ=1, it gives the Exponentiated-G family of
distributions (Gupta et al. 1998).

3. Mixture representation

In this section, the mixture representation of the pdf and cdf of the Exponentiated Chen-
G family of distributions is discussed. This linear representation is very important for the
derivation of statistical properties of the family of distributions. It allows the properties to
be expressed as mixtures.
From the pdf of the ECG family as

f(x) = γAγτθg(x)G(x)θ−1eG(x)θeτ(1−e
G(x)θ )[1− eτ(1−eG(x)θ )]γ−1. (8)

Consider the power series

(1− q)r−1 =

∞∑
y=0

(−1)r
(
r − 1

y

)
qr

where |q| < 1 and r > 0, then the equation

[1− eτ(1−eG(x;β)θ )]γ−1 =
∞∑
j=0

(−1)j
(
γ − 1

j

)
ejτ(1−e

G(x;β)θ ). (9)

Replacing equation (9) in (8), to have

f(x;β) = γAγτθg(x;β)G(x;β)θ−1eG(x;β)θ
γ−1∑
j=0

(−1)j
(
γ − 1

j

)
e(j+1)τ(1−eG(x;β)θ ). (10)

Furthermore, from the expression

ex =

∞∑
k=0

xk

k!

then

e(j+1)τ(1−eG(x;β)θ ) =

∞∑
k=0

(j + 1)kτk(1− eG(x;β)θ)k

k!
. (11)

Inserting (11) in (10) gives

f(x;β) = γAγτθg(x;β)G(x;β)θ−1eG(x;β)θ =
∞∑
j=0

∞∑
k=0

(−1)j
(
γ − 1

j

)
(j + 1)kτk(1− eG(x;β)θ)k

k!
.

(12)
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Analyzing

(1− eG(x;β)θ)k =
k∑
l=0

(−1)l
(
k

l

)
elG(x;β)θ . (13)

Inserting (13) in (12)

f(x;β) = γAγτθg(x;β)G(x;β)θ−1 =

∞∑
j=0

∞∑
k=0

k∑
l=0

(−1)j+l
(
γ − 1

j

)(
k

l

)
(j + 1)kτk

k!
e(l+1)G(x;β)θ .

(14)
Furthermore,

e(l+1)G(x;β)θ =

∞∑
m=0

(l + 1)mG(x;β)mθ

m!
. (15)

Inputing (15) in (14), it gives

f(x;β) = γAγτθg(x;β)

=

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

−1j+l
(
γ − 1

j

)(
k

l

)
(j + 1)kτk(l + 1)m

k!m!
G(x;β)θ(m+1)−1.

(16)

Rearranging gives

f(x;β) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

(−1)j+l
(
γ − 1

j

)(
k

l

)
(j + 1)kτk(l + 1)m

k!m!(m+ 1)
γAγτθ(m+1)g(x;β)G(x;β)θ(m+1)−1

(17)
to have

f(x;β) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

thΦθ(m+1) (18)

where

th = (−1)j+l
(
γ − 1

j

)(
k

l

)
(j + 1)kτk(l + 1)m

k!m!(m+ 1)
γAγτ (19)

and
Φθ(m+1) = θ(m+ 1)g(x;β)G(x;β)θ(m+1)−1.

The expansion of the pdf of ECG distribution has therefore shown that the ECG pdf is an
infinite combination of the Exp-G pdf. Integrating equation (18) gives mixture form of the
cdf of the ECG family of distributions

F (x;β) =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

thλθ(m+1) (20)

where
λθ(m+1) = G(x;β)θ(m+1)

is the cdf of the Exp-G distribution with power parameter θ(m + 1). Therefore, it follows
that the ECG density function is a linear combination of the Exp-G density functions which
in turn infer that statistical properties of ECG distribution can be obtained from those of the
Exp-G distribution.

4. Statistical properties

In this section, the statistical properties of the ECG distribution are comprehensively studied.
The formulae derived throughout the paper can be easily handled in most symbolic computa-
tion software platforms such as Maple, Mathematica, and Matlab because of their ability to
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deal with analytic expressions of formidable size and complexity. Established explicit expres-
sions to calculate statistical measures can be more efficient than computing them directly by
numerical integration. The properties considered are moments, moment generating function,
Renyi entropy, order statistics, survival function, and the hazard function.

4.1. Moments

In studying probability distributions, several features can be studied through their moments.
Moments are often used to obtain important features of distributions such as measures of
central tendency, dispersion, skewness, and kurtosis. In this section, the moments ECG
family of distributions is considered.
The rth moment of the ECG family of distributions can be obtained as:

E[Xr] = δ′r =

∫ ∞
0

xrf(x;β)dx

E[Xr] =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

th

∫ ∞
0

xrΦθ(m+1)dx (21)

E[Xr] = δ′r =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

thIθ(m+1) (22)

where th is as equation (19) and

Iθ(m+1) =

∫ ∞
0

xrΦθ(m+1)dx (23)

is the moment of the Exp-G distribution with power parameter θ(m+ 1).
Furthermore, the nth central moment of X, given as Fn, is

Fn = E[(X − δ′r)n] =
n∑
r=0

(
n

r

)
(−δ′1)n−rE[Xr] (24)

=
n∑
r=0

(
n

r

)
(−1)n−r(δ1)

n−rE[Xr]. (25)

Therefore, the nth central moment of X is

Fn =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

n∑
r=0

(−1)j+l+n−r
(
γ − 1

j

)(
k

l

)(
n

r

)
(j + 1)kτk(l + 1)m

k!m!(m+ 1)
γAγτIθ(m+1)

=

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

n∑
r=0

rnIθ(m+1)

(26)

where

rn = (−1)j+l+n−r
(
γ − 1

j

)(
k

l

)(
n

r

)
(j + 1)kτk(l + 1)m

k!m!(m+ 1)
γAγτ

and Iθ(m+1) is in (23).
The variance(V), skewness(S) and kurtosis(K) measures can be calculated from the ordinary
moments using well-known relationships as in

V = δ′2 − (δ′1)
2

,

S =
δ′3

δ
3
2
2
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and

K =
δ′4
δ22

where δ1’ is the first moment (mean), δ2’ is the second moment and δ′4 is the fourth moment
about the mean.

4.2. Moment generating function

The moment generating function MX(t) of X is

MX(t) =

∫ ∞
0

etxf(x;β)dx (27)

MX(t) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

th

∫ ∞
0

etxθ(m+ 1)g(x;β)G(x;β)θ(m+1)−1 (28)

MX(t) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

thΓθ(m+1) (29)

where Γθ(m+1) is the moment generating function of the Exp-G distribution with θ(m+1)
power parameter.

4.3. Quantile function

The quantile function(xq) of the Exponentiated Chen G family of distributions is obtained
by inverting the cdf of the Exponentiated Chen G distribution into U, where U is distributed
to Uniform(0,1), 0≤u≤1. This results to

xq = G−1

(ln

(
1−

(
1

τ
ln

(
1− u

1
γ

A

)))) 1
θ

;β


With this function, random numbers for the parameters of the model can be generated. This
is used for simulation studies purposes when the function G(x;β) is specified.

4.4. Renyi entropy

In Information Theory, Renyi entropy generalizes Collision entropy, Shannon entropy, and
Hartley entropy. Entropies quantify the uncertainty, randomness, or diversity of a system.
This property is very important in ecology and statistics as indices of diversity. Renyi entropy
is also important in quantum information, where it can be used as a measure of entanglement.
Renyi Entropy is expressed as

IR(π) =
1

1− π
log

[∫ ∞
0

fπ(x;β)dx

]
.

Therefore, the Renyi entropy of the ECG is defined by

IR(π) =
1

1− π
log

∫ ∞
0

γπAπγτπθπg(x;β)πG(x;β)π(θ−1)eπG(x;β)θeπτ(1−e
G(x;β)θ )[1−eτ(1−eG(x;β)θ )]π(γ−1).

(30)
To define Renyi entropy in terms of the Exp-G density function, consider using the power
series expansion

[1− eτ(1−eG(x;β)θ )]π(γ−1) =

∞∑
j=0

(−1)j
(
π(γ − 1)

j

)
ejτ(1−e

G(x;β)θ )
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IR(π) =
1

1− π
log

∫ ∞
0

γπAπγτπθπg(x;β)πG(x;β)π(θ−1)eπG(x;β)θ
∞∑
j=0

(−1)j
(
π(γ − 1)

j

)
e(j+π)τ(1−e

G(x;β)θ ) (31)

e(j+π)τ(1−e
G(x;β)θ ) =

∞∑
k=0

(j + π)kτk(1− eG(x;β)θ)k

k!
. (32)

Inserting equation (32) in (31),

IR(π) =
1

1− π
log

∫ ∞
0

γπAπγτπθπg(x;β)πG(x;β)π(θ−1)eπG(x;β)θ
∞∑
j=0

∞∑
k=0

(−1)j
(j + π)kτk(1− eG(x;β)θ)k

k!
.

From

(1− eG(x;β)θ)k =

k∑
l=0

(−1)l
(
k

l

)
elG(x;β)θ

it further gives

IR(π) =
1

1− π
log

∫ ∞
0

γπAπγτπθπg(x;β)πG(x;β)π(θ−1)

from the expression

∞∑
j=0

∞∑
k=0

k∑
l=0

(−1)j+l
(
π(γ − 1)

j

)(
k

l

)
(j + π)kτk

k!
e(l+π)G(x;β)θ

e(l+π)G(x;β)θ =
∞∑
m=0

(l + π)mG(x;β)mθ

m!
(33)

IR(π) =
1

1− π
log

∫ ∞
0

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

(−1)j+l
(
π(γ − 1)

j

)(
k

l

)
(j + π)kτk(l + π)m

k!m!

γπAπγτπθπg(x;β)πG(x;β)θ(m+π)−π (34)

which is also

IR(π) =
1

1− π
log

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

(−1)j+l
(
π(γ − 1)

j

)(
k

l

)
(j + π)kτk(l + π)m

k!m!

γπAπγτπθπ
(∫ ∞

0
(
θ(m+ π)

π
− 1)g(x;β)G(x;β)

θ(m+π)
π
−1
)π

dx (35)

IR(π) =
1

1− π
log

∫ ∞
0

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

uhΛπdx

where

uh = (−1)j+l
(
π(γ − 1)

j

)(
k

l

)
(j + π)kτk(l + π)m

k!m!
γπAπγτπθπ

and

Λ =
θ(m+ π)

π
g(x;β)G(x;β)

θ(m+π)
π
−1dx

Γ is pdf of the Exp-G distribution with θ(m+π)
π power parameter. Thus, the Renyi entropy of

the ECG family of distributions is established in terms of the entropy of the Exp-G distribu-
tion.
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4.5. Survival function and hazard function

The survival function s(x;β) and the hazard function h(x;β) of the Exponentiated Chen-G
family of distributions is derived as

s(x;β) = 1− (A[1− eτ(1−eG(x;β)θ )])γ

and

h(x;β) =
γAγτθg(x;β)G(x;β)θ−1eG(x;β)θeτ(1−e

G(x;β)θ )[1− eτ(1−eG(x;β)θ )]γ−1

1− (A[1− eτ(1−eG(x;β)θ )])γ

respectively. The reverse hazard function h̄(x;β) is obtained as

h̄(x;β) =
γAγ−1τθg(x;β)G(x;β)θ−1eG(x;β)θeτ(1−e

G(x;β)θ )

[1− eτ(1−eG(x;β)θ )]
.

4.6. Order statistics

Let X1, ..., Xn be a random sample from the Exponentiated Chen-G family of distributions,
the pdf of ith order statistic, say Xi:n, can be written as

fi:n(xi;β) =
1

B(i, n− i+ 1)
f(xi;β)

n−1∑
v=0

(−1)v
(
n− 1

v

)
F (xi;β)v+i−1. (36)

Therefore

F (xi;β)v+i−1 =

 ∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

thλθ(m+1)

v+i−1

(37)

which is

F (xi;β)v+i−1 =

 ∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

th
[
Rm+1

]θv+i−1

. (38)

Hence, using an equation as explored in the work of Gradshteyn and Ryzhik (2007) for a
power series that is raised to a power of a positive integer n:( ∞∑

k=0

fku
k

)n
=
∞∑
k=0

Cn,ku
k (39)

where coefficient Cn,k can be derived from the recurrence equation

Cn,k = (k(Cn,0)
1
n )−1

k∑
l=1

(l(n+ 1)− r)((Cn,l)
1
n )(Cn,k−m).

Therefore using (38) and (39),

F (xi;β)j+i−1 =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

Ch,i+j−1
[
Rm+1

]θ
. (40)

Substituting (18) and (39) into (36), and using the power series expansion, the pdf of Xi:n of
the ECG is derived as

fi:n(xi) =
1

B(i, n− i+ 1)

n−1∑
v=0

(−1)v
(
n− i
v

) ∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

Ch,i+j−1Z
θ(m+1)
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where Zθ(m+1) is the Exp-G pdf with power θ(m+ 1).
Therefore, the first order X1 of the pdf of the ECG distribution is

f1:n(x) = n
n−1∑
v=0

(−1)v
(
n− 1

v

) ∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

Ch,jZ
θ(m+1)

and the last order Xn as

fn:n(x) = n
n−1∑
v=0

(−1)v
(
n− i
v

) ∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

Ch,n+j−1Z
θ(m+1).

5. Maximum likelihood estimation

In this section, the estimation of the ECG family under complete observation and censored
observation is studied. This is done using the maximum likelihood estimation method. Let
Xi, ..., Xn be a random sample from the Exponentiated Chen-G family of distributions with
observed values xi, ..., xn and ζ = (τ, θ, γ, β) be parameter vector. Then, the log-Likelihood
function of Exponentiated Chen-G family of distributions under complete observation is ob-
tained as

l(xi; τ, θ, γ, β) = l = n ln γ + nγ lnA+ n ln τ + n ln θ +
n∑
i=1

ln g(xi;β) + (θ − 1)
n∑
i=1

lnG(xi;β)

+
n∑
i=1

lnG(xi;β)θ +
n∑
i=1

τ(1− eG(xi;β)
θ
) + (γ − 1)

n∑
i=1

ln(1− eτ(1−eG(xi;β)
θ
)).

(41)

Differentiating the loglikelihood function with respect to ζ gives

∂l

∂γ
=
n

γ
+ lnA+ ln(1− eτ(1−eG(xi;β)

θ
)) (42)

∂l

∂τ
=
n

τ
+ nγ

A′

A
+

n∑
i=1

(1− eG(xi;β)
θ
) + (γ − 1)

n∑
i=1

(eG(xi;β)
θ − 1)eτ(1−e

G(xi;β)
θ
)

1− eτ(1−eG(xi;β)
θ
)

(43)

∂l

∂θ
=
n

θ
+

n∑
i=1

lnG(xi;β) +
n∑
i=1

G(xi;β)θ lnG(xi;β)

G(xi;β)θ

+ (γ − 1)

n∑
i=1

τG(xi;β)θ lnG(xi;β)eG(xi;β)
θ
eτ(1−e

G(xi;β)
θ
)

1− eτ(1−eG(xi;β)
θ
)

(44)

∂l

∂β
=

n∑
i=1

g′(xi;β)

g(xi;β)
+ (θ − 1)

n∑
i=1

G′(xi;β)

G(xi;β)
+

n∑
i=1

θG(xi;β)θ−1G′(xi;β)

G(xi;β)θ

+

n∑
i=1

τG′(xi;β)G(xi;β)θ−1eG(xi;β)
θ

+ (γ − 1)

n∑
i=1

G′(xi;β)G(xi;β)θ−1eG(xi;β)
θ

1− eτ(1−eG(xi;β)
θ
)

(45)

where G′(xi;β) = ∂G(xi;β)
∂β , A = 1

1−eτ(1−e) and A’= eτ(1−e)(1−e)
(1−eτ(1−e))2 .

The maximum likelihood estimators of the population parameters are obtained by setting
the non-linear equations in equations (42)-(45) to zero. These equations are very difficult to
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obtain, so iterative procedures are used. Furthermore, in the case of interval estimation, the
following observed information matrix is required

U(f, s) =



Uγγ Uγτ Uγθ..... Uγβ
Uτγ Uττ Uτθ..... Uτβ
Uθγ Uθτ Uθθ..... Uθβ
. . . .
. . . .

Uβγ Uβτ Uβθ..... Uββ


where Urs = ∂2l

∂f∂s and f,s=(γ, τ, θ, β) Uf,s can be computed numerically. Under standard

regularity conditions (Cox and Hinkley 1979), the distribution of (ζ̂-ζ) by the multivariate
normal N3+r(0,J(ζ−1) distribution can be estimated, where r is the number of parameters
of the baseline distribution. The maximum values of the unrestricted and restricted log-
likelihoods can be computed, to construct likelihood ratio (LR) statistics for testing some
sub-models of the ECG family of distributions.
For right-censored situations, to estimate the parameters of the model, the likelihood function
is given as

L =
r∏
i=1

f(xi, β)
n∏

i=r+1

s(x
+

i , β), (46)

where
∏r
i=1 f(xi;β) represents the joint probability of observing the uncensored survival

times, and
∏n
i=r+1 s(x

+
;β) represents the joint probability of those censored survival times.

Therefore, r is the number of uncensored subjects and n-r is for the censored subject. The
censored likelihood L(ζ)∗ for the model parameters is

l(xi, x
+
i ; ζ∗) = l∗ = r ln γ + nγ lnA+ r ln τ + r ln θ +

r∑
i=1

ln g(xi;β) + (θ − 1)
r∑
i=1

lnG(xi;β)

+
r∑
i=1

lnG(xi;β)θ +
r∑
i=1

τ(1− eG(xi;β)
θ
) + (γ − 1)

r∑
i=1

ln(1− eτ(1−e
G(x+

i
;β)θ ))

+
n∑

i=r+1

ln(1− (A[1− eτ(1−e
G(x+

i
;β)θ )])γ),

(47)

∂l∗

∂γ
=
r

γ
+lnA+

r∑
i=1

ln(1−eτ(1−eG(xi;β)
θ
))−

n∑
i=r+1

(A[1− eτ(1−e
G(x+

i
;β)θ )])γ lnA[1− eτ(1−e

G(x+
i

;β)θ )]

1− (A[1− eτ(1−eG(x+
i

;β)θ )])γ
,

(48)

∂l

∂τ
=
r

τ
+ nγ

A′

A
+

r∑
i=1

(1− eG(xi;β)
θ
)

+ (γ − 1)
r∑
i=1

(eG(xi;β)
θ − 1)eτ(1−e

G(xi;β)
θ
)

1− eτ(1−eG(xi;β)
θ
)

−
n∑

i=r+1

γ(A′(1− eG(x+i ;β)
θ
) +A((eG(x+i ;β)

θ − 1)eτ(1−e
G(x+

i
;β)θ )))γ−1

1− (A[1− eτ(1−eG(x+
i

;β)θ )])γ
,

(49)
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∂l

∂θ
=
r

θ
+

r∑
i=1

lnG(xi;β) +

r∑
i=1

G(xi;β)θ lnG(xi;β)

G(xi;β)θ

+ (γ − 1)
r∑
i=1

τG(xi;β)θ lnG(xi;β)eG(xi;β)
θ
eτ(1−e

G(xi;β)
θ
)

1− eτ(1−eG(xi;β)
θ
)

−
n∑

i=r+1

γAγτG(x+i ;β)θ lnG(x+i ;β)eτ(1−e
G(x+

i
;β)θ )(1− eτ(1−e

G(x+
i

;β)θ ))γ−1

1− (A[1− eτ(1−eG(x+
i

;β)θ )])γ
,

(50)

∂l∗

∂β
=

r∑
i=1

g′(xi;β)

g(xi;β)
+ (θ − 1)

r∑
i=1

G′(xi;β)

G(xi;β)
+

r∑
i=1

θG(xi;β)θ−1G′(xi;β)

+

r∑
i=1

τG′(xi;β)G(xi;β)θ−1eG(xi;β)
θ

+ (γ − 1)

r∑
i=1

G′(xi;β)G(xi;β)θ−1eG(xi;β)
θ

1− eτ(1−eG(xi;β)
θ
)

+
n∑

i=r+1

γτ(A(1− eτ(1−e
G(x+

i
;β)θ )))γ−1eτ(1−e

G(x+
i

;β)θ )eG(x+i ;β)
θ
θG(xi;β)(θ−1)G′(xi;β)

1− (A[1− eτ(1−eG(x+
i

;β)θ )])γ

(51)

where G′(xi;β) = ∂G(xi;β)
∂β , A = 1

1−eτ(1−e) and A’= eτ(1−e)(1−e)
(1−eτ(1−e))2 .

Solving equations (48),(49),(50), and (51) equal zero gives the maximum likelihood estimates
of the ECG family of distributions under censored observations. This estimation can be done
iteratively with the aid of statistical software.

6. Exponentiated Chen exponential distribution

In this section, the Exponentiated Chen Exponential distribution is introduced. This dis-
tribution is obtained by mixing the Exponentiated Chen G family of distributions and the
Exponential distribution. The statistical properties, estimations, and application of the Ex-
ponentiated Chen Exponential distribution were considered. Given X as a random variable
which denotes the lifetime of a system, defined by Xi,X2,...,Xn and the distribution of each
is assumed to be identically and independently distributed to the Exponential distribution,
then, X is said to have the pdf

f(x;µ) = µe−µx x > 0, µ > 0 (52)

and cdf

F (x;µ) = 1− e−µx x > 0, µ > 0 (53)

Therefore, inserting the (52) and (53) as the baseline pdf and cdf respectively in equation (1),
the pdf of the Exponentiated Chen Exponential distribution is obtained as

fECE(x; τ, µ, θ, γ) = γAγτθ(µe−µx)(1−e−µx)θ−1e(1−e
−µx)θeτ(1−e

(1−e−µx)θ )[1−eτ(1−e(1−e
−µx)θ )]γ−1

(54)
with the corresponding cdf as

FECE(x; τ, µ, θ, γ) =

(
A[1− eτ(1−e(1−e

−µx)θ )]

)γ
x > 0, µ, θ, γ > 0, |τ | > 0 (55)

where x > 0, µ,θ,γ > 0,|τ | > 0.
Table 1 shows the pdf and cdf of the submodels of the ECE distribution
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Table 1: Table displaying pdf and cdf of submodels of ECE distributions

Distribution pdf cdf Author(Year)
Exponentiated

Exponential(EE) αµ(1− e−µx)α−1e−µx (1− e−µx)α Gupta et al. (1998)

Chen Exponential(CE) Aτθ(µe−µx)(1 −
e−µx)θ−1e(1−e

−µx)θ

eτ(1−e
(1−e−µx)θ )

A[1− eτ(1−e(1−e
−µx)θ )] New

Exponential(E) µe−µx 1− e−µx -

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
●●●●●●
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Figure 1: The pdf of Exponentiated Chen G Family of distributions with various parameter
values

Figure 1 reveals the density plots of the ECE distribution with varying parameter values. The
density plots reveal different shapes with different degrees of kurtosis and right skewness.

6.1. Linear representation of the exponential Chen exponential distribution

In this section, the linear presentation of the ECE distribution is obtained. Inserting the pdf
and cdf of the Exponential distribution in expression 17, the mixture representation of the
ECE distribution is given as

f(x;β) =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

(−1)j+l
(
γ − 1

j

)(
k

l

)
(j + 1)kτk(l + 1)m

k!m!(m+ 1)
γAγτθ(m+1)(µe−µx)(1−e−µx)θ(m+1)−1

(56)
which is a mixture representation in form of the Exponentiated Exponential distribution.
Further analyzing, using the binomial expression,

f(x;β) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

θ(m+1)−1∑
n=0

(−1)j+l+n
(
γ − 1

j

)(
k

l

)(
θ(m+ 1)− 1

n

)

(j + 1)kτk(l + 1)m

k!m!(m+ 1)
γAγτθ(m+ 1)µe−µx(n+1) (57)
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f(x;β) =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

θ(m+1)−1∑
n=0

θ(m+1)∑
p=0

(−1)j+l+n
(
γ − 1

j

)(
k

l

)
(
θ(m+ 1)− 1

n

)
(j + 1)kτk(l + 1)m

p!k!m!(m+ 1)

γAγτθ(m+ 1)µ(−1)pµpxp(θ(m+ 1))p (58)

This finally gives the linear representation of the ECE distribution as

f(x;β) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

θ(m+1)−1∑
n=0

θ(m+1)∑
p=0

(−1)j+l+n+p
(
γ − 1

j

)(
k

l

)
(
θ(m+ 1)− 1

n

)
(j + 1)kτk(l + 1)m

k!m!(m+ 1)p!
γAγτ(θ(m+ 1))p+1µp+1xp (59)

Which can re-written as

f(x;β) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

θ(m+1)−1∑
n=0

θ(m+1)∑
p=0

ehx
p (60)

where

eh = (−1)j+l+n+p
(
γ − 1

j

)(
k

l

)(
θ(m+ 1)− 1

n

)
(j + 1)kτk(l + 1)m

k!m!(m+ 1)p!

γAγτ(θ(m+ 1))p+1µp+1.

6.2. Quantile function of ECE distribution

For the quantile function of the Exponentiated Chen Exponential distribution, the cdf of the
Exponential distribution is inverted in expression (4.3). Therefore the quantile function is
obtained as

1− e−µxq =

(ln

(
1−

(
1

τ
ln

(
1− u

1
γ

A

)))) 1
θ

 (61)

which gives

xq = −
ln(1−

((
ln

(
1−

(
1
τ ln

(
1− u

1
γ

A

)))) 1
θ

)
µ

. (62)

Therefore, random numbers for the parameters of the ECE model can be generated using the
expression in (62).

6.3. Survival and hazard functions

The ECE distribution has the survival function, SECE , as

SECE = 1−
{

(A[1− eτ(1−e(1−e
−µx)θ )])γ

}
and the hazard hECE function as

hECE =
γAγτθ(µe−µx)(1− e−µx)θ−1e(1−e

−µx)θeτ(1−e
(1−e−µx)θ )[1− eτ(1−e(1−e

−µx)θ )]γ−1

(A[1− eτ(1−e(1−e−µx)θ )])γ
.
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(d) γ=0.2,τ=1.3,θ=5.2,µ=3.6

Figure 2: Hazard function of Exponentiated Chen Exponential Distribution with various
parameter values

Figure 2 reveals the hazard function plots of the ECE distribution with varying parameter
values. The hazard rate function for some selected values exhibited upside-down bathtub,
decreasing and increasing failure rates.

6.4. Moments and moment generating function

From the expression in (26), the rth moment of the ECE distribution is obtained by

E[Xr] = δ′r =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

thIθ(m+1) (63)

where th is as equation (19) and Iθ(m+1) is in (23) .// Therefore,

Iθ(m+1) =

∫ ∞
0

xrθ(m+ 1)µe−µx(1− e−µx)θ(m+1)−1dx (64)

From

(1− e−µx)θ(m+1)−1 =
∞∑
p=0

(−1)p
(
θ(m+ 1)− 1

p

)
e−µpx (65)

Inserting (65) in (64) to have

Iθ(m+1) =

∞∑
p=0

(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+ 1)

∫ ∞
0

xre−µx(p+1)dx (66)

∫ ∞
0

xre−µx(p+1)dx =
Γ(r + 1)

(µ(p+ 1))r+1

Iθ(m+1) =
∞∑
p=0

(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+ 1)

Γ(r + 1)

(µ(p+ 1))r+1

Therefore

E[Xr] =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

θ(m+1)−1∑
n=0

θ(m+1)∑
p=0

th(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+ 1)

Γ(r + 1)

(µ(p+ 1))r+1

(67)
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Furthermore, the nth central moment of X given that it follows the ECE distribution is

Fn = E[(X−δ′r)n] =
n∑
r=0

(
n

r

)
(−δ′1)n−r

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

θ(m+1)−1∑
n=0

θ(m+1)∑
p=0

th(−1)p
(
θ(m+ 1)− 1

p

)

µθ(m+ 1)
Γ(r + 1)

(µ(p+ 1))r+1

where

δ1 =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

θ(m+1)−1∑
n=0

θ(m+1)∑
p=0

th(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+ 1)

1

(µ(p+ 1))2

For the moment generating function, using the expression in (28), the moment generating
function MX(t) of ECE distribution is

MX(t) =

∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

th

∫ ∞
0

etxθ(m+ 1)(µe−µx)(1− e−µx)θ(m+1)−1dx (68)

From (65)∫ ∞
0

etxθ(m+1)(µe−µx)(1−e−µx)θ(m+1)−1 =
∞∑
p=0

(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+1)

∫ ∞
0

etxe−x(µ(p+1))dx

=
∞∑
p=0

(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+ 1)

∫ ∞
0

e−x(µ(p+1)−t)dx

=
∞∑
p=0

(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+ 1)

1

µ(p+ 1)− t
.

Therefore, the m.g.f of the ECE distribution is

MX(t) =
∞∑
j=0

∞∑
k=0

k∑
l=0

∞∑
m=0

∞∑
p=0

th(−1)p
(
θ(m+ 1)− 1

p

)
µθ(m+ 1)

1

µ(p+ 1)− t
. (69)

Tables 2, 3, 4, and 5 show different mean, variance, skewness, and kurtosis of values of the
ECE distribution. From table 3, all values are positive, in table 4, the values are positive,
indicating the ability of the distribution to handle real-life situations which are most times
rightly skewed. Positive and negative values in table 5 show that it can handle both heavy
tail and light tail date.
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Table 2: Mean of ECE distribution with various parameter values

θ=2 θ=3 θ=4

γ=0.5 τ=-2
τ=1.5
τ=5

0.68
0.26
0.14

0.64
0.40
0.18

0.92
0.42
0.25

µ=3 γ=1.5 τ=-2
τ=1.5
τ=5

1.10
0.48
0.22

1.20
0.55
0.29

1.29
0.62
0.36

γ=5 τ=-2
τ=1.5
τ=5

1.50
0.72
0.32

1.71
0.85
0.41

1.80
0.96
0.94

γ=0.5 τ=-2
τ=1.5
τ=5

0.14
0.12
0.06

0.24
0.18
0.11

0.24
0.17
0.14

µ=5 γ=1.5 τ=-2
τ=1.5
τ=5

0.65
0.27
0.13

0.74
0.33
0.18

0.81
0.33
0.22

γ=5 τ=-2
τ=1.5
τ=5

0.95
0.42
0.19

0.95
0.51
0.25

1.01
0.62
0.31

γ=0.5 τ=-2
τ=1.5
τ=5

0.29
0.11
0.05

0.39
0.13
0.08

0.41
0.18
0.10

µ=7 γ=0.5 τ=-2
τ=1.5
τ=5

0.46
0.20
0.08

0.55
0.23
0.12

0.62
0.27
0.16

γ=5 τ=-2
τ=1.5
τ=5

0.64
0.28
0.14

0.77
0.36
0.18

0.74
0.38
0.21
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Table 3: Variance of ECE distribution with various parameter values

γ=0.5 τ=-2
τ=1.5
τ=5

0.39
0.08
0.01

0.21
0.09
0.02

0.20
0.06
0.02

µ=3 γ=1.5 τ=-2
τ=1.5
τ=5

0.16
0.10
0.01

0.25
0.07
0.02

0.17
0.12
0.02

γ=5 τ=-2
τ=1.5
τ=5

0.11
0.10
0.02

0.21
0.12
0.01

0.20
0.14
0.17

γ=5 τ=-2
τ=1.5
τ=5

0.06
0.02
0.01

0.06
0.03
0.01

0.10
0.02
0.01

µ=5 γ=1.5 τ=-2
τ=1.5
τ=5

0.07
0.03
0.01

0.05
0.04
0.01

0.06
0.01
0.01

γ=5 τ=-2
τ=1.5
τ=5

0.10
0.03
0.01

0.06
0.06
0.01

0.05
0.31
0.01

γ=0.5 τ=-2
τ=1.5
τ=5

0.03
0.02
0.01

0.06
0.01
0.01

0.05
0.02
0.01

µ=7 γ=1.5 τ=-2
τ=1.5
τ=5

0.03
0.02
0.01

0.06
0.02
0.01

0.06
0.01
0.01

γ=5 τ=-2
τ=1.5
τ=5

0.02
0.01
0.01

0.07
0.02
0.01

0.03
0.02
0.01
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Table 4: Skewness of ECE distribution with various parameter values

θ=2 θ=3 θ=4

γ=0.5 τ=-2
τ=1.5
τ=5

1.80
2.11
1.01

1.19
1.58
1.74

0.43
0.56
1.54

µ=3 γ=1.5 τ=-2
τ=1.5
τ=5

0.96
1.37
1.48

1.58
0.64
1.38

0.62
1.58
0.36

γ=5 τ=-2
τ=1.5
τ=5

1.04
2.27
0.82

0.81
1.58
1.06

0.81
1.29
1.89

γ=0.5 τ=-2
τ=1.5
τ=5

1.23
1.33
1.55

1.11
1.14
0.81

0.36
0.62
0.74

µ=5 γ=1.5 τ=-2
τ=1.5
τ=5

0.58
1.87
1.48

0.81
1.37
1.73

0.74
0.56
0.37

γ=5 τ=-2
τ=1.5
τ=5

1.13
1.53
0.83

1.33
3.07
0.74

1.30
1.03
3.70

γ=0.5 τ=-2
τ=1.5
τ=5

0.67
2.58
1.63

0.44
1.10
0.69

0.42
1.26
1.74

µ=7 γ=1.5 τ=-2
τ=1.5
τ=5

0.81
1.46
1.74

1.82
1.10
0.86

1.32
1.51
1.05

γ=5 τ=-2
τ=1.5
τ=5

0.67
0.14
1.12

1.23
1.27
0.38

0.32
1.41
0.25
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Table 5: Kurtosis of ECE distribution with various parameter values

θ=2 θ=3 θ=4

γ=0.5 τ=-2
τ=1.5
τ=5

4.08
5.85
0.76

1.30
4.61
3.29

-0.62
-0.62
2.94

µ=3 γ=1.5 τ=-2
τ=1.5
τ=5

2.07
2.82
2.88

3.62
0.55
2.31

0.09
2.38
-0.41

γ=5 τ=-2
τ=1.5
τ=5

1.91
7.97
0.49

0.55
2.77
0.81

0.64
1.38
4.59

γ=0.5 τ=-2
τ=1.5
τ=5

1.22
0.90
2.01

2.08
2.01
-0.16

-0.31
-0.31
2.30

µ=5 γ=1.5 τ=-2
τ=1.5
τ=5

-0.04
3.49
4.18

1.69
1.46
4.43

0.39
0.07
0.16

γ=5 τ=-2
τ=1.5
τ=5

0.64
3.80
0.30

1.73
14.42
1.02

1.51
0.31
19.18

γ=0.5 τ=-2
τ=1.5
τ=5

0.59
6.68
3.15

-0.78
0.96
-0.02

-0.49
1.06
3.77

µ=7 γ=1.5 τ=-2
τ=1.5
τ=5

0.01
1.72
3.58

5.02
0.53
0.15

2.45
3.04
1.02

γ=5 τ=-2
τ=1.5
τ=5

-0.10
-0.39
2.23

1.31
1.44
-0.46

-0.53
2.07
-0.94
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6.5. Renyi entropy

In this section, the Renyi Entropy of the ECE distribution is discussed. The Rényi entropy
tends to Shannon entropy when π tends to 1.
Using the expression in (35) and the pdf and cdf of the Exponential distribution, the Renyi
entropy of the ECE distribution is derived as

IR(π) =
1

1− π
log

∫ ∞
0

∞∑
j=0

∞∑
l=0

∞∑
k=0

∞∑
m=0

uh(µe−µx)π(1− e−µx)θ(m+π)−π

Using the power series expansion,

(1− e−µx)θ(m+π)−π =
∑
p=0

(
θ(m+ π)− π

p

)
e−pµx

Therefore,

IR(π) =
1

1− π
log

∞∑
j=0

∞∑
l=0

∞∑
k=0

∞∑
m=0

∞∑
p=0

uh(−1)pµp
(
θ(m+ π)− π

p

)∫ ∞
0

e−µx(p+1)dx

which finally gives

IR(π) =
1

1− π
log

∫ ∞
0

∞∑
j=0

∞∑
l=0

∞∑
k=0

∞∑
m=0

∞∑
p=0

uh(−1)pµp
(
θ(m+ π)− π

p

)
1

µ(p+ 1)
.

6.6. Order statistics

Let X1, ..., Xn be a random sample from the Exponentiated Chen Exponential distribution,
the pdf of ith order statistic, say XE

i:n, can be written as

fEi:n(x) =
1

B(i, n− i+ 1)

n−1∑
v=0

(−1)v
(
n− i
v

) ∞∑
j=0

∞∑
k=0

∞∑
l=0

∞∑
m=0

Ch,i+v−1θ(m+1)(µe−µx)(1−e−µx)θ(m+1)−1

Therefore, the first order X1 of the pdf of the ECG distribution is

fE1:n(x) = n

n−1∑
v=0

(−1)v
(
n− 1

v

) ∞∑
j=0

∞∑
k=0

∞∑
l=0

∞∑
m=0

Ch,jθ(m+ 1)(µe−µx)(1− e−µx)θ(m+1)−1

and the last order Xn as

fEn:n(x) = n

n−1∑
v=0

(−1)v
(
n− i
v

) ∞∑
j=0

∞∑
k=0

∞∑
l=0

∞∑
m=0

Ch,n+v−1θ(m+ 1)(µe−µx)(1− e−µx)θ(m+1)−1.

6.7. Maximum likelihood estimation

In this section, the estimation of the ECE distribution is done under complete and censored
observations. This is done using the maximum likelihood estimation method. Let Xi, ..., Xn

be a random sample from the Exponentiated Chen Exponential distribution with observed
values xi, ..., xn and χ = (τ, θ, γ, µ) be parameter vector. Then Log-Likelihood function of
Exponentiated Chen Exponential Distribution under complete observation is obtained as

l(xi; τ, θ, γ, β) = l = n ln γ+nγ lnA+n ln τ +n ln θ+
n∑
i=1

ln(µe−µxi) +(θ−1)
n∑
i=1

ln(1−e−µxi)
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+

n∑
i=1

ln(1− e−µxi)θ +

n∑
i=1

τ(1− e(1−e−µxi )θ) + (γ − 1)

n∑
i=1

ln(1− eτ(1−e(1−e
−µxi )θ ))

Differentiating the loglikelihood function with respect to χ gives

∂l

∂γ
=
n

γ
+ lnA+ ln(1− eτ(1−e(1−e

−µxi )θ )) (70)

∂l

∂τ
=
n

τ
+ nγ

A′

A
+

n∑
i=1

(1− e−µxi)θ + (γ − 1)

n∑
i=1

(e(1−e
−µxi )θ − 1)eτ(1−e

(1−e−µxi )θ )

1− eτ(1−e(1−e
−µxi )θ )

(71)

∂l

∂θ
=
n

θ
+

n∑
i=1

ln(1− e−µxi) +

n∑
i=1

(1− e−µxi)θ ln(1− e−µxi)
(1− e−µxi)θ

+(γ − 1)
n∑
i=1

τ(1− e−µxi)θ ln(1− e−µxi)e(1−e−µxi )θeτ(1−e(1−e
−µxi )θ )

1− eτ(1−e(1−e
−µxi )θ )

(72)

∂l

∂µ
=

n∑
i=1

e−µx(1− µ2)
(µe−µx)

+ (θ − 1)

n∑
i=1

(xe−µx)

(1− e−µx)
+

n∑
i=1

θ(1− e−µx)θ−1(xe−µx))

(1− e−µx)θ

+
n∑
i=1

τ(xie
−µxi))(1− e−µxi)θ−1e(1−e−µxi )θ + (γ − 1)

n∑
i=1

(xie
−µxi)(1− e−µxi)θ−1e(1−e−µxi )θ

1− eτ(1−e(1−e
−µxi )θ )

(73)

where A = 1
1−eτ(1−e) and A’= eτ(1−e)(1−e)

(1−eτ(1−e))2 .

Solving the non-linear equations in (70),(71),(72), and (73) by equating to zero, the maxi-
mum likelihood estimates of the distribution are obtained. These equations can be solved
numerically by using an iterative method, such as the Newton-Raphson technique, with the
aid of statistical software.
For the censored observations, the loglikelihood L(ζ)∗ function of the ECE distribution is

l(xi, x
+
i ; ζ∗) = l∗ = r ln γ + nγ lnA+ r ln τ + r ln θ +

r∑
i=1

ln(e−µxi) + (θ − 1)

r∑
i=1

ln(1− e−µxi)

+
r∑
i=1

ln(1− e−µxi)θ +
r∑
i=1

τ(1− e(1−e−µx)θ) + (γ − 1)
r∑
i=1

ln(1− eτ(1−e(1−e
−µx)θ ))

+

n∑
i=r+1

ln(1− (A[1− eτ(1−e(1−e
−µx+)θ )])γ)

Differentiating l∗with respect to the model parameters give

∂l∗

∂γ
=
r

γ
+lnA+

r∑
i=1

ln(1−eτ(1−e(1−e
−µxi )θ ))−

n∑
i=r+1

(A[1− eτ(1−e(1−e
−µx+

i )θ )])γ lnA[1− eτ(1−e(1−e
−µx+

i )θ )]

1− (A[1− eτ(1−e(1−e
−µx+

i )θ )])γ

(74)

∂l

∂τ
=
r

τ
+ nγ

A′

A
+

r∑
i=1

(1− e(1−e−µxi )θ) + (γ − 1)
r∑
i=1

(e(1−e
−µxi )θ − 1)eτ(1−e

(1−e−µxi )θ )

1− eτ(1−ecθ )
−

n∑
i=r+1

γ(A′(1− e(1−e
−µx+

i )θ) +A((e(1−e
−µx+

i )θ − 1)eτ(1−e
(1−e−µx

+
i )θ )))γ−1

1− (A[1− eτ(1−e(1−e
−µx+

i )θ )])γ
(75)
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∂l

∂θ
=
r

θ
+

r∑
i=1

ln(1− e−µxi) +

r∑
i=1

(1− e−µxi)θ ln(1− e−µxi)
(1− e−µxi)θ

+(γ − 1)

r∑
i=1

τ(1− e−µxi)θ ln(1− e−µxi)e(1−e−µxi )θeτ(1−e(1−e
−µxi )θ )

1− eτ(1−e(1−e
−µxi )θ )

−
n∑

i=r+1

γAγτ(1− e−µx
+
i )θ ln(1− e−µx

+
i )eτ(1−e

(1−e−µx
+
i )θ )(1− eτ(1−e(1−e

−µx+
i )θ))γ−1

1− (A[1− eτ(1−e(1−e
−µx+

i )θ )])γ
(76)

∂l∗

∂µ
=

r∑
i=1

e−µxi(1− µ2)
µe−µxi

+ (θ − 1)
r∑
i=1

xie
−µxi

1− e−µxi
+

r∑
i=1

θ(1− e−µxi)θ−1(xie−µxi)

+
r∑
i=1

τ(xie
−µxi)(1− e−µxi)θ−1e(1−e−µxi )θ + (γ − 1)

r∑
i=1

(xie
−µxi)(1− e−µxi)θ−1e(1−e−µxi )θ

1− eτ(1−e(1−e
−µxi )θ )

+

n∑
i=r+1

γτ(A(1− eτ(1−e(1−e
−µx+

i )θ )))γ−1eτ(1−e
(1−e−µx

+
i )θ )e(1−e

−µx+
i )θθ(1− e−µx

+
i )(θ−1)(x+i e

−µx+i )

1− (A[1− eτ(1−e(1−e
−µx+

i )θ )])γ

(77)
Solving equations (74),(75),(76),(77) equal zero gives the maximum likelihood estimates of
the ECE distribution. This is done iteratively with the aid of statistical software.

6.8. Quantile function

The quantile function qECE(u) of the ECE distribution is given as

qECE(u) =
− ln{1− [(ln(1− (

ln(1−u
1
g

A
)

τ )))
1
θ ]}

µ
(78)

where u is distributed to Uniform(0,1).

6.9. Application to real datasets

In this section, the ECE distribution is applied to three real datasets to illustrate the

fitting of the ECG family of distributions. The ECE distribution is compared with the fittings
of its submodels and other competitive distributions. The pdf of the submodels in literature
are in Table 1. The competitive models considered are the Beta Exponential distribution
(Nadarajah and Kotz 2006) and the Exponentiated Generalized Exponential distribution
(Okagbue, Oguntunde, Ugwoke, Opanuga, and Erondu 2017).

Nicotine dataset

The dataset contains 346 Nicotine measurements made from brands of cigarettes as extracted
from Handique and Chakraborty (2016) The summary of the Nicotine dataset is presented in
Table 6. Fitting the distributions considered for this data, the histogram with their respective
fitting is revealed in Figure 3. The TTT plot of the data in Figure 4 shows that the data
has a non-decreasing hazard rate. After analysis, Table 7 shows the results of the MLEs and
their respective standard errors. Using the model comparison criterion, it clearly shows that
the ECE distribution performs better than its submodels and relative distributions. This is
due to the lowest values of the AIC, BIC, CAIC, HQIC, A*, W* and the highest p-value of
the KS test.
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Table 6: Summary statistics of Nicotine data

Minimum First Quartile Median Mean Third Quartile Maximum

0.1000 0.6000 0.9000 0.8526 1.1000 2.0000
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Figure 3: Observed histogram and fitted densities of the ECE distribution and other models
for the Nicotine Data
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Figure 4: TTT plots for the Nicotine data

Windshield data set

The windshield on a large aircraft is a complex piece of equipment, comprised basically of
several layers of material, including a very strong outer skin with a heated layer just beneath it,
all laminated under high temperature and pressure. Failures of these items are not structural
failures. Instead, they typically involve damage or delamination of the nonstructural outer
ply or failure of the heating system. These failures do not result in damage to the aircraft
but do result in the replacement of the windshield. The data on failure and service times
for a particular model windshield given in Table 16.11 of Murthy, Xie, and Jiang (2004)
is considered. The data consists of 153 observations, of which 88 are classified as failed
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Table 7: MLE and goodness of fits for Nicotine data

Model Est S.E -L AIC BIC CAIC HQIC A* W* KS
ECE γ 0.5516 0.0735 107.04 222.07 237.46 222.19 228.21 0.38 2.09 0.098(0.003)

τ -2.688 1.536
θ 6.827 3.017
µ 4.119 0.253

EE γ 5.526 0.414 149.22 302.44 310.14 302.47 305.52 9.42 1.59 0.22(0.23)
µ 2.726 0.128

E µ 1.173 0.063 289.83 583.66 587.51 583.67 585.20 58.38 11.79 0.24(0.17)
EGE γ 0.828 0.089 304.44 315.99 304.51 309.06 9.41 1.60 0.22(0.23)

φ 5.527 0.514
BE γ 4.922 0.364 135.02 276.04 287.59 276.11 280.66 6.48 1.09 0.24(0.16)

β 17.433 8.216
φ 0.298 0.128

windshields, and the remaining 65 are service times of windshields that had not failed at the
time of observation. The unit for measurement is 1000 h. Fitting the distributions considered
for this data, the histogram with their respective fitting is revealed in Figure 5. The TTT
plot of the data in Figure 6 shows that the data has a non-decreasing hazard rate. After
analysis, Table 9 shows the results of the MLEs and their respective standard errors. Using
the model comparison criterion, it clearly shows that the ECE distribution performs better
than its submodels and relative distributions. This is due to the lowest values of the AIC,
BIC, CAIC, HQIC, A*, W* and the highest p-value of the KS test.

Table 8: Summary statistics of Windshield data

Minimum First Quartile Median Mean Third Quartile Maximum

0.040 1.866 2.385 2.563 3.376 4.663

Table 9: MLE and goodness of fits for failure times of Windshield data

Model Est S.E -L AIC BIC CAIC HQIC A* W* KS
ECE γ 0.244 0.16 128.82 265.64 266.14 275.41 269.57 0.48 0.064 0.06(0.82)

τ -7.98 4.98
θ 3.48 1.92
µ 1.27 0.14

EE γ 3.66 0.67 141.17 292.34 292.50 297.24 294.32 2.11 0.27 0.13(0.12)
µ 0.62 0.07

E µ 0.29 0.03 165.91 333.82 333.87 336.27 334.80 1.50 0.18 0.29(0.17)
EGE γ 1.89 210.34 141.39 288.79 288.09 296.12 291.74 4.88 0.76 0.53(0.00)

φ 1.89 210.34
µ 0.76 0.08

BE γ 3.51 0.52 138.44 282.22 283.18 290.21 285.83 9.76 1.73 0.99(0.00)
β 14.19 15.10
φ 0.09 0.09
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Figure 5: Observed histogram and fitted densities of the ECE distribution and other models
for the Failure times of Windshield
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Figure 6: TTT plot for the Failure times of Windshield

7. Conclusion

In this work, the Exponentiated Chen-G family of distributions was studied. The mixture
representation of the family was derived, which enables us to study some statistical properties
such as moments, moment generating function, order statistics, entropy, reliability functions,
and quantile function. The estimation of the parameters of the model under complete and
censored observation has also been discussed. Finally, applications of the ECG family dis-
tribution were done to two real datasets in which the ECG family performs better than its
subfamilies.
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Appendix

The probability density function and cumulative density function in R

l=0.5 #mu

g=3.5 #gamma

m=0.5 #tau

b=1.5 #theta

x=seq(0,4,0.001)

p= l*exp(-l*x) # pdf of Exponential Distribution

P=1-exp(-l*x) # cdf of Exponential Distribution

A=1/(1-exp(m*(1-exp(1)))) #Normalizing Constant

cp= g*A*m*b*p*P^(b-1)*exp(P^b)*exp(m*(1-exp(P^b)))*(A*(1-exp(m*(1-exp(P^b)))))^(g-

1) #pdf of ECG family of distributions

cP= (A*(1-exp(m*(1-exp(P^b)))))^g #cdf of the ECG family of distributions

sp=1-cP #Survival Function of the ECE distribution

hp=cp/sp #Hazard function of the ECE distribution

Simulation of data, distributed to the ECE distribution

u=runif(50)

A=1/(1-exp(m*(1-exp(1))))

H=(log(1-(u^(1/g))/A))/m

F=(log(1-H))^(1/b)

xsx=(-log(1-F))/l

Model fitting of ECE distribution and its submodels to Nicotine data using R

library(AdequacyModel)

set.seed(1045)

library(zipfR)

rer<-c(1.3, 1.0, 1.2, 0.9, 1.1, 0.8, 0.5, 1.0, 0.7, 0.5, 1.7, 1.1, 0.8, 0.5,

1.2, 0.8, 1.1, 0.9, 1.2, 0.9, 0.8, 0.6, 0.3, 0.8, 0.6, 0.4, 1.1, 1.1, 0.2,

0.8, 0.5, 1.1, 0.1, 0.8, 1.7, 1.0, 0.8, 1.0, 0.8, 1.0, 0.2, 0.8, 0.4, 1.0,

0.2, 0.8, 1.4, 0.8, 0.5, 1.1, 0.9, 1.3, 0.9, 0.4, 1.4, 0.9, 0.5, 1.7, 0.9,

0.8, 0.8, 1.2, 0.9, 0.8, 0.5, 1.0, 0.6, 0.1, 0.2, 0.5, 0.1, 0.1, 0.9, 0.6,

0.9, 0.6, 1.2, 1.5, 1.1, 1.4, 1.2, 1.7, 1.4, 1.0, 0.7, 0.4, 0.9, 0.7, 0.8,

0.7, 0.4, 0.9, 0.6, 0.4, 1.2, 2.0, 0.7, 0.5, 0.9, 0.5, 0.9, 0.7, 0.9, 0.7,

0.4, 1.0, 0.7, 0.9, 0.7, 0.5, 1.3, 0.9, 0.8, 1.0, 0.7, 0.7, 0.6, 0.8, 1.1,

0.9, 0.9, 0.8, 0.8, 0.7, 0.7, 0.4, 0.5, 0.4, 0.9, 0.9, 0.7, 1.0, 1.0, 0.7,

1.3, 1.0, 1.1, 1.1, 0.9, 1.1, 0.8, 1.0, 0.7, 1.6, 0.8, 0.6, 0.8, 0.6, 1.2,

0.9, 0.6, 0.8, 1.0, 0.5, 0.8, 1.0, 1.1, 0.8, 0.8, 0.5, 1.1, 0.8, 0.9, 1.1,

0.8, 1.2, 1.1, 1.2, 1.1, 1.2, 0.2, 0.5, 0.7, 0.2, 0.5, 0.6, 0.1, 0.4, 0.6,

0.2, 0.5, 1.1, 0.8, 0.6, 1.1, 0.9, 0.6, 0.3, 0.9, 0.8, 0.8, 0.6, 0.4, 1.2,

1.3, 1.0, 0.6, 1.2, 0.9, 1.2, 0.9, 0.5, 0.8, 1.0, 0.7, 0.9, 1.0, 0.1, 0.2,

0.1, 0.1, 1.1, 1.0, 1.1, 0.7, 1.1, 0.7, 1.8, 1.2, 0.9, 1.7, 1.2, 1.3, 1.2,

0.9, 0.7, 0.7, 1.2, 1.0, 0.9, 1.6, 0.8, 0.8, 1.1, 1.1, 0.8, 0.6, 1.0, 0.8,

1.1, 0.8, 0.5, 1.5, 1.1, 0.8, 0.6, 1.1, 0.8, 1.1, 0.8, 1.5, 1.1, 0.8, 0.4,

1.0, 0.8, 1.4, 0.9, 0.9, 1.0, 0.9, 1.3, 0.8, 1.0, 0.5, 1.0, 0.7, 0.5, 1.4,

1.2, 0.9, 1.1, 0.9, 1.1, 1.0, 0.9, 1.2, 0.9, 1.2, 0.9, 0.5, 0.9, 0.7, 0.3,
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1.0, 0.6, 1.0, 0.9, 1.0, 1.1, 0.8, 0.5, 1.1, 0.8, 1.2, 0.8, 0.5, 1.5, 1.5,

1.0, 0.8, 1.0, 0.5, 1.7, 0.3, 0.6, 0.6, 0.4, 0.5, 0.5, 0.7, 0.4, 0.5, 0.8,

0.5, 1.3, 0.9, 1.3, 0.9, 0.5, 1.2, 0.9, 1.1, 0.9, 0.5, 0.7, 0.5, 1.1, 1.1,

0.5, 0.8, 0.6, 1.2, 0.8, 0.4, 1.3, 0.8, 0.5, 1.2, 0.7, 0.5, 0.9, 1.3, 0.8,

1.2, 0.9)

#negative loglikelihood function to estimate the parameters for CTTIG

pdf <- function(params,x)

{

g<- params[1]

m<- params[2]

b<- params[3]

l<- params[4]

g*(1/(1-exp(m*(1-exp(1)))))*m*b*l*exp(-l*x)*(1-exp(-l*x)

)^(b-1)*exp((1-exp(-l*x)

)^b)*exp(m*(1-exp((1-exp(-l*x)

)^b)))*((1/(1-exp(m*(1-exp(1))))

)*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^(g-1)

}

cdf <- function(params,x)

{

g<- params[1]

m<- params[2]

b<- params[3]

l<- params[4]

((1/(1-exp(m*(1-exp(1)))))*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^g

}

set.seed(0)

result = goodness.fit(pdf = pdf, cdf = cdf,starts = c(1,1,1,1),data = rer,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,-20,0,0),

lim_sup = c(10,10,10,10), S = 250, prop=0.1, N=50)

result1

#EE

#negative loglikelihood function to estimate the parameters for CTTIG

pdf1 <- function(params,x)

{

g<- params[1]

l<- params[2]

m=1

b=1

g*(1/(1-exp(m*(1-exp(1)))))*m*b*l*exp(-l*x)*(1-exp(-l*x)

)^(b-1)*exp((1-exp(-l*x)

)^b)*exp(m*(1-exp((1-exp(-l*x)

)^b)))*((1/(1-exp(m*(1-exp(1))))

)*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^(g-1)

}

cdf1 <- function(params,x)

{

g<- params[1]

l<- params[2]

b<- 1

m<- 1

((1/(1-exp(m*(1-exp(1)))))*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^g
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}

result1 = goodness.fit(pdf = pdf1, cdf = cdf1,starts = c(1,1),data = rer,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,0),

lim_sup = c(10,10), S = 250, prop=0.1, N=50)

result1

#E

#negative loglikelihood function to estimate the parameters for CTTIG

pdf2 <- function(params,x)

{

g<-1

m<-1

b<-1

l<- params[1]

g*(1/(1-exp(m*(1-exp(1)))))*m*b*l*exp(-l*x)*(1-exp(-l*x)

)^(b-1)*exp((1-exp(-l*x)

)^b)*exp(m*(1-exp((1-exp(-l*x)

)^b)))*((1/(1-exp(m*(1-exp(1))))

)*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^(g-1)

}

cdf2 <- function(params,x)

{

g<- 1

m<- 1

b<- 1

l<- params[1]

((1/(1-exp(m*(1-exp(1)))))*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^g

}

result2 = goodness.fit(pdf = pdf2, cdf = cdf2,starts = c(1),data = rer,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,0),

lim_sup = c(20), S = 250, prop=0.1, N=50)

result2

#EGE

#negative loglikelihood function to estimate the parameters for CTTIG

pdf3 <- function(params,x)

{

g<- params[1]

m<- params[2]

b<- 1

l<- params[3]

g*l*(1/beta(m,b))*exp(-l*x)*(1-exp(-l*x))^(g*m-1)*

(1-(1-exp(-l*x))^g)^(b-1)

}

cdf3 <- function(params,x)

{

g<- params[1]

m<- params[2]

b<- 1

l<- params[3]

Ibeta((1-exp(-l*x))^g,m,b)

}

result3 = goodness.fit(pdf = pdf3,cdf = cdf3,starts = c(1,1,1),data = rer,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,0,0),
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lim_sup = c(100,100,100), S = 250, prop=0.1, N=50)

result3

#BE

#negative loglikelihood function to estimate the parameters for CTTIG

pdf4 <- function(params,x)

{

m<- params[1]

b<- params[2]

l<- params[3]

1/beta(m,b)*l*exp(-l*x)*(1-exp(-l*x))^(m-1)*(exp(-l*x))^(b-1)

}

cdf4 <- function(params,x)

{

m<- params[1]

b<- params[2]

l<- params[3]

Ibeta((1-exp(-l*x)),m,b)

}

result4 = goodness.fit(pdf = pdf4,cdf = cdf4,starts = c(1,1,1),data = rer,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,0,0),

lim_sup = c(100,100,100), S = 250, prop=0.1, N=50)

result4

x = seq(0, 6, length.out = 500)

jpeg('histna.jpeg')
hist(rer,probability=TRUE,main="Estimated pdfs",ylim=c(0.0,1.3))

lines(x, pdf(x, par = result$mle),lty=1, col = "blue")

lines(x, pdf1(x, par = result1$mle),lty=2, col = "red")

lines(x, pdf2(x, par = result2$mle),lty=3, col = "black")

lines(x, pdf3(x, par = result3$mle),lty=4, col = "green")

lines(x, pdf4(x, par = result4$mle),lty=5, col = "purple")

legend("topright",lty=c(1,2,3,4,5),col=c("blue","red","black","green","purple"),

legend=c("ECE ", "EE", "E", "EGE", "BE"))

dev.off()

jpeg('tttna.jpeg')
TTT(rer, lwd = 2, lty = 2, col = "black", grid = TRUE)

dev.off()

Model fitting of ECE distribution and its submodels to Windscreen Data Using R

library(AdequacyModel)

set.seed(1045)

library(zipfR)

wind<-c(0.040, 1.866, 2.385, 3.443, 0.301, 1.876, 2.481, 3.467, 0.309, 1.899,

2.610, 3.478, 0.557, 1.911, 2.625, 3.578, 0.943, 1.912, 2.632, 3.595, 1.070,

1.914, 2.646, 3.699, 1.124, 1.981, 2.661, 3.779,1.248, 2.010, 2.688, 3.924,

1.281, 2.038, 2.82,3, 4.035, 1.281, 2.085, 2.890, 4.121, 1.303, 2.089, 2.902,

4.167, 1.432, 2.097, 2.934, 4.240, 1.480, 2.135, 2.962, 4.255, 1.505, 2.154,

2.964, 4.278, 1.506, 2.190, 3.000, 4.305, 1.568, 2.194, 3.103, 4.376, 1.615,

2.223, 3.114, 4.449, 1.619, 2.224, 3.117, 4.485, 1.652, 2.229, 3.166, 4.570,

1.652, 2.300, 3.344, 4.602, 1.757, 2.324, 3.376, 4.663)

#negative loglikelihood function to estimate the parameters for CTTIG

pdf <- function(params,x)
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{

g<- params[1]

m<- params[2]

b<- params[3]

l<- params[4]

g*(1/(1-exp(m*(1-exp(1)))))*m*b*l*exp(-l*x)*(1-exp(-l*x)

)^(b-1)*exp((1-exp(-l*x)

)^b)*exp(m*(1-exp((1-exp(-l*x)

)^b)))*((1/(1-exp(m*(1-exp(1))))

)*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^(g-1)

}

cdf <- function(params,x)

{

g<- params[1]

m<- params[2]

b<- params[3]

l<- params[4]

((1/(1-exp(m*(1-exp(1)))))*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^g

}

set.seed(0)

result = goodness.fit(pdf = pdf, cdf = cdf,starts = c(1,1,1,1),data = wind,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,-20,0,0),

lim_sup = c(10,10,10,10), S = 250, prop=0.1, N=50)

result1

#EE

#negative loglikelihood function to estimate the parameters for CTTIG

pdf1 <- function(params,x)

{

g<- params[1]

l<- params[2]

m=1

b=1

g*(1/(1-exp(m*(1-exp(1)))))*m*b*l*exp(-l*x)*(1-exp(-l*x)

)^(b-1)*exp((1-exp(-l*x)

)^b)*exp(m*(1-exp((1-exp(-l*x)

)^b)))*((1/(1-exp(m*(1-exp(1))))

)*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^(g-1)

}

cdf1 <- function(params,x)

{

g<- params[1]

l<- params[2]

b<- 1

m<- 1

((1/(1-exp(m*(1-exp(1)))))*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^g

}

result1 = goodness.fit(pdf = pdf1, cdf = cdf1,starts = c(1,1),data = wind,

method = "BFGS",↪→

domain = c(0,Inf),mle = NULL, lim_inf = c(0,0),

lim_sup = c(10,10), S = 250, prop=0.1, N=50)

result1

#E
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#negative loglikelihood function to estimate the parameters for CTTIG

pdf2 <- function(params,x)

{

g<-1

m<-1

b<-1

l<- params[1]

g*(1/(1-exp(m*(1-exp(1)))))*m*b*l*exp(-l*x)*(1-exp(-l*x)

)^(b-1)*exp((1-exp(-l*x)

)^b)*exp(m*(1-exp((1-exp(-l*x)

)^b)))*((1/(1-exp(m*(1-exp(1))))

)*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^(g-1)

}

cdf2 <- function(params,x)

{

g<- 1

m<- 1

b<- 1

l<- params[1]

((1/(1-exp(m*(1-exp(1)))))*(1-exp(m*(1-exp((1-exp(-l*x))^b)))))^g

}

result2 = goodness.fit(pdf = pdf2, cdf = cdf2,starts = c(1),data = wind,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,0),

lim_sup = c(20), S = 250, prop=0.1, N=50)

result2

#EGE

#negative loglikelihood function to estimate the parameters for CTTIG

pdf3 <- function(params,x)

{

g<- params[1]

m<- params[2]

b<- 1

l<- params[3]

g*l*(1/beta(m,b))*exp(-l*x)*(1-exp(-l*x))^(g*m-1)*(1-(1-exp(-

l*x))^g)^(b-1)↪→

}

cdf3 <- function(params,x)

{

g<- params[1]

m<- params[2]

b<- 1

l<- params[3]

Ibeta((1-exp(-l*x))^g,m,b)

}

result3 = goodness.fit(pdf = pdf3,cdf = cdf3,starts = c(1,1,1),data = wind,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,0,0),

lim_sup = c(100,100,100), S = 250, prop=0.1, N=50)

result3

#BE

#negative loglikelihood function to estimate the parameters for CTTIG

pdf4 <- function(params,x)

{
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m<- params[1]

b<- params[2]

l<- params[3]

1/beta(m,b)*l*exp(-l*x)*(1-exp(-l*x))^(m-1)*(exp(-l*x))^(b-1)

}

cdf4 <- function(params,x)

{

m<- params[1]

b<- params[2]

l<- params[3]

Ibeta((1-exp(-l*x)),m,b)

}

result4 = goodness.fit(pdf = pdf4,cdf = cdf4,starts = c(1,1,1),data = wind,

method = "BFGS", domain = c(0,Inf),mle = NULL, lim_inf = c(0,0,0),

lim_sup = c(100,100,100), S = 250, prop=0.1, N=50)

result4

x = seq(0, 6, length.out = 500)

jpeg('windhis.jpeg')
hist(wind,probability=TRUE,main="Estimated pdfs",ylim=c(0,0.4))

lines(x, pdf(x, par = result$mle),lty=1, col = "blue")

lines(x, pdf1(x, par = result1$mle),lty=2 ,col = "red")

lines(x, pdf2(x, par = result2$mle),lty=3, col = "black")

lines(x, pdf3(x, par = result3$mle),lty=4, col = "green")

lines(x, pdf4(x, par = result4$mle),lty=5, col = "purple")

legend("topright",lty=c(1,2,3,4,5),col=c("blue","red","black","green","purple"),

legend=c("ECE ","EE","E","EGE","BE"))

dev.off()

jpeg('windttt.jpeg')
TTT(wind, lwd = 2, lty = 2, col = "black", grid = TRUE)

dev.off
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