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Abstract:  This paper aims to study differential subordination and superordination preserving
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1. Introduction

Let O be the family of holomorphic functions in A = {z : |z| < 1} and O[¢t, n] be the subclass of U
involving the functions which can be defined by

8@ =t+1,7" + bty + L, (1.1)

let Q be the subclass of U involving the function defined by

g)=z+ Z t,2".
n=2

Let 8,h € U and consider 6(u, v, w,z) : ¢ X A — C. If 8 and 6(B(z), z5'(z), 228" (z), z) are univalent
and if B satisfies the second order superordination,

b(2) < 0(B(2), 3B'(2), 2B (2), 2), (1.2)

then S is a solution of the differential subordination [2]. (If g is subordinate to G, then G is superordinate
to g). An holomorphic function a is called a subordinate if @ < 8 for every S satisfying [2]. A univalent
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subordinant a that satisfies @ < « for all subordinates [2] a(z) is called the best subordinant.
Miller and Mocanu [5] found the conditions on b, @ and @ it can be given by

b(2) < 6(B(2), 3B'(2), 7B (2); 2) = a(2) < B(2). (1.3)

For two holomorphic functions

Al =z+ Z t,7" and u(z) =z + Z ', t,,r, = 0.
n=2 n=2

The Hadamard product (or) convolution of A and u given below
Ax @) =2+ Y trd = (kD). (1.4)
n=2
A variable X is said to have the Pascal distribution series if it takes the values 0,1,2,3... with the

probabilities

ar(l — ) &?r(r+ D(1 —a) &3r(r+ D +2)1 —a)

I-o 1 21 . 31 .

respectively where a, r are called the parameters and thus

k+r—1

P(X:K):( .

)ak(l -),ke0,1,2,3, ..

Many essentially interesting proof techniques involving a power series, whose co-efficients are
probabilities of the Pascal distribution series introduced by sheeza et al. [12] that is

o (k+r—2
Q;:Z+Z( ril )ak_l(l—a)’zk,ZEA,(rz1,0§a§1).
k=2

The first order differential subordination and superordination which was introduced and studied by
Miller, Mocanu and Bulboaca [1,2,5]. Also recently studied by various authors for example Magesh
and Murugusundaramoorthy [3, 7-9], Magesh et al. [4], and Shanmugam et al. [11] and also obtained
sandwich results for various classes of holomorphic functions.

In the present article we determine some sufficient condition for the holomorphic function in A to
satisfy

@1(2) < Q0 (2) < a2(2), (1.5)

where a1, @, are given univalent functions in A with a;(0) = 1, »(0) = 1.
2. Preliminary results
To prove our results we need the following lemmas and definitions.
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Lemma 2.1. [10] The function
M(z,n) = (n)z + t,(n)Z* + ... with t,(n) # 0forn >0 and lim |t;(n)| = o

is a subordination chain, if

OM(z,n)

OM(z,n)
‘R{z o }>0, zeA, n>0.
on

Definition 2.2. [5] Denote by 7, the set of all functions f that are holomorphic and one to one on
A — E(f) where,

E(f) = (¢ € 8 : lim f(2) = o)
and are such that f'({) # 0, for { € A — E(f).

Lemma 2.3. [6] Let a be univalent in the unit disc A and W and 6 be holomorphic in a domain D
containing a(A) with O(w) # 0 when w € a(A). Set

T(2) = za'(2)0(a(z)) and bH(z) = Y(a(2)) + T(2),
suppose that
(1) T(z) is starlike univalent in A.
(2)R{LL} >0, forz € A,

T(2)

If B is holomorphic with a(0) = 5(0), B(A) C D, and

Y(B(2) + 8" (2)0(B(2)) < Y(a(2) + za'(2)0(a(z)), (2.1)
then
B(z) < a(2),

and « is th best dominant.

Lemma 2.4. [2] Let a be convex univalent in the unit disk A and v and o be holomorphic in a domain
D containing a(A). Suppose that

(1) m{ﬁ} >0, forz € A.

(2) ¢(2) = za'(2)o(a(2)) is starlike univalent in A.

If B(z) € UOla(0), 11 N T with B(A) C D and v(a(z)) + 78 (2)0(B(2)) is univalent in A and

v(@(2) + 2 (2)o(a(2)) < v(B(2)) + 7B'(2)e(B(2)), (2.2)

then
a(z2) < B(2),

and « is the best subordinant.
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3. Subordination results

To prove our following theorem need to using above Lemma 2.3.

Theorem 3.1. Let O/, € O, n, € C(i = 1,2,3), (13 # 0), ¢ € C, such that p # 0, @ be convex univalent
with a(0) = 1, and assume that

e () 7 ) (e
R{—+ ——— + 1+ l+ ———— |+ —|—| -2 | —————m]}.
{773 (m + ma)n; a’ (M + ma)’ns @ \(m +120)°n3 (m + ma)?

3.1
which is greater than zero, 7 € A.
If g € QO satisfies
L , 20 (2) ,
V(m)l(g; Qa) = V(g9 Qa/’ M, 12, n3) < (Y(Z) + m + 7]2(I(Z) + nm2a (Z)a (32)
where
a 0.2\ pza(@)(Q'(2) — pa(z) 0z '(2)
Vi 0 = (H2) 4 EDLE O o) (Z) o). 6
(m +m2(%2)") 0(2) Q@)
then 0
7+ Z,‘;‘;Z( ]; j 2 )a"‘l(l —a)'Z*
< a(2),
Z
and « is the best dominant.
Proof. Define the function S by
9]
z+ z;‘;z( ’; j 2 )ak—l(l —a)Zt
B(z) = . ,(z€A), (3.4)

then the function S is holomorphic in A and S(0) = 1. Therfore, by making use of (3.4), we obtain

2Ny
Q;(z))g’ 9z(%£) (@) - p(2)Q(2) (Q,(Z))
+ LY + 3|9z (2) - na(z) (3.5)
( < (m +12) (%)p 0(2) 3[ 0(z) ]
_ 7P () ,
=B m + mpB(2) 53 )
by using (3.5) in (3.2) , we have
7p'(2) , 2@/ (2) ,
B(2) + T +1m378'(2) < a(2) + ) + 132 (2). (3.6)
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By setting
wmm:a@+nzaw

1+ 7720/(2)’
and
0(2) = n3za’(2).

This is easily observed that ¥(a(z)), 6(z) are holomorphic in ¢ — {0} and 8(z) # 0. Also we see that
T(z) = za'(2)0(a(2)) = 320/ (2),

and
h(2) = Y(a(2)) + T(2) = a(z) + @ + 11320/ (2).
m + na(z)

Here T(z) is starlike univalent in A and we get the result

‘R{Zb’(z)} :‘.R{l +;+ 1 +} > 0.
T(2) ns (m +ma)m

Hence the theorem.
By taking
1+ Az

1+ Bz
in Theorem 4.1, we obtain the following corollary.

a(z) = (-1<B<AXL]

Corollary 3.2. Letn; € C (i =1,2,3), (n3 #0), 9 € C, s.t 9 # 0 be convex univalent with a(0) = 1

and (3.1) hold true. For g, Q! € Q, let (%‘r’)({J € H[1,1]1NT and V(ni)?(g; Q') defined in (3.3) be
univalent in A satisfying

1+ Az 2A-B) A-B
V ; 3 ; r < + + >
(1)1(8: Qo) < 7775 M1+ Bz)? + (1 + Az)(1 + Bz) W((l +BZ)2)
then 0
w [k 4r =2\ k
7+ Y ad'(1-a)z
Zk‘z( ro—1 ) ( ) . 1 +Az
Z 1+B7

and }:—gi is the best dominant.

4. Superordination results

Using Lemma 2.4 to prove the following theorem.

Theorem 4.1. Let Q/(z) € O, n; € C(i = 1,2,3), (13 # 0), p € C, s.t p # 0, a be convex univalent
with a(0) = 1, and assume that
1 1
YR{—+—}ZO. 4.1)
o Mt ma)n
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Ifg € 0, 0.(2) € H, [a(0), 1] T, Let Vi(g; Q") be univalent in A and

a(z) + @), 1320 (2) < Vi(g; QL) (4.2)
m + 1ma(z)

where Vi (g; Q) is given in (3.3), then

r\§
(.
Z
and « is the best subordinant.
Proof. The function $ is defined by
r\§
B(z) = (—Q) , (4.3)
Z
simplify above equation, we get
8 Q) =F m +mB(z) 1536
then (2) B)
720'(z Z
a(z) + ————— + 1320’ (2) < BR) + ———— + "(2).
O e T PO g TP
By setting
U@ = D)+ —2D and o) = 2 Q).
n + ma(z)

Here v(a(z)) is holomorphic in C. Also o(z) is holomorphic in C — {0} and o(z) # 0. Consider,

M(z,n) = v(a(z)) + o(a(2))nza' (z)
3 7' (2) ,
O e TP

=tn(mz+nn)z+ ..,
differentiating the above equation with respect to z and n, we have

OM(z,n) _ @)+ (m +ma)lza” + a’'] — za'(ma’)
0z (m + ma)?
=t(nz+ )z + ..,

+ m3nza’(z)

OM(z,n)
on

= 322/ (2),

and ’ ’
OM(0, n) — 2(0) + ma’ + nzaczy .
0z (m +ma)
From the univalence of @ we have a’(0) # 0 and «(0) = 1, it follows that #;(n) # 0 for n > 0 and

limn—mo |t1(l’l)| = 0o.
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A simple compution yields,

oM 1 1
R{z—= =R {— + —}
{ %} nz (m +ma)ns

Using the fact that « is convex univalent function in A and n; # 0 we have

IM(z,n) 1 1
Riz—% 50, sR{ —}>0,z€A,n20.
{ oMz } P9 G v e

Hence the theorem.
By taking
1 + Az
a(z) = g

in Theorem 4.1 we obtain the following corollary.

(-1<B<AXL]

Corollary 4.2. Letn; € C (i = 1,2,3), (3 # %), 9 € C, s.t 9 # 0 be convex univalent with a(0) = 1
and (4.1) hold true. For g,Q), € Q. let ()" € H[1,1]1 N T and V(1,)}(g: Q,) defined in (3.3) be

univalent in A satisfying

1+ Az 72(A—-B) A-B 3 .
+ 3 +mz| = | < V)i(g: Q)s
1+Bz m+ Bz)*+n(l+Az)( + Bz) (1+ Bz)
then 0
w [k +r =2\ ., ‘
2+ ) a 1-a)7
1 n AZ Zk_Z( r _1 ) ( )
1+ Bz z ’
and }:gz is the best subordinant.

5. Sandwich theorem

To obtain the sandwich results get from combining the subordination results and superordination
results

Theorem 5.1. Let oy and a, be convex univalent in A, n; € C (i = 1,2,3), (773 #0), peC, styp +
0 and let a, satisfying (3.1) and «, satisfying (4.1). For g,Q! € Q, let ( )p € H[1,11NT and

V(ni)f(g; Q') defined in (3.3) be univalent in A satisfying

za(2)
m + mai(z)

2a5(2)

———— + Za/(z)a
n + nax(2) T2

a1(2) + + 1321 (2) < V1)1, (85 OL) < aa(2) +

then e
al(z)<(%) < as(2),

and ay,a; are respectively best subordinant and best dominant.
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Hence the proof of the theorem. By taking

1+A12

= -1<B; <A <1

Oll(Z) 1+B1Z’( =D =>A1 = )
and {44
+ Az

= , (F1<By, <A <1

s(2) 1% Bz ( P » < 1)

in Theorem 5.1, we obtain the following result.

Corollary 5.2. For g, Q' € Q, let (%)” € H[1,110 T and V(1) (g; Q) defined in (3.3) be univalent
in A satisfying

1+Az 2(A; = By) A - B .
: 1z . 1 — by + 7732(1—12) <V(@)i(g; QL)
+Biz mi(l + Bi2)* + (1 + Ai2)(1 + Bi2) (1+B2)
1+ Az 2(Ar — By) Ay — B
< + > Mzl |
1+ Bz m(1+ By2)? + (1 +Ay2)(1 + Byz) (1 + By2)
then
1+ A]Z Q; 9 A2 - Bz
< < —,
1+ Bz z (1 + Byz)?
and }:2:; }igzi are respectively the best subordinant and best dominant.

6. Conclusions

This paper deals with the applications of the differential subordination and superordination results
involving Pascal distribution series. In addition we found the sandwich results to be in the class of
holomorphic functions. Many interesting particular cases of the main theorems are emphazied in the
form of corollaries. Furthermore to illustrate the results of application in various classes of analytic
function. We anticipate that differential subordination and superordination will be important in several
fields related to mathematics, science and technology.
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