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Abstract: In this paper, we mainly study the following boundary value problems of fractional
discontinuous differential equations with impulses:

C
t D

R
0+Λ(t) = E(t)𭟋(t,Λ(t)), a.e. t ∈ Q,

△Λ|t=tκ = Φκ(Λ(tκ)), κ = 1, 2, · · · , m,
△Λ′|t=tκ = 0, κ = 1, 2, · · · , m,
ϑΛ(0) − χΛ(1) =

∫ 1

0
ϱ1(υ)Λ(υ)dυ,

ζΛ′(0) − δΛ′(1) =
∫ 1

0
ϱ2(υ)Λ(υ)dυ,

where ϑ > χ > 0, ζ > δ > 0, Φκ ∈ C(R+,R+), E, ϱ1, ϱ2 ≥ 0 a.e. on Q = [0, 1], E, ϱ1, ϱ2 ∈ L1(0, 1) and
𭟋 : [0, 1] × R+ → R+, R+ = [0,+∞). By using Krasnosel skii’s fixed point theorem for discontinuous
operators on cones, some sufficient conditions for the existence of single or multiple positive solutions
for the above discontinuous differential system are established. An example is given to confirm the
main results in the end.

Keywords: boundary value problems; discontinuous differential equations; fixed point theory;
fractional differential equation; multiple solutions
Mathematics Subject Classification: 34B18, 34A34, 26A33

1. Introduction

Fractional calculus has been widely and deeply used in many fields, for example, continuum
mechanics, control theory of dynamical systems, and so on. For this reason, fractional differential
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equations (FDEs, in short), as a useful tool to model the dynamics of numerous physical systems,
have gained considerable popularity in physics, population dynamics, chemical technology, control of
dynamical systems, etc. For further details on FDEs, see [1–3] and their references.

In the last few decades, as a significant branch of FDEs, impulsive differential equation (IDE, for
short), which provides a natural description of observed evolution processes, has been emerging as a
very meaningful research area. In addition, IDEs are also as important mathematical tools for better
understanding real-world problems (see, for instance, [4–8]). Hence, many authors have used IDEs to
describe some phenomenon with abrupt changes, such as, harvest, disease, control theory of dynamical
systems and so on. For example, [9–11] researched some different types IDEs, which are nonlinear
impulsive differential systems with infinite delays, impulsive neural networks, singularly perturbed
nonlinear impulsive differential systems with delays of small parameter, respectively. Moreover, [12]
studied persistence of delayed cooperative models by means of impulsive control method.

Meanwhile, boundary value problems (BVPs, for short) of IDEs have been researched extensively
and deeply. Correspondingly, many scholars have studied some BVPs of fractional differential
equations (FIDEs, for short) and obtain lots of important conclusions. For example, [13] researched
singular semipositive BVPs of fourth-order differential systems with parameters. [14] studied a class of
BVPs for nonlinear fractional Kirchhoff equations and obtained the existence of multiple sign-changing
solutions.

As far as we know, continuity is a fundamental assumption in degree theory. However, there are a lot
of discontinuous differential equations in many areas, such as, automatic control, neural network, etc.
Because of the corresponding operators are not continuous, general topological degree theory is invalid
to studying the existence of solutions for most discontinuous differential equations, such as, [20,21]. To
overcome this problem, a new definition of topological degree for a class of discontinuous operators is
introduced by R. Figueroa et al. Subsequently, a number of fixed point theorems for such operators are
derived in [16], such as, Schauder-type and Krasnoselskii’s theorem for discontinuous operators. Then
they are used to solve discontinuous differential systems. For example, [17] considered the existence
for a class of second-order discountious BVPs by constructing a closed-convex Krasovskij envelope
and Schauder-type theorem for discontinuous operators. [18] researched a class of BVPs of second-
order discontinuous differential equations with impulse effects by using the nonlinear alternative of
Krasnoselskii’s fixed point theorem for discontinuous operators on cones.

However, to our best knowledge, there are few studies on multiple solutions for integral boundary
value problems of fractional discontinuous differential equations with impulse effects. The purpose of
present paper is to fill this gap.

Motivated by the above discussions, this paper studies multiple solutions for the following boundary
value problem: 

C
t D

R
0+Λ(t) = E(t)F (t,Λ(t)), a.e. t ∈ Q′,

△Λ|t=tκ = Φκ(Λ(tκ)), κ = 1, 2, · · · , m,
△Λ′|t=ti = 0, κ = 1, 2, · · · , m,
ϑΛ(0) − χΛ(1) =

∫ 1

0
ϱ1(υ)Λ(υ)dυ,

ζΛ′(0) − δΛ′(1) =
∫ 1

0
ϱ2(υ)Λ(υ)dυ,

(1.1)

where C
t D

R
0+ is the Caputo fractional derivative with t, 1 < R < 2, ϑ > χ > 0, ζ > δ > 0, Ek ∈

C(R+,R+), E, ϱ1, ϱ2 ≥ 0 a.e. on J = [0, 1], Q′ = Q \ {t1, · · · , tm}, E, ϱ1, ϱ2 ∈ L1(0, 1), 𭟋 :
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Q × R+ → R+, R+ = [0,+∞), 0 < t1 < t2 < · · · < tm < 1. △Λ|t=tk , △Λ
′|t=tk denote the jump of

Λ(t) and Λ′(t) at t = tk , respectively. This paper has the following innovations and features. Firstly,
BVP (1.1) is of fractional discontinuous differential equations with instantaneous impulse effects. The
nonlinearity F here is discontinuous over countable families of curve [22]. Secondly, the boundary
value condition considered here is of integral type. It makes BVP (1.1) more widely applicable in
solving practical problems. Thirdly, the used approach in this paper has certain advantages over some
reference as above. In detail, the distinctive tool used here is multivalued analysis in the study of
discontinuous problems and the novelty is the use of multivalued analysis to obtain results for single-
valued operators. Compared with [18], we redefine the admissible continuous curves for the new
system (1.1). At the same time, a suitable cone is established by researching properties of Green’s
function deeply. Therefore, the positive solutions can be obtained by means of Krasnoselskii’s fixed
point theorem for discontinuous operators on cones.

The rest of this paper is organized as follows. Some basic definitions and notations are contained in
Section 2. Section 3 presents the main results. Finally, an illustrative example is given in Section 4.

2. Preliminaries

In this section, we first introduce some definitions and lemmas that are used in this paper.

Definition 2.1. [3] The Riemann-Liouville fractional integral of order R ∈ R+ of a function 𭟋 on
interval (α, β) is defined as follows:

(IR0+𭟋)(t) =
1
Γ(R)

∫ t

α

(t − υ)R−1𭟋(υ)dυ.

Definition 2.2. [3] The Caputo fractional derivative of order R ∈ R+ of a function 𭟋 on interval (α, β)
is defined as follows:

(C
t D

R
0+)𭟋(t) =

1
Γ(n − R)

∫ t

α

(t − υ)n−R−1𭟋(n)(υ)dυ.

Let

PC(Q) = {Λ : [0, 1]→ R,Λ ∈ C(Q′), and Λ(t+κ ), Λ(t−κ ) exists,

and Λ(t−κ ) = Λ(tκ), 1 ≤ κ ≤ m},

and

PC1(Q) = {Λ : [0, 1]→ R,Λ ∈ PC(Q), C
t D

R−1
0+ Λ ∈ PC(Q), C

t D
R−1
0+ Λ(t+κ ), C

t D
R−1
0+ Λ

′(t−κ )
exists, and C

t D
R−1
0+ Λ(t−κ ) = C

t D
R−1
0+ Λ(tκ), 1 ≤ κ ≤ m}.

Obviously, they are Banach spaces with the norm

∥Λ∥0 = sup0≤t≤1|Λ(t)|

and
∥Λ∥1 = max{∥Λ∥0, ∥Ct D

R−1
0+ Λ∥0},
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respectively.

For the sake of simplicity, let A j =
∫ 1

0
ϱ j(υ)dυ, Q j =

1
ϑ − χ

A j ( j = 1, 2), P j =∫ 1

0

(ϑ − χ)υ + χ
(ϑ − χ)(ζ − δ)

ϱ j(υ)dυ, Γ1 = (1 −P2)(1 −Q1) −P1Q2 and QM = max{
Q2

Γ(ζ − δ)
,

1 −Q1

Γ(ζ − δ)
}.

Lemma 2.3. If (1 −P2)(1 −Q1) , P1Q2, for H ∈ L(Q, R+), the following boundary value problem

C
t D

R
0+Λ(t) = H(t), a.e. t ∈ Q′,

△Λ|t=tκ = Φκ(Λ(tκ)), κ = 1, 2, · · · , m,
△Λ′|t=tκ = 0, κ = 1, 2, · · · , m,
ϑΛ(0) − χΛ(1) =

∫ 1

0
ϱ1(υ)Λ(υ)dυ,

ζΛ′(0) − δΛ′(1) =
∫ 1

0
ϱ2(υ)Λ(υ)dυ,

(2.1)

has a solution

Λ(t) =
∫ 1

0
H1(t, υ)H(υ)dυ +

m∑
i=1

H2(t, ti)Φi(Λ(ti)),

where

H1(t, υ) = ℵ(t, υ) +
2∑

n=1

φn(t)
∫ 1

0
ℵ(υ, t)ϱn(t)dt,

H2(t, ti) =


χ

ϑ − χ
+
χ

ϑ − χ

2∑
n=1

Anφn(t), 0 ≤ t ≤ ti ≤ 1;

ϑ

ϑ − χ
+
ϑ

ϑ − χ

2∑
n=1

Anφn(t), 0 ≤ ti < t ≤ 1,

φ1(t) =
(ζ − δ)(1 −P2) + [χ + (ϑ − χ)t]Q2

(ϑ − β)(ζ − δ)Γ1
,

φ2(t) =
(ζ − δ)P1 + [χ + (ϑ − χ)t](1 −Q1)

(ϑ − χ)(ζ − δ)Γ1
.

and

ℵ(t, υ) =


χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

[χδ + (ϑ − χ)δt](1 − υ)R−2

(ϑ − β)(ζ − δ)Γ(R − 1)
+

(t − υ)q−1

Γ(R)
, 0 ≤ υ ≤ t ≤ 1;

χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

[χδ + (ϑ − χ)δt](1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
, 0 ≤ t ≤ υ ≤ 1.

Proof. Let Λ be a general solution on each interval (tκ, tκ+1] (κ = 0, 1, 2, · · · , m). By integrating
both sides of Eq (2.1), one can obtain that

Λ(t) =
1
Γ(R)

∫ t

0
(t − υ)R−1

H(υ)dυ − cκ − dt, f or t ∈ (tκ, tκ+1], (2.2)
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where t0 = 0, tm+1 = 1. Then,

Λ′(t) =
1

Γ(R − 1)

∫ t

0
(t − υ)R−2

H(υ)dυ − d, t ∈ (tκ, tκ+1].

In view of Eq (2.1), we get

−ϑc0 − χ[
1
Γ(R)

∫ 1

0
(1 − υ)R−1

H(υ)dυ − cm − d] =
∫ 1

0
ϱ1(υ)Λ(υ)dυ, (2.3)

−ζd − δ[
1

Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ − d] =
∫ 1

0
ϱ2(υ)Λ(υ)dυ, (2.4)

cκ−1 − cκ = Φκ(Λ(tκ)), (2.5)

and

d = −

∫ 1

0
ϱ2(υ)Λ(υ)dυ +

δ

Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ

ζ − δ
. (2.6)

From (2.3), (2.5) and (2.6), one can easily get that

c0 = −
1
ϑ − χ

[
∫ 1

0
ϱ1(υ)Λ(υ)dυ +

χ

Γ(R)

∫ 1

0
(1 − υ)R−1

H(υ)dυ + χ
m∑

i=1

Φi(Λ(ti))

+

χ(
∫ 1

0
ϱ2(υ)Λ(υ)dυ +

δ

Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ)

ζ − δ
], (2.7)

and

cκ = c0 −

κ∑
i=1

Φi(Λ(ti))

= −
1
ϑ − χ

[
∫ 1

0
ϱ1(υ)Λ(υ)dυ +

χ

Γ(R)

∫ 1

0
(1 − υ)R−1

H(υ)dυ + χ
m∑

i=1

Φi(Λ(ti))

+

χ(
∫ 1

0
ϱ2(υ)Λ(υ)dυ +

δ

Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ)

ζ − δ
] −

κ∑
i=1

Φi(Λ(ti)). (2.8)

Hence, (2.7) and (2.8) imply that

cκ + dt = −
1
ϑ − χ

[
∫ 1

0
ϱ1(υ)Λ(υ)dυ +

χ

Γ(R)

∫ 1

0
(1 − υ)R−1

H(υ)dυ + χ
m∑

i=1

Φi(Λ(ti))

+

χ(
∫ 1

0
ϱ2(υ)Λ(υ)dυ +

δ

Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ)

ζ − δ
] −

κ∑
i=1

Φi(Λ(ti))
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+ [−

∫ 1

0
ϱ2(υ)Λ(υ)dυ +

δ

Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ

ζ − δ
]t

= −

∫ 1

0
ϱ1(υ)Λ(υ)dυ

ϑ − χ
−

(ϑ − χ)t + χ
(ϑ − χ)(ζ − δ)

∫ 1

0
ϱ2(s)Λ(υ)dυ

−
χ

(ϑ − χ)Γ(R)

∫ 1

0
(1 − υ)R−1

H(υ)dυ

−
δ[(ϑ − χ)t + χ]
(ϑ − χ)(ζ − δ)

1
Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ

−
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) −
κ∑

i=1

Φi(Λ(ti)), (2.9)

for κ = 0, 1, 2, · · · , m. Now substituting (2.9) into (2.2), for t ∈ Q0 = [0, t1],

Λ(t) =
1
Γ(R)

∫ t

0
(t − υ)R−1

H(υ)dυ +

∫ 1

0
ϱ1(υ)Λ(υ)dυ

ϑ − χ
+

(ϑ − β)t + χ
(ϑ − χ)(ζ − δ)

∫ 1

0
ϱ2(υ)Λ(υ)dυ

+
χ

(ϑ − χ)Γ(R)

∫ 1

0
(1 − υ)R−1

H(υ)dυ +
δ[(ϑ − χ)t + χ]
(ϑ − χ)(ζ − δ)

1
Γ(R − 1)

∫ 1

0
(1 − υ)R−2

H(υ)dυ

+
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))

=

∫ t

0
[
(t − υ)R−1

Γ(R)
+
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+
χδ + (ϑ − χ)δt
(ϑ − χ)(ζ − δ)

(1 − υ)R−2

Γ(R − 1)
]H(υ)dυ

+

∫ 1

t
[
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+
χδ + (ϑ − χ)δt
(ϑ − χ)(ζ − δ)

(1 − υ)R−2

Γ(R − 1)
]H(υ)dυ

+
1
ϑ − χ

∫ 1

0
ϱ1(υ)Λ(υ)dυ +

(ϑ − χ)t + χ
(ϑ − χ)(ζ − δ)

∫ 1

0
ϱ2(s)Λ(υ)dυ

+
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, s)H(υ)dυ +

1
ϑ − χ

∫ 1

0
ϱ1(υ)Λ(υ)dυ +

(ϑ − χ)t + χ
(ϑ − χ)(ζ − δ)

∫ 1

0
ϱ2(υ)Λ(υ)dυ

+
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)).

Then, ∫ 1

0
ϱ1(υ)

∫ 1

0
ℵ(υ, t̃)h(̃t)dt̃dυ = (1 −Q1)

∫ 1

0
ϱ1(υ)Λ(υ)dυ −P1

∫ 1

0
ϱ2(υ)Λ(υ)dυ

−A1
χ

ϑ − χ
[

m∑
i=1

Φi(Λ(ti))],
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0
ϱ2(υ)

∫ 1

0
ℵ(υ, t̃)h(̃t)dt̃dυ = −Q2

∫ 1

0
ϱ1(υ)Λ(υ)dυ + (1 −P2)

∫ 1

0
ϱ2(υ)Λ(υ)dυ

−A2
χ

ϑ − χ
[

m∑
i=1

Φi(Λ(ti))],

Hence,∫ 1

0
ϱ1(υ)Λ(υ)dυ =

1
Γ1

[(1 −P2)(
∫ 1

0
ϱ1(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ + A1

χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)))

+P1(
∫ 1

0
ϱ2(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ + A2

χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)))],

∫ 1

0
ϱ2(υ)Λ(υ)dυ =

1
Γ1

[Q2(
∫ 1

0
ϱ1(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ + A1

χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)))

+(1 −Q1)(
∫ 1

0
ϱ2(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ + A2

χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)))],

which show that

Λ(t) =
∫ 1

0
ℵ(t, υ)H(υ)dυ +

1
ϑ − χ

∫ 1

0
ϱ1(υ)Λ(υ)dυ +

(ϑ − χ)t + χ
(ϑ − χ)(ζ − δ)

∫ 1

0
ϱ2(υ)Λ(υ)dυ

+
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, υ)H(υ)dυ + φ1(t)[

∫ 1

0
ϱ1(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ + A1

χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))]

+φ2(t)[
∫ 1

0
ϱ2(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ + A2

χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))]

+
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, υ)H(υ)dυ +

2∑
n=1

φn(t)[
∫ 1

0
ϱn(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ

+An
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))] +
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, υ)H(υ)dυ +

2∑
n=1

φn(t)[
∫ 1

0
ϱn(̃t)

∫ 1

0
ℵ(̃t, υ)H(υ)dυdt̃

+An
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))] +
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))
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=

∫ 1

0
ℵ(t, υ)H(υ)dυ +

2∑
n=1

φn(t)[
∫ 1

0
H(υ)

∫ 1

0
ℵ(̃t, s)ϱn(̃t)dt̃dυ

+An
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))] +
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti))

=

∫ 1

0
[ℵ(t, υ) +

2∑
n=1

φn(t)
∫ 1

0
ℵ(̃t, s)ϱi(̃t)dt̃]H(υ)dυ

+[
χ

ϑ − χ
+ (

2∑
n=1

χ

ϑ − χ
Anφn(t))]

m∑
i=1

Φi(Λ(ti))

=

∫ 1

0
H1(t, υ)H(υ)dυ +

m∑
i=1

H2(t, ti)Φi(Λ(ti)).

Similar to the above process, for t ∈ Qκ = (tκ, tk+1], we have

Λ(t) =
∫ 1

0
ℵ(t, υ)H(υ)dυ +

1
ϑ − χ

∫ 1

0
ϱ1(υ)Λ(υ)dυ +

(ϑ − χ)t + χ
(ϑ − χ)(ζ − δ)

∫ 1

0
ϱ2(υ)Λ(υ)dυ

+
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, υ)H(υ)dυ + φ1(t)[

∫ 1

0
ϱ1(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ

+A1(
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti)))] + φ2(t)[
∫ 1

0
ϱ2(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ

+A2(
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti)))]

+
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, υ)H(υ)dυ +

2∑
n=1

φn(t)[
∫ 1

0
ϱn(υ)

∫ 1

0
ℵ(υ, t̃)H(̃t)dt̃dυ

+An(
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti)))] +
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, υ)H(υ)dυ +

2∑
n=1

φn(t)[
∫ 1

0
ϱn(t)

∫ 1

0
Φ(̃t, υ)H(υ)dυdt̃

+An(
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti)))] +
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti))

=

∫ 1

0
ℵ(t, υ)H(υ)dυ +

2∑
n=1

φn(t)[
∫ 1

0
H(υ)

∫ 1

0
Φ(̃t, υ)ϱn(̃t)dt̃dυ
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+An(
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti)))] +
χ

ϑ − χ

m∑
i=1

Φi(Λ(ti)) +
κ∑

i=1

Φi(Λ(ti))

=

∫ 1

0
[ℵ(t, υ) +

2∑
n=1

φn(t)
∫ 1

0
ℵ(̃t, υ)ϱn(̃t)dt̃]H(υ)dυ

+[
χ

ϑ − χ
+ (

2∑
n=1

χ

ϑ − χ
Anφn(t))]

m∑
i=k+1

Φi(Λ(ti))

+[
ϑ

ϑ − χ
+ (

2∑
n=1

ϑ

ϑ − χ
Anφn(t))]

κ∑
i=1

Φi(Λ(ti))

=

∫ 1

0
H1(t, υ)H(υ)dυ +

m∑
i=1

H2(t, ti)Φi(Λ(ti)).

The proof is completed. □

We assume that the following condition is satisfied in this paper:
(H1) Q1 < 1, P2 < 1, (1 −Q1)(1 −P2) > P1Q2.

Lemma 2.4. The functionsH1 andH2 have the following properties:

(1) for all t, υ ∈ [0, 1], i = 1, · · · , m,H1(t, υ) ≥ 0, H2(t, ti) > 0;

(2) for all t, υ ∈ [0, 1], d1M(υ) ≤ m(υ) ≤ H1(t, υ) ≤ M(υ);

(3) for all t ∈ [0, 1], i = 1, · · · , m, d2H2(1, 0) ≤ H2(t, ti) ≤ H2(1, 0);

(4) for all υ ∈ [0, 1], maxt∈[0,1]
C
t D

R−1
0+ H1(t, υ) ≤

1
Γ(3 − R)

M(υ);

(5) maxt∈[0,1]
C
t D

R−1
0+ H2(t, ti) ≤

1
Γ(3 − R)

H2(1, 0), i = 1, 2, · · · , m,

where

M(υ) = g(υ) +
2∑

n=1

φn(1)
∫ 1

0
ℵ(υ, t̃)ϱn(̃t)dt̃,

m(υ) = d1g(υ) +
2∑

n=1

φn(0)
∫ 1

0
ℵ(υ, t̃)ϱn(̃t)dt̃,

g(υ) =
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

ϑδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
+

1
Γ(R)

,

Π =

1 +
2∑

n=1
Anφn(0)

1 +
2∑

n=1
Anφn(1)

, Π1 = minυ∈[0,1][
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

χδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
],
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and d1 =
χΓ(R)Π1

ϑΓ(R)Π1 + χ
, d2 =

χ

ϑ
Π.

Proof. First, it is easy to see that

H1(t, s), H2(t, ti) > 0,

for all t, υ ∈ [0, 1], i = 1, 2, · · · , m. For given υ ∈ [0, 1], we can get ℵ(t, υ) is increasing with respect
to t for t ∈ Q by the definition of ℵ(t, υ). Then,

ℵ(t, υ) ≤
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

ϑδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
+

1
Γ(R)

= g(υ),

and

ℵ(t, υ)
g(υ)

≥

χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

χδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
+

(t − υ)R−1

Γ(R)
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

ϑδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
+

1
Γ(R)

≥

χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

χδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

ϑδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
+

1
Γ(R)

≥
1

ϑ

χ
+

1

Γ(R)[
χ(1 − υ)R−1

(ϑ − χ)Γ(R)
+

χδ(1 − υ)R−2

(ϑ − χ)(ζ − δ)Γ(R − 1)
]

≥
1

ϑ

χ
+

1
Γ(R)Π1

= d1.

Hence,
d1g(υ) ≤ ℵ(t, υ) ≤ g(υ), for all t, υ ∈ [0, 1],

and
d1M(υ) ≤ m(υ) ≤ H1(t, υ) ≤ M(υ), for all t, υ ∈ [0, 1].

The proof of (3) is given below.
On the one hand, from the definition ofH2(t, ti) and φn(t)(n = 1, 2), for 0 ≤ t ≤ ti ≤ 1, it is easily to

see that

H2(t, ti)
H2(1, 0)

=

χ

ϑ − χ
+
χ

ϑ − χ

2∑
n=1

Anφn(t)

ϑ

ϑ − χ
+
ϑ

ϑ − χ

2∑
n=1

Anφn(1)
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≥
χ

ϑ
[
1 +

2∑
n=1
Anφn(0)

1 +
2∑

n=1
Anφn(1)

]

=
χ

ϑ
Π = d2.

On the other hand, for 0 ≤ ti < t ≤ 1, we get

H2(t, ti)
H2(1, 0)

=

ϑ

ϑ − χ
+
ϑ

ϑ − χ

2∑
n=1

Anφn(t)

ϑ

ϑ − χ
+
ϑ

ϑ − χ

2∑
n=1

Anφn(1)

>

1 +
2∑

n=1
Anφn(0)

1 +
2∑

n=1
Anφn(1)

= Π.

Therefore,
d2H2(1, 0) ≤ H2(t, ti) ≤ H2(1, 0),

for all t ∈ [0, 1], i = 1, 2, · · · , m.

Next, by calculation, one can obtain that

C
t D

R−1
0+ ℵ(t, υ) =


δ(1 − υ)R−2t2−R

(ζ − δ)Γ(R − 1)Γ(3 − R)
+ 1, 0 ≤ υ < t ≤ 1;

δ(1 − υ)R−2t2−R

(ζ − δ)Γ(R − 1)Γ(3 − R)
, 0 ≤ t ≤ υ ≤ 1,

C
t D

R−1
0+ H1(t, υ) = C

t D
R−1
0+ ℵ(t, υ) +

2∑
n=1

[ C
t D

R−1
0+ φn(t)]

∫ 1

0
ℵ(υ, t̃)ϱn(̃t)dt̃,

and

C
t D

R−1
0+ H2(t, υ) =


χ

ϑ − χ

2∑
n=1

An[ C
t D

R−1
0+ φn(t)], 0 ≤ t ≤ ti ≤ 1;

ϑ

ϑ − χ

2∑
n=1

An[ C
t D

R−1
0+ φn(t)], 0 ≤ ti < t ≤ 1.

Hence,
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maxt∈[0,1]
C
t D

R−1
0+ ℵ(t, υ) ≤

1
Γ(3 − R)

g(υ), f or all υ ∈ [0, 1],

maxt∈[0,1]
C
t D

R−1
0+ H1(t, υ) ≤

1
Γ(3 − R)

M(υ), f or all υ ∈ [0, 1],

maxt∈[0,1]
C
t D

R−1
0+ H2(t, ti) ≤

1
Γ(3 − R)

H2(1, 0), i = 1, 2, · · · , m.

Hence, (4) and (5) are valid. □

Lemma 2.5. [19] The set Υ ⊂ PC([0, 1],Rn) is relatively compact if and only if
(1) Υ is bounded, that is, ∥ϕ∥ ≤ C for each ϕ ∈ Υ and some C > 0.
(2) Υ is quasi-equicontinuous in (tκ−1, tκ](κ ∈ N), that is to say, for any ε > 0, there exists δ > 0 such
that

|ϕ(t1) − ϕ(t2)| < ε

for all ϕ ∈ Υ, t1, t2 ∈ (tκ−1, tκ] with |t1 − t2| < δ.

Let Ω be a nonempty open subset of a Banach space (X, ∥ · ∥). T : Ω → X is an operator, where T
may be discontinuous.

Definition 2.6. [15] The closed-convex Krasovskij envelope (cc-envelope, for short) of an operator
T : Ω→ X is the multivalued mapping T : Ω→ 2X given by

TΛ =
⋂
ε>0

coT (Bε(Λ) ∩Ω) f or every Λ ∈ Ω,

where co means closed convex hull, Bε(Λ) is the closed ball centered at Λ and radius ε.

Lemma 2.7. [15] Λ̃ ∈ TΛ if for every ε > 0 and every p > 0 there exist m ∈ N and a finite family of

vectors Λi ∈ Bε(Λ) ∩Ω and coefficients πi ∈ [0, 1](i = 1, 2, · · · ,m) such that
m∑

i=1
πi = 1 and

∥Λ̃ −

m∑
i=1

πiTΛi∥ < p.

Next, we introduce Krasnoselskii’s fixed point theorems for discontinuous operators on cones. Let
P be a cone of Banach space X. Then, P defines the partial ordering in given by Λ ≤ Λ̃ if and only if
Λ̃ − Λ ∈ P. For Λ, Λ̃ ∈ P, the set [Λ, Λ̃] = {Λ̂ ∈ P : Λ ≤ Λ̂ ≤ Λ̃} is an order interval with Λ ≤ Λ̃.
Denote PR = {Λ ∈ P : ∥Λ∥ < R}, for given R > 0.
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Lemma 2.8. [16] Let R > 0, 0 ∈ Ωi ⊂ PR be relatively open subsets of P (i = 1, 2). T : PR → P is a
mapping, where TPR is relatively compact and it fulfills condition

Λ ∩ TΛ ⊂ {TΛ} (2.10)

in PR.
(a)For all Λ ∈ ∂Ω1(λ ≥ 1), if λΛ < TΛ, then i(T , Ω1, P) = 1.
(b)For every ℓ ≥ 0 and all Λ ∈ P with Λ ∈ ∂Ω2, if there exists ℓ ∈ P(ℓ , 0) such that Λ < TΛ + ℓω,
then i(T , Ω2, P) = 0.

Lemma 2.9. [16] Assume that one of the following two conditions holds:
(i) Λ̃ ≱ Λ for all Λ̃ ∈ TΛ with Λ ∈ P and ∥Λ∥ = r1.
(ii) ∥Λ̃∥ < ∥Λ∥ for all Λ̃ ∈ TΛ and all Λ ∈ P with ∥Λ∥ = r1.
Then, Condition (a) in Lemma 2.8 is satisfied.

Analogously, if one of the following two conditions holds:
(i) Λ̃ ≰ Λ for all Λ̃ ∈ TΛ with Λ ∈ P and ∥Λ∥ = r1.
(ii) If ∥Λ̃∥ > ∥Λ∥ for all Λ̃ ∈ TΛ and all Λ ∈ P with ∥Λ∥ = r2.
Then, assumption (b) in Lemma 2.8 holds.

For the discontinuous nonlinearities 𭟋, we define the admissible discontinuities curves.

Definition 2.10. We say that ℏ : Q → R+, ℏ ∈ PC1(Q) is an admissible discontinuity curve for the
differential system (1.1) if ℏ satisfies △ℏ′|t=ti = 0(i = 1, . . . , m), the boundary value conditions of (1.1)
and one of the following conditions holds:
(i) {

C
t D

R
0+ℏ(t) = E(t)𭟋(t, ℏ(t)), a.e. t ∈ Q′,

△ℏ|t=tκ = Φκ(ℏ(tκ)), κ = 1, · · · , m,
(2.11)

(ii) there exist G, G ∈ L1(J), G(t), G(t) > 0 a.e. for t ∈ [0, 1], S , Θ ⊂ J, m(S ∩ Θ) = 0, m(S ∪ Θ) > 0,
and ε > 0 such that

C
t D

R
0+ℏ(t) + G(t) < E(t)𭟋(t, x), a.e. t ∈ Θ, x ∈ [ℏ(t) − ε, ℏ(t) + ε],

C
t D

R
0+ℏ(t) − G(t) > E(t)𭟋(t, x), a.e. t ∈ S , x ∈ [ℏ(t) − ε, ℏ(t) + ε],

C
t D

R
0+ℏ(t) = E(t)𭟋(t, ℏ(t)), a.e. t ∈ Q′ \ (S ∪ Θ),

△ℏ|t=tκ = Φκ(ℏ(tκ)), k = 1, · · · , m,

(2.12)

(iii) there exist κ ∈ {1, 2, · · · , m} such that{
C
t D

R
0+ℏ(t) = E(t)𭟋(t, ℏ(t)), a.e. t ∈ Q′,

△ℏ|t=tκ , Φκ(ℏ(tκ)),
(2.13)

(iv) there exists G, G ∈ L1(Θ), G(t), G(t) > 0 a.e. for t ∈ [0, 1], S , Θ̃ ⊂ Θ,m(S ∩Θ̃) = 0, m(S ∪Θ̃) > 0,
and ε > 0, κ ∈ {1, 2, · · · , m} such that
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
C
t D

R
0+ℏ(t) + G(t) < E(t)𭟋(t,Λ), a.e. t ∈ Θ, x ∈ [ℏ(t) − ε, ℏ(t) + ε],

C
t D

q
0+ℏ(t) − G(t) > E(t)𭟋(t, x), a.e. t ∈ S , x ∈ [ℏ(t) − ε, ℏ(t) + ε],

C
t D

q
0+ℏ(t) = E(t)𭟋(t, ℏ(t)), a.e. t ∈ Q′ \ (S ∪ Θ),

△ℏ|t=tκ , Φκ(ℏ(tκ)).

(2.14)

Then, we assert that ℏ is viable for BVP (1.1) if (i) is satisfied; we say that ℏ is inviable if one of
(ii)-(iv) is satisfied.

3. Existence results

Let Ξ = PC1[0, 1], P := {Λ ∈ Ξ : Λ(t) ≥ d∥Λ∥1, ∀t ∈ [0, 1]}(d = Γ(3 − R)d3, d3 = min{d1, d2}) and
Pr := {Λ ∈ P : ∥Λ∥1 ≤ r}. In order to apply Krasnoselskii’s compression-expansion type fixed point
theorems for discontinuous operators to BVP (1.1), we recall that if Λ is a solution of the following
equation:

Λ(t) =
∫ 1

0
H1(t, s)E(s)𭟋(s,Λ(υ))dυ +

m∑
i=1

H2(t, ti)Φi(Λ(ti)), (3.1)

then Λ ∈ Ξ is a solution of BVP (1.1).
Define an operator T : P → Ξ as follows:

TΛ(t) :=
∫ 1

0
H1(t, s)E(s)𭟋(s,Λ(υ))dυ +

m∑
i=1

H2(t, ti)Φi(Λ(ti)), Λ ∈ P. (3.2)

For any Λ ∈ P, TΛ is well defined by E ∈ L(0, 1), the continuity of H1 and the assumption of 𭟋.
One can see that the existence of positive fixed points of T implies the existence of positive solutions
for BVP (1.1).

Subsequently, let

N1 = (
∫ 1

0
M(υ)g(υ)dυ)−1, N2 = (

∫ 1

0
m(υ)g(υ)dυ)−1,

N3 = (supt∈[0,1]

∫ 1

0

C
t D

R−1
0+ H1(t, υ)g(υ)dυ)−1, N4 = (in ft∈[0,1]

∫ 1

0

C
t D

R−1
0+ H1(t, υ)g(υ)dυ)−1,

N5 = supt∈[0,1], i∈{1, ··· ,m}H2(t, ti), N6 = in ft∈[0,1], i∈{1, ··· ,m}H2(t, ti),

N7 = supt∈[0,1], i∈{1, ··· ,m}
C
t D

R−1
0+ H2(t, ti), N8 = in ft∈[0,1], i∈{1, ··· ,m}

C
t D

R−1
0+ H2(t, ti).

Now, we are in position to give the assumptions satisfied throughout the paper.

(H2)𭟋 : Q × R+ → R+ satisfies:

(a) t ∈ Q 7→ 𭟋(·,Λ) is measurable for any Λ ∈ R+;
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(b)For a.e. t ∈ Q and all Λ ∈ [0, r], there exists R > 0 such that 𭟋(t,Λ) ≤ R for each r > 0.

(H3) E(t) ≥ 0 almost everywhere for t ∈ [0, 1] and E is measurable.

(H4) Admissible discontinuity curves ℏn : Q → R+(n ∈ N) satisfy that the function Λ 7→ 𭟋(t,Λ) is
continuous in [0,∞) \

⋃
n∈N{ℏn(t)} for a.e. t ∈ Q.

(H5) lim
Λ→0+

inf
t∈[0,1]

𭟋(t,Λ)
Λ

>
5
4d

[
1
N2
+ mN6]−1, lim

Λ→0+

Φκ(Λ)
Λ
>

5
4d

[
1
N2
+ mN6]−1,

(H6) lim
Λ→+∞

sup
t∈[0,1]

𭟋(t,Λ)
Λ

<
5
6

[
1
N1
+ mN5]−1, lim

Λ→+∞

Φκ(Λ)
Λ
<

5
6

[
1
N1
+ mN5]−1,

(H7) lim
Λ→0+

sup
t∈[0,1]

𭟋(t,Λ)
Λ

<
5
6

[
1
N1
+ mN5]−1, lim

Λ→0+

Φκ(Λ)
Λ
<

5
6

[
1
N1
+ mN5]−1,

(H8) lim
Λ→+∞

inf
t∈[0,1]

𭟋(t,Λ)
Λ

>
5
4d

[
1
N2
+ mN6]−1, lim

Λ→+∞

Φκ(Λ)
Λ
>

5
4d

[
1
N2
+ mN6]−1.

Lemma 3.1. The operator T : P → P is well-defined and maps bounded sets into relatively compact
sets.

Proof. In view of the nonnegativity of 𭟋, H1, H2, Φκ(κ = 1, · · · , m) and E(t) ≥ 0 for a.e. t ∈ Q,
we conclude that TΛ(t) ≥ 0 for t ∈ [0, 1]. Hence, T : P → P is well-defined.

Then, by calculation, for Λ ∈ P, it is easy to see

C
t D

R−1
0+ (TΛ)(t) =

∫ 1

0
[ C

t D
R−1
0+ H1(t, υ)]E(υ)𭟋(υ,Λ(υ))dυ +

m∑
i=1

[ C
t D

R−1
0+ H2(t, ti)]Φi(Λ(ti)),

where

C
t D

R−1
0+ ℵ(t, υ) =


ζ(1 − υ)R−2t2−R

(ζ − δ)Γ(R − 1)Γ(3 − R)
+ 1, 0 ≤ υ < t ≤ 1;

ζ(1 − υ)R−2t2−R

(ζ − δ)Γ(R − 1)Γ(3 − R)
, 0 ≤ t ≤ υ ≤ 1,

C
t D

R−1
0+ H1(t, υ) = C

t D
R−1
0+ ℵ(t, υ) +

2∑
n=1

[ C
t D

R−1
0+ φn(t)]

∫ 1

0
ℵ(υ, t̃)ϱn(̃t)dt̃,

and

C
t D

R−1
0+ H2(t, ti) =


χ

ϑ − χ

2∑
n=1

An[ C
t D

R−1
0+ φn(t)], 0 ≤ t ≤ ti ≤ 1;

ϑ

ϑ − χ

2∑
n=1

An[ C
t D

R−1
0+ φn(t)], 0 ≤ ti < t ≤ 1.

By Lemma 2.4, one can get that

d∥Ct D
R−1
0+ TΛ∥0 = d maxt∈[0,1][

∫ 1

0
(C
t D

R−1
0+ H1(t, υ))E(υ)𭟋(υ,Λ(υ))dυ
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+

m∑
i=1

(C
t D

R−1
0+ H2(t, ti))Φi(Λ(ti))]

≤ d3[
∫ 1

0
M(υ)E(υ)𭟋(υ,Λ(υ))dυ +

m∑
i=1

H2(1, 0)Φi(Λ(ti))]

≤

∫ 1

0
m(υ)E(υ)𭟋(υ,Λ(υ))dυ +

m∑
i=1

H2(0, 1)Φi(Λ(ti))

= mint∈[0,1]TΛ(τ).

Thinking about it from the other side, we have

d∥TΛ∥0 ≤ d3[
∫ 1

0
M(υ)E(υ)𭟋(υ,Λ(υ))dυ +

m∑
i=1

H2(1, 0)Φi(Λ(ti))]

≤

∫ 1

0
m(υ)E(υ)𭟋(υ,Λ(υ))dυ +

m∑
i=1

H2(0, 1)Φi(Λ(ti))

= mint∈[0,1]TΛ(t).

Therefore,
mint∈[0,1]TΛ(t) ≥ d(υ) max{∥TΛ∥0, ∥ C

t D
R−1
0+ TΛ∥0} = d(υ)∥TΛ∥1.

Next, we notice that there existsMκ > 0 such that

Φκ(Λ) ≤ Mκ, f or Λ ∈ [0, r],

where κ = 1, 2, · · · , m for each r > 0. Therefore, T (Pr) is bounded by (H2).
Moreover, we have

C
t D

q
0+TΛ(t) = E(t)𭟋(t,Λ(t)) ≤ RE(t),

for any Λ ∈ Pr and a.e. t ∈ Qκ.
Therefore,

|Ct D
R−1
0+ (TΛ)(̂t2) − C

t D
R−1
0+ (TΛ)(̂t1)| ≤

∫ t̂2

t̂1
|Cr Dq

0+(TΛ)(r)|dr ≤
∫ t̂2

t̂1
RE(r)dr,

where t̂1, t̂2 ∈ Qκ. Hence, T (Pr) is relatively compact. □

Lemma 3.2. Let T be the cc-envelope of the operator T : PR → P. If (H4) is satisfied, then

Λ ∩ TΛ ⊂ {TΛ}, f or all Λ ∈ PR.

Proof. LetWn = {t ∈ Q : Λ(t) = ℏn(t)}(n ∈ N). Fix Λ ∈ PR and we think about three cases below.

Case 1: m(Wn) = 0 for all n ∈ N.
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If Λκ → Λ in PR, by (H4), it is easy to see that 𭟋(t,Λκ(t))→ 𭟋(t,Λ(t)) for a.e. t ∈ Q . This, together
with (H2) and (H3), implies that

TΛκ → TΛ in PR.

Hence T is continuous at Λ. Hence, TΛ = TΛ.

Case 2: there exists n ∈ N such that ℏn is inviable and m(Wn) > 0. Let B = {n : m(Wn) >
0, ℏn is inviable}. Case 2 will be demonstrated in three subcases.

Case 2.1: The above ℏn satisfies (ii) in Definition 2.10.
By (ii) in Definition 2.10, there exist G, G ∈ L1(Q′), G(t), G(t) > 0 f or a.e. t ∈ [0, 1], S n, Θn ⊂ Q,

m(S n ∩ Θn) = 0, m(S n ∪ Θn) > 0, and ε > 0 such that
C
t D

R
0+ℏ(t) + G(t) < E(t)𭟋(t, ℏn(t)), a.e. t ∈ Θn, Λ ∈ [ℏn(t) − ε, ℏn(t) + ε],

C
t D

R
0+ℏ(t) − G(t) > E(t)𭟋(t, ℏn(t)), a.e. t ∈ S n, Λ ∈ [ℏn(t) − ε, ℏn(t) + ε],

C
t D

R
0+ℏ(t) = E(t)𭟋(t, ℏn(t)), a.e. t ∈ Q′ \ (S n ∪ Θn),

△ℏn|t=tκ = Φκ(ℏn(tκ)), κ = 1, · · · , m.

(3.3)

(I) m({t ∈ S n ∪ Θn|Λ(t) = ℏn(t)}) = 0 for all n ∈ B.

By m({t ∈ S n ∪ Θn|Λ(t) = ℏn(t)}) = 0, for a.e. t ∈ Wn, one can obtain that

C
t D

R
0+ℏn(t) = E(t)𭟋(Λ, ℏn(t)).

This is,
C
t D

R
0+Λ(t) = E(t)𭟋(t,Λ), t ∈

⋃
n∈B

Wn.

For each κ ∈ N, on account of Λ ∈ TΛ, there exist functions Λp,i ∈ B 1
p
(Λ) ∩ PR and coefficients

λp,i ∈ [0, 1](i = 1, 2, · · · , m(p)) such that

m(p)∑
i=1

λp,i = 1,

and

∥Λ −

m(p)∑
i=1

λp,iTΛp,i∥ <
1
p
,

by Lemma 2.7 with ε = p =
1
p

.

Denote Vp =
m(p)∑
i=1
λp,iTΛp,i. If p→ ∞ in Q, we can see that Vp → Λ uniformly .

For a.e. t ∈ Q\
⋃
n∈B
Wn, one can see that E(t)𭟋(t, ·) is continuous atΛ(t). Consequently, for any ε > 0,

there is some p0 = p(t) ∈ N such that, for all κ ∈ N, p ≥ p0, we have

|E(t)𭟋(t,Λp,i(t)) − E(t)𭟋(t,Λ(t))| < ε,

AIMS Mathematics Volume 8, Issue 3, 7196–7224.
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for all i ∈ {1, 2, · · · , m(p)}. Then,

|Ct D
R
0+Vp(t) − E(t)𭟋(t,Λ(t))| ≤

m(p)∑
i=1

λp,i|E(t)𭟋(t,Λp,i(t)) − E(t)𭟋(t,Λ(t))| < ε.

This is,
C
t D

R
0+Vp(t)→ E(t)𭟋(t,Λ(t)), when p→ ∞,

for a.e. t ∈ Q \
⋃
n∈B
Wn.

On the other hand,

|Ct D
R
0+Vp(t) − C

t D
R
0+Λ(t)| =

1
Γ(R)

|

∫ t

0
(t − υ)R−1Vp(υ)dυ −

∫ t

0
(t − υ)R−1Λ(υ)dυ|

≤
1
Γ(R)

∫ t

0
(t − υ)R−1|Vp(υ) − Λ(υ)|dυ

≤ ε1(
1
Γ(R)

∫ t

0
(t − υ)R−1dυ)

≤
1

Γ(R + 1)
ε1,

which guarantees that C
t D

R
0+Λ(t) = E(t)𭟋(t,Λ) for a.e. t ∈ Q \

⋃
n∈B
Wn. The process above implies

Λ = TΛ if Λ ∈ TΛ.

(II) There exists n ∈ B such that m({t ∈ S n ∪ Θn|Λ(t) = ℏn(t)}) > 0.

Suppose m({t ∈ S n|Λ(t) = ℏn(t)}) > 0. Now we are in position to prove

Λ < TΛ.

For a.e. t ∈ Q, by (H2), there existsHR > 0 such that 𭟋(t,Λ(t)) < HR. Let F(t) = E(t)HR andA = {t ∈
S n| Λ(t) = ℏn(t)}(n ∈ N). There exists an interval Qκ0(κ0 ∈ {1, · · · , m}) such that m(Qk0 ∩A) > 0. Let
A = Qk0 ∩ A. On account of F ∈ L(Q) and Lemma 3.8 in [15], there is a measurable set A0 ⊂ A with
m(A0) = m(A) > 0 such that, we obtain

limt→t̂+0

2
∫

[̂t0,t]\A
F(υ)dυ

1
4

∫ t

t̂0
G(υ)dυ

= 0 = limt→t̂−0

2
∫

[t,̂t0]\A
F(υ)dυ

1
4

∫ t̂0

t
G(υ)dυ

, (3.4)

for all t̂0 ∈ A0.
Moreover, by Corollary 3.9 in [15], there exists A1 ⊂ A0 with m(A0 \ A1) = 0 such that,

limt→t̂+0

∫
[̂t0,t]∩A0

G(υ)dυ∫ t

t̂0
G(υ)dυ

= 1 = limt→t̂−0

∫
[t,̂t0]∩A0

G(υ)dυ∫ t

t̂0
G(υ)dυ

, (3.5)

for all t̂0 ∈ A1.
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Fix a point t̂0 ∈ A1. By (3.4) and (3.5), we konw that t− < t̂0, t+ > t̂0 exist with t+, t− → t̂0.
Moreover, t+, t− satisfies the following inequalities.

2
∫

[̂t0,t+]\A
F(υ)dυ <

1
4

∫ t+

t̂0
G(υ)dυ, (3.6)

∫
[̂t0,t+]\A

G(υ)dυ ≥
∫

[̂t0,t+]∩A0

G(υ)dυ >
1
2

∫ t+

t̂0
G(υ)dυ, (3.7)

2
∫

[t− ,̂t0]\A
F(υ)dυ <

1
4

∫ t̂0

t−
G(υ)dυ, (3.8)

∫
[t− ,̂t0]∩A

G(υ)dυ >
1
2

∫ t̂0

t−
G(υ)dυ. (3.9)

Now we will prove that Λ < TΛ.
Claim: For every finite family Λi ∈ Bε(Λ) ∩ BR and πi ∈ [0, 1] (i = 1, 2, · · · ,m1), there exists p > 0

such that

∥Λ −

m1∑
i=1

πiTΛi∥ ≥ p,

where
m1∑
i=1
πi = 1.

Denote V =
m1∑
i=1
πiTΛi. Then for a.e. t ∈ A, we have

C
t D

R
0+v(t) =

m1∑
i=1

πi
C
t D

R
0+(TΛi)(t) =

m1∑
i=1

πiE(t)𭟋(t,Λi(t)). (3.10)

For every i ∈ {1, 2, · · · , m1} and t ∈ A, one can obtain that

|Λi(t) − ℏn(t)| = |Λi(t) − Λ(t)| < ε.

Then, for a.e. t ∈ A, we have

C
t D

R
0+V(t) =

m1∑
i=1

πiE(t)𭟋(t,Λi(t)) <
m1∑
i=1

πi(C
t D

R
0+ℏn(t) − G(t)) = C

t D
R
0+Λ(t) − G(t). (3.11)

Now we compute

C
t D

R−1
0+ V(t+) − C

t D
R−1
0+ V (̂t0) =

∫ t+

t̂0
[C

sD
R−1
0+ V(υ)]′dυ =

∫ t+

t̂0
[C

sD
R
0+V(υ)]dυ

=

∫
[̂t0,t+]∩A

[C
sD
R
0+V(υ)]dυ +

∫
[̂t0,t+]\A

[C
t D

R
0+V(υ)]dυ

<

∫
[̂t0,t+]∩A

C
sD
R
0+Λ(υ)dυ −

∫
[̂t0,t+]∩A

G(υ)dυ

+

∫
[̂t0,t+]\A

F(υ)dυ
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= C
t D

R−1
0+ Λ(t+) − C

t D
R−1
0+ Λ(̂t0) −

∫
[̂t0,t+]\A

C
sD
R
0+Λ(υ)dυ

−

∫
[̂t0,t+]\A

G(s)dυ +
∫

[̂t0,t+]\A
F(υ)dυ

≤ C
t D

R−1
0+ Λ(t+) − C

t D
R−1
0+ Λ(̂t0) −

∫
[̂t0,t+]∩A

G(υ)dυ

+2
∫

[̂t0,t+]\A
F(υ)dυ

< C
t D

R−1
0+ Λ(t+) − C

t D
R−1
0+ Λ(̂t0) −

1
4

∫ t+

t̂0
G(υ)dυ.

Choosing

p = min{
1
4

∫ t̂0

t−
G(υ)dυ,

1
4

∫ t+

t̂0
G(υ)dυ}. (3.12)

Hence, ∥Λ − V∥1 ≥ C
t D

R−1
0+ Λ(t+) − C

t D
R−1
0+ V(t+) ≥ p, provided that C

t D
R−1
0+ Λ(̂t0) ≥ C

t D
R−1
0+ V (̂t0).

Using t− instead of t+, we can get that

C
t D

R−1
0+ Λ(̂t0) ≤ C

t D
R−1
0+ v(̂t0),

by similar progress. Hence, we have ∥Λ − V∥1 ≥ p. The claim is proven.
By Lemma 2.7, one can see that Λ < TΛ.

Case 2.2: The above ℏn satisfies (iii) in Definition 2.10. Let B1 = {n : m(Wn) >
0, ℏn satis f ies (iii) in De f inition 2.10}.

Then, there exist k ∈ {1, 2, · · · , m} such that{
C
t D

R
0+ℏ(t) = E(t)𭟋(t, ℏn(t)), a.e. t ∈ Q′;

△ℏn|t=tκ , Φκ(ℏn(tκ)), κ = 1, · · · , m.
(3.13)

We suppose that there exist Y, ε > 0 such that △ℏn|t=tκ + Y < Φκ(z), z ∈ [ℏn(tκ) − ε, ℏn(tκ) + ε] by the
continuity of Φκ.

(I) Λ(tκ) , ℏn(tκ) or Λ(t+κ ) , ℏn(t+κ ).

By (3.13), for a.e. t ∈
⋃

n∈B1
Wn, we have C

t D
R
0+Λ(t) = E(t)𭟋(t,Λ(t)). Similar to the proof of (I)

in Case 2.1, it is easy to see that Λ < TΛ or Λ = TΛ if Λ ∈ TΛ. Hence, Λ∩TΛ ⊂ {TΛ} for all Λ ∈ PR.

(II) When Λ(tκ) = ℏn(tκ) and Λ(t+κ ) = ℏn(t+κ ), we assert that Λ < TΛ.
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Claim: Let ε > 0 and p =
Y
2

, for every finite familyΛi ∈ Bϵ(Λ)∩PR and πi ∈ [0, 1](i = 1, 2, · · · ,m1)

with
m1∑
i=1
πi = 1, we have

∥Λ −

m1∑
i=1

πiTΛi∥ ≥ p.

For simplicity, denote V =
m1∑
i=1
πiTΛi. In view of |Λi(tκ) − Λ(tκ)| = |Λi(tκ) − ℏn(tκ)| < ε1, one can get

△V |t=tκ =

m1∑
i=1

πi(△TΛi|t=tκ) =
m1∑
i=1

πi(Φκ(Λi(tκ)))

>

m1∑
i=1

πi(△ℏn|t=tκ + Y)

= △ℏn|t=tκ + Y

= △Λ|t=tκ + Y,

which implies that

V(t+κ ) − Λ(+κ ) > V(tκ) − Λ(tκ) + Λ ≥ −|V(tκ) − Λ(tκ)| + Y.

That is
∥Λ − V∥1 ≥

Y
2
.

The claim is proven.
Case 2.3: The above ℏn satisfies (iv) in Definition 2.10.
Hence, one can also obtain that

Λ ∩ TΛ ⊂ {TΛ}, f or all Λ ∈ PR.

by the process similar to proving Case 2.1 and Case 2.2.

Case 3: m({Wn}) > 0 for n ∈ N such that ℏn is viable.
For each n ∈ N and a.e. t ∈ Wn,

C
t D

R
0+Λ(t) = C

t D
R
0+ℏn(t) = E(t)𭟋(t, ℏn(t)) = E(t)𭟋(t,Λ(t)).

Therefore,
C
t D

R
0+Λ(t) = E(t)𭟋(t,Λ(t)) a.e. in B =

⋃
n∈N

Wn.

If Λ ∈ TΛ, we can obtain that

C
t D

R
0+Λ(t) = E(t)𭟋(t,Λ(t)) a.e. in Q \ B,

by the process of proving (I) in Case 2.1. Hence, Λ = TΛ. □
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Theorem 3.3. If (H1)–(H6) hold, then BVP (1.1) admits at least one positive solution.

Proof. Claim 1: For all Λ̃ ∈ TΛ and Λ ∈ P, there exists r1 > 0 such that Λ̃ ≰ Λ, where ∥Λ∥ = r1.

In fact, the condition (H5) means that there exist ε̃0, r1 > 0 such that

𭟋(t,Λ) > (λ + ε̃0)Λ, Φκ(Λ) > (λ + ε̃0)Λ, t ∈ [0, 1], Λ ∈ [0,
6
5
r1]. (3.14)

SupposeΛ ∈ P with ∥Λ∥1 = r1. For every finite familyΛi ∈ Bϵ(Λ)∩P and πi ∈ [0, 1](i = 1, 2, · · · , m2),

with
m2∑
i=1
πi = 1, and ϵ ∈ [0,

r1

5
], one can obtain that

Λ̃(t) =
m2∑
i=1

πiTΛi(t)

=

m2∑
i=1

πi[
∫ 1

0
H1(t, υ)E(υ)𭟋(υ,Λi(υ))dυ +

m∑
i=1

H2(t, ti)Φi(Λi(ti))]

>

m2∑
i=1

πi(λ + ε̃0)[
∫ 1

0
H1(t, υ)g(υ)Λi(υ)dυ +

m∑
i=1

H2(t, ti)Λi(ti)]

≥

m2∑
i=1

πi(λ + ε̃0)[
d(υ)∥Λi∥1

N2
+ mN6d(υ)∥Λi∥1]

≥ d(υ)(∥Λ∥1 − ϵ)(λ + ε̃0)[
1
N2
+ mN6]

> r1 = ∥Λ∥1.

This implies that Λ̃ ≰ Λ for all Λ̃ ∈ TΛ with Λ ∈ P and ∥Λ∥1 = r1. By Lemma 2.8 and 2.9, we get

i(T ,P ∩ ∂Br1 ,P) = 0. (3.15)

Claim 2: There exists R1 > r1 > 0 such that ∥Λ̃∥1 < ∥Λ∥1 for all Λ̃ ∈ TΛ and all Λ ∈ P with
∥Λ∥1 = R1.

In fact, the assumption (H6) implies that there exists 0 < ε1 < λ̃ such that

𭟋(t,Λ) < (̃λ − ε1)Λ, Φκ(Λ) < (̃λ − ε1)Λ, t ∈ [0, 1], Λ ≥
4
5
R1.

Choosing R1 > max{r1,
4R1

5d(υ)
}, for Λ ∈ ∂PR1 , one can see that

Λ(t) ≥ d(υ)∥Λ∥1 = d(υ)R1 >
4
5
R.

Suppose Λ ∈ P with ∥Λ∥1 = R1. For πi ∈ [0, 1](i = 1, 2, · · · , m3), with
m3∑
i=1
πi = 1 and every finite

family Λi ∈ Bϵ(Λ) ∩ P, ϵ ∈ [0,
r1

5
], one can see that

Λ̃(t) =
m3∑
i=1

πiTΛi(t)
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=

m3∑
i=1

πi[
∫ 1

0
H1(t, υ)E(υ)𭟋(υ,Λi(υ))dυ +

m∑
i=1

H2(t, ti)Φi(Λi(ti))]

<

m3∑
i=1

πi[
∫ 1

0
H1(t, υ)g(υ)(̃λ − ε1)Λi(υ)dυ +

m3∑
i=1

H2(t, ti)](̃λ − ε1)Λi(ti)

≤ (R1 + ϵ)(̃λ − ε1)[
1
N1
+ mN5]

< R1 = ∥Λ∥1,

and

C
t D

R−1
0+ Λ̃(t) =

m3∑
i=1

πi(C
t D

R−1
0+ TΛi)(t)

=

m3∑
i=1

πi[
∫ 1

0

C
t D

R−1
0+ H1(t, υ)E(υ)𭟋(υ,Λi(υ))dυ

+

m∑
i=1

C
t D

R−1
0+ H2(t, ti)Φi(Λi(ti))]

< ∥Λi∥1(̃λ − ε1)[
1
N3
+ mN7]

≤ (R1 + ϵ)(̃λ − ε1)[
1
N3
+ mN7]

< R1 = ∥Λ∥1.

Hence, ∥Λ̃∥1 < ∥Λ∥1, for all Λ̃ ∈ TΛ and all Λ ∈ P with ∥Λ∥1 = R1. By Lemma 2.8 and 2.9, we get

i(T ,P ∩ ∂BR1 ,P) = 1. (3.16)

Together with (3.15), we have

i(T ,P ∩ (BR1\Br1),P) = 1 − 0 = 1. (3.17)

Hence, BVP (1.1) admits at least one positive solution. □

Theorem 3.4. Assume that (H1)–(H4), (H7) and (H8) hold. In addition, suppose that the following
condition is satisfied.

(H9) There exist R > 0 such that 𭟋R <
N1

2
and

m∑
k=1
ΦR
κ <

1
2N5

, where

ΦR
κ := sup 0≤∥Λ∥≤ 6R

5
{
Φκ(Λ)

R
}, 𭟋R := supt∈[0,1], 0≤∥Λ∥≤ 6R

5
{
𭟋(t,Λ)

R
}.

Then, BVP (1.1) admits at least two positive solutions.

Proof. We will prove that T has at least two positive fixed points.
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First, by the condition (H7), one can see that there exist r2, ε̃2 ∈ (0, ν). Moreover, r2, ε̃2 satisfy

𭟋(t,Λ) < (ν − ε̃2)Λ, Φκ(Λ) < (ν − ε̃2)Λ, t ∈ [0, 1], Λ ∈ [0,
6
5
r2].

We claim that
µΛ < TΛ, ∀Λ ∈ P ∩ ∂Br2 , (3.18)

for µ ≥ 1. In fact, on the contrary, if there exist Λ ∈ P ∩ ∂Br2 , µ ≥ 1 such that µΛ(t) = T Λ̃(t) for some
Λ̃ ∈ Bϵ(Λ) ∩ P, i.e.,

µΛ(t) =
∫ 1

0
H1(t, υ)E(υ)𭟋(υ, Λ̃(υ))dυ +

m∑
i=1

H2(t, ti)Φi(Λ̃(ti))

< (ν − ε̃2)(∥Λ∥1 + ϵ)[(
1
N1
+ mN5]

< r2.

Then,

µ(C
t D

R−1
0+ Λ(t)) =

∫ 1

0

C
t D

R−1
0+ H1(t, υ)E(υ)𭟋(υ, Λ̃(υ))dυ +

m∑
i=1

C
t D

R−1
0+ H2(t, ti)Φi(Λ̃(ti))

< (ν − ε̃2)(∥Λ∥1 + ϵ)[
1
N3
+ mN7]

≤ (ν − ε̃2)(∥Λ∥1 + ϵ)[(
1
N1
+ mN5]

< r2.

Over t ∈ [0, 1], we obtain
µ∥Λ∥1 = µr2 < r2, (3.19)

by taking the supremum, which is a contradiction.
Then, to prove µΛ < co(T (Bε̃(Λ)∩P)), we consider two cases: µ = 1 and µ > 1. If µ = 1, we obtain

by the reasonings done above that Λ , TΛ. This together with condition Λ ∩ TΛ ⊂ {TΛ} implies
Λ < TΛ. If µ > 1, by inequality (3.19), it is a contradiction.

Next, the condition (H8) means that there exist ε̃3 > 0, R > r2. They satisfy

𭟋(t,Λ) > (̃ν + ε̃3)Λ, Φκ(Λ) > (̃ν + ε̃3)Λ, t ∈ [0, 1], Λ ≥
4
5
R.

Choosing R2 > max{r1,
4R

5d(s)
}, for any Λ ∈ ∂PR2 , we have

Λ(t) ≥ d∥Λ∥1 = d(s)R2 >
4
5
R.

We claim that
Λ < TΛ + µe, e(t) ≡ 1, t ∈ [0, 1],
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for all Λ ∈ P ∩ ∂BR2 and µ ≥ 0.
In fact, on the contrary, suppose that there exist Λ ∈ P ∩ ∂BR2 , µ ≥ 0 such that Λ = T Λ̃ + µe for

some Λ̃ ∈ Bϵ(Λ) ∩ P, i.e.,

Λ(t) =
∫ 1

0
H1(t, υ)E(υ)𭟋(υ, Λ̃(υ))dυ +

m∑
i=1

H2(t, ti)Φi(Λ̃(ti)) + µ

≥ (R2 − ϵ)d(υ)(̃ν + ε̃3)[
1
N2
+ mN6] + µ

> R2 + µ.

This together with the definition of ∥ · ∥1 guarantees that

R2 = ∥Λ∥1 ≥ maxt∈ [0,1]Λ(t) > R2 + µ, (3.20)

which is a contradiction for µ ≥ 0.

For p ∈ N, one can see thatΛ ,
p∑

i=1
πiT Λ̃i+µe(µ ≥ 0) for πi ∈ [0, 1](i = 1, · · · , p) and vi ∈ Bε̃(Λ)∩P,

where
p∑

i=1
πi = 1. Hence, Λ < co(T (Bε(Λ) ∩ P)) + µe(µ ≥ 0).

Now we are in a position to prove that Λ < TΛ + µe. If µ = 0, we obtain by the reasonings done
above that Λ , TΛ.This together with condition Λ∩TΛ ⊂ {TΛ} implies Λ < TΛ. If µ > 0, in view of
inequality (3.20), it is a contradiction.

By Lemma 2.8, one can get that i(T , P ∩ ∂Br2 , P) = 1 and i(T , P ∩ ∂BR2 , P) = 0. Hence,

i(T , P ∩ (BR2\Br2 , P) = 0 − 1 = −1. (3.21)

Third, (H9) implies that there exist R3 > R2 and ϵ ∈ [0,
r2

5
] such that 𭟋R3 <

N1

2
and

m∑
k=1
Φ
R3
κ <

1
2N5

.

Similar to the process above, there exist R3 > R2 such that

i(T , P ∩ ∂BR3 ,P) = 1.

Hence,
i(T , P ∩ (BR3\BR2 ,P) = 1 − 0 = 1.

Together with (3.21), BVP (1.1) admits at least two positive solutions in P ∩ (B
R2
\Br2) and

P ∩ (B
R3
\BR2), respectively. □

4. Example

Example 4.1. Consider the following BVP



C
t D

1.5
0+ Λ(t) = 𭟋(t,Λ), a.e. t ∈ [0, 1],

△Λ|t=t1 = Φ1(Λ(t1)),
△Λ′|t=t1 = 0,
3Λ(0) − Λ(1) =

∫ 1

0
1
2Λ(υ)dυ,

3Λ′(0) − Λ′(1) =
∫ 1

0
Λ(υ)dυ,

(4.1)
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where 0 < t1 < 1, Φ1(Λ) =
Λ2

103 and

𭟋(t,Λ) =


[Γ(2.5)]2

4
Λ2

103 [cos2(
Γ(2.5)

2t1.5 − Γ(2.5)Λ
) + 1], Λ ,

2t1.5

Γ(2.5)
, 0 ≤ t ≤ 1;

t3

500
, Λ =

2t1.5

Γ(2.5)
, 0 ≤ t ≤ 1.

Conclusion: BVP (4.1) has at least two positive solutions.
Proof. First, 𭟋 satisfies condition (H2) by it’s expression. On the other hand, the function Λ→ 𭟋(t,Λ)
is continuous on

R+ \
⋃
t∈Q

{ℏn(t)},

where for each n ∈ Z \ {0} and a.e. t ∈ Q. The curves ℏn(t) =
2t1.5

Γ(2.5)
− n−1 and ℏ0(t) =

2t1.5

Γ(2.5)
are

admissible discontinuity curves satisfying

1 = C
t D

1.5
0+ ℏn(t) − 1 > 𭟋(t, z)

where z ∈ [ℏn(t) − 1, ℏn(t) + 1], t ∈ [0, 1].

By Lemma 2.3, one can obtain that A1 =
1
2
, A2 = 1, P1 = Q1 =

1
4

, P2 = Q2 =
1
2

, Γ1 =
1
8
> 0,

φ1(t) = 2t + 2, φ2(t) = 3t +
5
2

,

ℵ(t, υ) =


(t − υ)0.5

Γ(1.5)
+

(1 − υ)0.5

2Γ(1.5)
+

(1 + 2t)(1 − υ)−0.5

4Γ(0.5)
, 0 ≤ υ ≤ t ≤ 1;

(1 − υ)0.5

2Γ(1.5)
+

(1 + 2t)(1 − υ)−0.5

4Γ(0.5)
, 0 ≤ t ≤ υ ≤ 1,

H2(t, ti) =


1
2
+

1
2

(4t +
7
2

), 0 ≤ t ≤ ti ≤ 1;

3
2
+

3
2

(4t +
7
2

), 0 ≤ ti < t ≤ 1.
(4.2)

Thus, by calculation, we can get that (N1)−1 ≈ 10.458, (N2)−1 ≈ 4.375, (N3)−1 ≈ 5.333,

(N4)−1 ≈ 4.333, N5 =
51
4

, N6 =
9
4

, N7 = 6, N8 = 2. Choosing ν = 0.03 and ν̃ = 2, which satisfies

5ν(
1
N1
+ mN5) ≤ 4 and 3d̃ν(

1
N2
+ mN6) ≥ 4.

Therefore,

lim
Λ→0+

Φκ(Λ)
Λ
= 0 < ν, lim

Λ→0+
sup

t∈[0,1]

𭟋(t,Λ)
Λ

= 0 < ν.

lim
Λ→+∞

Φκ(Λ)
Λ
= +∞ > ν̃, lim

Λ→+∞
inf

t∈[0,1]

𭟋(t,Λ)
Λ

= +∞ > ν̃.

Moreover, we have (N1)−1 ≈ 10.458, N5 =
51
4

and let R3 = 10. Then, (H9) is satisfied.
Hence, all conditions in Theorem 3.4 are satisfied. The proof is completed.
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5. Conclusions

In this work, we studies the existence of positive and multiple positive solutions for a class of BVPs
of fractional discontinuous differential equations with impulse effects. The main results are obtained by
means of the multivalued analysis and Krasnoselskii’s fixed point theorem for discontinuous operators
on cones.

For our subsequent work, the following issues will continue to be focused on:
(i) The system is studied on this topic more extensive and complicated. Therefore, it is valuable to
investigate FDEs with generalized derivatives or hybrid FDEs with delay.
(ii) With the development of the theoretical study on FDEs, the application area of FDEs with
generalized derivatives in reality needs to be investigated in depth.
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