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1. Introduction

Let N and Z be natural number set and integer set, respectively. For integers a, b, define the discrete
interval Z(a, b) :={a,a+1,--- ,b} fora < b. Write Q := Z(1, T\)xZ(1,T,), where Ty, T, > 2 are given
integers. We consider the existence and multiplicity of nontrivial solutions to the following nonlinear
second order partial difference equation

Auli =1, j) + Nudi, j = 1) = =f (G, ), uli, ), (i, )) € Q, (1.1)
with Dirichlet boundary conditions
M(Z,O) :M(i,T2+ 1) :O ieZ(l9T1)9 l/l(o,j):u(Tl + 19]):() jGZ(l,TZ), (12)

where A, A, are the forward difference operators defined by Au(i, j) = u(i + 1, j) — u(i, j) and
Aou(iy, j) = u(i, j+ 1) — u@, j). A?u(i,j) = A(Au(i,j)). Here f((i, j),") € CY(Q x R,R) satisfies
f((, j),0) = 0, which means that (1.1) and (1.2) possesses a trivial solution # = 0. Meanwhile, We are
interested in nontrivial solutions and intend to seek nontrivial solutions to (1.1) and (1.2).
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Due to wide applications in many fields such as computer science, economics and mechanical
engineering, the theory of nonlinear discrete problems has been widely studied and many results are
obtained [1-6]. With the rapid development of modern computer technology, more and more
mathematical models involve functions with two or more variables. Partial difference equations,
involving two or more discrete variables, are regarded as discrete analogs of partial differential
equations. Therefore, the study of difference equations has gradually shifted to the study of partial
difference equations and attracted much attentions, for example, [7-14].

As known to all, with the rapid development of critical point theory, the Morse theory becomes
a more and more powerful tool to study the multiplicity and existence of nontrivial solutions to both
differential equations and difference equations having variational structure [15—-18]. Very recently, [19—
21] studied partial difference equations via the Morse theory and obtained rich results on the existence
and multiplicity of nontrivial solutions. Thus those reasons are encouraging us to consider the existence
and multiplicity of nontrivial solutions to (1.1) and (1.2) by the Morse theory.

We organize this paper as follows. In Section 2, the variational structure and the corresponding
functional are established. Moreover, we also recall some related definitions and propositions, which
are necessary to our main results. Section 3 states our main results and their detailed proofs. Finally,
five examples and numerical simulations are provided to demonstrate applications of our main results
in Section 4.

2. Variational structure and some auxiliary results

Let E be a T, T,-dimensional Euclidean space equipped with the usual inner product (-, -) and
norm | - |. Let

S ={u:7Z(0,T, + 1) xZ(0,T, + 1) » R suchthat u(i,0)=u(i,T>+1)=0
i€z, Ty +1) and u©,)j)=u(T,+1,j)=0, jeZO,T>+ 1)

Define the inner product (:,-) on S as

Ti+1 T3 T, Tr+1
vy= Y N A= 1, DA = 1,j)+ D> Aouli j= DAwG, j=1),  VuveS.
=1 j=1 i=1 j=1

Then the induced norm is

T1+1 T3 T, T2+1

[|u|| = (u uy = Z Z |Aju(i—1 ])I2 + Z Z |Aou(i, j — 1)|2 , Yues.

i=1 j=1 i=1 j=1

Thus S is a Hilbert space and isomorphic to E. Here and hereafter, we take u € S an extension of
u € E if necessary.
Consider the functional J : § — R as

T1+1 T> T, T+l Ty

J(u) = Z D A= 1, )P + ; PIPNLIAEIVEDY Z F((, j), u(i, )

i=1 j=1 i=1 j=1 i=1 j=1

2.1)
T, Ty
=%||u||2 = > D F@G pouti, i), Vues,

i=1 j=1
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where F((i, j),u) = fou f((, j),7)dr for each (i,j) € Q. Notice that f((i, j),u) is continuously
differentiable with respect to u. Therefore, the expression of J means that J € C?*(S,R) and solutions
of the problems (1.1) and (1.2) are precisely critical points of J(u). Moreover, for any u, v € §,
applying Dirichlet boundary conditions, direct computations gives that the Fréchet derivative of J(u)
is

Ti+1 T, T, Tr+1
@,y =D > Al =1, DAV =1, )+ D > Aouliy j= DAwG, j= 1)
i=1 j=1 =1 j=1
Tl] . J
= D D FG, puti, va, j) (2.2)
i=1 j=1
T sz

== 0 D" [t =1, )+ AduGi, j - 1)+ (G, G, (D] VG, .

i=1 j=1
Let Z be the discrete Laplacian, which is defined by Zu(i, j) = Afu(i — 1, j) + AJu(i, j — 1). Owe
to [11], —E is invertible and the distinct eigenvalues of —= with zero Dirichlet boundary conditions on

Q can be denoted by 0 < A; < Ay < -+ < App,. Let ¢ = (9r(1), §(2), -+ , (T T2))", k € [1,T,T5]
be an eigenvector corresponding to the eigenvalue A;. Write

W~ = span{¢y,- -, dr_1}, WY = span{¢y), W= (W e W™
Then S can be expressed in the form as
S=WwewWew"
For later use, define another norm as
T T» 3
el = [Z D lut, j)|2] ., ues.
i=1 j=1

Then for any u € S, we have

2 2 2
Allull; < lull” < Az, [ull5. (2.3)
In particular, we have
2 2 2
Akl < Mlul™ < Az, 7, [ull3, ue W+, 2.4)
2 2 2 _ .
Allully < flull” < Ay |luall5, uew-.

Now we recall some basic results on the Morse theory.

We say that the functional J satisfies the Palais-Smale condition ((PS) in short) if any sequence
{u,} € S, there is a constant M > 0 such that |J(u,)| < M, J'(u,) — 0 as n — oo, has a convergent
subsequence. From [22,23], if (PS) is satisfied, then both the weaker Cerami condition ((C) for short)
and the deformation condition ((D) in short) are also fulfilled.
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Definition 2.1. [16, 24] Let uy be an isolated critical group of J with J(uy) = ¢ € R, and U be a
neighborhood of uy, the group

C,(Jup) == H,(J U, J NU\uy), qE€Z,

is called the g-th critical group of J at uy. Let k = {u € S|J'(u) = 0}. For all a € R each critical point
of J is greater than a and J € C*(S,R) satisfies (D), the group

Cy(J,00) := H/(S,J"), q€Z,
is called the q-th critical group of J at infinity.

To compute critical groups of J at both an isolated critical point and infinity, the following auxiliary
propositions are needed.

Proposition 2.1. [16, 24] Suppose that u, is an isolated critical point of J with finite Morse index
u(ug) and zero nullity v(ugy). Then

Q1) Cy(J,up) = 0 for q & [p(uo), p(uo) + v(uo)l;

(02)  C,(J,up) = 64uyZ, q € Z, if ug is nondegenerate;

(Q3)  Cy(J,up) = 044 for k = p(ug) or k = p(ug) + v(ug), if Cr(J, up) % 0.

Proposition 2.2. [17] Let J € C*(S,R) satisfy (D). We have

(Q4) if Cy(J, 00) # 0 holds for some q, then J possesses a critical point u such that C,(J,u) % 0;
(Qs) if 0 is the isolated critical point of J and C,(J, ) % C,(J,0) holds for some q, then J has a
non-zero critical point.

Proposition 2.3. [25] Suppose that S is a Hilbert space. For all t € [0, 1], J, € C*(S,R) is a functional
satisfying J; and 0,J; are locally continuous. If Jy and J, satisfy (C), and there exist a € R and 6 > 0
such that

Jiw) < a= (1 +|julDll/:@)I =9, t€[0,1],

then
Cy(Jo, 00) = Cy(Jy, 0), YA (2.5)
In particular, if there is R > 0 such that
it DI ol > 0, 2.6)
and
it (1 DIVl > ~oo, @7

then (2.5) is satisfied.
Proposition 2.4. [16] Let S be a real Hilbert space. J € C'(S,R) satisfies

1
Jw) = E(Tu, uy + O(u), (2.8)

where T : S — S is a self-adjoint linear operator, and 0 is the isolated spectral point of T. Suppose
Q € C(S,R) satisfies
Q" Wl _
im ——— =0
llull—eo||uel|

(2.9)
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Let W*(W~) be an invariant subspace corresponding to the positive (negative) of spectrum of T, which
has a bounded inverse. Assume that k = dim W~ is finite, then J satisfies (PS) and

C,(J,0) 26,7, g€

For the purpose to obtain the critical group at origin, the following proposition about local linking is
important.

Proposition 2.5. [26] Let 0 be an isolated critical point of J with Morse index uy and nullity v.
Assume that J has a local linking at O subjectto S =S~ ®S*, m = dim S~ < oo, namely, there exists
o > 0 such that

Jw) <0, uesS-, ||| < p,
J(w) >0, uesS", lul] < p.

Then if m = py or m = o + vy, we get
C,(J,0) = 6,uZ, q €.
3. Main results and proofs

In this section, we state our main results and provide detailed proofs. For convenience, we give
some notations subject to our main results.

aw = Gy = Jim TEDD g jeo, G.1)
u|l—o00 u
and o
w =)0 =lim HEDD er i jea (3.2)
u|— u
Moreover, for all (i, j) € Q, we make the following assumptions:
(I ap < g5
(L) ac > A7 155
(I3) A, <ap < Appr, p € Z(1, T\ T, - 1);
(Iy) @ > Ar,155
(Is) @ < Ay;
(Ie) Ay < Ao < Apy1, p € Z(1,TT> - 1);
(F%) For V(i, j) € Q, there exists k € Z(2, T, T, — 1) such that
lim (f((, j), u) — Qu) = oo, lim (f((, j), u) — k) = Foo.
U—+00 Uu——00

We are now in a position to state our main results as the following:

Theorem 3.1. If one of the following conditions is satisfied:

1) @), W) orde) (A @), @) or @s)  (111) (L), ds) or (L),
then (1.1) and (1.2) possesses at least two nontrivial solutions.
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Theorem 3.2. Suppose that a., = Ay. If T\T, is odd, then (1.1) and (1.2) has at least two nontrivial

solutions provided one of the following conditions is fulfilled:
Ay  dhd) A1) @) with p # 752,

Theorem 3.3. Let (F})[(F.)] hold and a., = Ay. Then (1.1) and (1.2) admits at least two nontrivial
solutions provided one of the following conditions is met:
(1) (In) (11) (L) (111) (I3) with p # k[p # k — 11.

Given the following sign conditions:
(Fy)  there exist m € Z(1,T\T, — 1) and 6 > 0 such that

2F((, j), u) = At > 0, lu(i, ) < 6, (i, j) € Q,
(F,) there exist m € Z(2,TT>) and 6 > 0 such that
2F((l’ ]), M) - /lmu2 < 07 |M(i, ])l S 5’ (l7 .]) € Q

Then we have

Theorem 3.4. Assume that (F))[(F)] holds and ag = A,,. Then (1.1) and (1.2) possesses at least two
nontrivial solutions if one of the following conditions is fulfilled:
1) (Is) A1) dXp) (111) (Is) with p # m[p # m — 1].

Theorem 3.5. Let a., = Ay and ay = A,,. If either

1) (Fy), (FL)andm+1#k, or

A1) (F)), F)andk+1#m,

then (1.1) and (1.2) admits at least two nontrivial solutions.

To calculate the critical group at infinity under conditions of Theorems 3.1 and 3.4, we have the
following lemma.

Lemma 3.1. If (Is) or (1) or (Ig) is satisfied, then C,(J, o) = 6,4Z, q € Z.
Proof. Let a, be a constant for s € Z(1, T, T,) and denote

r S, p,u)
im ——— =
u

|u|l—00

s, (i, j) € Q. (3.3)

Set
T, T,

1 1
Ty = Sl = 3 > F(Gjuti, ) = 5(Tuu) + Q).

i=1 j=I

Ty T

where Q(u) = %(Au, uy — le f F((, j),u(i, j)). Then Q’(u) is compactand 7 : § — § is a self-adjoint
i=1 j=1

bounded linear operator such that 0 is not in the spectrum of 7. Thus 7* = T|y= has bounded inverse

on W*. Moreover, k = dim W~ = 0 if (I5) is satisfied, k = T T, if (I) is satisfied and k = p if (Is) is
satisfied. Together with (3.3), it yields that (2.9) is fulfilled. As a matter of fact, using (3.3), we obtain

po S D - F(G, o)
im = lim ——————~ =

|u]—00 u |u| >0 u

0, VY, j)eQ.
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Thus for any € > 0, there exists R > 0 such that

Ve
V2

Thanks to the continuity of ]7((i, J), u), there exists some M, > 0 such that

£ (G ), w)l < lu(i, J), (i, ) €, lui, )l > R. (3.4)

f(G o w)l < Mg = max_ {I£(G, J), w). (3.5)

(0, NEQ,|uli, ISR

If [lull > max{ /T ToAz, 7, R, Y222} (2.3) implies that [u(i, j)| > R for any (i, j) € Q. Consequently,

T, T»

D PG uG = Y PG+ Y PG ) uG )
L L

=1 j lu(i, HI<R |u(i, HI>R

2 & A 2 2 & 2 201112
<T\T)M; + Tllullz <T\T-M; + Ellull < &full”,

which ensures that (2.9) is valid. By Proposition 2.4, we conclude that C,(J, ) = 6,Z, g € Z.

In the following Lemmas 3.2 and 3.3, we calculate critical groups at both infinity and origin to make
preparations for the proof of Theorem 3.3.

Lemma 3.2. Assume a, = Ay. Then
(1) Cy(J,0) = 6,412, q € Z if (F_,) holds;
(2) Cy(=J,00) = 64 1,1,-kZ, q € Z if (FL) is valid.

Proof. We prove the case (1) at length. The proof of (2) is similar and is omitted for brevity.
For t € [0, 1], consider

TG = |P + 1P = eI, ute W, uwew, u’ew’

Define J,: S — R as _
Ji(uw) = (1 =10)J(u) + tJ(u), ues. (3.6)

In order to apply Proposition 2.3, we need to prove that there exist a € R and ¢ > 0 such that
Ji(w) <a=|J W)l =4, t€[0,1]. (3.7)

Otherwise, there exist {u,} C S, ¢, € [0, 1] such that
, 1
Jt,l(un) < —n, ||Jzn(un)” < ;l,

that is,
— J, () = +o0,  J! (u,) = 0. (3.8)
Note
| = J, ()] =Nty = DI () = 1, T )] < 1t = DI @) + 112 ()]
<l W] + 1) + 16T ()] < 21T @)l + 1T < 2010 )] + et
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If {u,} is bounded, for J is continuous, then there exists M > 0 such that ||J(u,)|| < M||u,||, which leads
to

Il = Ji, u)ll < M + 1D)lu]l. (3.9)

Obviously, (3.9) is inconsistent with (3.8). Thus, ||u,|| — co.
Define a bilinear function

T, T»

owv) =4 ) Y W, )G, ), wveS.

i=1 j=1
Since |o(u, v)| < fl—fllullllvll, there exists an unique continuous linear operator K : § — § such that

I T

(Ku,vy = A ) > (uli, ), vG, ).

=1 j=1

Let g((@, j),u) = f((, j),u) — Awu, where G((, j), u) = fou (G, j), D)dt = F((, j),u) — A.u*. Then for
any u,vin§,

W Ty
/@), v) =, v) = A vy = > " @((Gs ), uli, v, )
i=1 j=1
T, T» '
=(( = Ku,vy = D" > &G, j),uli, DvGi, ),

i=1 j=1

(3.10)

and d,J, = —J(u)+ f(u) is locally continuous. Denoted by = u* +u® —u~, then (3.10) can be rewritten

as
T, T»

'@, 0 = (T = Ko = ) > g, j)uli, I, ). (3.11)

i=1 j=1

By the definition of u, we have

(T -Kuw)y=(I-Ku" +u’ +u,ut +u’ —u)

2 2 02 012 -112 -112
=17 = Al 1+ el = Al 1l = N1+ Aellu1l

A A
> (1 = ﬁ—k) | + (ﬂ—k - 1) ™|
k+1 k—1

In view of @, = 4; and (F,)), there exist 0 < & < % — 1, Ry > 0 such that

A -

e <8I oG SR G e
u

Moreover,

" +u®)? = W )?] < Liew ).

oG o= 8D gy 86D
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Consequently,

T, T»

DU (G puti, =Y g put i, Y (G ), ul, )

i=1 j=1 (i, HI>R1 lu(i, DI<R)
e a2 ..
<he Y @G +C ) G, )
|, HI>R1 lu(i, DI<Ry
T, T> T, T

<he Y YW@ +Co Y Y G

-1 =1 Py
-2 -2
<Aiellull; + Cillull, = Aiellull; + Cllulla

C
—2 1
<éllu”[I” + —=llull,

VA,

where C; := max i, /), u(i, ))|}. Denoted by C, := L
= maxg(( ). G ) yCri= S

from (3.11), we obtain

and C5 := min{ A

A A
J'(u), ) > (1 - —k) | + (—" ~1- s) ™| = Cllul]
Ak+1 A1
>C3(|lu*|P + ") = Callull.
Define P~ :S - W as P u=u". Then
T(u) = (s u) = 2(P u,uy = (I — 2P )u, u),
T () =2(I - 2P )u, T (w) = 2(I = 2P").

T At ? A

—1-g},

In the following, our aim is to show ¢, — 0 as n — oo. Or else, there exists #, > 0 such that 7, > 7y, and
-Cy(1 —1,) 2 —Cy(1 — 1p). Define Cy := Co(1 — 19), since J] (u,) — 0 as ||u,|| — oo, there exists some

R, > 0 such that

letall 27 (), ) = (1 = )T (1), Ty + 2114
>(1 = t,)Ca(lu 1P + 1) = Calluall + 281l a5 Juli, HI > Ra,

which implies
(1 + Cllall = (1 = £)C3 (e 1P + Nl 1) + 2 llutal* = 28] 04|

Making use of (3.11), we obtain ¢, — 0 and
(1 + Cllunll = C3(llu 1P + llug, 1.

Therefore,
[I7as [ 17m[5 < 1+Cy
luall ol = C3 7

which means both {1 ||2} and {1 ||2} are bounded, and

lluen ]| lleen ]|

[l I IIM,ZIIZ< 1+C 1
lall> Noall> = G5 lull

(3.12)
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Recall ||u,|| — oo, (3.12) implies that

A |
117 et
Joint with [lu,|? = [l |? + [[ud]? + llu; |2, we obtain 1 “ — 1. Therefore, [lut|* + 1|2 — |l |I> > 0,

namely, J (u,,) > 0.
Since

J(uy) = ||un|| - Z Z F((G, j), uti, j)) = —<<1 Kty ) = Z Z G((i, j), uti, j))

i=1 j=1 i=1 j=1
>1 ( —)n P+ (i—l)nu—uz]—iic«i et )
2 /lk+1 /1k—1 " i=1 j=1 I '
1 & ORC
JT—ﬁWW—Zzp@nwmx
i=1 j=1
then
I A NV ElP <5
Uy) = -1 G
wﬁ’%al)w|ZZmWMMW)

=t (3.13)

T, T»

1
2= Cs= ) ), omiGlG . uti ),

i=1 j=1

where Cs := %(% - 1)%. Denote v, = ﬁ, then ||v,|| = 1. Hence up to a convergent subsequence,
without loss of generality, we set the subsequence to be the subsequence, which means that there exists
some v € § satisfying ||v|| = 1 such that v, — vasn — oo.
Setting
0 = {(, DIG, ) € v, j) # 0},

then © # 0. If (i, /) € ©, then w,(i, j) = (i, J) - Ihwall = 0 and lim T

M; > 0, there exists N, > 0 such that _G|Lf((,l£|u) > M, asn > N,. If (i, j) ¢ O, then v,(i, j) — 0. Since

=G((@.)).u)
llzenl|

I ~G((i, j), u,(i, j))
mZZ il )

i=1 j=1

= +o0. Therefore, for any

||u,|| — oo, there exist Cg, N3 > 0 such that > —(C¢. Consequently,

Combining with (3.13), we can deduce that — J(u,,) — +o0. Further,

2 \leeall

which is a contradiction. Thus {/J; : ¢ € [0, 1]} satisfies (PS), that is, J = Jy and J; satisfy (PS). By
Proposition 2.3, we have

T () = (1= 1)) + 0T tt) > (1 = 1)) > ””””( ! J(un))am,

C,(J, 00) = C,y(Jo, 00) = Cy(Jy, ). (3.14)

AIMS Mathematics Volume 8, Issue 3, 5413-5431.



5423

If J'(u) = Ji(u) =0, then u* + u° = u~, namely u = 2u~. Therefore, u = 0 is the only critical point of
J1 such that
Cq(Jl,OO) = Cq(JlaO)- (315)

Let J7'(O)u = 0, it is easy to compute that u = 0, which means that u = 0 is a nondegenerate critical
point of J; and its corresponding Morse index py = dim W~ = k — 1. Finally, combining (3.14)
with (3.15), we achieve C,(J, o) = 6,4_1Z, g € Z. And this completes the proof of Lemma 3.2.

Lemma 3.3. Assume a., = A and (F_) holds. Then
(1) Cy(J,0) = 6,0 if (y) is satisfied;

(2) Cy(J,0) = 6, 7,1, if (Ly) is satisfied;

(3) Cy(J,0) = 0, if (I3) is satisfied, where p # k — 1.

Proof. In case (1), u = 0 is a local minimizer of J and C,(J,0) = 6,0Z. In case (2), combing u = 0is a
local maximum of J with the Morse index on u = 0 is uog = T, T>, it follows that C,(J,0) = 6,7,7,Z. In
case (3), o = p # k — 1, which means that C,(/,0) = ¢, ,Z.

To prove Theorem 3.4, the following lemma on local linking is needed.

Lemma 3.4. Let oy = A, and (Fy) (or (Fy)) hold. Then J has a local linking at 0 with respect to
S=5"oS",

where S~ = span{¢1,- -+ , ¢} (or S~ = span{dy, -, pm_1}).

Proof. In view of (F), there exists 6 > 0 such that
.. 1 9 .. - ..
F((i, j),u) > E/Imu , lu(@, )l <o, (@1,J)) € Q.

For u € S~ with |u(i, j)| < 6, there has

T, T»

1 1 1
Ty = Sl = Y > F(Gjuti, ) < P = 5,0l = 0. (3.16)

i=1 j=1

Since @y = A,,, we have

lim 2FG D0 G D)

A
u—0 I/£2 u—0 u "

Then for any € > 0, there exists 5 > 0 such that |w - /1m| < egas 0 < |u@,)) < 0, that is,

ﬂm—8<w<ﬂm+8. Thus,

1 1 ~
5> = e’ < F((, J),u) < 5 + ant, 0 <lu(i, Pl <o, (@))€

For u € S~ with 0 < |u(i, j)| < 8, we have

1 1 1 An + €
J(u) = S lul® - 5 (n +£) a3 > 2 (1 ~ )Ilullz- (3.17)

m+1
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Choose 6 = min{d,0} and 0 < &€ < Ay — A Denote p = 6 /T1T2A7,7,. Then (3.16) and (3.17)
indicate that

Jw)<0, wueS™, |ul<p,
Jw) >0, ueS*, |ull<p.

Moreover, J(0) = 0 is obvious. Consequently, J has a local linking at 0. And the proof is achieved.

As for Theorem 3.5, we consider the critical groups at infinity with respect to —J. In the same
manner as Lemma 3.3, we have

Lemma 3.5. Let (FY) hold and a., = Ay. Then

(1) Cy(=J,0) = 67,1, if (Ny) is satisfied;

(2) Cy(=J,0) = 6,0, if (Ly) is satisfied;

(3) Cy(=J,0) = 6, 7,7,-p, if (13) is satisfied and p # k.

With above preparations, it is time for us to provide detailed proofs of Theorems 3.1-3.5.
Proof of Theorem 3.1 Since all three cases of Theorem 3.1 can be proved similarly, here we only
prove the case (i) at length for brevity.
On account of (Iy), u = 0 is a local minimizer of J and its Morse index uy = 0 and zero nullity
vo = 0 and
Cy(J,0) = 6,0Z, q €.

By Lemma 3.1, we get
Cy(J,0) = 6,2, q €.

Moreover, the process of proof of Lemma 3.1 indicates that J satisfies (PS). By Proposition 2.2, there
exists u; € « such that u; # 0 and Ci(J, u;) # 0. Then u; is a non-zero critical point of J and

J" () = 1 = diag{f"((1, D, uy (1, 1)), -+, f/(T1, T2), un (T, T2))}-

Note that the rank of J”(u,) is greater than 7,7, — 1, which implies v(u;) = dimker(J”(u;)) < 1 and
C,(J,uy) = 64xZ, q € Z. Assume that k = {0, u;}, then the Morse equality is

D%+ (=1 = (=D,

which is impossible. Hence, J has at least another nontrivial critical point, namely, (1.1) and (1.2)
possesses at least two nontrivial solutions. And the proof of Theorem 3.1 is completed.
Proof of Theorem 3.2 Recall G((i, j),u) = F((i, j), u) — %/lkuz, there has

1 1
Ju) = E«I - Ku,u)y —Gu) = E(Bu, uy — G(u).

Then B : § — § is a self-adjoint bounded linear operator such that O is not in the spectrum of B and
B’(u) is compact. Write B* = Bly=, then B* has a bounded inverse on W*. Let k = dim W~ = %
then e, = A; guarantees that (2.9) is valid. By Proposition 2.4, we obtain

C ) =5 1imZ, g€z,
4—3
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and J satisfies (PS). Use (I1) once more, we have u = 0 is a local minimizer of J and
C,(J,0) = 6,02, q € Z.

According to Proposition 2.2 and v(u,) < 1, we draw a conclusion that there exists u, € x with u; # 0
such that
Crn, (Jup) 2 0.
2

Assume k = {0, u,}, then the Morse equality expresses as
1+ (=D = (=) 7,

which is a contradiction. Therefore, J has at least another nontrivial critical point, (1.1) and (1.2)
possesses at least two nontrivial solutions. And this completes the proof of Theorem 3.2.

Proof of Theorem 3.3 By Lemma 3.2, C,(J,0) = 6,-1Z, q € Z and J satisfies (PS). Then
Proposition 2.2 indicates there exists u3 € « such that Ci_i(J,u3) #¢ 0, which means that u3 is a
non-zero critical point of J. Since

J"(u3) = 1 —diag{f"((1, 1), us(1, 1)), -+, f'(T1, T2), us(T1, To))},

and the rank of J” (u3) is greater than 7,7, — 1. Then v(u3) = dimker(J” (u3)) < 1. If g ¢ [u(usz), u(uz) +
v(u3)] and Cy(J, u3) = 0, then either k — 1 = p(u3) + v(uz) or k — 1 = u(u3). Thus, C,(J, uz) = 64x1Z. If
k = {0, us}, by the Morse equality, we have

D"+ (=D = (=D, (3.18)

where * = 0, 71T, or p corresponds to (I), (I4) or (I3), respectively. Meanwhile, it is impossible
for (3.18) to be true. Therefore, J at least has another non-zero critical point, and (1.1)—(1.2) possesses
at least two nontrivial solutions and the proof is achieved.

Proof of Theorem 3.4 Lemma 3.1 yields C,(J, ) = §,,Z, g € Z, which means that there exists uy € k
such that Ci(J, o) # 0. Since

J"(ug) = I = diag{f" (1, D), us(1, 1)), -+, f'((T1, T2), us(Th, T2))},

and the rank of J"'(uy) is greater than 7,7, — 1, then v(uy) = dimker(J” (uy)) < 1. If g & [u(uq), u(uy) +
v(us)] and C,(J, us) = 0, then either k = u(us) or k = p(uy) +v(uy), which implies that C,(J, us) = 644 Z.
Note that Lemma 3.4 shows that J has a local linking at 0 and dim S~ = m. Further, 0 is the isolated
critical point of J and J”(0) is a Fredholm operator and C,,(J,0) # O, then C,(J,0) = 6,,2Z. If
k = {0, uy}, the Morse equality is in the form as

(=)™ + (=DF = (=D~ (3.19)

However, (3.19) is impossible. Consequently, J at least has another non-zero critical point, (1.1)
and (1.2) possesses at least two nontrivial solutions. The proof of Theorem 3.4 is finished.
Proof of Theorem 3.5 Let a., = A, and (FY)) be satisfied, Lemma 3.2 gives

Cq(_J’ OO) = 6q,T1T2—kZ9 q € Z'
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Furthermore, (F;) and @y = 4,, lead to
Cy(=J,0) = 0471, Tr-(m+1)2s q € Z.

Notice that m + 1 # k and nondegenerate critical points are isolated, then there exists some critical
point us € k with us # 0 such that

Crir-x(=J,us) £ 0,
then
Cy(=J us) = 647,71,k L.
If « = {0, us}, then there holds the Morse equality

(_I)Tszf(mel) + (_1)T1T27k — (_1)T1T27k

which is impossible. Then —J at least has another non-zero critical point, (1.1) and (1.2) possesses at
least two nontrivial solutions. The proof of Theorem 3.5 is completed.

4. Examples

Finally, we present five examples to verify the feasibility of our results.

Example 4.1. Take T, = 3, T, = 2, consider

(2 = 227,7,)u

Afu(i— 1, j) + Au(i, j— 1) + 5

T+ a + 27, 7,u = 0, 4.1)

with boundary value conditions (1.2).

Pl
(F=27,71,)u
1+u?

Because f((i, j),u) = + 247, 1,1, 1t follows that f((i, j),0) = 0 and

(6/17"] T, — %)Mz + 2/17"] T2M4 + /1—21
(1 + u?)?

J (G s u) =

Then f'((i, j),0) = % < Ay and f'((i, j), ) = 2477, > Ar,1,, which means that (I;) and (I;) are
satisfied. Consequently, Theorem 3.1 guarantees that (4.1) and (1.2) admits at least two nontrivial

solutions.

Example 4.2. Take T, = 3, T, = 5, consider

2
A —Au
A@a—Lﬁ+A@@j—n+£%:£L+AW:0, (4.2)
with boundary value conditions (1.2).
Clear, T\T, = 15 is odd and
(2 - Qu

(G, j),u) = 21+—u2 + .
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It is easy to calculate that f((i, j),0) = 0 and

A

D) k
+/lk
1 +u?

Ao = lim M = lim

|u| >0 u |u]— o0

Moreover, direct computation gives

G — Au? + gt + 4L
(1 + u?)? ’

(G P =

which indicates f((i, j),0) = %‘ < A;. As aresult, (Iy) is valid and Theorem 3.2 ensures that (4.2)

and (1.2) admits at least two nontrivial solutions.

Example 4.3. Take T, = 3, T, = 2, r = e+ ~% > 0. Consider

4

Ay) sinu
A2u(i =1, j) + Au(i, j— 1) + = )
u

T At w3 In(r + |uf’) = 0, (4.3)

with boundary value conditions (1.2).

1 .
G- sinu

Since f((i, j),u) = (T + Agu + us In(r + |ul), it is easy to get that £((i, j),0) = 0 and

.. 2 .
L —A)sinu 1 3
i LG D0 G s G+ )

2

Ao
|| —o0 u || —>c0 u(u+1) u3

= ﬂk.

Further,

Wi

cosu(5 = A + 1) —sinu(3 - ) ot nG + Juf) +

f’((l,])’u) :/lk+ (I/t+ 1)2 r+|u|3.

Thus f'((i, j),0) = %1 < A; and (Iy) is satisfied.
At last, by direct computation, we obtain

[ 4 — ) sinu

+u In(r + |u|3)) = +oo,
+1

lim (£((i, j),u) — ) = lim

—+00
A .
S — ) sinu

lim (f((Q, j),u) — Axu) = lim ( 1 +us In(r + |u|3)) = —00,
U——00 U——00 u
which means that (F7)) is met.
Therefore, all conditions of Theorem 3.3 are fulfilled and (4.3) and (1.2) admits at least two

nontrivial solutions.

Example 4.4. Take T\ = 3, T, = 2. Consider

21, — 2y a4
A -1, j) + Adu(i, j— 1) + ( 5 R ) + -2 2p+1u=0, (4.4)
—Uu

with boundary value conditions (1.2).
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AT
Owe to f((, j),u) = 2(1,,,—2_”22 N Ap+24p+1 . it follows that £(G. j).0) = 0 and
Ap+ 4 A+
F((Q, o) = (25 = 4,) In@ =) + L,
Then
PG o) = 2(A, — /1p+2/lp+] )2 + 1) 4+ A
9 J b - (2 _ u2)2 2 b

and |

o = lim &0 _

« |u]—0 u m:

Additionally, 4, < f'((i, j),c0) = 222t < A ., which implies that (L) is met. In the following, we
check (Fy). Write

then A is positive-define and the corresponding eigenvalues are
/11:3—\/5, A, =3, /13:5—\/5, A4Z3+\/§, 15:5, /16:5"'\/5-

Take m = 1, p = 3, then there exists § > 0 such that 2F((i, j), u) — A,,u*> > 0 when |u(i, j)| < 6. In fact,
for any (i, j) € Z(1,3) x Z(1,2), we can choose ¢ = 1 > 0, then 0 < |u(i, j)]> < 1 for 0 < |u(i, j)| < 1,
which means that

(V2 + D)In2 — ) + (V2= D > 0.

Thus (Fy) is fulfilled. Consequently, Theorem 3.4 ensures that (4.4) and (1.2) possesses at least two
nontrivial solutions.

More clearly, using Matlab, we find that problem (4.4) and (1.2) has 63 solutions including 1
trivial solution and 62 nontrivial solutions. Here we list a few: (-2.1408, 1.8608, -2.1408, 2.1408,
-1.8608, 2.1408), (2.1408, -1.8608, 2.1408, -2.1408, 1.8608, -2.1408), (-8.3211 x 107,
—1.1767 x 1078, =8.3211 x 107, —=8.3211 x 107, —1.1767 x 1078, —=8.3211 x 107?), (8.3211 x 107°,
1.1767 x 1078, 8.3211 x 107, 8.3211 x 107, 1.1767 x 1078, 8.3211 x 107?).

Example 4.5. Take T\ = 3, T, = 2. Consider

(/lk - /1m)l't3

o+ A+ ut In(1+ Juf) = 0, (4.5)

Alu(i — 1, j) + Adu(i, j— 1) + —

with boundary value conditions (1.2).
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From (4.5), we find £((i, j), u) = &2 4 0y + w5 In(1 + Ju?), then

1+u?

e = A
L2 —In(1+ 1) + uln(l +u) —u +In(1 + u) + C,

1
F((@, j),u) = Eﬂmuz +

take C = -1 and 6 = e — 1 > 0, then when m > k and 0 < |u(i, j)| < 9,

-
e —In(1 +ud) +uln(l +u) —u+1n(1 +u) + C

Ak — Ay

. 1
F((, j),u) = Eﬂmuz =

=u+ D(Inm+1)-1)+ w? = In(1 + u?))
=(u+ D(nu+ 1) —Ine) + @(uz —In(1 + %)) < 0,

which means that (F) is fulfilled.
On the other side, it is easy to get f((i, j),0) = 0 and

L ] A — Ayp)u? In(1 + |ul?
vo = tim LGP0 _ o [Qem Aol I )]
lul—c0 u —eo | 1 4+ u? us
i, ] Ae = Ap)u? In(1 + |ul?
@ = lim f((l’ .])’ I/t) — lim ( k )l/l + /lm + n( Zlul ) — /lm
lul—0 u ul=0| 1+ u? us

Furthermore, there hold

A — /lm 3
lim (f((, j),u) — Au) = lim (ué In(1 + [uP) + (4, — Au + u) = +oo,
U—+00 U—+00

1+ u?
A — )’
lim (f((i, ), u) — Zu) = lim (u% In(1 + [uP) + (A, — )u + %) .
U——-0 U——00 u

which guarantees that (F7) is satisfied.
Therefore, all conditions of Theorem 3.5 are valid and (4.5) and (1.2) has at least two nontrivial
solutions.
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