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1. Introduction

The mock theta functions were named and studied by the Indian mathematician Ramanujan. Four
months before he died, he summarized his results in a letter to G.H. Hardy [7]. He provided four
separate classes of mock theta functions: one class of third order, two of fifth order, and one of
seventh order together with identities satisfied by them. Watson laid the foundations of this subject
in the twentieth century. He showed many elegant and significant theorems. In particular, he made
important contributions to the third order mock theta functions, see [9, 10]. Since then, many great
mathematicians made remarkable achievement of mock theta functions, such as Andrews, Hickerson,
Ono, Duke, and so on. We first introduce the basic definitions and notation. Then we provide the
background of our research.

Throughout this paper, let ¢ denote a complex number with |g| < 1. Here and in what follows, we
adopt the standard g-series notation [3]. For any positive integer n,

n—1 00
@aqo:=1, (@@= [1-ad)  (@aw:=]]0-ad).
k=0 k=0

For convenience, we use (a), to denote (a; g),.
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The Jacobi triple product identity is stated as follows.

(o)

J59) 1= (Del@/ D@ = ) (~1)"gDx". (1.1)

n=—o0o

From the definition of j(x; g), we have
JCxsq) = j(q/x; q) (1.2)
and
i@ =g O jxg, nez (1.3)

Let m and a be integers with m positive. Define

Jam = J@" 4"y Jam = j(=q";¢"),
= Ja=a". Tu:=]]a+q". and

i>1 i>1

Jb1,bay ... by q) = j(b15q) j(b2; q) . .. j(byi q).

Ramanujan’s seventh order mock theta functions [7, p.355] are defined by

[e) 2

qn
Fol@) =) —F—
’ Z::; (@5 @)

00 qn2
Fi(g) := —,
; (q"; @n

b

o qn(n+1)
Falg) =)  —a
’ Z::; (@ @t

In 1988, by using the constant term method, Hickerson [5] proved the seventh order mock theta
conjectures which can be written as follows.

JZ
Folq) =2 +2q8(q.q") — Jij (1.4)
2
Fi@) =20°8(d q) + qj”, (15)
le
F2(q) =24°¢(q°, q)) + Ji: (1.6)

where g(z, ¢) is a universal mock theta function introduced by Hickerson [4] as

2 n(n+1)

_ N q" O g
8@q) = =14 ) = )
q nZ::O (Z)n+l(qz_l)n nZ:(; (Z)n+1(qz_l)n+l
Furthermore, from [6, Proposition 4.2], we have
8z q) = -7 'm@’, ¢, ) -7 mq 7, ¢, D), (1.7)

where the Appell-Lerch sum m(x, g, z) is defined by Hickerson and Mortenson [6] in the following.
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Definition 1.1. Let generic x,z € C* := C\{0} with neither z nor xz an integer power of q. Then

—z < (=gt
J@q) & 1-gxz

m(x, q,z) :=

Following [6], the term “generic” means that the parameters do not cause poles in the Appell-Lerch
sums or in the quotients of theta functions. In this paper, employing the three-term Weierstrass relation
for theta functions and the relationships between Appell-Lerch sums and Hecke -type double sums, we
provide new and simple proofs for the above three identities (1.4)—(1.6).

2. Main results

First, we recall some notation and definitions. The Hecke-type double sums are defined as follows.

Definition 2.1. Let x, y € C* and define sg(r) := 1 for r > 0 and sg(r) := —1 for r < 0. Then

Jape(X,y,q) = Z sg(r)(—1)r”xrysqa(§)+b”+c(§).

s58(r)=sg(s)
The three-term Weierstrass relation for theta functions is stated in the following.

Proposition 2.1. [I, Theorem 1.20] For generic a, b, c,d € C*,
jlac,alc,bd,b/d;q) = j(ad,ald,bc,b/c;q) + b/c - j(ab,alb,cd,c/d;q).

Next, we review some propositions for Appell-Lerch sums and Hecke-type double sums.

Proposition 2.2. [6, Proposition 3.1] For generic x, 7,79,z € C*,

m(x, q,z) = m(x,q, qz), (2.1)
m(x,q.2) = x 'm(x"",q.z7"), (2.2)
m(gx,q,z) = 1 —xm(x,q, 2), (2.3)
m(x,q,z) = m(x,q,x"'z7"), and 2.4)

Zoffj(Zl /705 @) j(X20215 )
J(20s @) J (213 9)j(x205 @) (X215 9)

m(x,q,z1) = m(x,q,zo) + (2.5)

Lemma 2.1. [6, Theorem 1.3] Let n and p be positive integers with (n, p) = 1. For generic x,y € C,

1
fn,n+p,n(-xa Y, q) = gn,n+p,n(-x, y.q, _1’ _1) + ——en,p(x7 Yy, Q),
0,np(2n+p)

where
8abc(X,¥,q,21,20) 1=

a-1

(1) . a a(®*)=c () =t(b?~ac - a _a(b*-ac
D 9'q° ) (g x; g ym(—q D) a0 (P (yye, g1, )
=0
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c—1
+ (=20 q"® jg"x; g ym(—g D0 g (P, g0 2,

t=0
and
p=l p-l
0, (X. 3. q) 1= Z Z qn("“’;”/2)+(n+p)(r—(n—1)/2)(s—(n+1)/2)n(”<";1>/2)(_ x)r—(=D/2
r*=0 s*=0

. —_ 2\ . 2
(_y)s+(n+1)/2J13)2(2n+p)](_qnp(s r)xn/yn; qnp )](qp(2n+p)(s+r)+p(n+p)xpyp; qp (2n+p))

j(qp(2n+p)r+p(n+p)/2(_y)n+p/(_x)n’ qp(2n+p)s+p(n+p)/2(_x)n+p/(_y)n; qp2(2n+p)) ’

Herer :=r"+{(n—1)/2}and s := s* + {(n — 1)/2}, with 0 < {a} < 1 denoting the fractional part of a.
Taking the n = 3, p = 1 specialization of the above lemma, we derive the following result.

Proposition 2.3. For generic x,y € C*,

a0y, @) =j(x; ¢ Hmg"*xy, ¢, -1) — yj(g* x; ¢ )m@ x4y, ¢*t, - 1)
+ q3y2j(q8X; q3)m(q—2x—4y3, q21’ —l) + j(y, q3)m(q12x3y—4’ q2l’ _1)
— xj(q'y; m(@ Xy, ¢ 1) + @2y @ Hmg Ay, ¢ - 1)
V2 iy 40 (g xy: q7)

- . —_—. (2.6)
g xj(=g*x3y*, =g x*yq7) o
Then we have the following lemma.
Lemma 2.2. We have
-1 37
_ g J7Jo3J17
f143(@ a7, @) = 201 3m(q", ¢, 1) = 247 Tiam(qt, ¢, - 1) + ————, (2.7)
J4,7J0,21
2137
_ _ q J3Jo3J37
a3 @@ q) = =247 i@ g7 -1 = 247 a7 - D)+ —5———,  (2.8)
Jr7J021
4 4 -1 8 21 -3 21 4_31370,3-]2,7
fasq.q.q) =29 Jizm(q.q,—-1)—-2q¢ " Jism(q,.q" - 1) + —5—. 2.9)
J17J021
Proof. Based on the definition of j(x; g), for an integer m, we arrive at
4" q) = jlg""9) = 0. (2.10)
From (2.6) and (2.10), we have
VENPRY/
f343(@ 47 @) = 203m(q", ¢, =1) + 2¢" Tiosm(q !, ¢ 1) - S——.
J4,7J0,21
Then applying (1.2), (1.3) and (2.2), we derive (2.7). The proofs of (2.8) and (2.9) are similar. |

AIMS Mathematics Volume 8, Issue 2, 4806—4813.



4810

In the following, we begin to prove (1.4)—(1.6).

From [5, Theorem 2.0], we obtain the Hecke-type double sums for Fy(gq), F1(g), and F>(q).

J1F0(q) =f545(0 4°> Q)
N1F1() =qf43(q". 4", @),
NF2q) =f343(0 4, @)

2.11)
(2.12)
(2.13)

Therefore, combining Lemma 2.2, (2.11)—(2.13) and the fact that J; and J,; are the same from the

definitions of them, we have

g B TosT17
D —

J] J4,7]0,21

Folq) =2m(q'"°, ¢*', 1) = 2¢"'m(¢*, ¢*', - 1) +

=2m(q", ¢*',q7*) = 2¢"'m(¢", 4", ¢)
25 =449 2q07'05,0(-4% =q" ") N g " BTosd17
o 2 8 _10. 21 o 2 _ 4 6. 421 2 —
F L e L A (L A U Ua N v it o

=2m(q", ¢*', ¢ - 2¢"'m(q*, 4", ¢*)

~ 2131]'(—q2;6121)( J=4* 4" q‘lj(—qf’;q”)) g J3T03)15
i — 2. 421 (A8 _410. 421 (A4 46 421 -2 —
J=La%g®) \Jh =a%q”) =4 a%a*)) 1T, T
=2m(q", ¢"'. ) - 24" "'m(q", "', ¢*)
B 203, J(=a* q*") ( a2 -2.94 .- ¢*) )+ g ' J3Tosd 17
i 2. 421 (-1 _ 44 A6 8 _410. 421 -2 —=
.]( l’q ’q ) J(CI s CI,C] ,(]’ (] ,C[ ) J1J4,7J0’21
=2m(q", ¢"'. ) - 24" "'m(q", ¢"", ¢*)
2071~ d =) a7 3 eadis
(— 4 6 48 _410. 421 -2 —
]( 1’q’ q’q 7q’ q ,q ) J1J4’7J0721

=2m(q'"’, ¢*', ¢ - 2q7'm(q*, ¢*', )
24 5jaa)=a% e | g J3Jos)1
i(a.~4% 4 j(-1:¢*) JiT4To

:2q—10m(q—10’ q21’ qz) _ 2q_1m(q4, q21, qZ)
2¢7' 12 j(=q% 9N j(=q*q*") a3 Josdi
K=~ aiCEE) T o

=2(1 - m(g", ¢, ¢7%) - 2¢"'m(q*. ¢*', )
2¢7 B N5 d®) a7 3Tosdi

(o —a3- ) i(—1: 21 2 =
Jq.—q;9")j(-1;4°") J1J4,7J0,21
207 2 (-2 q7) i(~q3: g7 137 .
=2+ 2g8(q.4") - - 7 361 761 _)J( qzlq ) 4 Tiloshy,
J@, =4 4N j(-1;4*") JiJ47J021

(2.14)
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where in the fourth equality, we replace g, a, b, c, and d by ¢*', —¢°, —q", —¢®, and ¢?, respectively, in
Proposition 2.1.

For 71(q), we have

q_2J370,3J 27
o —

J1J1 77021

Filg) = - 2m(¢*, ¢*', -1) - 2¢ *m(q, ¢*', - 1) +

- _ 2m(q8,q21,q4) _ zq—Zm(q, qZI,q4)
_ 2J§1j(—q4,—q12;q21) 3 2q‘2J§1]'(—q4,—q5;q21) 9_2-]3-70,3-]2,7
i(—1.a% —a8. gl2- g2 (1 —a ot 5 g2 -2 =
JCLah =% q% ) j-l-a.qh e T T

=-2m(¢*. q"'.q") - 2¢7°m(q.q"" . 4")
_23,j(=4" ¢ ( GURT NN q”)) G 23 T030n7
JCL a4 e \j(=42.4% 6 j=a.4"%¢*)) T T,
==2m(q*.q", q") = 247*m(q.4*', 4"
_203,(=4" ¢ ( . a7t —q" . 4" q*) ) . g2 I3 03027
j(_l’ q4, qll) j(q—z’ —-q, q16’ qlz’ _q13; qZI) Jljfjjo’z[
=-2m(¢". q"'.q") - 247 °m(q.q"" . 4")
2¢7203,i(-4*, —q* 4", —q"s ¢*) g2 T3T030a7
L) T T,

=-2m(q",q", 4" - 247 m(q. 4", ¢")
_24705)Ca a4 e | q*J7J03 )27
v 2. ATV i(—1- 21 =2 —=
J=4,4% 4" j=1;¢*) I J1 27021

24722 (=% ) i(=q% ¢*) g 3 Tosd27

=2¢°8(¢*.q") — — . +
J(=a, ¢ q)j(=1:¢*) IT, 70

) (2.15)

where in the fourth equality, we replace g, a, b, ¢, and d by ¢*', —¢°, —q", —¢°, and g¢*, respectively, in
Proposition 2.1.

Moreover, we have

q2J3Jo3037

- —
J1J37J021

Falq) = = 27 'm(q’, ¢*', 1) = 2 2m(q%. ¢**, 1) +

=-2q"'m(q’.q"".¢°) = 2¢"'m(q ", ¢, ¢°)
~ 26]_1];1].(_6]6, _(]11;6121) ~ 25]_4];1].(_614, _q6;q21) q_2J370,3J3’7
1 _ 5 6 1. 21 1 —_g=2 44 6. 21 o —
e A A e A (N A AUET o B A sty Ao

=-24"'m(.q".¢°) - 24" 'm(q . ¢”'. ¢")
~ 2q‘1131j(—q6;q21)( J=q"5 ") q‘lj(—q“;q“)) g2 03J03037
i(— 6. 421 (— S 11. 521 (—2 A4 421 -2 —
J=La% ™) \i=aq7597)  J=a9597)) T, o
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=-2¢"'m(¢’,¢"".¢°) = 247'm(q*,¢*", ")
_ 2q‘lfilj(—q6;q21)( q'j-4.9"4".-4% ") )+ g 1303037
JLahg?hy \jahah gt =.a'h D) 1T T
==2q"'m(q. q"". ¢°) = 2¢7*m(q %, ¢*', ")
207034 =4% =4 934" a3 es T
JCL=¢% % q = a" ) T T

=-2¢"'m(q,q",¢°) - 2¢7*'m(q %, ¢*'. ¢°)
_2q7%3j(-4:4)j(=4": ¢*") . q T30 T3
RV I I
2¢72 02 j(-q:4) (-4’ 4*) g2 T3 T03T37
AT DV G I

=2¢’¢(q’,q") - : (2.16)

where in the fourth equality, we replace g, a, b, ¢, and d by ¢*', —¢"°, ¢'°, ¢’, and ¢*, respectively, in
Proposition 2.1.

Furthermore, applying the standard computational techniques from the theory of modular forms,
we can prove the following identities. Those unfamiliar with this method might consult the work of
Garvan and Liang [2] and Robins [8].

1
M21.0(0DNM44(DNa26(7) 16.0(T)N7,1(T)Ny, o(T) 4
N14,6(T)121,3(T)N42,0(T)

b

1
13,00 4 6(Ta2.0(7)

1
16,0(0)17,2(T)1, ((T) ~ Mas(OM21,0(0N42,12(7) _
N142(T)121,6(T)M42,0(T)

1
15 0 (N4 2 (Da20(T)

16,0(TN7,3(T)N; 10(D _ M14.2(T)N21 0(T)N42,18(T) _
N144(T)121,9(T)N42,0(T)

1
7732’0 (T)Tﬁ4,4(7)7742,0(7)

Here, 154(7) 1s the generalized Dedekind n-function defined by
Moe(@ = "€ [T (=g [] a-g,

n>0 n>0
n=g (mod J) n=—g (mod ¢)
where 7 € H := {r € C : Imt > 0}, ¢ = €*™", P(t) = {1}* — {1} + ; is the second Bernoulli function,
and {r} is the fractional part of ¢.
The above three identities can be rewritten as
2q71J7272,773,21 61_1]370,311,7 J32,7
p— - T — = J—, (217)
Ji17937J021 J1J477021 1
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— 7 - 7 7 2
q 2]3.]0’3.]2,7 3 2q 2J72J3,7J6,21 _ (].]1’7 (218)

- — p— — R
J1J1 77021 J17J27J021 Ji

q_2J370,3J3,7 B 2q_2J7271’779,21 ~ &
J 172,7-70,21 72,7 J: 3,770,21 Ji

(2.19)

Then combining (2.14) (resp. (2.15) and (2.16)), (2.17) (resp. (2.18) and (2.19)) and (1.7), we arrive
at (1.4) (resp. (1.5) and (1.6)).
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