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Abstract: This paper uses the Fourier spectral method to study the propagation and interaction
behavior of the fractional-in-space Ginzburg-Landau equation in different parameters and different
fractional derivatives. Comparisons are made between the numerical and the exact solution, and it
is found that the Fourier spectral method is a satisfactory and efficient algorithm for capturing the
propagation of the fractional-in-space Ginzburg-Landau equation. Experimental findings indicate that
the proposed method is easy to implement, effective and convenient in the long-time simulation for
solving the proposed model. The influence of the fractional Laplacian operator on the fractional-in-
space Ginzburg-Landau equation and some of the propagation behaviors of the 3D fractional-in-space
Ginzburg-Landau equation are observed. In Experiment 2, we observe the propagation behaviors of
the 3D fractional-in-space Ginzburg-Landau equation which are unlike any that have been previously
obtained in numerical studies.
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1. Introduction

In the 1950s, Vitaly Lazarevich Ginzburg and Lev Davidovich Landau combined the
electrokinetic, quantum mechanical and thermodynamic properties of superconductors on the basis of
Landau’s second-order phase transition theory. The Ginzburg-Landau equation [1] was proposed, and
has been widely used to describe the phenomena of superconductivity, Bose-Einstein condensation,
superfluidity, liquid crystals and strings. Since the 1880s, with the development of cryogenic
superconductivity and other fields, the equation has attracted many scholars to study it.
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In the past few decades, the theory and applications of fractional calculus [2–7] have been widely
studied and developed rapidly. The fractional generalization of the Ginzburg-Landau equation was
suggested in [8,9] from the variational Euler-Lagrange equation for fractal media. Since then, the
fractional Ginzburg-Landau equation (FGLE) by Tarasov and Zaslavsky [8,9] has been exploited to
describe various physical phenomena. The FGLE has been widely studied in diverse aspects, and
these studies include but are not limited to [10–16]. The FGLE has singularity, non-locality, and it
sometimes even involves space-time coupling, which bringing many difficulties and challenges to
analysis and numerical methods.

The numerical solution of the FGLE has received some attention and made some progress in
recent decades. In [11–15], some numerical methods have been studied for the FGLE. In [11], the
authors studied a two-dimensional nonlinear spatial FGLE by using a centered finite difference
method. In [12], the authors proposed a splitting iteration method for solving the space FGLE.
In [13], the authors proposed a three-level linearized finite difference scheme for the high-dimensional
nonlinear FGLE. The fractional Laplacian is discretized by the fractional centered difference scheme,
and the Crank-Nicolson scheme is used for time discretization. In [14], the author proposed a fast and
efficient spectral-Galerkin method for the nonlinear complex FGLE involving the fractional Laplacian
operator. By employing the Fourier-like bi-orthogonal mapped Chebyshev function as basis
functions, and an exponential time difference scheme is proposed for the temporal discretization.
In [15], the authors proposed Galerkin finite element method of the FGLE, an implicit midpoint
difference method was employed for the temporal discretization, and a Galerkin finite element method
was used for the spatial discretization.

This paper introduces the Fourier spectral method for the FGLE with Riesz fractional derivative.
The Fourier spectral method can effectively avoid singularity, non-locality, and space-time coupling
of the FGLE. So, we can effectively capture the propagation and interaction behavior of the FGLE in
different parameters and different fractional derivatives by using the Fourier spectral method.
Comparisons are made between the numerical and the exact solution, and it is found that the Fourier
spectral method is a satisfactory and efficient algorithm for capturing the propagation of the FGLE.

2. Description of Fourier spectral method

In recent years, the Fourier spectral method has been widely used in space fractional nonlinear
equations. It,s main idea is the Fourier transform for spatial discretization. We have used a Fourier
spectral method to investigate a class of fractional KdV-modified KdV equations [17] and fractional
Gray-Scott model [18]. This paper introduces a Fourier spectral method for the FGLE.

We consider the following fractional-in-space Ginzburg-Landau equation with the Riesz fractional
derivative

ut(x, t) + (ν + iη)(−∆)
α
2 u(x, t) + (κ + iζ) | u(x, t) |2 u(x, t) = 0, x ∈ R, t ∈ (0,T ], (2.1)

with the initial condition u(x, 0) = u0(x) and periodic boundary condition or homogeneous Dirichlet
boundary condition.

i =
√
−1, parameters ν > 0, κ > 0, η, ζ, κ are given real constants, and u0(x) is a given smooth

function. −(−∆
α
2 )u(x, t) is the fractional Laplacian operators of α-order with the Riesz fractional

derivative. (x, t) = (x, y, z, t) ∈ Ω × [0,T ] = [−L/2, L/2] × [−L/2, L/2] × [−L/2, L/2] × [0,T ]. u(x, t) is
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a unknown complex-valued function.
The Laplacian is an important operator in engineering and physics. However, the standard

definition cannot deal with domains that are neither homogeneous nor isotropic. In [7], the Riesz
implicitly suggested several possible definitions of a fractional Laplacian. The Riesz fractional
Laplacian is implemented by the inverse of the Riesz potential. At present, finding a definition of a
fractional Laplacian for both isotropic and anisotropic media is a hot topic in applied science. In [10],
the authors generalized the fractional Laplacian.

Definition 2.1. The Laplacian operator of α-order with Riesz fractional derivative is defined as
follows: [8,9]

−(−∆
α
2 )u =

∂αu
∂|x|α

+
∂αu
∂|y|α

+
∂αu
∂|z|α

=
−1

2 cos πα/2
(

xDα
Lu + xDα

Ru + yDα
Lu + yDα

Ru + zDα
Lu + zDα

Ru
)
, (2.2)

where xDα
L, xDα

R, yDα
L, yDα

R and zDα
L, zDα

R are the Riemann-Liouville fractional derivative.

The corresponding Fourier transform of the Laplacian operator of α-order with Riesz fractional
derivative is

Fx
(
− (−∆

α
2 )u(x, t)

)
= −(|kx|

α + |ky|
α + |kz|

α)Fx
(
u(x, t)

)
,

−(−∆
α
2 )u(x, t) = −F −1

x

(
(|kx|

α + |ky|
α + |kz|

α)Fx
(
u(x, t)

))
.

(2.3)

Definition 2.2. The continuous Fourier transform and inverse Fourier transform of function u(x, t)
about x are defined as

û(kx, ky, kz, t) = Fx
(
u(x, t)

)
=

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

u(x, y, z, t)e−i(kx x+kyy+kzz) dxdydz,

u(xi, yi, zi, t) = F −1
x

(
û(kx, ky, kz, t)

)
= 1

2π

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

û(kx, ky, kz, t)ei(kx x+kyy+kzz) dkxdkydkz.
(2.4)

The corresponding Fast Fourier transform (FFT) and the inverse Fast Fourier transform (IFFT) are
defined as

û(kx, ky, kz, t) = Fx
(
u(x, t)

)
=

1
N2

∞∑
i=−∞

∞∑
i=−∞

∞∑
i=−∞

u(xi, yi, zi, t)e−ikx xi−ikyyi−ikzzi ,

and F −1
x (û) is the inverse Fast Fourier transform (IFFT) for û(kx, ky, kz).

u(xi, yi, zi, t) = F −1
x

(
û(kx, ky, kz, t)

)
=

∞∑
kx=−∞

∞∑
ky=−∞

∞∑
kz=−∞

û(kx, ky, kz, t)eikx xi+ikyyi+ikzzi .

By using the Fast Fourier transform (FFT) for Eq (2.1) in the space domain, Eq (2.1) can be transformed
into the following ODEs about t.

dû
dt

= −
(
(ν + iη)kα

)
û − (κ + iζ)Fx

(
|F −1

x (û)|2F −1
x (û)

)
. (2.5)

In the actual calculation, we generate grids as follows in Matlab. Input L; N; x = L/N ∗ [−N/2 :
N/2 − 1]; y = x; z = x; kX = 2 ∗ pi./L. ∗ [0 : N/2 − 1 − N/2 : −1]; kY = kX; kZ = kX; [X,Y,Z] =

meshgrid(x, y, z); [kx, ky, kz] = meshgrid(kX, kY, kZ); Noting kα = |kx|
α + |ky|

α + |kz|
α.

Equation (2.5) can be transformed into the following form:

dûN

dt
= −

(
(ν + iη)kα

)
ûN − (κ + iζ)Fx

(
|F −1

x (ûN)|2F −1
x (ûN)

)
, (2.6)
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where

ûN(kx, ky, kz, t) =
1

N2

N
2 −1∑

i=− N
2

N
2 −1∑

i=− N
2

N
2 −1∑

i=− N
2

u(xi, yi, zi, t)e−ikx xi−ikyyi−ikzzi .

Equation (2.6) can be rewritten as {
∂ûN
∂t = g(t, ûN),

û(kx, ky, kz, 0) = û0,
(2.7)

where g(t, ûN) = −
(
(ν + iη)kα

)
ûN − (κ + iζ)Fx

(
|F −1

x (ûN)|2F −1
x (ûN)

)
.

Then, we use the fourth-order Runge-Kutta method to solve the ordinary differential equation (2.7)
as follows: 

ûN,n+1 = ûN,n + τ
6 (k̃1 + 2k̃2 + 2k̃3 + k̃4),

k̃1 = g(tn, ûN,n),
k̃2 = g(tn + τ

2 , ûN,n + τk̃1
2 ),

k̃3 = g(tn + τ
2 , ûN,n + τk̃2

2 ),
k̃4 = g(tn + τ, ûN,n + τk̃3),

(2.8)

where τ is step-size, and incremental function ψ(ûN,n, tn, τ) = 1
6 (k̃1 + 2k̃2 + 2k̃3 + k̃4).

Theorem 2.3. [17] If ψ(ûN , t, τ) satisfies the Lipschitz condition in ûN , then the fourth-order Runge-
Kutta method is stable.

Theorem 2.4. [17] Let ûN(tn) be the exact solution of problem (2.7), and ûN,n is the numerical solution.
If ψ(ûN , t, h) satisfies the Lipschitz condition on 0 ≤ t ≤ T , then there holds the following error
estimate:

|εn| ≤ eLT (|ε0| + cTτ4 + LτM0), (2.9)

where εi = ûN(tn) − ûN,n, M0 = max(|ε0| , |ε1| , · · · , |εn−1|), L is a Lipschitz constant, and c is a constant.

Finally, we find the numerical solution uN using the inverse discrete Fourier transform.
The error norms, E2, E∞ and global relative error GRE are used to determine the accuracy of the

method:

E2 = ‖u(x j, t) − u∗(x j, t)‖2 =

√√√
1
N

N∑
j=1

[u(x j, t) − u∗(x j, t)]2,

E∞ = ‖u(x j, t) − u∗(x j, t)‖∞ = max
1≤ j≤N

| u(x j, t) − u∗(x j, t) |,

GRE =

∑N
j=1 | u(x j, t) − u∗(x j, t) |∑N

j=1 | u∗(x j, t) |
.
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3. Numerical simulation

Experiment 1. Subject to the initial condition in Eq (2.1),

u(x, 0) = a(x) exp(id ln[a(x)], x ∈ [−L/2, L/2],

and the exact solution for α = 2, η = 1
2 , ζ = −1 is [15]

u(x, t) = a(x) exp(id ln[a(x)] − iωt), (3.1)

where

a(x) = F sec(x), F =

√
d
√

1 + 4ν2

−2κ
, d =

√
1 + 4ν2 − 1

2ν
, ω = −

d(1 + 4ν2)
2ν

.

First, the numerical and exact solutions are compared to confirm the validity of the present
method. We set κ = −

ν(3
√

1+4ν2−1)
2(2+9ν2) ,T = 100, τ = 0.01, L = 64,N = 512. Numerical results at different

values of ν = 0.3, 0.8, 2 are shown in Figures 1–3.
In Figures 1–3, we observe the relationship between the parameter ν and the soliton. We find that

if the parameter ν is big, the more soliton waves are seen, and if the time t is long, the more soliton
waves are seen. The absolute error has little relation to the parameter ν. When the parameter ν
changes, the shape of the soliton does not change. Figures 1–3 confirm the validity of the present
method and capture the propagation and interaction behavior of the parameter ν. In Figures 1–3, one
can see that the energy norm of the numerical solution seems to be conservative, which coincides with
the exact solution.

(a) Exact solution at
ν = 0.3.

(b) Numerical solution
at ν = 0.3

(c) Absolute error at
ν = 0.3

Figure 1. Comparison of numerical and exact solutions. (ν = 0.3 with α = 2,T = 100, τ =

0.01, L = 64,N = 512)
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(a) Exact solution at
ν = 0.8

(b) Numerical solution
at ν = 0.8

(c) Absolute error at
ν = 0.8

Figure 2. Comparison of numerical and exact solutions. (ν = 0.8 with α = 2,T = 100, τ =

0.01, L = 64,N = 512)

(a) Exact solution at
ν = 2

(b) Numerical solution
at ν = 2

(c) Absolute error at
ν = 2

Figure 3. Comparison of numerical and exact solutions. (ν = 2, α = 2,T = 100, τ =

0.01, L = 64,N = 512)

In order to show the present method has higher precision for large interval lengths and long time,
we set different parameters. The logarithm of absolute error at different times t are plotted in Figures 4
and 5.

(a) T = 1000 (b) T = 2000

Figure 4. The logarithms of absolute error. (α = 2, ν = 0.1, τ = 0.1, L = 64,N = 512)

AIMS Mathematics Volume 8, Issue 1, 2407–2418.
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(a) ν = 0.3 (b) ν = 2

Figure 5. The logarithms of absolute error. ν (α = 2,T = 100, τ = 0.01, L = 64,N = 512)

E2, E∞,GRE and the order of convergence in space are shown Tables 1–3. From Tables 1–3, errors
E2, E∞,GRE do not change much. From the numerical simulation results, it can be seen that the time
step τ has little influence on the absolute error of the numerical solution with L = 32,N = 512, and it
is found that the Fourier spectral method is a satisfactory and efficient algorithm. From Tables 1–3 and
in Figures 1–5, the present method has higher precision for large interval lengths and long time.

Table 1. Comparison of error E2, E∞ and GRE at different times and different values of τ at
t = 100 for ν = 0.1, 0.5 with α = 2,N = 512, L = 64.

E2 E2 E∞ E∞ GRE GRE
ν = 0.1 ν = 0.5 ν = 0.1 ν = 0.5 ν = 0.1 ν = 0.5

t = 1000, τ = 0.1 4.6951e − 09 7.2759e − 06 2.6008e − 08 9.0144e − 06 5.0869e − 08 1.5934e − 06
t = 100, τ = 0.01 1.3774e − 09 8.3800e − 10 1.4197e − 09 4.6522e − 09 2.7696e − 08 6.7565e − 09
t = 10, τ = 0.001 1.5363e − 09 2.5014e − 10 1.5835e − 09 2.5753e − 10 3.0893e − 08 4.1095e − 09
t = 1, τ = 0.001 1.6130e − 09 1.3194e − 09 2.2292e − 09 1.3603e − 09 3.0834e − 08 2.1676e − 08
t = 1, τ = 0.0001 1.3880e − 09 3.0788e − 10 1.4572e − 09 3.2233e − 10 2.7898e − 08 5.0568e − 09

Table 2. Spatial numerical error norms E∞, E2 and their corresponding convergence rates at
t = 1 for ν = 0.1, 0.5 with α = 2, τ = 0.001, L = 32.

ν N E∞ E2

0.1 256 5.6923e − 09 3.0999e − 09
512 2.2292e − 09 1.6130e − 09
1024 9.1040e − 10 1.2635e − 09
2048 6.2423e − 10 1.2380e − 09

0.5 128 2.7663e − 07 2.3173e − 08
256 2.7801e − 07 3.2343e − 08
512 2.7748e − 07 4.5636e − 08
1024 2.7796e − 07 6.4502e − 08
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Table 3. Time numerical error norms E∞, E2 at t = 1 for ν = 0.1, 0.5 with α = 2,N =

512, L = 32.

ν τ E∞ E2

0.5 0.1 2.7735e − 07 4.5637e − 08
0.05 2.0053e − 07 2.8139e − 08
0.025 1.4252e − 07 1.6968e − 08
0.00125 1.0017e − 07 1.0229e − 08
0.0001 6.5782e − 09 3.1185e − 10

0.1 0.1 1.8375e − 07 3.1094e − 08
0.05 1.3156e − 07 1.9111e − 08
0.025 9.4338e − 08 1.1710e − 08
0.0125 1.0017e − 07 1.0229e − 08
0.0001 4.8415e − 09 2.2414e − 10

Next, we pay our attention to the impact on the dissipative mechanism of the fractional Laplacian.
We set different values of α. Numerical results are shown in Figures 6–8. When the fractional α
changes, the shape of the soliton and the number of solitons change accordingly, which can be easily
seen in the spectrogram.

The numerical solutions are shown in Figures 7 and 8. In Figures 6–8, it can be seen that the wave-
shape changes with the fractional parameter α, and when α tends to 2, the numerical solutions of the
FGLE are convergent to the solutions of the usual classical integer one, concurring with the results
of [11].

(a) ν = 0.1, t = 200 (b) ν = 0.1, t = 600

Figure 6. The modulus of the numerical solution. (ν = 0.1,T = 1000, τ = 0.1, L = 64,N =

512)
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(a) α = 1.8 (b) α = 1.9 (c) α = 1.95

Figure 7. The real part of the numerical solution. (α, and µ = 0.5,T = 100, τ = 0.01, L =

64,N = 512)

(a) α = 1.8 (b) α = 1.9 (c) α = 1.95

Figure 8. The real part of the numerical solution. (u(x, 0) = sin(a(x)) sec(x−3/4 sin(x)), µ =

0.5,T = 100, τ = 0.01, L = 64,N = 512)

In Figures 1–7, we set the initial condition u(x, 0) = a(x) exp(id ln[a(x)]). In Figure 8, the initial
condition is u(x, 0) = sin(a(x)) sec(x − 3/4 sin(x)). In Figures 1–8 and Tables 1–3, we set η = 1

2 , κ =

−
ν(3
√

1+4ν2−1)
2(2+9ν2) , ζ = −1.

Experiment 2. For (3+1)-dimensional model (2.1), we set differently the initial conditions. Fractal
propagations of waves are shown in Figures 9 and 10.

Figure 9 shows the numerical solution. Figure 10 shows the isosurface plot for the real part of the
numerical solution at different fractional derivative values α, and ν = 0.5, η = 0.5, κ = 1, ζ = −1, τ =

0.01, N = 64, L = 8, T = 1, u(x, 0) = sec(r) tanh(r), where r = x2 + y2 + x2. The spatio-temporal
symmetry group illustrated in Figures 9, and 10 shows the fractal properties of quantum space-time.
Some unusual features of the isosurface plot (Figure 10) are found by using the present method.

AIMS Mathematics Volume 8, Issue 1, 2407–2418.
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Figure 9. The modulus of the numerical solution. (ν = 15, η = 0.5, κ = 1, ζ = −1, τ =

0.1,N = 32, L = 2, t = 1, u(x, y, z, 0) = sec(x + y + z))

t = 0.2, α = 2 t = 0.4, α = 2 t = 0.6, α = 2 t = 0.8, α = 2

t = 0.2,α = 1.8 t = 0.4,α = 1.8 t = 0.6,α = 1.8 t = 0.8,α = 1.8

Figure 10. The isosurface plot for the real part of the numerical solution. (α = 1.8, ν =

0.5, η = 0.5, κ = 1, ζ = −1, τ = 0.01,N = 64, L = 8,T = 1, u(x, 0) = sec(r) tanh(r))

4. Conclusions

This paper effectively observes some attractive behaviors of fractal propagation and fractal
interaction of particles’ waves, which are modeled by FGLE. The Fourier spectral method is used to
reveal the solution properties numerically, and the fractal properties are illustrated graphically by
choosing different coefficients and different fractional orders. The influence of the fractional
Laplacian operator on GLE is observed. In Experiment 1, we observe the relationship between the
parameter ν and the soliton. We find that if the parameter ν is big, the more soliton waves are seen,
and if the time t is long, the more soliton waves are seen. In Figures 6–8, it can be seen that the
wave-shape change with the fractional parameter α, and when α tends to 2, the numerical solutions of
the FGLE are convergent to the solutions of the usual classical integer one, concurring with the results
of [15]. When the fractional parameter α changes, the shape of the soliton and the number of solitons
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change accordingly. In Experiment 2, we observe the propagation behaviors of 3D FGLE, which are
unlike any that have been previously obtained in numerical studies. The fractal propagation of solitary
waves reveals a totally new physical law for particles motion in a fractal space, that is the particle
wave in a fractal space has a spatiotemporal symmetry group. It is worth noting that the Fourier
spectral method can also be used to study other attractive behaviors of fractal propagation and fractal
interaction of particles’ waves. In further work, we will be devoted to studying fractional-order fractal
propagation of high dimensional particle waves.

All computations were performed by the MatlabR2017b software.
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