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1. Introduction

As well known, the neural network model has been widely studied over the past few decades. Neural
networks are extensively applied in many fields, such as pattern recognition, signal processing, image
recognition, and so on (see [1-8]). Compared with integer order calculus, fractional calculus was
incorporated into neural networks, it is called fractional-order neural networks (FONNs). Recently,
under the research of many scholars, many achievements have been made in the dynamic behaviors of
FONN:Ss, especially stability. For example, many authors have explored stability and finite-time stability
(see [9-17]). In the real world, many evolutionary processes, which are usually subject to short-time
perturbations, exhibit impulsive effects. In the exploration of the neural network, the phenomenon of
impulse is often considered, and many scholars have got many good results of FONNs with impulsive
effects (see [18-20]).

Octonion-valued neural network, as a generalization of real-valued, complex-valued, and
quaternion-valued neural network, was first introduced by Popa (see [21]). Octonion-valued neural
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network is not a special case of Clifford-value neural network, because octonion algebra is
non-commutative, but also nonassociative. In the application of octonion-valued neural networks,
some interesting results were presented (see [22-27]). Some authors have discussed fractional-order
octonion-valued neural networks (FOOVNNS5s) (see [28]).

In the dynamical behaviors of FONNs, synchronization, as a hot and interesting topic in FONNSs,
plays a key role and has attracted the attention of many scholars. So far, many researchers have
explored delayed FORNNSs and produced interesting results on synchronization. For instance, many
good results on synchronization for FONNs have been reported (see [29-38]).

With inspiration from the previous researches, to fill the gap in the research field of synchronization
of FOOVHNNSs with impulsive effects, the work of this article comes from three main motivations. (1)
Recently, in [28], some scholars have explored FOOVNNSs via the decomposition method. However,
there are few results of FOOVNNSs. (2) In [32-34], some authors have discussed the synchronization
of fractional-order quaternion-valued neural networks via the decomposition method. But there has
been no paper on the synchronization of FOOVNNs with impulsive effects. (3) Synchronization is a
significant dynamical property for differential equations, thus it is worth exploring the synchronization.
Therefore, it is worthwhile to investigate the synchronization of FOOVNNs with impulsive effects via
the non-decomposition method and the Lyapunov function method.

Compared with the previous literatures, the main contributions of this article are listed as
follows. (1) Firstly, this is the first time to explore the synchronization of FOOVNNs with impulsive
effects. (2) Secondly, the multiplication of octonion numbers does not satisfy the commutativity and
associativity, we don’t need to separate the octonion-valued system into four complex-valued systems
or eight real-valued systems. (3) Thirdly, unlike [28, 32-34], in this paper, we explore the
synchronization of FOOVNNSs via the non-decomposition method. (4) Fourthly, our method in this
paper can be used to explore the stability and synchronization of other types of FOOVNNS.

This paper is organized as follows: In Section 2, we introduce some definitions and Lemmas. In
Section 3, we establish some sufficient conditions for global asymptotical synchronization for
System (2.1) and System (2.2). In Section 4, one numerical example is provided to verify the
effectiveness of the theoretical results. Finally, we draw a conclusion in Section 5.

Notations: R denotes the set of real numbers, C denotes the set of complex numbers, O denotes
7
the set of octonion numbers, O" denotes the n dimensional octonion numbers. For x = }’ [x], € O, its
p=0

n
norm as ||x|lo = |x|. For x = (x1, x5, -+ - , x,,) € O", its norm as ||x]|g» = D, ||xillo-
i=1

2. Preliminaries

In this section, we shall first recall some fundamental definitions and lemmas.
The algebra of octonion is defined as

7
0= {x = Z:[x]pe]7

p=0

Lxlos [xli, -+ [x]; € R},

where e, are the octonion units, 0 < p <7, and when p = 0, we have ¢y = 1. The octonion units obey
the octonion multiplication rules: e,e, = —ese, # e,e,, Y0 < p # g < 7, from which we deduce that
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O 1s not commutative, and that (e,e,)er = —ep(e er) # e,(eqer), for k, p, g distinct, 0 < k, p,q <7, or
epey # ey, thus O is also not associative.

7
Octonion addition is defined by x +y = > ([x], + [¥],)ep, scalar multiplication is given by ax =
p=0
7
2. (a[x],)e,, and octonion multiplication is given by the multiplication of the octonion units:
p=0

X €y e () e3 ey és €q ey
€o €p €] [5) €3 €4 €5 €q €7
€] € —€p €3 ) €s —é€y —€7 €q
(%) (%) —e3 —€ €] €6 €7 —é€y —é€s
€3 €3 € —€1 —€ €7 —€q €s —é€y
(] €y —é€5 —é€q —e7 —€y €1 (%) (%]
€5 €s €y —e7 €q —€] —€ —eé3 (%)
€e €g ey €4 —é€s5 ) (%] —€y —eq
é7 é7 —é€q [ €4 —e3 ) (4] —€y
7
The conjugate of an octonion x is defined as X = [x]oep — 2. [x],e,, its norm as |x] = Vax =
p=1
leo[x]f,, and its inverse as x~! = W We can now see that O is a normed division algebra, and it

can be proved that the only three division algebras that can be defined over the reals are the complex,
quaternion, and octonion algebras.

Definition 2.1. [39] The Caputo fractional derivative of order « for a function f(t) is given as follows:

a _ 1 t _ oyra—1 p(n)
D)= o [ =9 £

where t > 0, n is a positive integer, n — 1 < a < n.

Particularly, when 0 < @ < 1,

@ _; t _ - g/
D' =t [ =97 s

In this paper, we will consider the FOOVNNS as following model:

D"x,-(t) = —CiXi(t) + Z aijfj(xj(t)) +U;, t=0, t#1t,
Jj=1 (2.1)
Axi(t) = L(ty, xi(fx)),
where 0 < a < 1,i=1,2,---,n, x;(t) € O is the state vector of the ith unit at time ¢, ¢; > 0 represents

the rate with which the ith unit will reset its potential to the resting state in isolation when
disconnected from the network and external inputs, respectively. a;; € O denote the strength of
connectivity, respectively. The activation functions f; € O show how the jth neuron reacts to input,
U; € O denotes the ith component of an external input source introduced from outside the network to
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the unit i at time f. The fixed moments of the impulse times {f;, : k € N} satisty
0<thy<t <<t <---,withfy - oo ask — oo. At the points of discontinuity #, of the solution
t = x;(t), we assume that x;(r) = x;(z,). It is clear that, in general, the derivatives D x;(#;) do not exist.
On the other hand, the right limits and the left limits of x;(#;) exist, but they are unequal, and the
difference Ax;(t;) = x;(t)) — xi(t,).

Next, consider System (2.1) as drive system, then the response system is given by

DY) = —cyiD) + X aifi(y;(0) + Ui + &(t), 120, t 1,
J=1 (2.2)
Ayi(ty) = L(te, yi(t)),

wherei = 1,2,--- ,n, ¢ € O is a state-feedback controller, other notations are the same as those in
System (2.1).
Fori=1,2,...,n,letz; =y, — x;, then from (2.1) and (2.2), the error system is given by

Dzi(t) = —cizit) + fl ai(£i00) = fi(xi(0)) + &), 12 0,1 % 1,
p=
Azi(ty) = Lu(t, yilte)) — L, Xi(1p)).

The controller ¢; is designed as

(2.3)

&) = —dz()+ ) bigiz), (2.4)
j=1

where i = 1,2,"' ,n, d,' > 0, bij,gj € 0.
In this paper, we need to introduce the following assumptions:

(Hy) Fori=1,2,--- ,n, k € N, the impulsive operators
La(tr, xi(t) = —yaxi(t), 0 <yy < 2;
(H) For j=1,2,---,n, there exist positive constants L¢, L, such that
/i) = fi()| < Lylu — vl

lgj(w) = g;(W] < Lglu —vl;

(H3) There exists positive constant ¢ such that
pe=2c; +2d7 = ) laij = nL} = " byl = nL? > 0,
j=1 j=1

where
¢; = 1m.in{c,-}, d; = 1m.in{di}.
Lemma 2.1. Set x(t) € O be a differentiable function. Then, we have:
D*(x()x(1)) < x(1)(D"x(1)) + x(O(D"X(1), 120

where 0 < a < 1.
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Proof. Let x(t) = é [x(D],ep, where [x(D]o, [x(D)]1,- -+, [x()]7; € R, the conjugate of an octonion x(7)
p=0

- 7
is defined as x(¢) = [x(t)]loeo — 2. [x(1)],e,, then we have
p=1

7
Da(;[xm],%)

D[x(0];

D“(x(t)%)

D 1M

2[x(D],D[x(D)],,

Il
(=)

14
x(D)(Dx(1)) + x(1)(D" x(1))

7 7
= (Ix(loeo + D [xD] e, ) (D" [x(Dloeo = D D Tx(D)]pey)
p=1 p=1

7 7
H[xloeo — ) [x(D)]pe, ) (D Tx(t)]oco + ) D Lx(D)],e,)

p=1 p=1
7
= ) 20x0)1,D°[x(0)],.
p=0
Hence, we have L o
D" (x(0)x() < x())(D"X(1)) + x(D)(D"x(1)), > 0.
The proof is completed. O
Lemma 2.2. For all u,v € O, and any real constant n > 0, the following inequality holds:
uv + ity < quit + 1 'vo.
Proof. Set 6 € R, and 0 # 0, we consider
Ou — 7'V (Ou — 0-1v) = Puir — uv — vir + 67 2vv > 0,
that is, we have that
uv + vit < 0*uit + 607v9.
Letting 7 = 6,
uv + v < nuii + "'V
The proof is completed. O
Lemma 2.3. [40] Let V(t) € R be a continuously differentiable and nonnegative function, satisfying
DV(t) < —uV(1),

where 0 < a < 1. If u > 0, then lim V(1) =0, ¢t > 0.
t—+00
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3. Main results

In this section, we will study the synchronization for System (2.1) and System (2.2), based on
Lyapunov function method.

Theorem 3.1. Assume that assumption (H,) holds. If the following condition is satisfied:

n

(ll"L
0<Z]| ’l_f<1.
C.

j=1 i

Then System (2.1) exists a unique equilibrium point.

Proof. To prove that there exists a unique equilibrium point of System (2.1), we consider the a mapping
®: 0" — 0", namely,

D(u) = (O (), Do (w), - -+, O, ()",
where ®,(u) € O, u = (uy, uy, -~ ,u,)’ € 0", and

) = Y ayfi( L)+ Uy i=1.2,m
J

=1

Setu = (uj,uz, -+ ,u,)  €0"andv = (vy,va, -+ ,v,)" € 0", we have

D) — OW)llon

D i) = @)l
i=1

- SIS wnl2)- S,

i=1 " j=1 j=

n n
uj Vi
< 3 ()
i=1 j=1 €j ¢j/llo
n n
la;j|Ls
< > - villo
i=1 j=1 ¢
n
la;;|Ls
< Z—c’ llu = Vilo.

j=1 i

Hence, @ is a contraction mapping on O, which means that ® exists a unique fixed point «*, such that
O(w*) = u*, that is

n *

u.
Zaijj‘j(c—f)+Ui =ul, i=1,2,---,n.
J

J=1

Consider ¢;x; = u:, we have

—CiX; +Za,-jfj(xj.)+ U =0, i=1,2,---,n.

=1

Therefore, System (2.1) exists a unique equilibrium point x’. O
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Theorem 3.2. Assume that assumptions (H)—(H3) hold. If the following condition is satisfied:
gi(0=0, j=1,2,---,n.

Then System (2.1) and System (2.2) are asymptotically synchronized.

Proof. We construct a Lyapunov function as follow:

V() = Z ) 3.1)
i=1

Fori=1,2,---,n, from assumption (H;), we have

zi(t)

Azi(t) + zi(t;)

= Lu(te, yi(t) — In(te, xi(t)) + yi(ty) — xi(%;)

= —yuyi(te) + yi(te) — ( = YiXi(f) + xi(fk))

= (I =ywzte). (3.2)

Hence,

Vi) = D )
i=1

Dl

i=1

D10 =y Plaia)?
i=1

D lzie)P

i=1

Z Zi(tk)Zi(_fk)
i=1

= V().

IA

According to Lemma 2.1, Lemma 2.2, assumption (H;), and assumption (H3), fori = 1,2,--- ,n,
when ¢ > 0, we have

n

Z D(Y(Zi(t)%)

i=1

3 20D (@) + 20D (2 (1)

i=1

DV (1)

IA

n

Z {Zi(t)[ — cizi(0) + ZH: aij(fj(yj(f)) - fj(xj(f)))
=1

i=1
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IA

IA

IA

IA

—dzi(t) + Z bijgj(zj(t))] + Zi(f)[ — ¢;izi(1)
=1
+ 3 a( £050) - fi(x0)) - dizi)
=1

¥ ,Zl biig (20|

| = il + 200) - (=00
i=1
+20a0) + ) [T 0,0 = £x0)

=1

20 (£10,0) - £ 0)

+ i [Zi(t)bijgj(Zj(f)) + 2i(0bij8 (2 (t))]}
j=1

i { - ZC;zi(t)% - 2dl-_zi(t)m + Y (Zi(f)aj)

i=1 J=1

X(z@@ay) + 3 (1050 = £00))
j=1

(0,0 = fix0) + > (z:(byy)

Jj=1

X(@0by) + )" 81018, |
=1
i { ~ 267 2((0z(0) — 2d7 z(D)zi(0) + Z jagj®
=1

i=1

xz(0z@) + ) Lizj050) + ) Ibyl
j=1 j=1

Xa 0z + Y L0550
j=1

an { _2er —2d + Z s> + L2

i=1 J=1
+ Z \bijI* + nL§} - 2i(Dzi(1)
=1

—uV (),

(3.3)
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where
po=2c; +2d7 = ) layP = nLi = " bij = nL2 > 0.
j=1 j=1
Therefore, according to Lemma 2.3, we can get lim V(f) = 0. This implies that the drive
t—+00

System (2.1) and the response System (2.2) can achieve asymptotic synchronization. The proof is
completed. m|

4. Illustrative examples

In this section, we give two examples to illustrate the feasibility and effectiveness of main results.

Example 4.1. Consider the following FOOVNNs with two neurons as the drive system:

P
Dxi(t) = —cixi(t) + X a;jfi(x;(0)) + Uj, t>0, t#1,
=

n() = 045x,(1), @D
Xz(l;) = 0.55x,(ty),
the response system is given by
2
Dy(t) =—ciyi()+ X aijfi(yj(0)) + Ui+ &), 120, t#1,
=1
4.2
n@) = 045y(1), (*2)
ya(t0) = 0.559,(t),
and the controller €, is designed as
2
&) = —dz(t)+ ) bijgi(z;1), (4.3)

=1
wherei=1,2, « =0.85, ¢; =23, ¢c; =25, d; =13, d, = 20, and

ayn = (172’ 27 17 1’ _172’ 2)T’ ap = (27 2’ 17 1’ _17 17 _27 2)T,

an =(1,1,-1,-1,2,2, 1, D7, an =(2,1,1,2,2,-2,1,-1)7,
by =2,2,-1,-1,2,2, 1, D7, by =(-1,2,2,-2,1,2,1, DT,
b21 = (1a27 2’ _27_17 172’ 2)T7 b22 = (2’ 2’ _2’ _2" 15 172a 2)T7
U, =(2,3,-4,-5,6,8,9,10)", U, = (4,2,3,5,9,-10,8,7)7,
T 71
fi=> 5 sin(lxlyep, g = > 3 c0s(lzj],)e,
p=0 p=0
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and the impulsive moments constrained by 0 < t; < t, <tz < -+, try; — tr = 0.75, klim ty = +oo. Let
—+00

tH = % + %, and by calculating, we have

and

poo= 27 +2d7 = ) layl - nL}

J=1

=3 by — nL2 > 47222 > 0.

=

It is not difficult to verify that all conditions (H,)-(H3) are satisfied. Therefore, by Theorem 3.2, the
Systems (4.1) and (4.2) are globally asymptotically synchronized, which is shown in Figures 1-6.

0.5 0.4
R = r
s _
“><i\I 0 zxi\' 0
5 Mo [ 5, Xy
0 ' .
-05 XZ (t) XZ (t)
0.4
0 20 40 60 0 20 40 60
Time t Time t
0.5 0.5
. o
=0 “xf\' 0
ﬁxﬁ x[12](t) ﬂxﬁ x[f’](t)
N N
05 x5 05 x5 (1)
0 20 40 60 0 20 40 60
Time t Time t

Figure 1. The states of x"(¢), i = 1,2, p = 0,1,2,3.
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05
) xBl(e)
S — %0 e %0
5o 580
S S 5.
X X
e - - - -
-0.5 -0.5
0 20 40 60 0 20 40 60
Time t Time t
05 05
) )
—~ 6 —~ 7
s/ _ *X[Z](t) s/ _ *X[Z](t)
© ~
=0 | S
o Eu
X X
-0.5 -0.5
0 20 40 60 0 20 40 60
Time t Time t
Figure 2. The states of x”'(1), i = 1,2, p = 4,5,6,7.
0.5 0.4
- = 02
E.>c:\1 0 .:'>g\1 0
=, | o =
= yWaoll = 4, v
05 ySo —— -y
-0.4
0 20 40 60 0 20 40 60
Time t Time t
0.5 05
e e
ﬁ>(:\1 0 ."_"4>;\| 0
& o
= o | = RO)
B Bl
05 y5 ® 05 y5 ®
0 20 40 60 0 20 40 60
Time t Time t

Figure 3. The states of y\"(r),i = 1,2, p = 0,1,2,3.
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0.5 0.5
v vy
S -—-ol| e —— -y
S.>::\| 0 £>;\1 0
T o
> > L
05 05
0 20 40 60 0 20 40 60
Time t Time t
0.5 0.5
yPo vy
k> —— 50| € —— -y
8.>(:\| 0 .’L>§\| 0
= = e
Y S ——— B
> >
05 05
0 20 40 60 0 20 40 60
Time t Time t
: [p] s _
Figure 4. The states of y."' (1), i = 1,2, p = 4,5,6,7.
0.5 0.4
M) ()
= _ 72[20](0 = 0.2 2[21](t)
T T
5. =
N N 0 2
05
-0.4
0 20 40 60 0 20 40 60
Time t Time t
0.5 0.5
2B 2B
e —-—-Zo|| = —— -y
ﬁN‘—\' O = = — — ‘QNT‘ ol — — — —
o B
N N
05 -0.5
0 20 40 60 0 20 40 60
Time t Time t
Figure 5. Synchronization errors zl[.p ](t), i=1,2,p=0,1,23.
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0.5 0.5
M) 2Bl
S —— 30| e 20
EN?‘ o E,\,i\' e ==
T o
N N
-0.5 -0.5
0 20 40 60 0 20 40 60
Time t Time t
0.5 . " 0.5
) My
e ——-Po|| = —— -y
0 VA | S
o Ea
N N
-0.5 -0.5
0 20 40 60 0 20 40 60
Time t Time t

Figure 6. Synchronization errors zl[.p ](t), i=1,2,p=45,6,7.

Example 4.2. Consider the same FOOVNNs with two neurons in (4.1)—(4.3):

a=085c=14c,=17d,=1.1,d, = 1.5,
and

an =(—0.3,0.2,0.25,0.15,0.4,-0.3,0.17,0.4)7,

app =(0.22,0.3,0.6,0.18,-0.6,0.19, -0.2, O.4)T,

ar = (0.4,0.4,-0.6,-0.3,0.25,0.2,0.18,0.5)",
a» =(0.2,0.5,0.4,0.2,0.2,-0.5,0.17, -0.5),

by =(0.22,0.2,-0.15,-0.17,0.3,0.5, 0.5, O.4)T,

by» = (-0.18,0.2,0.22,-0.3,0.1,0.2, 0.3,0.4)T,
by =(0.3,0.2,0.4,-0.5,-0.6,0.7,0.4,0.4)T,
by» =1(0.2,0.9,-0.8,-0.2,0.4,0.5, 0.6, 0.7)T,
U, =(0.2,0.3,-0.4,-0.5,0.6,0.8,0.9,0.1),

U, =(0.4,0.2,0.3,0.5,0.9,-0.1,0.8,0.7)7,
7 7 .
fi= Z 5 cosilxjl ey, g5 = Z 2 sin(lz1],)e,
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and the impulsive moments constrained by 0 < t; < t, <tz < -+, try; — tr = 0.75, klim ty = +oo. Let

—+00

tH = % + %, and by calculating, we have

and

n

poo= 2¢; +2d7 = ) lai = nLd = " byl - nL2 > 0.3056 > 0.

J=1 J=1

It is not difficult to verify that all conditions (H,)-(H3) are satisfied. Therefore, by Theorem 3.2, the
Systems (4.1) and (4.2) are globally asymptotically synchronized, which is shown in Figures 7—12.

1.l
F
\

0
(
|
\

\
\
|
\
\

0 X0
I z V|
S 4 W || 5 4 Xy
— — Py — — —xy
2 - - -2 - -
0 20 40 60 0 20 40 60
Time t Time t
2 2
oo
o 1 = 1 ,/
PN L_' ] EXN |
:\7 0 // = 0
uxﬁ 1 x[f](t) Qxﬁ 1 x[f](t)
— — By — — 8y
-2 -2
0 20 40 60 0 20 40 60
Time t Time t

Figure 7. The states of xgp](t), i=1,2,p=0,1.23.
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2 2
= 1 L = 1 g ffffffff
S o |
s O s 9
%, Mo || 5 X7y
— — =l — — By
) -2
0 20 40 60 0 20 40 60
Time t Time t
2 2
c 1L s 1L
& | S
S 0 s 9
% || 5 40
— — xPly — — —xy
) -2
0 20 40 60 0 20 40 60
Time t Time t

Figure 8. The states of x”'(1), i = 1,2, p = 4,5,6,7.

2 2
= 1 = 1L
S p -] SR
30 s 9
§\—| 0 EH 1
= ¥y E O]
—— -y —— -y
-2 -2
0 20 40 60 0 20 40 60
Time t Time t
2 2

lo.yEw
F
\
|
\
\
\
\
\
\
1
LOR% R0
-
\

0 > 0,
= YA || 5 yBl
——-y7 —— -y
-2 -2
0 20 40 60 0 20 40 60
Time t Time t

Figure 9. The states of y\"(r),i = 1,2, p = 0,1,2,3.
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— 1 —~ 1% ffffff —
= L B
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= 0 = 0
c c |
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5. Conclusions

In this paper, we deal with a class of FOOVNNs with impulsive effects. Unlike complex and
quaternion numbers, the multiplication of octonion numbers is non-commutative, but also
nonassociative. Therefore, it is very difficult to study octonion-valued neural networks. Considering
this fact, without separating the octonion-valued system into four complex-valued or eight real-valued
systems. We can obtain the global asymptotical synchronization of FOOVNNSs by constructing the
appropriate Lyapunov function and using the non-decomposition method. We give two illustrative
examples to illustrate the feasibility of the proposed method, and our method can be extended to
explore other types of FOOVNN:S.
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