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dimensional homogeneous system of fuzzy linear fractional differential equations with the Caputo
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system under the definition of strongly generalized H-differentiability, uncertain initial conditions
and fuzzy constraint coefficients. These potential solutions are determined using the fuzzy Laplace
transform. Furthermore, we extend the concept of fuzzy fractional calculus in terms of the Mittag-
Leffler function involving triple series. In addition, several important concepts, facts, and relationships
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1. Introduction

In the last few years, fractional calculus has attracted the attention of many researchers due to the
non-integer order derivatives and integrals that have extra degrees of freedom. Fractional calculus
plays a significant role due to the rapid development of nanotechnology. Several real-life problems are
analyzed in more precise ways by taking arbitrary order derivatives and integrals. Fractional calculus
allows us to study the characteristic behaviors, memory properties and hereditary properties of several
phenomena [1,2]. Leibnitz developed the concept of fractional calculus in a letter to L’ Hospital in
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1665. Georgesco and Hsieh [3] developed the mathematical models for various dynamics to study
the physical and biological problems in fractional order. The study of Fractional differential equations
(FDEs) [4-6] is rapidly increasing due to its applications in real-world problems including blood flow,
signal processing, image processing, economics and chemistry, etc. FDEs an extension of classical
differential equations. These are popular due to their wide range of applications in different fields
of science and engineering [7-10]. The mathematical theory and foundations of fractional calculus
and FDEs can be found in [11-13]. Fractional derivatives, rather than integer-order derivatives, can
be used to model a wider range of behaviors. However, FDEs with only one fractional derivative is
not always sufficient to describe the physical processes. Therefore more general types of fractional-
order models including multi-term equations and multi-dimensional systems, have been analyzed and
studied recently by several researchers. The system of FDEs with incommensurate order has gained
considerable attention in many fields of science and engineering including financial systems [14, 15],
circuit simulation [16] and eco-epidemiological model [17, 18]. Various authors developed several
mathematical models to solve the differential equations with different order of derivative; for example,
the differential model with real order [19], generalized RL-fractional fractional order derivative [19]
and Caputo fractional order derivative [21]. Luchko Yakubovich [22] discuss the solution of several
classes of integro-differential equations. Solution of some fractional model for COVID-19 and
fractional blood alcohol model with composite fractional order is extracted in [23,24]. Many authors
attaining the attention for solving fractional differential equations system both in crisp and uncertain
environment. Bhakta et al. [25] constructed the solution of fractional Hardy-Sobolev equations with
nonhomogeneous terms. The solutions for fully nonlinear equations, nonlocal Kirchhoff problems and
fractional Schrodinger-Kirchhoff systems with singular and critical nonlinearities have been discussed
in [26-28]. Bonder et al. [29] extract the solution of optimal and normalized obstacle problem in
fractional setting. Fernandez et al. [30] used Laplace, Fourier, and other related transforms to solve
multi-term partial FDEs.

Many mathematical models representing real-life phenomena often contain considerable
uncertainty due to various circumstances. Fuzzy set theory [31] is a useful tool for describing
uncertainty and ambiguity. We use it in disciplines where data involves ambiguity, including
environmental science, medicine, economic science, social science and physical science. Fractional
calculus has gained attention over the past few years for its numerous applications in science and
engineering. Many researchers have sparked research on the theoretical background of the problem
containing ambiguity. Fuzzy fractional differentiation has become the most useful tool in scientific
and engineering modeling such as modeling of populations, weapon systems, electro-hydraulics and
even civil engineering. Several researchers studied fuzzy fractional differential equations (FFDEs)
numerically and analytically to visualize uncertainty and ambiguity; for example, fractional difference
and differential operators with Mittag-Lefller kernels [32,33], solutions of the systems of first-order and
two-point boundary value problems [34], ABC-Fractional Volterra and integrodifferential equations
of Fredholm operator [35, 36], solutions of advection-diffusion and fredholm time-fractional partial
integrodifferential equations [37,38], solution of fractional model [39] in shallow water and the solution
of fuzzy differential equation [40].

Chang and Zadeh [41] proposed the concept of fuzzy derivatives. Dubois and Prade [42] extended
Chang and Zadeh’s ideas to the theory of extension principles. Kaleva [43,44] applied the ideas of
Dubois and Prade to solve the fuzzy differential equations and initial-value problems analytically.
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Seikkala [45] obtained a unique solution to the initial-value problem using gH-differentiation in
a fuzzy environment. Numerous researchers used Riemann-Liouville (RL) and Caputo-differential
methods to solve fuzzy differential equations and initial-value problems. Hoa et al. [46] developed
gH-fractional differentiability with the help of interval number methods. Several local and nonlocal
arbitrary fractional terms exist in the literature, including RL, Caputo and Griinwald differentiability.
These derivatives are more attractive because of their applications. Indeed, gH-differentiability
ensures that without losing the potential to use Caputo-fractional derivatives to determine solutions of
FFDEs. Multi-dimensional systems of FDEs have been studied using various analytical and numerical
methods. Several researchers have studied the solutions of the systems in case of homogeneous and
non-homogeneous with constant coefficients. Akram et al. [47—49] discussed the analytical fuzzy
solution for solving fuzzy and Pythagorean fuzzy FDEs using Laplace transform technique with Caputo
derivative.

In this work, we present an advanced analysis of a two-dimensional system of fuzzy linear fractional
differential equations (FLFDEs) with Caputo derivative of two independent fractional orders using the
Mittag-Lefller function (MLF) involving triple series. The term MLF is an extension of the exponential
function which was first introduced in 1903. Many researchers extended this concept and defined MLF
one, two, three or multiple parameters and variables thoroughly in the literature. MLF plays a vital role
in the theory of FDEs. Although, many scholars introduced several interesting schemes and approaches
for solving FFDEs. This article asserts its originality from the following perspectives.

(1) Determine the solution of a two-dimensional system of fuzzy linear homogeneous fractional
differential equations using trivariate Mittag-Lefller kernel with fuzzy constraints and uncertain
initial-conditions.

(i) Two possible solutions the fuzzy system of linear homogeneous fractional differential equations
are investigated.

(ii1) The concepts of fuzzy fractional derivatives and integrals are extended with trivariate MLFs.
(iv) Develop the inversion formula for derivative-integral in both directions and prove the property of
boundedness.

(v) Several important concepts, facts and relationships related to fuzzy fractional calculus are
discussed and analyzed.

(vi) Discuss and modify an application A- diffusion processes in fuzzy environments to visualize and
support theoretical result.

The rest of the paper is organized as follows: In Section 2, we review the basic concepts and
terminologies of fractional calculus and fuzzy fractional calculus. In Sections 3 and 4, we extend
fuzzy fractional integral and differential operator in terms of trivariate Mittag-Leffler (TML) function
and investigate some properties to establish new results. Section 5 is devoted to solving the two-
dimensional system of FLFDESs and interpreting the exact solutions in form of TML function. Section 6
deals with the application of the aforesaid system. Section 7 deals with the concluding remarks and
future directions.

2. Preliminaries

We review some fundamental concepts that are important for this manuscript. Suppose that the
fuzzy set b in a non-empty subset Q of R identified with the rule of membership grade ) : Q@ — k :
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[0, 1]. Firmly, b is convex because
blau + (1 — @)v) = min {h(u), h(v)}, Ya,u,v with @ € [0, 1] and u,v € R.

b is upper semi-continuous so that {# € R| h(u) > A} is closed for all A € [0, 1]; and ) is normal because
there exist u € R such that h(u) = 1. The support of §) is {# € R| h(u) > 0}. First we recall the a-cut
representation of triangular fuzzy number is defined as follows:

Definition 2.1. [50] The fuzzy number } is a fuzzy subset of R equipped with normal, convex, upper
semi-continuous and bounded support.

Initially, for every @ € k\{0}, the set [h]* = {u € R| h(u) > a} with @ = 0 and [p]° =
{ue R h(u) > 0}. Then b € .Z* (where .Z® is the class of all fuzzy number on R) if and only if
[5]* € R and [B]' is non-empty. In fact, if h € .Z %, then [H]* = [ (@), h2(a)] with b (@) = min{u: u €
[b]*} and by(@) = max{u : u € [h]*}. Here [H]* denotes the a-cut expansion of . Suppose that
hi € .Z2, if there exist | € .Z® with h = i +i. Then i will be the H-difference of (,i). We will
compose the standard notation of H-difference is h ©4 i. Indeed, if H-difference f) ©y 1 exists, then

[D©x i]* = [D1(a) — ii(a), (@) — i(a)].

Definition 2.2. [50] A parametric fuzzy number ) is an ordered pair (b;(@), ho(@)) of the functions
hi(@), ha(@); @ € [0, 1] and fulfil the following requirements:

(1) by is a function of b; (@) which is bounded, monotonically increasing, left continuity on set (0, 1]
and right continuity at point 0.

(i1) b, is a function of b, (@) which is bounded, monotonically decreasing, left continuity on set (0, 1]
and right continuity at point 0.

(iii) Da(@) = bi(a@).

Note that, the class of all parametric fuzzy numbers (PFNs) with the operation of addition and scalar
multiplication is denoted by .Z# %,

Definition 2.3. The mapping b : & — F* is said to be strongly generalized derivative (SGD) [51]
atu € &, if AD,H(u) € .F* such that one of the following conditions satisfied:

(i) For every 0 positive, the expressions h(u + 6) © h(u) and h(u) © h(u — ) both exists such that

D,b(w) = lim 249w _ 1 dw S b= 6)

NG 0 NG 0 2.1y

(i1) For every 6 positive, the expressions h(u) © h(u + 0) and h(u — 6) © h(u) both exists such that

by ©blu+6) . DHlu-0)Sbw)

2.2
-0 6\0* -0 (2:2)

D.blu) = lim

Indeed, b is differentiable on & if ) is differentiable for every u € &.
Definition 2.4. [51] For a mapping b : & — .Z® such that the following status can be obtained:
(1) b is called (1)-differentiable over &, if | is differentiable at status (i) of Definition 2.3, which can
be denoted as D;,h(u).
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(i1) b is called (1)-differentiable over &, if 1) is differentiable at status (ii) of Definition 2.3, which can
be denoted as D!/b(u).

Definition 2.5. [51] A mapping b : & — .Z* such that the following condition may achieved:

(1) If b is (¢v)-differentiable, then the functions b;(a) and h,(a) (where bh;(a) and b,(@) are the crisp
differentiable functions over &) are differentiable and

D51 = |5, a), 0, )
(i1) If b is (u)-differentiable, then the functions b (a) and b, («) are differentiable and
D251 = |68, 00, 5w, 0|
The Sobolev space of one order on & with the mapping [ : & — R such that it can be defined as
S(&)=heLlXS): bbh €LXS))

Definition 2.6. [52-54] LetDh : & — R, h € S(&). Then the RL fractional (RL-fractional) integral
operator of order 7 € C, Re(r) > 0 of | is defined as

(I%.)(u) = L f ”(u — 5)"'D(s)ds, foru > a. (2.3)
I'@) Ja

In practice, we usually assume a = 0 and the real number 7 > 0.

Definition 2.7. Leth : & — R, h € S(&). Then the RL-fractional derivative of order 7 € C,
Re(t) > 0 of b is defined as

(*'D’.h)(u) = (il—mm(I;"fTI))(u), for u > a. (2.4)

where m is the natural number such that m — 1 < Re(t) < m. In particular, if 7 € (0, 1) and a = 0 then
the definition is

1

(*'D].b)(u) = d fu(u —5)"b(s)ds, foru > 0. (2.5)
- T) du 0

I'(l

Definition 2.8. Leth : & — R, ) € S(&). Then the Caputo fractional derivative of order T € C,
Re(7) > 0 of b is defined as

. dr
(‘D b)) = (IZ":T(d—mf)))(u), for u > a. (2.6)
u

Where m is the natural number such that m — 1 < Re(r) < m. In particular, if 7 € (0, 1) and @ = O then
the definition is

1

N’ —
(DLW =

f u(u — 5)7h (s)ds, foru > 0. 2.7
0
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Fuzzy fractional calculus

In this section, we present some fundamental concepts related to the fuzzy RL and Caputo fuzzy
fractional derivative and integral.

Let €7 9R(@“’ ) and €7 * (&) be the space of all continuous and integrable fuzzy-valued functions on
&, respectively.

Definition 2.9. Leth : & — R, h e ¢7 %(@@) ner ‘R(@@ ). Then the RL-fractional integral [55] for

fuzzy-valued function f (in the form of a-cut representation) of order v € C, Re(r) > 0 is

(I, b)(w) = [(I;bl)(u,a), (. 1,)(u, a/)], @el0.1]. u>a. 2.8)

where the lower and upper fuzzy-valued functions defined as following

501w, @) = f (= 9)""hi(s, )ds, ([.hy)(u, @) = f (u = $)""ba(s, @)ds.

1
I'(7) (1)
Remark. Now from the onward, we suppose all the m-th differentiable functions are i-th differentiable.
Based on the above definition, the fuzzy RL-fractional derivative is defined as:

Definition 2.10. Leth : & — R, h € €7 (&) N ¢77(&). If b is 1(1)-fuzzy fractional differentiable.
Then the fuzzy RL-fractional derivative [55] of order 7 € C, Re(r) > 0 is

RLy™® (a)_ d_ a
[( D, b)(u)] —[ (I 1) (u, a/) (I “hy)(u, a/)] for u > a. (2.9)

If b is 7(u)-fuzzy fractional differentiable. Then the fuzzy RL-fractional derivative of order 7 € C,
Re(r) > 0 is

RL~T() (a)_ d_
D ]| = | w0, 5 (I D)) forusa. (2.10)

Where, the entire integral is defined in Definition 2.9 and m is the natural number such that m — 1 <
Re(1) < m. In particular, if 7 € (0, 1) and @ = 0 then the definition takes the following form for the first
and second differentiability

[ ) )]m - [

f( —8) " bi(s, a)ds, f( — 85) " ho(s, a)ds] foru>0

F(l—T)du F(l— )d

and

|0 By )](a) - [

f (u— ) "ha(s, @)ds, f (u—8)""bi(s, oz)ds] for u > 0.

(1 -7)du F(l —7)du

Definition 2.11. Leth : & — R, h € €7 (&) N &7 (&). If b is 7(1)-fuzzy fractional differentiable.
Then the fuzzy Caputo-fractional derivative [13] of order 7 € C, Re(r) > 0 is

i (@) qm dm
[(CD ”b)(u)] = [(I;":T((m—mbl))(u, ), (1 (5 b)) a)], for u > a. @.11)
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If b is 7(u)-fuzzy fractional differentiable. Then the fuzzy Caputo-fractional derivative of order
7€ C,Re(r) >01is

(ST >] = | T(—bz))(u a), (I (—bl)xu @ forusa, (2.12)

where, the integral is defined in Definition 2.9 and m is the natural number such that m—1 < Re(7) < m.
In particular, if 7 € (0, 1) and @ = 0 then the definition takes the following form for the first and second
differentiability as

(@)
[(CD’%)( )] - r( 1 f (1= 977 (5, @)ds, = f (U = $)Dy (s, a/)ds] for u > 0,
and
(CDT(”)I))(M)](Q) = [ fu(u = ) hy(s, a)ds 4 fu(u —$)hy(s a)ds] for u >0
ra-1J, 2T TA - 1) dx e ’ '

Definition 2.12. [56] Leth : & — FX, e €7 (&) N 77 (&). Assume that e ?“b(u) is improper
fuzzy Riemann integrable on [0, c0), then the integral fow e "h(u)du is said to be the fuzzy Laplace
transform of function h and its symbolic representation

ZIhu)] = fw e "y(u)du, g >0, (2.13)
0

fw e "h(u, a)du = [fw e " [by(u, @))du, fw e " [Ha(u, a)]du].
0 0 0

So, Eq (2.13) takes the following form

since,

L0, )] = [L(bl(u, @), L (1, a))],

where, L(b;(u, @)) = fooo e b (u, @)ldu, L(h(u, @) = fooo e "[bo(u, @)]du and L(h(n)) is the classical
notation of Laplace transform of crisp function h(u).

In the section below, we present an analytical approach to solve two dimensional multi-order system
of fuzzy fractional differential equations with independent order.

3. Fuzzy fractional integral with trivariate Mittag-Leffler kernels

The MLF [57] is an extension of the exponential function which was first introduced in 1903. The
MLEF first define as a one-parameter with a convergent infinite series. The MLF with one, two, three or
multiple parameters and variable thoroughly studied in [58—62]. In the fractional calculus, MLF plays
a vital role in the theory of FDEs. MLF in classical form is defined as

E = _— dg=1
o(1) ;F(ka+,8)’a>0’ and
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and with two-parameter is
oo k

t
Eop(t) = kzz(; T PO 3.1)

The MLF [63] in three and four parameter is defined as

O X (k + l) ! Mkvltka+lﬁ+y—a—1
Eopyo(ut®, vi*) = , fora,8 >0,y — 1> |Real(a)] (3.2)
py-all ;IZ;‘ KIT(ka + B+ — ) p>0y

and

(e8] o0 (9] . . k)!
E60-50-a0 A2, ut®>?, 91979 = (+j+ . ,
00500111 ) ZZZ ikl TGO + j(© —B)+ k(O —a)+ O —7)

(3.3)

/liﬂjﬂkti®+j(®_ﬁ)+k(®_")

where, ® > @, 3,y and 4, u, ¥ are real number.
We define fuzzy fractional integral in terms of trivariate MLF and related results:

Definition 3.1. Leth : & — Z2* b e 67 ()N L7 (&). We define fuzzy fractional integral in terms
of trivariate MLF with kernel in univariate form whose convolution can be determined as

(o] = [ oea. ag o 60
where,
Ly P (u, @) = fu(” — ) ES o (mu = Y m@u— )" m3(u — sY)by (s, )ds, u>a
and
2 00) = [0 9 O St = 0~ 9t s, >

where €, 11,172, 13, 4, v, kK, T > 0 all are real parameters.

Note 3.1. If € = 0, then the fuzzy fractional integral (3.4) coincide with fuzzy RL fractional integral

(@)
[(al,ij?;f’;’”z’mb)(u)] - [RLI;bl(u, @), by, @) |, (3.5)
where,
. ;o
RLIC+b1(u,a)=%L(u—S)T‘lbl(s,a)ds
and
1

Ry (u, @) =

ﬁ Lll(u — )" y(s, @)ds.

The main fact for the above argument is that:

0 —
E, (%2 =1 (3.6)
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Theorem 3.1. Leth : & — FR and b € €7 ta(é") nert (&). Then one can achieve the following
status:

i Jemmmp) e ZFR

UL V,K,T

(@)
i, [oTrno| = |l ), L G )

b(u)](a) = [bl(u, @), by (u, a)]. We have

Proof. For condition i: since

[ f o) — 57 ds > f i) - 71ds|.
Because, hy(a)(u — s)"' = h(a)(u—s)"""' > 0. It yields
[ = 9 o= 7t = 57t = 0t s
> f S VS (i — 5, = 53t = )1 (5, ).,
Thus, a

JITh (@) 2 JTI ().

H,V.K,T HLY,K,T

Hence the set [QIE;’“"’Z’mbl(u, @), J5T B, (u, a)] is a compact subset of R and is non-empty at @ = 1.

On the base of [64], we have I7.">"bh(u) € F R
Now for the condition 1i: we have

VoK, T

Q@) = [P0 ). T 0o, 0|
B [fa u(u = ) E e (= 8)'mau = 5), 3 = )i (s, @)ds,
fau(“ — )T ES (M — ) ma(u = ), m3(u — ) )ba(s, Oz)ds]
= f u [(“ — ) ES, o (m(u = s) ma(u = ), m3(u — 5))Di (s, @),
(=) ES o (mu— s),mu — ), m3(u — Y )ha(s, a)]ds
- f “ [ = 7 Ef e (mu = ) 12 = 8), 3 = )Y (@)]"ds
_ [ Lu(u — T ES (= sV o — 5y — S)K)b(u)]“ s
= [aIZi'l,‘K’f?"”b(u)r.
Or
Qu, @) = [ L2 H)]".

ULV,KT

This completes the proof. O
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In the following theorem, our target is to prove the fuzzy integral operator is a bounded operator:

Theorem 3.2. Leth: & — F® andh e €7 ® (&)ne” * (&). The fuzzy fractional integral ,LI;7,">"h
is bounded operator on b € €7 * (&)n ¥ * (&) such that
eyl < Koy,
1
where
R RRN (&4l Im18 12l I3l (p — c)Relamtrisn
K=2,2.0,
prri el Re(gu + jv + kt + D)l'(gu + jv + k€ + 7)) glje!
Proof. Starting with the Definition 3.1, we have
,uVK‘r - [ /IVKT 1’ [,lVKT 1]'
According to the Fubini’s theorem, we have
14 U
'uyl(‘r f (l/l - S)T IEZVK 7(771(14 - S)/J’ 772(” - S)V7 7]3(1/! - S)K)I)l(sv O{)ds du
f (= 97 B o= 1t = 57130 = Yool )
< [ f bi(s, @) f (= OMNES (= ¥, ma(u— ), 13(u — 5))|duds,
" Sp o
ba(s, = 9 OES O = Yol = )15 = ) dus]|
P
f bi(s, a/)f KO- E W,(T(mt“ mot”, n3t°)|dtdss,
p—
f Ho(s, cx)f Reo-1 g E, (mt,mt", n3t") dtds]
p-
f bl(s a’)f rRE(T) 1 ;,V,K,T(nlty’ UZIV’ 773tk) dtds»
bz(s, ) tRe(TH WKT(nlt” mt”, n3t°) dtds]
c 0
P pe R G ng ﬂj 77 paur vt
— ’ tRe(T)_l 8tJ 1712713 dtd ,
[I hi(s, @) 0 ZZZ gl I'gu+ jpv+«kl+1) S
g=0 ;=0 ¢=0
D —c © 00 00 (E) el 77 77 77 t§ﬂ+]v+l<f
, (Ren)-1 g+ T T 13 did ]
I ba(s, @) 0 ;;KZ(; gl I'(gu+ jv+«kl+1) g

1) el Im1lE 12l Imp31°
gNe(gu + jv + k€ + 7)|

[fbl(

1) el 118 12l 1731
4 g! INrC(gu + jv + k€ + 7)|

AIMS Mathematics
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a,) l_Re(gy+Jv+K€+T) ldtdS]

f b2(s a,) f l_Re(g/.t+Jv+Kt’+‘r) ldtdS]]
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B [i i i 1)gsjeel IMIE Il Im3l° (p — c)Relpryr+xten=1 [fpf) (s, 2)ds]
B i g NC(gu+ v+ k€ + 1) Re(gu+ v +xt+0) ), ’

|(€)g el IlE ol sl (p = )fetaurrrwtan-] [ f”b (5.0) a’s]]
— £ g\ J10C(gu + v + kC+ T Re(gu + v + k0 +7)" . 2

€ g J ¢ _ \Re(gu+jv+xt+7)—1 D D
,l(' )fﬂwl Il Il sl .(p ) [f b (s, a)ds,f ba(s, a)ds]
g l(gu + v+ k€ + 7)] Re(gu+ jv+«l+ 1)l J. c

() g el Il 1Ml 131" (p — c)Relurprwten

g eNC(gu + jv + k€ + 1) Re(gu + jv +kt + 1) J,

[(€)gs el I IE Il Is|° (p — o)fetemrrretan=t b

g eNC(gu + jv + k€ + 1) Re(gu + jv + kt + 1) J,

(©guyecl I1IE Il Insl! (= et sscin [ f ispas|
gIONT(gu + v + k€ + 1) Re(gu + v+ k+ 1)L J, |

' [bl(s, @), (s, a)]ds

[b(s)]"ds

=0 =0 (=0
Take
K = i i S (€ s+l 118 2l Imp3]° (p — cyRetaus o)
£ 4 i Re(gp+ v + kl+ DIU(gp + v + k€ + 7)) gl 10!

Remember that, K is convergent [60]. So this K is well-defined. Therefore,

JA7TEH| < KDl
1
where, h € €7 (&) N €77 (&). This completes the proof. o

With the help of a series formula, the integral operator (3.1) can be stated in terms of RL-fractional
integrals in fuzzy environment as shown in the following theorem:

Theorem 3.3. Leth : & — Z®, b e €7 (&) N L7 (&). The fuzzy fractional integral ,I77">"h can
be expressed as

11273 O N0 N O 1 n§ RLy8H+JV+KL+T
aIﬂ:y’/;’T’ b (u) = Z Z Z IC+ b (l/l).

11101
g=0 j=0 ¢=0 g‘lf

Proof. Since the trivariate MLF is locally uniformly convergent [60]. We can change summation and
order of integration to obtain the desired ressult:

(@)
(o)

[aIZiZ}K’?’mbl (u, @), L7 Do (u, a)]
= | [ = Bt = 5ot = Y st = 915, 00,

U

(=) ES e (n1(u = sV, o = 5), m3(u = 5)ha(s, @)ds
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o (6)g+1+{f 77? 77; ﬂg 1 u
o\ vkt+T—1 d
Z:(;z:(; g!je! 'F(gy+]v+K€+T)L =3 bi(s, @)ds,

Ms

|

oq
(o)

~
)

(E)g+]+€ 77?7 né 77§ 1
g!jle! T(gu+ jv+kl +7)

f (Lt _ S)gﬂ+'/V+K€+T_1b2(S, CL')dS

R
(E)ge e My 115 115 (RLI‘ifﬂWKHTbl)(”’ ),
gljie!

1M 1pvgs LT

8 1) ol
(€)gs 40 T 15 15 (RLIf/:Jr f"*’“”bz)(u, a)]
g !

DM 1M 1pge LD
DM 1DMe 1 DM

(€)g+]+€ 77?’ Ué Ug (RLIff+]V+K€+T[))(M)].

e

114!
p gy gl
Hence,
€ N 00(6)++€77g77jl7€ V+kl+T
(01;1::]/,1122'2,]73 )(u) _ Z Z Z g+) ' '2' 2 3(RLIf;+z+J +hC+ b)(u)-
g=0 ;=0 (=0 8-t
This completes the proof. O

Theorem 3.4. Leth : & — ZF2 e €7 * (&)n 7 " (&). The fuzzy Laplace transform of fuzzy
fractional integral is denoted by .Z (ale;m’m’mb(u))(q) and is defined as

VKT

T

: q
() = |
HRe (I =mg™* —mq™ — 137"

Proof. We start this proof by taking a = 0 in the Definition (3.4) and using convolution theorem [65],
we have

(@]

(@)
[ Ry Y R 1 VORI HOR]
= [f (M - S)T_lE;,V,K,T(rII (M - S)IJ, nZ(u - S)V’ I’]g(l/l - S)K)bl(s, a/)ds,
0
(u - S)T_IE;,v,K,T(nl(u - S)ﬂ7 772(” - S)Va 773(” - S)K)bZ(s9 a)ds
0

= |07 B O 60 a0 1301t 00, 0 1 0 a0 150, 0|

) [L_l[(l —mq* - z;q‘v - nsq‘“)f]'L_l[bl(q’ a)]’

L [(1 —mq*+ - z:q‘v - naq‘“)f]'L_l[bZ(q’ Q)H
) [L_l [(1 —mg* - z;q‘v gy a)]’ L [(1 — Mg - z;q‘v Sy 2 Q)H
) L_1[(1 - Mg - z;q‘v A A (e iq‘v BT a)]
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- z-l[ il o).
(I =mg™ —mq™ —n3q7*)¢ b@)

Thus

T

€N1,172,113 — q
(o mmy@—[ﬂ_nﬂw_nmﬂ_nwﬂbeL

where, L™! and .Z are the classical and fuzzy Laplace transform operator, respectively. This completes
the proof. O

4. Fuzzy fractional derivative with trivariate Mittag-Leffler kernels

In this section, we introduce the concept of fuzzy fractional derivative in terms of MLF by using
strongly generalized differentiability. In addition, several significant concepts, facts and relationships
are analyzed and proven. The space of all 7-Caputo crisp differentiable function on & is denoted by
PF(&)

Definition 4.1. Let ) : & — ZF%, and b, € €7 gR(é") nes %(é"). Then, the fuzzy RL-fractional
derivative corresponding to the operator (3.1) in terms of trivariate MLF at the node point u = 0 is
symbolized by *- D7 h(y) and is defined as

U,V,K,T

RL E€11,12,713 (@) dm —€1,12,113 dm —EN1.12.713

R OO R B (e OR ) B O e M) | @.1)
when h(u) is 7(1)-fuzzy RL-fractional derivative and:

RL y&M157125713 @ dm —E11,1125173 dm —E11,112,173

R OO I e (e R ] O e R | 42)

when h(u) is T(11)-fuzzy RL-fractional derivative. Where, m € IN and m = | €] + 1 also €, m — € are real
number with m — € > 0 for the above integral operator.

Definition 4.2. Leth: & — .Z®, and b, € c7" (&)n g7 Q{(é" ). Then, the fuzzy Caputo-fractional
derivative corresponding to the operator (3.1) in terms of trivariate MLF at the node point u = 0 is
symbolized by €D t(y) and is defined as

vt
C E3171,1125713 @ —EN1L.12,13 dm —E€M1,712,13 dm
oD ba| = o (v oL (b )| @3
when h(u) is 7(1)-fuzzy Caputo fractional derivative and:
C E3171,1125113 @ —€;11,12,713 dm —E€M1,712,13 dm
oD | = o (et oL (b )| (4.4)

when h(u) is 7(11)-fuzzy Caputo fractional derivative. Where, m € IN and m = €| + 1 also €,m — € are
real number with m — € > 0 for the above integral operator.

Definition 4.3. For COD;iZf,;jf’"s bw) : & — FX, bis said to be 7(1)-fuzzy fractional differentiable

whenever b is (1)-fuzzy differentiable at status (i) of Definition 2.5 and is 7(u)-fuzzy fractional
differentiable whenever I is (11)-fuzzy differentiable at status (ii) of Definition 2.5.
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Theorem 4.1. Suppose that h : & — F% and h,h € (O (&) N (U (&). Then the following

condition holds a = 0O:

If b is (1)-fuzzy differentiable, then we have 7(1)-fuzzy fractional differentiable jointly with

b1 (u, @), )2 (u, @) € (&) and

c 5771’72’7% Cc 677177271% C &M-m2m
[ /JVKT(I) b( )] = [ U V,K,T b](u a) D'uyl(‘[' bz(uva):l

4.5)

If b is (u)-fuzzy differentiable, then we have t(u)-fuzzy fractional differentiable jointly with

b1, @), ha(u, @) € PX(&) and

C e7717727]3 C 57]1772773 C €171,172,13
[ DL )] :[ SRy, @), €D bl(u,a)]-

(4.6)

Proof. Remember that D' h(u)]@ = [Dubl(u, @), D, ba(u, a)] and D"h(u)]® = [Dubz(u, @), Db (u,@)|.

By using status (i) and Definition 4.2, we have

) _
C E771 2,113 _ —€:
[ VK, T(1) b(u )] = i Iuyzl(?nz Z;(l)(d mb( ))]
— [ —E1,112,173 m
- _aIu,v,K,(m—rxz)(b (”))]
T (o ) ) L (03|

C 11,112,113 C &M
= 1)/J VKT bl (I/t, CY), “D,u,v,/(,r bZ(u’ a’)]

Thus
C 57]1 >T125113 _|C 5771 51125113 C E€711,12,5713
[ U, V,K,T(1) b( )] - [ U V,K,T b2( a) D'u V,K,T b](u7 Cl’):l

Now we study the status (ii) and Definition 4.2, we have

- ar
¢ poiis — | y-emomans
[ HoV,K,T(10) b( )] i I,u V,K,(m— T)(u)( du™ b(u))]
— [ —E€M1,12,113 m
- aI/.t,V,K,(m—T)(ll) (b (M))]
= |t (o) JsE (v o))

(¢ e C ETIRB
= D/lVKT ha(u, @), D,“,KT bl(l/l,a’)].

Thus
C E31711,125713 C E1,712,713 C E1,112,713
/l V,k,T(11) b( )] = [ aD/J,V,K,T bz(u, a), aD,u,V,K,T bl (I,[, a’):|_

This completes the proof.

O
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Theorem 4.2. Suppose thath : & — F# R andh,h e (O (&)Ng” * (&). Then we have the following

achievements:
If b is 7(1)-fuzzy RL-fractional differentiable, then

RL EMRIB yen . _
(FeaDE Az ) = ). (47
If b is 7(u)-fuzzy RL-fractional differentiable, then
(Dl o = (b @8
Similarly, If b is 7(1)-fuzzy Caputo-fractional differentiable, then
' m—1
(T m DL D)) = B © ) He) (4.9)
k=0
If b is 7(u1)-fuzzy Caputo-fractional differentiable, then
] m—1 (I/t _ C)k
(g D ) = (= Y 5%@F =)o (Dbt (4.10)
k=0 :

Proof. In term of b is 7(1)-fuzzy RL-fractional derivative, we can study the status (i) as

. (@
I:(RLGDG’THJIZ’TI3 I€§771J72JI3 )(u)]

wv.k,T(1) ATV AN S{O N TRA X

WL
dl/lmc M VsKm=T AT V,K,T

d

= (016, @), Do, @)
_—

[RL e e m, RL
oD LB (u, @), D
— I—EVIIJDJB Ie;m,ﬂzmbl(u a,)
b b

A" m
— I(T_T)+T I
¥ (I, b (u, @), o (

ENL2N3 yen m.n3
W V,k,T(1) ”IN,V,K,T b2 (ut, @)

—€LI2 En 213
dum 1 My P I L O al)]

b2, )|

Suppose if | is 7(11)-fuzzy RL-fractional derivative, we can study the status (ii) as

) (@)
I:(RLan’nl’nz’n3 I€§771J72»773 )(u)]

1.k, T(1n) AT, v.KT 1ok, T(1) ATpY.KT

WL
dl/lmc HVsKm=T AT V.K,T

d

= b0 ). b1t )

= o - ba(u, ), =By )|
_ e( - [bl(u, @), b (i, a')])
_ e(—l)[b(u)].

AIMS Mathematics

>RL €11,112,713 1,12, RL
aD | B 773[)2(u’ a)a a
—EN1,12:173 B d
— I SI1SH253 IEJYlleJYS bz(u, a)’
d

r 4" m
|2 I(T_T)+T g |
,du’”( . by (u, @), du’"(

E171,112,113 €11,112,113
D/J,V,K,T(l) HIy,v,K,'r bl (Lt, (Y)

—ENLN2N3 YENLN2,13
" CI/J,V,K,m—T aI/l,V,K,T bl(u’ a/)]

b1, )|
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Similarly, if § is 7(1)-fuzzy Caputo-fractional derivative, we can study the status (i) as

m

(@ 7 d
C €3171,112,7]3 - -
[( I; ZIKTZFZ ST13 Dﬂ VlK T2(l)? b)(u)] _ IZ zl'ﬂrz S113 I €N1,712,113 b (u a,) IE STT1.1125173 I €171,112,713 b (u a,):l

a“u,v,k,m—1 dm HVKT a=u,v,k,m—1 d m

— 7IT+(m T)( bl(” Q)) IT+(m T)( bZ( a,))]

_ m—1
= [ a) = > b >(

k=0

. Zb(k)( ol C)k]

m—1

=_bl(u,a),bz(u,a)]e[mzf)(k)( ol W o]
! =0 !

_ m—1 k
_ W U= )
= (b e ) 0|
. k=0
If b is 7(u1)-fuzzy Caputo-fractional derivative, we can study the status (ii) as

(@) - dam
[( | UEEAS D; Zlk'f(l7;b)(u)] — IE 1125113 I—E NL02.13 bz(u @), CIE 1112513 I—f MN2:13 bl(u a/)]

WV, KT /.lVKT a=u,v,k,m—1 d VK, T a“u,v,k,m—1 d

= |1 ”( b, ), TH0 ”( by, a))]

_ m—1 _ k
- r)z(u,a)—Zb;“(a)(c)(” o ,bl(u,a)—Zb(")( o
o k=0 N = o)k
-|- 2w 0= e |&| - b -1

k=0
-1 m—1

N o NELE e C)k] o (= [t e, by, ]
k=0

Hence

m—1
[z o = (- 3 pet > D)o =i,
=0
This completes the proof. O

Theorem 4.3. Suppose thath : & — F R and h,b € Gfg%(é") n L7 %(é"). Then the Definitions 4.1
and 4.2 have the following series formulae:
If b is 7(1)-fuzzy RL-fractional derivative, then

€11,12.113 SR 00( )++ +JvHkl—T o o Do( )++ +V+K—
(ool [ S5 5 Okt gy, § 55 bt )
4.11)

If b is 7(u)-fuzzy RL-fractional derivative, then

@ 3 o o (—) e 75 5 1S 3 o o (—) e 75 5 1S .
RL y&M:12:13 _ g+t 1 T T3 g,u+1v+xf T 8tJ 1 12 13 ygu+ jv+rl—1
[( Duwr(u)[))(”)] = [Z(;Z;Z g 1! I ba(u, @), ZZZ g 0! — ke b (”’a/)]'
§=0 j=0 (=0

g=0 =0 (=0
(4.12)

g
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Similarly, If b is 7(z)-fuzzy Caputo-fractional derivative, then

c De;m,nz,m @ _ SRR (_6)5’*]*( )ﬁ 77; ’lg Ig/z+jv+l<{’—‘r b ( ) _ Ai b(k)( )( )(I,t - c)k
aDyyer b |(u) = Z Z Z T o+ 1, L (@)(c T
g=0 ;=0 ¢=0 k=0
o o (=€) 11 1 . = (u—c)
> > R B e - ) o e
g=0 ;=0 ¢=0 8t k=0 ’

If b is 7(u)-fuzzy Caputo-fractional derivative, then

I (@) © 0 o0 (—E) P ng 77] nf eifn M-1 (I/l _ C)k
[ ) B B N I e (R Y O
3 k=0 .

prr e o gyl

N o o (gt T, s vantn “ (u— )
> > e R By ) - ) b e )
§=0 =0 (=0 §:J:t: k=0 ’

Proof. It b is 7(1)-fuzzy RL-fractional derivative, then

RL E€N1,1125113 @ _ dM —EN1L12,13 dM I_f§7lls77277]3
aD/l,V,K,T(l) b (I/t) - aI/l,V,K,M—T bl(u’ CY) ’ dI/l_M AT,k M-t bg(u, CY) '

duM

By using series formula from Theorem 3.3 into the Eqs (4.1) and (4.2), we have:

. @ @M SOy N (€ 1 AT
RL 615125113 _ §Hy+0 1 U2 U3 rpou+ y+xl+M—-1
[( Dty b)(”)] ‘[duM(ZOZO; g e b‘(”’“)))’
g=0 =0 (=

(_E)g+j+€ 7711; 77§ T’g

—dM AN gu+jv+rkl+ M-t
duM( Zo ZO £ gl1e! (Ic+ Da(u, CY)))]
g=0 j=0 (=

M S & & (_E)g+1+€ Tﬁ né Ug e+ k=T M
- I:du_M( Z Z Z glj!f! IC"' Ic‘*‘hl(”a a’))’

g=0 j=0 ¢=0
a ( N N (SO 1 3 1 -
< 1w, 0)
duM gzz(; JZ:(; ; g!jle!
(o) [e] [ —€ g _J. L
_ [ Z Z Z ( )g+j‘:'f 'Zl' UPRIES (Ifit+]v+/<€—7bl(u’ a/)),
g=0 ;=0 (=0 gt
© (¢ g ¢
Z ( )g+J"H’ '771‘ UPRIE (I§f+jv+k€—rb2(u, a))]
— gy

[ —€ 8l nt
§: Ot el i
=0 R

i (—E)g+]+( 77&17 né ng Igp+]v+x€—r[b(u a/)]
141 c* ’ )
— g

Therefore,

e o o (=g 15 1 10 VHkl—T
(RLaDy,Z,IK,Tf(Z)Bb)(”) _ Z Z g+t 1 1T 3([‘55” + b)(u)-

11101
g=0 ;=0 ¢=0 g‘lf

(4.13)

(4.14)
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If § is 7(u)-fuzzy RL-fractional derivative, then
RL yyEM112.03 @ d" —€m1.2.03 d" —EN1.72.113
[( aD/J,V,K,T(ll) b)(u)] = I:W(alﬂ,V,K,M—T bZ(u7 a)), du_M(“I/l,V,K,M—T bl(u7 a’))]
By using series formula from Theorem 3.3 into the Eqs (4.1) and (4.2), we have:

[Se]

o (a) dM o oo —€ g )
[(RLaDgzlkT(g;b)(”)] _ [du_M( Z Z Z (—€)gijre My M5 15 (Ifi1+]V+Kf+M—Tb2(u, a)))’

17141
py gy g\

(_€)g+j+€ Tﬁ 775 77§

(IfﬁH M=ty o a)))]

g=0 ;=0 ¢=0 g"]‘f'
M I A o — (=€)t )t 77?7 Uﬁ 77§ g+ y+kl—Tg M
- [du_M( ZO Zo % PR Lerba(or a))’
g=0 =0 (=
W(Mw°meMﬁ%% -
a- Igi1+jv+/<€ TI%b](u, Q))]
duM gzz(; ; {Z:(; gl ¢
R = (_6)g+j+€ 77? 77% Ug g+ Jv+kl—1
= [Z > I (IC+ Do (u, a))
e gyl

=0
O\ (=€)gryre 115 11 115 vkl
5 )
e 0]

i (_€)g+]+f 77? 77§ 7751
=0

R B 0,00, 10,0
gl

i (—€)g+]+g 77?) né ng Iff+jv+K€_T|:b(u):|-

prroler ol gljt!
Therefore,
RL pySmi3 _ REREN (_6)g+1+5 77(? né ng Igy+]v+/<£’—r
a ,u,v,K,‘r(n)b (I/t) - Z Z 114! ot b (I/l)
g=0 ;=0 ¢=0 8:J:t
We can use similar arguments to prove the Eqs (4.13) and (4.14). This completes the proof. m|

5. Two-dimensional system of homogeneous fuzzy fractional differential equations

In this section, first we develop some categorial frame work for the solution of two dimensional
multi-order system of fuzzy fractional differential equations with independent order. For this purpose,
we prove the following results, which are needed to find the solution of this system. The general
2-dimensional incommensurate coupled system of fuzzy fractional differential equations with Caputo
derivatives as:

(“Dhimy)(w) = ey (u) + camy(w),
(Do) () = ey () + comy(u), (5.1)
CDﬁi_lml(@(uo) = My (0), CDﬁi_lmzm)(uo) = My(y)(0),
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where the coefficients m;; € R, initial-values m;(0, @) € .% R and order u; € (0,1)fori, j=1,2.

We observe the solution of the aforementioned system (5.1) in the following results:

Theorem 5.1. If m(u) is 7(1)-fuzzy Caputo-fractional derivative, then the system (5.1) has a unique

solution is of the form

(a0 = |, ), T a0 | andt o] = [y ), oo @)

where

m,(u, @) = m,(0,a) + (Czlml(O, @) + cpm, (0, CY))MMEMW,M,yz,y2+1(§uul+”2, cutt, cout?)

+ é:mz(o’ a)u#1+M2E/t1+u2,/11,y2,/11+y2+1(é:u'ulﬂlz’ cllull1 ’ c22“112)’

m,(u, @) = m,(0,a) + (Cnml(O, @) + ¢;om, (0, 01))”’”Eﬂ.+,12,,1.,,12,,1]+1(fumm, ', cput?)

+ gfml(O, a)”ﬂ]+p2Em+uz,u|,yz,m+pz+l (f”“'ﬂlz’ cut, szuﬂz),

my(u, @) = (0, @) + (lel (0, @) + oM, (0, a/))umEy.wz,#.,yz,mH(fuwm, ', cput?)

+ §m2(07 a)u#1+“2E,u|+/12,,u|,y2,/1]+;12+1 (é‘:ulul-HQa c“uﬂl B CZZL{#Z)

and

my(u, ) = m(0, @) + (Cnﬁl 0, @) + ¢1om,(0, Q))M’“Ey.+p2,y.,y2,p1+1(fuwm, e, coput?)

+ é':ml (07 a)u#1+'u2Elu| +u2,U ,;12,;11+u2+1 (é‘:u'ul +#2a C] 1 uﬂl B CZZMIJZ)'

Proof. We begin to proof this result with the help of Theorem 3.1 in [49]. Applying fuzzy Laplace

transform on both sides of the Eq (5.1), we have

2[EDfme| = 2[emi@ + comaw]

3[(CD’5§m2)(u)] = $[C21m1(u) + szmz(u)]-

5.1. Phase i:
If m(u) is 7(1)-fuzzy Caputo-fractional derivative, then Eq (5.2) becomes as

g © A (q)© q"“lCDﬁi_lml(uo) = 01.4,(q) + o tts(q),
q'* © MH(q) © q”z‘chﬁi_lmz(uo) = 01 \(q) + o MH(q).

That gives
¢ A\ (q.@) = gD, (g, @) = ¢ (g, @) + ol (g, @),
_ -1
¢ M (g, @) — ¢ DT My (uo, @) = M ((q, @) + M (g, @)

(5.2)

(5.3)

(5.4)

AIMS Mathematics Volume 8, Issue 1, 228-263.



247

and
q"' M \(q, @) - q“l‘lCDﬁi_lﬁl (o, @) = ¢ M 1(q, @) + oM >(q, @), (5.5)
q> M(q, @) - q“Z‘ICDSi_Iﬁz(uo, @) = o M 1(q, Q) + (g, ).
By using initial conditions, we obtain
g A (g, @) - qm—lml(o, @) = oA (g, @) + oML (q, ), (5.6)
g M (g, @) — ¢, (0, @) = o M (g, @) + M (g, @)
and . L L
g M (q, @) — ¢ (0, @) = ¢ A 1(q, @) + (g, @), (5.7)
g2 M (q, @) — ¢ (0, @) = o1 1(q, @) + o.M H(q, ).

Now first we find the lower fuzzy-valued functions. From the second equation of the expression (5.6),
we have

M2 ¢ Ha—1
M (g, 0) = (T—2).4,(g,0) - T—m,0,0), (5.8)
021 01
From the first equation of the expression (5.6), we have
q/'tl — cll /Jl_l
%2((], a) = ( c )41 (Q5 a/) - ¢ m] (O’ a/) (59)
12 12

By substituting the value of Eq (5.8) in first equation of the expression (5.6), we have

2—1
qﬂ

o g — i1
ol (g, ) = (q —m)(( Mg - mzm,a))—q m, (0, ). (5.10)

(931

By substituting the value of Eq (5.9) in second equation of the expression (5.6), we have

M1 ¢ =1
1 (g, @) = (¢ - sz)((q - 3 ) (g, @) — o m, (0, 01)) - ¢'m, (0, ). (5.11)
After arranging, Eq (5.10) gives
m— e Dg ", (0, a 01" 'm0, @
%z(q, @) = (q 19 _2( ) 214 _1( ) ’ (5.12)
I q/11+ﬂ2 — czzqﬂl — cllqﬂ2 — é—' qﬂ1+#2 — szqﬂl — c“qﬂz — f
and Eq (5.11) gives
K2 — 05)g 'm0, @ ¢ 'm, (0,
%1(‘]’ @) = (q 2)q _1( ) 124 _2( ) (5.13)

9
qﬂl"’#Z — c“qﬂz — czzqﬂl — f q/J1+112 — c“qllz — czzqﬂl — f

where & = ¢j5¢y; — ¢11 0. Taking inverse fuzzy Laplace transform to the Eqs (5.12) and (5.13), we have

_ . (qm+uz—1) . (quz—l)
mz(u’ a/) - mz(()’ a)L L1+ - Cllmz(o, a)L +
g — (gt — gt — € gt — gt — gt = €
H1—1
+ o, (0, a)L_l[ (") ] (5.14)
- qﬂ1+/12 — czzqﬂl — c“qﬂz — é‘:
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and
pitua=l =1
g — gt — gt = & gt — g — gt — €
(g

+ ¢12m, (0, a)L‘l[ (5.15)

ghHe — ¢ gt — gt — f]
By using classical inverse Laplace transform [63] to the Eqgs (5.14) and (5.15), we have
m,(u, @) = [mg(O, O E iy gt EUTH2 i copud®) — ¢y (0, )W Ey iy iy oo gy +1 (E08 72, ! conu™)
+ e (0, ) By gy oy o (G072, cqp ™ szu’lz)]
= mz(()’ a')[E/llﬂlz,m,ﬂz,l(f”mwz’ c“uﬂl’ szl/t“z) _ ClluﬂlE/11+112,/11,/lz,/l1+1(§um+#2’ Cllu'ul, szu‘uz)
+m, (0, a)[CZI”‘mEm+ﬂz,u1,ﬂz,uz+1(fum+ﬂza cut, szuﬂz)]
= mz(o, a’)[l + (2214“2Eﬂl+ﬂz’ﬂl#2’ﬂ2+1(§uﬂl+M2, cllu“', ngbt’uz)
+ ‘f”ermEuu+uz,u|,yz,/u+;lz+l (&2, cputt, c22”’12)]
+m, (0, a)[cﬂ”MZE;!1+/J2,/11,;127#2+1(f“ﬂlﬂu’ cu, CZZ”M)]

= mz(o» a’) + (lel (O’ Q’) + c22m2(0’ a’))uﬂzEylﬂlz,,ul,/12,;12+1(§um+'u2a cllu'ul’ c22“’112)

+Em, (0, U 2 E 4y iy g0 g+ (EUTTE !t copu?)
and
m,(u, @) = [ml(O, O E iy g ot (EUTH2 opu? ) — o (0, )W Ey4piy iy o o1 (EU 2, Conud?, ¢ 1)
+ o, (0, U E iy g g g1 (U conut?, c“u’“)]
=m, (0, G)[Eplm,m,m,l(fu”'W, o, u") — U Eyy sy iy o o1 (EWTHE " 1)
+ m, (0, a)[fnu‘”Em+y2,ﬂl,y2,m+1(fl¢”1+”2, o szuﬂz)]
=m, (0, 01)[1 + U E gy g g1 (EUTF it o)
+ f”MWEm+ﬂz,#|,uz,#1+yz+l(f”mwza cru, c22””2)]
+11,(0, a)[clzu’“E,“wz,ﬂlsm#lﬂ(fu“”“z, o utt, czzu"z)]

= ml (O’ a’) + (cllml (0, CL’) + chmz(O’ a'))u'ulE,u1+p2,,ul,,uz,;t1+1(€:u#l+ﬂza Clluﬂl ’ c22“”2)

+ fml (0, a/)um+ﬂ2Eﬂ1+ﬂ2,ﬂl,ﬂz,ﬂl+ﬂz+l(fuﬂlm, cut, szuﬂz)-
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For upper fuzzy-valued functions, Eq (5.7) becomes as

¢ M (g, @) — ¢ (0, @) = 114 1(q. @) + ol 2(q, @), (5.16)
g M (g, @) - q“z‘lﬁz(o, @) = M 1(q, @) + .M (q, ).
From the second equation of the expression (5.7), we have
—_ q.uZ —_ c22 - /JZ_l_
%1 (q’ CY) = ( )%Z(Q’ a) - m2(07 Cl), (517)
01 01
From the first equation of the expression (5.7), we have
—_ qﬂl — Cll - /11_1_
M (g, @) = ( )M 1(q, @) = (0, @). (5.18)
€12 €12
By substituting the value of Eq (5.17) in first equation of the expression (5.6), we have
- qﬂZ —_ C22 _ q}lz—l_ i
colla(q.0) = (¢ - (2.0 - T 0,0)) - ¢ WO, (519)
21 21
By substituting the value of Eq (5.18) in second equation of the expression (5.6), we have
- u qﬂ] _cll R /11—1_ ﬂ_l_
1 1(g, @) = (¢ - sz)(( - A 1(q, @) — - (0, CY)) — ¢ (0, ). (5.20)
12 12
After arranging, Eq (5.19) gives
— M1 _ 2= 1370, (0 =131 (0
(g, ) = (¢ — a1)g"” (0, @) N 01g" (0, @) ’ (5.21)
q/11+ﬂ2 — czzqﬂl — cllqﬂ2 — é—' q/l1+,l42 — szqﬂl — cllqﬂz — f
and Eq (5.20) gives
_ Ho -1y 0, =172 0,
T 1(q.a) = (¢ — t)g"™ (0, @) (12g"” (0, @) (5.22)

b
qﬂl"’ﬂZ — Cllqﬂz — czzqﬂl — é—‘ qﬂ1+,u2 — cllqﬂz — c22qﬂl — ‘f

where & = ¢15¢51 — ¢11¢22. Taking inverse fuzzy Laplace transform to the Eqs (5.21) and (5.22), we have

. _ " (qu1+uz—1) . . (quz—l)
my(u, @) = my(0, )L ——- — a1mp(0, )L n
q — g —1g? =& g — gt — gt — €
=1
+ ¢ (0, a)L‘l[ @) ] (5.23)
qu1+/12 — czzqﬂ] — c“qﬂz — f
and
. . ~ ( ﬂ1+N2—1) . ~ ( yl—l)
1, 0) = 70 (0, )| 1 | = et 0, | -1
q — g2 — (g = & gt — e g — (gt — &
po—1
+ ¢ (0, a)L‘l[ i) ] (5.24)
qﬂl‘*’/lz — cllq/lz — czzqﬂl — é—‘
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By using classical inverse Laplace transform [63] to the Eqs (5.23) and (5.24), we have
my(u, @) = [ﬁz(O, @ E 1115 411 40,1 (EUTH2 "t conud?) — ¢y (0, )W E sy g g +1 (U it copu?)
+ (0, U E 4y 1y guo g1 (EUTH2, cqqut czzu“z)]
= (0, a’)I:E,ulﬂlz,,ul,pz,l(gu'ulﬂlz’ e, szuﬂz) - ClluﬂlEmwz,m,uz,mﬂ(fumwz, o, cput?)
+ 1 (0, a)[czlM”ZEMWZ,M,MMH(fumwz, ' szuﬂz)]
= m,(0, a)[l + U E s gy g+t (EUWH e coou?)
+ ‘f“ﬂ]+#2Eu|+/12,u|,/1z,ﬂ1+yz+l (Eut"™ 12, cqut, CZZM#Z)]
+ (0, a)[c21u“QE,,,J,m#,MmH(fu’““‘z, o utt, czzu’“)]
— (0, ) + (czm—u(o, @) + (0, a))uﬂZEmwz,m,mwl(guﬂﬁfH, L, e
+ EMR(0, UM E s iy o g 1o+ (EWETH e cpu?)
and
my(u, @) = [51(0, OE 115 411 40,1 (EUTH2 oot ¢t = ooy (0, )W E iy iy i gine1 (EUTH2, contt?, ¢ ")
+ (0, VU E sy g g +1 (EUTH2 o, Cnuﬂl)]
= (0, a)[EM,ww,M,](fu““’"z, U, e ") — U E sy i g+t (EUTTHE "t copu?)
+ M, (0, a)[clzu’“E,“+,J2,ﬂl,ﬂ2,m+1(§u”‘+“2, o utt, cgzu"z)]
=1, (0, a)[l + clluﬂlE/L]+/12,/L],/12,/11+1(§u#1+lu2’ o, cpput?)
+EWTE g+t (G szuﬂz)]
+ my(0, a)[clzu“‘Eﬂlw%ﬂl,ﬂwﬁl(fu“”‘“, cu, C22M”2)]
=m0, ) + (c“n_n 0, @) + ¢;1,m,(0, a))u’“‘lENIWZ,M,#Z,MH(fu‘“ﬂ‘z, e, o)
+ EM (0, U 2 E iy o gy 4+ (EWETH ) coput?).
Hence
) = |, ), Ty 0| andt wma(a) = |y 2, oo
Or

M= [ml(u), mz(u)].
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5.2. Phase ii:

If m(w) is 7(u)-fuzzy Caputo-fractional derivative, then Eq (5.2) becomes as

That gives

and

and

4] (g,a) =

%2(‘]’ ) =

—q’“‘ch’éi_lml(uo) o (—qg" o.#(q) = c#(q)+ c12(q),

po-1cpt2! i (5.25)
—q o Ma(ug) © (= g2 © M(q)) = c01.41(q) + cn.t(q).
1C
—g"~ D” ml(uo,a/) + g M 1(q, @) = (g, @) + co (g, @), (5.26)
1CTyH1— _ .
—q 7 DY (o, @) + ¢ M 2(q, @) = 1 M (g, @) + el 5(q, @)
_1cmti—1 L —
=g Dy m (ug, @) + ¢ M (g, @) = 11 M 1(q, @) + ot 2(q, @), (5.27)
~1C 1—1 — — .
—q 7 DRy (uo, @) + ¢ M 5(q, @) = 1M 1(q, @) + ol 5(q, @).
By using initial conditions, we obtain
1
—g" "' (0, @) + ¢ M (g, @) = (g, @) + ot (g, @), (5.28)
-1 _ .
—q2 (0, ) + ¢ M o(q, @) = o M (. @) + M (g, @)
_1 _ 7 -
-~ m,0,0) + ¢"' M (q, @) = 1M (q, @) + o.M (q, @), (5.29)
1 _ — — .
-g*~ (0, ) + ¢ M (q, @) = .M (q, @) + .M (q, ).
Solving the above systems (5.28) and (5.29) simultaneously, we have
01,27 (0, @) ¢ e12g" 7 m, (0, @)
g2 C%z + C%IqZ/tz + 201 ClogtitHe — g2 — £2 q2/41 c%z + C%IqZ/tz + 201 CloghitHe — gt — £2
B 1612622 M (0, @) ¢12g"1 22710, @)
q2H1 (%2 + C%quﬂz + 20p1 CppgtrHia — 2ﬂ1+2ﬂ7 §2 qZﬂl (%2 + C%IqZﬂz + 20p1 Cppgtrtia — 2ﬂ1+2ﬂz §2
. o1c2g" 2 m (0, @) 1262270, @)
612”1 C%Z + c%1q2ﬂz + 261 Cpgtiti2 — 2#1+2H2 §2 612”‘ C%Z + C%IQZM + 21 CpgHitH2 — 2#1+2#2 §2
~ g™ m, (0, @) S,q*1 7' m, (0, @)
q2H| (%2 + C%IqZIJz + 20p1 Cppqtr i — 2/J|+2I47 §2 q2/J1 C%Z + C%quﬂz + 2cp1 Cppgtr i — 2/J1+2IJ7 62
g2, (0, @) ¢116,¢" (0, @)
- +
g 552 + c%lq%z + 2co1Cagtitie — g2t — &2 g 552 + c%lq%z + 201 Clogh iy — gHut2n — £2
¢ 2 (0, @)
qZHI (%2 + C%Iquz + 2(21 C12q’“+”2 _ 2/J|+2/12 6:2
—cr1 621" m, (0, @) 4, 226" (0, @)
g2 C%z + clqu/tz + 201 CloghttHe — g2 — £2 q2/41 c%z + C%IqZ/tz + 201 CloghttHe — gt — £2
+ 9% (0, @) 0116210, @)
qzﬂl c%z + c%lq 1 4 Do CpoghitH2 — q2ﬂ1+2#2 - 52 qzﬂl c%z + c%lqzﬂz + 2001 Cppgti i — q2ﬂ1+2/12 — 62
B cciie1g” (0, @) B Gig*1 22y (0, @)
g %2 + c%lq%z + 2co1Caqtitie — g2t — &2 g 552 + c%lq%z + 201 Cloghithy — gHut2n — £2
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m,(u,a) = -L

010¢% ' m, (0, @)

q2#1+2#z—1m2(0’ @)

) ) g2 2 2 2 2 g2 2
g+ ¢+, q H2 4 Doy cppqti 2 — gt — & g+ ¢+ ,q H2 4 Deppcppqti T2 — gt — &
1= 2 -1
eg ™21 (0, @) 263,41 (0, @)
T w2 2 2 g2 st S L2 g2 2
q M1 t22 + C11‘1 12 4 2(21c12qﬂ1+ﬂ2 — g T2y § q M1 c22 + C11‘1 12 4 2(21(12q#1+ﬂz — g t2uy é—‘
+ur—1
N g e, (0, @)
2y 2 2 2 2 2, 2’
q M1 522 + c“q 12 4 2(21(12q/11+#2 — gty é—‘
2 -1 =
VY (g @) = Q1,9 mz(o, @) 12002 27 M (0, @)
1 > -
2u; (2 2 2 2 2, 2 2u; (2 2 2 2 2, 2
q M1 (22 + ‘11‘1 Mo 4 2(21c12q”1+/‘2 — g tlup é—‘ q 1 (22 + ‘11‘1 Mo 4 2(21(12q#1+;12 — g2 t2u é—‘
-1 +2pp~1
o1 ce0g T m, (0, @) gt m, (0, @)
) 2 2 + 241142, 2 2 2 2 + 241 +2, 2
q”1C22+C11q H2 4 Depp cppgti T2 — gt — & q#1t22+c“q H2 4 Depp cppgti T — gt — &
i -1
1 ¢2g" 2 (0, @) 1120027 1, (0, @)
21 (2 2 2 + 201142, 2 2 2 2 + 2411+2 2
q/“c22+c”q H2 4 Depp Cppgti T2 — gt — & q/‘1C22+C”q H2 4 Depp Cppgti T2 — gt — &
11— 2 2Ty
~ ¢11¢12g™2 (0, @) G,q* (0, @)
20y 2 2 2 + 2 +2, 2 20y 2 2 2 + 2 +2, 2
g ¢+, q H2 4 Depp cppgti 2 — gt — & q H1 ¢+ ,q H2 4 Doy cppqti T — gt — &
2 -1
247150, @) 1¢5,¢" " 1, (0, @)
T w2 2 2 g2 st 2 L2 g+ 2
q M1 t22 + C11q 2 4 2(21(12qﬂ1+ﬂ2 — g T2y § q M1 c22 + C11‘1 2 4 2(21(12qﬂ1+ﬂz — gintuy é—‘
+2u—1
g™ m (0, @)
) 2 2 g2 2
q M1 522 + ‘11‘1 M2 2(21c12qﬂl+ﬂz — gty §
2 -1
MH(q, @) —cr1 g (0, @) 207,427 1,(0, @)
20g, @) =
2u; 2 2 201 +2, 2 2u; 2 2 2 201 +2, 2
q”1c22+c11q 2 +2C21C126]‘“+"2— A f CI”‘C22+CUCI H2 +2C21C126]”‘+"2—CI”‘+ k2 _f
2 w13 -1
N 9" (0, @) actg™ m (0, @)
2y 2 2 2 2 2 2 2y 2 2 2 2 2, 2
q M1 t22 + C11‘1 12 4 2(21C12q/‘“+”2 — g T2y § q M1 (22 + C11‘1 12 2(21C12q#1+ﬂz — gituy é—‘
-1 20+ —1
i e21g?” m, (0, @) 01 m, (0, @)
T w2 42 2 g2 2T 2 42 2 g2 2
q M1 522 + c“q 12 4 2(21(12q/11+#2 — gty é—‘ q M1 522 + (11‘1 2 4 2(21(12q/11+ﬂ2 — g tuy é—‘
2ui—13 2y +2p2 17
B 20147 (0, @) B g (0, @)
2 2 2 2
qzﬂl 5, + C]lq2“2 + 201 Cppgtitia — q2#1+2#2 — é—‘z q2/11 5, + C”qu’? + 201 Cppgtitia — q2/11+2/12 — é—‘z
20y +ur—1 2 -1
(224 HItHe mz(o’ O,/) Clzleq’“ ml(o’ a)
T w2 42 2 g+ 2t 2 L2 g2 2
q M1 t22 + C11q 12 4 2(21c12q/“+”2 — g T2y é—‘ q M1 c22 + C11‘1 2 4 2(21(12qﬂl+/~42 — g tuy é—‘
+ur =177
e g (0, @)
2y 2 2 2 2 2, 2°
q M1 522 + ‘11‘1 M2 2(21c12qﬂl+ﬂz — gty §

For the sake of simplicity, let u; = u, = . Taking the inverse Laplace transform, we have

0] C%ﬂ”_lmz((), @)

2 2
*q4ﬂ - (cll + sz)qzﬂ - 2(21 C12q2'u + é‘:z—

_1—
1¢12¢0¢" " 1 (0, @)

+L7!
Lg™ = (¢}, + G)q% — 261127 + &2
_ 2u-1 .
! treg® m, (0, @)
(2 + 2 )gH =20 CagH + 2
Lq 11 704 210129 f —
AIMS Mathematics

2 012q* ' 1, (0, @)

+ L1

L — (]} + Gy)g% = 201 1o + &2
w1 cg* (0, @)

g — (3, + 3,)g% — 201 cg™* + &2
e [ ¢ ¢12tg" L (0, @)

L — (]} + Gy)q% — 201 107 + €2 ]
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L [ 611c12q2"‘1m2(0, ) I _][ cgzqz"‘lml 0, @) ]
Lg% — (], + G — 2010107 + &2 g* = (¢, + 3,)g% — 201 cag + &
| g* 'm0, @) 1. _1[ 01 G5,g" (0, @) ]
Lg% — (¢}, + ) — 2010107 + &2 g* = (¢}, + 3,)g% = 201 ¢ag + €
el ¢11g* 'm0, @)
g — (Ci + ng)qz" — 26 ¢0g% + &1
(@) = L : e1g* ' m, (0, @) ] _ _1[ o, 22" (0, @) ]
- g = (]; + G g% = 201 cpg% + &2 g¥ = (], + )G = 20 cg% + &2

i 2 ou-1 . ) =
_-! 97" 1,(0,a) e 011 61¢" M (0, @)
g — (3 + )G — 201 ¢pg%H + E2 (2 + B)gH — 20 cpqH + E2
- 11 22 21¢129 : Lq 11T 99 21¢12¢4 .
4 L_l [ C12€11 c21q“_1ﬁ2(0, CY) 1 + L_l [ C21614#[_1%1 (0’ CL’)
(2 + )G = 20 g + E2 (2 + B)gH — 20 cpq¥ + E2
Lq 11 )4 210124 - Lq 11 2n)q 210124 -
Lo €21 0g% "1, (0, @) L1 g* 'm0, @)
Lg% — (], + G — 201010g% + &2 Lg% — (], + g™ — 20010107 + €2
L [ ¢0q ™ '15(0, @) _L! clztﬁlcﬂ“lml(O, @)
g — (3, + 3,)g%* — 201 cpg?* + &2 g — (3, + 3,)g% — 201 cpg™* + &2
-1 ¢2g™* om0, @)
g — (2, + g — 20 cpq% + €21
- 11 22 210124 -
i 2 -1 =
Gt @) = L~ 16,4 1,(0, @) L 12021 15(0, @)
’ - 2 2 2 2
*q4ﬂ - (cll + 522)612” - 2C21C12(]2“ + §2‘ ’q4ﬂ - (Cll + ng)qzﬂ - 2C21C12612” + é‘:Z’
L Q120" m, (0, @) - ¢ '1,(0, @)
g — (C%l + Cég)qz“ = 201 o + £ g — (C%l + C%g)qz” — 201 C1pg%* + £
-1 1 ¢2¢% (0, @) LA 1 ¢2622¢" " 1,(0, @)
g — (3 + 2 )gH# = 201 ¢1pgH + E2 (2 + E)gH — 20 cpq¥ + E2
' 1T 9 216129 / Lg 11t )4 210129 ]
= 2 o=
L1 511512612# 1m2(0, @) _1-! 59 Hmy (0, )
2 L 2 2 L 2
*q4# - (CH + 522)(12“ - 2C21C12(]2’“’ + é‘:Z_ —514” - (cll + CZQ)CIZ” - 2C21C12612” + 62‘
i ) 2 el
L0 614“ 1m1(03 @) _1-! 1165,4" ml(O, a)
g — (3, + 3)g%* — 201 cpg?* + & g — (3, + 3,)g% — 201 cpg™* + &2
L_l C11q3#_1m1(05 a)
+ du _ (2 + 2 219 2u 4 £2
Lq (Cll sz)q 016129 'f -
and
N 2l
my(u, @) = L—l[ eg® (0, @) ] _ _1[ 201,44 1,(0, @) ]
g — (], + GG = 201 cpg# + &£ g¥ — (], + )G = 201 ¢g% + &

_ L_l[ c%lqzﬂ_lﬁz(o, a) ] _1[ C22C11C21q”_1m1(0, ) ]
q¥ = (6 + Qg = Do ciog + &2 g% = (6} + Gg = 201C1og% + £
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| Ci2¢1101g" 'y (0, @) (| 1™ m (0, @)

Lg% — (], + G — 2010107 + &2 Lg% — (], + g™ — 2001 ¢10g% + €2
el 22 01g* ' (0, @) 111 g*1m,(0, )

Lg* — (¢}, + S,)g% — 20102 + &2 g — (3, + 3,)g% — 2001 c1g* + &2
w1 c2g”"' (0, @) 1 t1265,¢"'m, (0, @)

Lg% — () + G — 2010107 + &2 Lg% — (], + g™ — 201 ¢10g% + €2

! [ 201 (0, @)

B Lg™ — (3, + &)@ = 2010122 + E1

By using classical inverse Laplace transform [63] to the above Equations, we have

m, (u, @)

mz(ua @)

my(u, @)

AIMS Mathematics

= — 01 (M0, QU NEy o0 auuen (= EU™, 2001 cu®, (¢, + Sy )u)
+ ¢, (0, U VN Ey, 00 a0y (= EUM, 200 et (7 + G)u)
4”_(”_1)_1E4y 22 du—u—1)( — Eu™ 20y cppu™, (C% + C%z)uzﬂ)
+ (0, U VNE o an ey (= EUM, 200 ot (6 + Gu)

— ¢101om, (0, U Ny o0 a0y (= EUM, 200 et (] + G)u)
+ 6112000, @) VT Ey 500 4oy (= EUM, 200 cpu™, (¢ + Sy)ut)

du-Qu-1)-1 2
+ c11c12m2(0 a)u™” @u-1)- E sy 0000 40— 1)( f u™ 2521C12M (CU + sz)u )

+ 01 ¢ (0, a)u

4u-u-1)-1 >

- szm1 (0, @yt~ Ey o0 4p-@u-n)( = f u*, 2e0 o™, (cll + sz)“ ")
Au—(4p—1)-1 2 4 o2 L 22

+ 11,0, ) N E oo a1y ( = Eu, 260 ™t (7 + Gy)u)

A= (1)1 2 4 I R B

WD E e — Eu™, 2001 cpu™, (¢} + G)u™)

4u-Gu=-1)-1 P
+ oy (0, U VTNE o aan ey (= EuUM, 2c et (65, + ),

2 —_—
= 1165, (0, @)u

4u—(u=-1)-1 2 4 Y2 L 2N
= ¢1m, (0, @)u™ G o opn (= EUM, 20 e, (¢} + Gy )ut)
) L — Au—(u)—1 2
- c11522“12(0, a)u™ “ E4;1,2/J,2/1,4ﬂ—(#)( - f u' 2C21C12u (511 + sz)u ﬂ)
2 4u—Qu-1)-1 P
— oy, (0, U VN a0y (— Eut e ¢, (3 + S)u)
(0 4/1—(/1—1)—1E _#2 4u 2 2u .2 2 2u
+ ey (0, @)u ap2u2udp—u-n)( — E U, 20 cou™, (¢ + )u™)
Au—(u—1)—1 2 4 W2 L 22
i) E4,u,2/1,2/1,4/1—(ﬂ—1)( = &uU™, 20 cpu™, (¢ + o)u )

— du—(4u-1)-1 2 4 2w .2 24,2
+ oy (0, )u™ @1 E4;1,2ﬂ,2,1,4;1—(4,1—1)( —&u™, 20 cu, (c“ + c22)u ”)

+ 1261101 M2(0, a)u

+ 61000, (0, U VN E Y o0 a0y (= EUM, 200 et (] + G)u)
+m,(0, a)u4”_(4“_1)_1E4# RN EuM 20 cppu*, (c%l + c%z)uz")

+ oo (0, U M VNE o oan ey (= EUM, 200 ot (6 + G)u)

— 01265, M (0, U N Ey 0 a e (= EU™, 2001 cu?, (¢ + Sy )u)

4u—2u-1)-1 2 4 W2 L 22
= ¢, (0, )™ VT E gy oy apau—u-n( — EU, 200 cou™, (¢ + p)u),

2 dp—(u—-1)-1 2 4 u .2 25,2
= —Czlclzmz((), a)u™* @D E4/1,2;1,2p,4/1—(y—1)( —&Eu™, 20 cpu, (c7p + )u #)

— 4u-2u-1)-1 2 4 Wos2 L 2N
+ 20 (0, )u™ VT By oy o ap—ou-1)( — EU™, 200, cou™, (¢ + )u™)
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+ 1c200m, (0, OZ)M4”_(”_1)_1E4M,2u,2y,4y—(ﬂ—1)( — Eu™, 20 o™, (Cﬁ + C%z)uzﬂ)
+ 12, (0, Q)M4”_(3’J_l)_lE4,4,2,4,2,1,4,J—(3,1—1)( — Eu™ 20y cppu™, (C%l + c%2)”2“)

— ¢y (0, U VN E g o0 a0y (= EUM, 200 et (7 + G)u)
+ crpc2e0m, (0, ) N ey (= EUM, 201 et (¢, + S,)ut)
+ ¢ ¢2M(0, @) VTNEY a1y (= EUM, 200 0, (65 + G)u)
= (0, @ By 0y g (= Eu, 2000000, () + Gy u™)

+ (0, @)™ DNE g un (= EUM, 20 e, (¢, + S)u?)

- mcizml(O, a)u4ﬂ_(ﬂ_l)_lE4,u,2/1,2/1,4,u—(/.t—1)( — Eu™ 20y, cppu™, (Cfl + C%z)uzﬂ)

4u—(3u-1)-1 2 4 u .2 25,2
+ Cllml(O, a)u™ Gu-1) E4;1,2,1,2,1,4;1—(3,1—1)( = &EuUH, 20 cpu, (¢ + G)u )
and

— 4—p—1)-
¢11611 (0, @)D

— i 2 4 W2 L 22
my(u, ) Eypouapau—cu-1( — Eu™, 20 cou™, (¢, + )u™)
2 Au—(u—1)-1 2 4 W2 L 22
czzcllmQ(Oa a)u™ ®-1) E4/,l,2;1,2;1,4;1—(p—1)( = &u, 20, cu, (C11 + sz)u ”)
2 — 4u—Qu-1)-1 2 4 W2 L 2N
— &m0, U VNE 5o an ey (= EUM, 200 o, (6 + Gu)

dp—(u=1)—1 2 4 W2 L 2N
+ e e, (0, @)™ VT Ey 50 e ueny (= EUM, 20 cpu™, (¢ + Sy)ut)

+ ciacrr e, (0, OZ)M4”_(”_1)_1E4M,2u,2y,4ﬂ—(ﬂ—1)( — Eu™ 20y cppu™, (Cﬁ + C%2)”2“)
+ ¢, (0, CY)M4”_(3’J_1)_1E4,4,2,1,2,1,4,J—(3,1—1)( — Eu™ 20y cpu™, (¢} + Sy )ut)

+ e M (0, U VN Ey 00 a1y (= EUM, 200 et (7, + G)u)
+ (0, @) MV Ey o au- e (= Eu™, 20 cpu, () + S)ut)

+ ¢, (0, Q)M4”_(3”_1)_1E4,1,2#,2y,4,1—(3#—1)( — Eu™ 20y cppu™, (Cﬁ + C%g)uzﬂ)

- cmﬁlm] 0, ) WD NEy 5 apuen( = EU™, 2001 cou®, (¢, + Sy)u™)

— 4u—2u-1)-1 2 4 o2 L 2,2
— ¢ (0, U VN E o0 au-uen( — EU™, 2001 c0u™, (¢} + G u™).
This completes the proof. O

6. Application in diffusion process

Several researchers [67—-69] introduced the useful techniques to study the physical and biological
problems using fractional model. We are going to solve a diffusion problem in fuzzified version which
have been studied [66] as a classical version. Consider two neighboring cells completely separated
by membrane. We assume that the fluid is flowing from these two cells at a rate in milliliter per
minute. The fluid is flow from first cell to the second cell having its volume three times to the first one.
Then the fluid is flowing in outside from the second cell having its volume two times to the second
one. Let my(u) and m,(u) represent the volume of the fluid in the first and second cell, respectively
with the time u. Suppose that the first and second cell has fluid j = [j + (J — p)a,J — (J — ))a] and

?=[t+ (- Oa,l— (- {)a]in terms of fuzzy number. Now we try to determine the volume of fluid
in term of fuzzy number in each cell at the time u#. The linear system of fractional differential equation
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of the above model can be written as

(CDpimi) ) = =3my(u) + 0my(u),
(CDpmy)(w) = 3my(u) — 2my(u),
M0) =[j+0G-pa,j- G- pal,
My (0) = [£+ (£~ Oa.l— (€ - O)al,

6.1)

because the change in m;(u) and m,(u) is the difference between the amount of fluid which flow in and
out to the first and second cell, respectively.

If m(u) is 7(1)-fuzzy Caputo-fractional differentiable, then the Theorem 5.1 use as an application to
the system (6.1). We have a unique solution is of the form

) = |, 0, Ty 0| andt o) = |y, oo

Where
m(u,a) =L+ ~-Da]+ (3[1 + (= pa] =20+ (- £)a])M”ZEMJ,#Z,MMMH( — GuttH2 3yt Dyt
_ 6[£ + (f — @a]uﬂl+ﬂ2EH1+H2»ﬂ1»ﬂst1+ﬂ2+1( _ 6M”‘+'“2, —3yH , _2,4112)’

me) =[+(-pa]+ ( =3+ G- g)a])u’”Emw,mm,wn( — Gut e 3yt Q)

— 6[J + (] — J)a,]u'ul+IJ2EH1+M2#1,}12,I—11+#2+1( — 6MIJ'+#2, —3ut s —ZMIJZ),

6.2)
To,a) =[f-@-0Oa]+ (3[7 — G- palu -2t - (- f)a])u#ZEﬂ,wm,,,zwl( — Gute 3y Dy
—6(6— (- OOUHE 1 g +nr1 (= OUETH2 =3y 2k,
mua) =[]-G-pa]+ ( =3[-G- J)a])u“lE,wz,,,,,,lz,,“n( = GutHe =3yt —2yk?)
- 6[j - (7 - ])a]um+#2EM1+/12411>M2,/11+/12+1( - 6”‘””—”2’ _3’/‘”1’ _2’/‘”2)'
) - _ ~ - 1 1
For instance, we take j = (J, 7, 7)) = (30,40,50), £ = ({,{,{) = (4,5,6) and u; = > Uy = 3 Then
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Eq (6.2) becomes as

m(u,a) =[4+a]+ (3[30 + 10a] - 2[4 + CZ])MO'3E().8,0.5’0.3’1'3( - 6u®8, —3u"3, —2u03)

.......

.......

6.3)
o) =[6-a]+ (3[50 — 10a] - 2[6 - a])u0-3Eo,8,o,5,03,1,3( U0, —3u05, —2403)

.......

.......

Graphical representation of the solution of expression (6.3), (see Figures 1 and 2).

< T &

Figure 1. Graphical representation of the fuzzy-valued function m;(«) in terms of trivarite
MLF by fixing the pair (n, k),(m, k) and (m, n) equal to zero, respectively.

Figure 2. Graphical representation of the fuzzy-valued function m;(u) in terms of trivarite
MLEF by fixing the pair (n, k),(m, k) and (m, n) equal to zero, respectively.
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Sensitive analysis

The crisp solution of this diffusion process is

my(u) =40 - 120u* Egg0503.1.5( — 6u™®, =3u’>, —2u"3) — 240u"® E 50503.18( — 6u’®, =3u", —2u"?),
(6.4)

myu) =5+ 110u"*Eg50503.1 3( - 6u’®, —3u’”, —2M0'3) —30u"*Eo5,0503.1 g(— 6u’®, —3u’?, —2”0‘3)

That is actually equal to the fuzzy fractional solution by taking @ = 1 in the expression (6.3).
If we slightly change the crisp initial condition from 40 to 40.1 and 5 to 5.1. Then the solution will
be is of the form

miw) = 40.1 —120.3u’’Ey50503.15( — 6u*®, =3u%, —2u%?) — 240.6u"*E 5050315 — 6u’, =3u®, —2u"?),

..............

my(u) = 5.1+ 110.1u"*Eyg0503.13( = 6u®3, =3u, —2u°3) — 30.6u" Eyg0.5.03.1.8( — 6u”®, =3u’>, —2u")
(6.5)
This solution is acceptable and is equal to the fuzzy fractional solution by taking @ = 0.99 in the
expression (6.3).
This comparative study shows how the fuzzification of this fractional linear system can help the
reader to maintain the tolerance of this fractional linear system. This study can be of great importance
and its usage in diffusion process as well as in the designing process.

7. Conclusions

Over the past few decades, fractional calculus has been on the radar of top mathematicians, and over
the past period it has become a very useful tool for solving the dynamics of complex systems in various
branches of science and engineering. Fuzzy set theory has proven to be a useful tool for describing
situations where data is imprecise or ambiguous. Fuzzy sets handle this situation by determining
how well an object belongs to a set. In this paper, we have analyzed a two-dimensional system of
FLFDE with two independent fractional Caputo derivatives. The solutions of this system are divided
into two classes according to strong generalized H-differentiability. Furthermore, we have derived
potential solutions for MLF involving three series. We have extended the concept of fuzzy fractional
calculus in terms of ternary MLF. Some important concepts, facts, and relationships have derived,
and boundedness has been demonstrated. Finally, we have modified and discussed the application
of FLFDEs systems to diffusion processes, and have analyzed their graphs to visualize and support
theoretical results. In the future, we plan to solve the non-homogeneous two-dimensional system of
fuzzy linear fractional differential equations.
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