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1. Introduction

Peng [1,2] firstly introduced the important concepts of the sub-linear expectations space to study
the uncertainty in probability. Inspired by the important works of Peng [1,2], many scholars try to
investigate the results under sub-linear expectations space, extending the corresponding ones in classic
probability space. Zhang [3-5] established Donsker’s invariance principle, exponential inequalities
and Rosenthal’s inequality under sub-linear expectations. Wu [6] obtained precise asymptotics for
complete integral convergence under sub-linear expectations. Under sub-linear expectations, Xu
and Cheng [7] investigated how small the increments of G-Brownian motion are. For more limit
theorems under sub-linear expectations, the interested readers could refer to Xu and Zhang [8, 9], Wu
and Jiang [10], Zhang and Lin [11], Zhong and Wu [12], Hu and Yang [13], Chen [14], Chen and
Wu [15], Zhang [16], Hu, Chen and Zhang [17], Gao and Xu [18], Kuczmaszewska [19], Xu and
Cheng [7,20-23] and references therein.

In classic probability space, Hsu and Robbins [24] introduced concept of complete convergence,
Chow [25] investigated complete moment convergence for independent random variables, Zhang and
Ding [26] proved the complete moment convergence of the partial sums of moving average processes
under some proper assumptions, Meng et al. [27] established complete convergence and complete
moment convergence for weighted sums of extended negatively dependent random variables. For
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references on complete moment convergence in linear expectation space, the interested reader could
refer to Ko [28], Meng et al. [29], Hosseini and Nezakati [30] and references therein. Encouraged by
the work of Meng et al. [27], since the fact that X is independent to Y under sub-linear expectations
implies that X is negatively dependent to Y under sub-linear expectations, we try to study the
complete convergence and complete moment convergence for weighted sums of identically distributed,
negatively dependent random variables under sub-linear expectations, which extends the corresponding
results in Meng et al. [27].

We organize the remainders of this paper as follows. We give necessary basic notions, concepts and
relevant properties, and present necessary lemmas under sub-linear expectations in the next section.
In Section 3, we give our main results, Theorems 3.1 and 3.2, the proofs of which are presented in
Section 4.

2. Preliminaries

As in Xu and Cheng [22], we use similar notations as in the work by Peng [2], Chen [14], Zhang [5].
Suppose that (Q, F) is a given measurable space. Assume that # is a subset of all random variables
on (Q,F) such that I, € H (cf. Chen [14]), where I(A) or I, represent the indicator function of A
throughout this paper, A € ¥, and X, --- , X, € H implies ¢(X,,--- ,X,) € H for each ¢ € C;1;,(R"),
where C;1;,(R") represents the linear space of (local lipschitz) function ¢ fulfilling

le(x) — @(y)l < C(1 + X" + [y")(Ix — y]), ¥X,y € R
for some C > 0, m € N both depending on ¢.

Definition 2.1. A sub-linear expectation E on H is a functional E : H +— R := [—oo, o] fulfilling the
following properties: for all X,Y € H, we have

(a) Monotonicity: If X > Y, then E[X] > E[Y];

(b) Constant preserving: E[c] = ¢, Vc € R;

(c) Positive homogeneity: E[AX] = AE[X], VA > 0;

(d) Sub-additivity: E[X + Y] < E[X]+E[Y] whenever E[X]+ E[Y] is not of the form co — oo or —oo + oo,

Remark 2.1. In (c) of Definition 2.1, positive homogeneity could be understood by Theorem 1.2.1
of Peng [2], which says that a sub-linear expectation could be represented as a supremum of linear
expectations. In Theorem 3.1, E[X] = E[-X] = 0 could imply that E[aX] = aE[X] for all « € R, but
E[X] = E[-X] = 0 could not imply that E[aX?] = aE[X?] for all « € R and B # 1. By Lemma 2.1, in
order to justify B[X] = E[-X] = 0 in Theorem 3.1, we should have E[Z + X]| = E[Z - X], forall Z € H.

A set function V : F + [0, 1] is named to be a capacity if
(@ V() =0,V(Q) =1,

(b) V(A) < V(B),ACB,A,Be¥.
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A capacity V is called sub-additive if V(A + B) < V(A)+ V(B), A,B e F.

In this article, given a sub-linear expectation space (Q, H, E), write V(A) := inf{E[£] : Iy < &,& €
H} = E[l4], YA € F (see (2.3) and the definitions of V above (2.3) in Zhang [4]). V is a sub-additive
capacity. Define

00 0
Cy(X) := f V(X > x)dx + f (V(X > x) — 1)dx.
0 —00

Suppose that X = (X, -+ ,X,), Xi € Hand Y = (Yy,---,Y,), ¥; € H are two random vectors
on (Q,H,E). Y is called to be negatively dependent to X, if for each function ¢, € C;;,(R™),
Y2 € Crrip(R"), we have E[y(X)2(Y)] < E[y1(X)]E[¥2(Y)] whenever (X)) > 0, E[y(Y)] = 0,
Ely1(X)ya(Y)] < oo, E[lY(X)]] < oo, E[[2(Y)]] < oo, and either ; and i, are coordinatewise
nondecreasing or ¥, and ¥, are coordinatewise nonincreasing (see Definition 2.3 of Zhang [4],
Definition 1.5 of Zhang [5], Definition 2.5 in Chen [14]). {X,}”, is named a sequence of negatively
dependent random variables, if X, is negatively dependent to (Xy,--- , X,,) foreach n > 1.

Suppose that X; and X, are two n-dimensional random vectors defined, respectively, in sub-linear
expectation spaces (Q;, H;,E;) and (Q,, H,, E,). They are named identically distributed if for every
Borel-measurable function ¢ such that Y(X;) € H,, ¢ (X,) € Ho,

Eily(X)] = Ex[¥(X2)],

whenever the sub-linear expectations are finite. {X, ]’ , is named to be identically distributed if for each
i > 1, X; and X, are identically distributed.

In this sequel we assume that E is countably sub-additive, i.e., E(X) < .77, E(X,), whenever X <
Yo Xy X, Xy € Hyand X > 0, X, > 0,n = 1,2,.... Let C stand for a positive constant which may
differ from place to place.

As discussed in Zhang [5], by the definition of negative dependence, if Xi, X>, ..., X), are negatively
dependent random variables and f;, f>,..., f, are all non increasing ( or non decreasing) functions,
then fi(X,), /2(X2),..., fu(X,) are still negatively dependent random variables.

We cite the following lemmas under sub-linear expectations.

Lemma 2.1. (See Proposition 1.3.7 of Peng [2]) Under sub-linear expectation space (Q,H,E), if
X,Y e H, E[Y] = E[-Y] =0, then E[X + aY] = E[X], for any a € R.

Lemma 2.2. (See Lemma 4.5 (iii) of Zhang [4]) If E is countably sub-additive under sub-linear
expectation space (Q,H,E), then for X € ‘H,
ElX] < Cv (IX]).

Lemma 2.3. (See Theorem 2.1 and its proof of Zhang [5]) Assume that p > 1 and {X,;n > 1} is
a sequence of negatively dependent random varables under sub-linear expectation space (Q,H,E).
Then for each n > 1, there exists a positive constant C = C(p) depending on p such that for 1 < p <2,

n p n n P
B> X| <C|) EIXP+ (Z [[E(-X,)| + |E(X,~)|]] : 2.1)
i=1 i=1 i=1
and for p > 2,
n p n n p/2 n P
E|Y X| <C {Z E X + [Z Exf) + (Z [E(-X)| + |]E(Xl~)|]) } . 2.2)
i=1 i=1 i=1

i=1
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Proof. For reader’s convenience, here we give the detailed proof. We first prove (2.1). Set T} =
max{Xy, X + Xio1s ..., Xo+ -+ X}, Ty = max{IX,|, 1X, + Xl .o, [ X, + -+ Xy |} Since T} + Xpy +
o+ X, ST, T < 27,. Substituting x = Xy andy = T, |, k = n,...,2 to the following elementary
inequality

lx + yIP < 2%7PIxl” + yl” + pxlyl'sgn(y), 1 < p <2

results in

TP < 227 PIX, 0P + (T )" + pXu(T, )"

< 22PIX N+ (TP + pXo (T )P
<

<YK+ p ) X(TE),
i=1 i=2

which by the definition of negative dependence and Holder inequality under sub-linear expectations
(see Proposition 1.4.2 of Peng [2]), implies that

EIT,I” < 2 PRS0, IX7] + p X B[ Xi(T )|
< PR [ IXalP] + p2r! YL LX) ET D,

Similarly,

E |maX{_Xna _Xn - Xn—l’ R _Xn - Xl}lp
< 22PE YL 1XaP] + p2r 7t X, (—E[-X)(BITF])! V.

Therefore
+p22 » [EBIXD + (“E[-X:1)" | EIT P

i=1

E|T}| < 2* 7B [Z X1

i=1

which implies that (2.1) holds.
Next, by (2.4) of Zhang [5] and its proof, we see that for p > 2

n n p/2 n p
max |S4¥'| < C, {Z E[IX, /"] + [Z E[|X,-|2]} * (Z[(—E[—X,-])‘ * <E[Xi]>+]) } (2.3)
== i=1 i=1 i=1

which implies that (2.2) holds. i

E

By Lemma 2.3 and the similar argument as in Theorem 2.3.1 in Stout [31], we could obtain the
following lemma.

Lemma 2.4. Assume that g > 1 and {X,;;n > 1} is a sequence of negatively dependent random varables
under sub-linear expectation space (Q, H,E). Then for each n > 1, there exists a positive constant
C = C(q) depending only on q such that 1 < g < 2,

J n n q
x| | < ltogny {Z BIX[ + [Z [E(-X))] + |E<Xl~)|]) } , @4)
i=1

i=1
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and for g > 2,

j q

S

i=1

n

n n q/2 q
< C (log n)’ {Z E X + [Z EX?] + [Z [IE(-X))| + |E<X,->|]) } (2.5)
i=1 i=1

E [max
i=1

I<j<n

Proof. For reader’s convenience, here we also give detailed proof. We only prove (2.4), since (2.5) is
obvious from (2.3). We first prove (2.4) for n = 2, k being an any positive integer. To avoid confusing
the main idea, we just give the proof for k = 6. Let X,; = Y. ., X; for 0 < r < s < 2% We consider
the following collections of X, ;:

{Xo.64}

{Xo32, X32,64}

{Xo.16 X16,32> X32.48, X464}

{Xog,---» Xs6,64}
{Xoas---» X064}
{Xo2, -, Xe2.64}
{Xo15-- -, X63.64}-

There are k + 1 = 7 collections. We choose 1 < i < 2° and expand S;, by using the terms of this
expansion from the collections above and using the minimal possible number of terms in the expansion.
Clearly at most one term is needed from each collections. As an example,

Xo62 = Xozo + X348 + Xyg 56 + Xs56.60 + X60,62-

Hence each expansion has at most k + 1 = 7 terms in it. Denote the expansion of S; by

h
Si= > Xi i (K<),

J=1

It follows from Holder inequality that

h
IS4 < 7970 3 01X, )7

=

Now
h
Z(lxij_l,iqu < Xoeal” + (IXoz2l” + 1X326417) + (IXo,161" + 1Xi16,327 + 1X32.4817 + [Xa56417)
1
+oo+ (Xoal? + Xl + -+ - + 1 Xe3,641).

Hence,

-1
max [S;|7 < 777 [IXoeal? + (1 Xoz2l? + 1X526417) + (1 Xo.16l7 + 1X16.3217 + 1X50.48|7 + | Xus.6417)

1<i<26

+o+ (Xoal? + X217 + - + 1 X63,64l)] -
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There are k + 1 = 7 parenthetical expressions inside square brackets. By the C, inequality, we see that

m

q
&l < [Z |§i|] V& ER,m> 1,

i=1

m
i=1

which implies

32 q 64 q 26 q
(Z [|E(—X»|+|E<X,-)u) +(Z [|E(—X,-)|+|E(X,->|]] s(z [E(=X)] + [EX)N|
i=1 i=33 i=1

q

2

16 q 64 q 26
(Z [IE(-X,)] + |E<X,-)|]) oot (Z [IE(-X,)] + |E<Xi>|]] < [Z [IE(=X)| + [E(X)]
i=1 i=1

i=49

26 q

(E=XDI + [EXDN? + - - - + [IE(=Xea)| + [E(Xea)[]* < [Z [IE(=X)I + [E(X)I]
i=1

By (2.1) and the above discussion,

26

26 q
D EIX + (Z [IE(-X,)| + |E(X,~)|]]
i=1 i=1
Using an appropriate notion, the above discussion extended to any k£ > 1 implies
2/(
D EIXN +
i=1

Given an n such that n # 2* for any k > 1, choose k satisfying 2"! < n < 2% and redefine X; = 0 if
n <i <2k By (2.6), we see that

E [max |Si|q] <77 7C,

1<i<26

q
E [max IS,-I‘I] < (k+1)C, . (2.6)

1<i<2k

2k
D IE=X)] + [EX)]
i=1

1<i<n

n n q
E [max |S,-|q] < (k+1yC, [Z EIX|7 + [Z} [E(-X)] + |E<X,~)|]) ] .

i=

Since 27! < n implies (k + 1)¢ < [log(4n)/ log 219, (2.4) follows. O
3. Main results

Our main results are the following.

Theorem 3.1. Suppose a > %, ap > 1 and {X,;n > 1} is a sequence of negatively dependent random
variables, identically distributed as X under sub-linear expectation space (Q, H,E). Assume that
E(X) = E(—X) = 0 while p > 1. Suppose that {a,;; 1 <i < n,n > 1} is an array of real numbers being
all nonnegative or all non-positive such that

n

Z laul? = 0(n®) for 0 < & < 1. 3.1)

i=1

AIMS Mathematics Volume 7, Issue 11, 19998-20019.
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Let Cy(|X|P) < oco. Then for any € > 0,

[oe]

E n~2y { max
1<j<n

n=

Theorem 3.2. Suppose p > 1, a > %, ap > 1 and {X,;n > 1} is a sequence of negatively dependent
random variables, identically distributed as X under sub-linear expectation space (Q, H,E). Assume
that E(X) = E(-X) = 0. Suppose that {a,;; 1 < i < n,n > 1} is an array of real numbers being all
nonnegative or all non-positive such that (3.1) holds. Let Cy(|X|?) < oo. Then for any € > 0,

) J
E n®?~?"*Cy, | max E i X
1<j<n =

n=1 =

Z @i X;
1

=

> sn"} < 0. (3.2)

- sn") < 0. (3.3)

Remark 3.1. Under the assumptions of Theorem 3.2, we see that for all € > 0,

[o] ' +
oo > Z ar=2-aC. | max Zam-X,- —en”
1<j<n N

i=

0 sn” J
= Zn‘”’ 2a max ZamX, —en® > t|dr
1<j<n
n=1 i=1
o 00 J
+ Z nP 2 [y [ max Z aXi| — en® > t|dt (3.4)
@ 1<j§l’l -
n=1 en i=1
00 J
> C Zn‘”’ 2V | max Zanin > 2en®|.
: I<j<n | & :
n= 1=

By (3.4), we can conclude that the complete moment convergence implies the complete convergence.

4. Proof of major results

4.1. Proof of Theorem 3.1

Proof. Forall 1 <i<mn,n > 1, write

Y = —n®1(a,X; < —n®) + a Xil (|la Xi|l < n®) + n®I(auX; > n),

J
=3 (Vu-EY)., j=12...n

i=1

We easily observe that for all £ > 0,

J
max Z > en” y C {max |a,;X;| > n" U max
I<j<n [4= 1<j<n I<j<n

AIMS Mathematics Volume 7, Issue 11, 19998-20019.
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which results in

J
\% {max Z a,i X;| > en“}
1<j<n |4
i=1
J
< V(max la, X, > n“) +V | max Z Yl > en® (4.2)
1<j<n 1<j<n |4 -

=

> en® — max
1<j<n

max
1<j<n

T,;

zj: EY,;
i=1

|

— 0, asn — oo. 4.3)

< >V (lawX,l > n") +V
j=1
Firstly, we will establish that

n~ % max
1<j<n

i EY,
-1

We study the following three cases.
(1) If% <a<l,thenp>1. ByEX =E(-X) =0, [E(X-Y)| < E[X-Y], Cv(IX|P) < oo, Lemmas 2.1
and 2.2, we can see that

j n
n {Islg ;EYM < n Zl IEY il
< n* Z |E[Y,; — anXi]|
=1
RS = Ela, XIP
< n :E;IEIY}i—-aanﬂ < Cj:g; 1P (4u4)
< Cn? ) lanl BIXP
i=1

< Cn®Cy (XI”) = 0, as n — .

(i) If @ > 1, p < 1, then by Cy (|X|?) < oo, and Lemma 2.2, we see that

ne Z [EY,
i=1

n le Ba,Xid (la,X;| < n%)| + C Z] V (lauXi > n®)

J

> EY,

i=1

IA

n~ % max
1<j<n

IA

n n

> [BauXI (la,X| < 1)+ C )"V (lauX] > n)

i=1 i=1

~ E (|l X|P  E (|l X|P
CZ‘ (lzapl)JrZ (laniX1P) 4.5)

nep
i=1

IA

IA

Cn™? ) lanl EIX )P

i=1
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< Cn®Cy (XI’) > 0, as n — .

(ii) If @ > 1, p > 1, then by E|X| < (EIX|")'? < (Cy (X|")"/? < oo, Markov inequality under

sub-linear expectations, Holder inequality, we see that

n an IEY il

J

n- 1n<1]a<)l<1 Z}:EYM <
< Z Bla,Xil (a,Xi] < n")| + Z V (jaiXil > n)
< Cont Z @] + Cn” Z 2,

< Cn™@ (Z |am-|p] pl=1/p
i=1

< Cn'm0-9/r 50, asn — oo.

Combining (4.4)—(4.6) results in (4.3) immediately. Hence, for n sufficiently large,
J

2, X
=1

=

V | max

I<j<n

To prove (3.2), we only need to establish that

(o9
Z 12 S (X > %) < o0

n= i=1

and
(o)
en”
= § nr- ZV(maxlT,,j|> )<oo.
- 1<j< 2
n=

For 1, by Markov inequality under sub-linear expectations, and Lemma 2.2, we obtain

[ = i nr=2 Z V (Ja; X| > n%)
n=1 i=1

< C Z n2 Z Ela,; X|”
n=1 i=1
< C Z 772Cy (IXIP) < 0.

n=1

; >sn] ZV la,;j X;| > n” )+V(}‘I<121<X|Tn]|>8721 )

(4.6)

4.7)

(4.8)

4.9)

(4.10)

As pointed before Lemma 2.2, we see that {Y,;, —EY,,;; 1 <i < n,n > 1}is also a sequence of negatively
dependent random variables. By Lemma 2.4, Markov inequality under sub-linear expectations, and the

C, inequality, we conclude that for g > 2,

J

D (Y —EY,)

1<j<n
i=1

1l < CZn“p_zn_"qE(max
n=1

|

AIMS Mathematics Volume 7, Issue 11, 19998-20019.
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q/2
n’~- . aq(lOg n)q (Z Elynz - EYmIq + [Z E|Ym - Ele ) (41 1)

A
@)
- 1De

q
+[ ) IEEY)l + IE(Ym)I]] ]

i=1

o0 n & n ar?
C > "7 (logn)? > BIY, i +C ) n*"(log n)’ [Z EIYm-Iz)
P n=1 =l

n=

IA
g~

n q
+C 3 n 24 log ny? (Z (B, + |E<Ym->|]]
=1 i=1
= 1L+ 1L + 115

Taking g > max{2, p}, by the C, inequality, Markov inequality under sub-linear expectations, and
Lemma 2.2, we have

I < C) " (logn) > [ElanXd'l (1a,Xil < n®) +nV (janX;| > n®)]

n=1 i=1

= C ) n"(logn)’ > ElauXI (a,X| < n")

n i=1

=1
+C Y n7(logn)? "V (la,X| > n)

n=1 i=1

Bla,; X|"I (|a,; X| < n®
CZ ap— 2(10g )qz |a | (la | n)

n*

IA

+C Z n2(log n)? Z Ela,.X|" (4.12)

ap- Ela,: X"
CZn "2(log n)qz pre CZ n~2(log n)? Z lal”C (IXI7)

i=1

C Z n”(log n)? Z la,il”Cy (1XIP) + C Z "(log n)’

n=1

IA

IA

< C Z n®?(logn)? < co.

n=1
For 11,, we study the following cases.
(i) If p > 2, observe that >, da% < (3L, lalP)?P n'=2P < p!-20-9/p Taking g >

max {2, 722920 by the C, inequality, EX? < (B(X]))'/ < (Cy (IXI"))'"” < oo, we see that

00 n q/2
D 4 (log n)’ (Z |ElanXiPI(lanXil < n®) +n*V (a,Xi| > n)]
n=1 i=1

[eS) n q/2

C Z n*2%(log n)? (Z Ela, X 1(|auX| < n“)]

=1

i=1

AIMS Mathematics Volume 7, Issue 11, 19998-20019.
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IA

IA

IA

o n q/2
+C ) n*"(log ) (Z V (JanX] > n“))
i=1

n=1
0 n q/2 ) n q/2
C Z n“"_z_“q(log n)? (Z aii] +C Z n®P=2- (logn)? [ aﬁi)
n=1 i=1 n=1 i=1
00 n
C nwp—Z—aq(lOg n)q (n1—2(1—5)/17)q
C Z n(yp—2—aq+%_ (1‘;)‘1 (log n)? < oo. (4.13)

S
Il
—_

(1) If p < 2, we take g > 2(ap — 1)/(ap — 6). By the C, inequality, Markov inequality under
sub-linear expectations, and Lemma 2.2, we see that

IL <

IA

IA

IA

IA

IA

n

C > nr " (log ny! (Z |BlauXiP1(auXil < ) +n*V (. Xi| > ”Q)])
n=1

i=1

n

(=] q/2
C > n" 2" (log )’ (Z |Ela,XPI(a,X| < n®) + n**V (|a,X| > n“)])
n=1

Ela, XP1(a,X| < n%))’ :
c Z n"2(log n)’ Z laqiX]| S;la =7 )J +C Z n"2(log n)? [n_“” Z Ela,. X" ]
n=1 n=1 =l

o0 al2 b <
Ela,;X|? Z - - E
C Z n‘”"z(log I’l)q Z : |Zap | ] +C ner 2(10g n)q (I/l ap Elam,X|P)
n=1 n=1 =1

n=1

i=1

n q/2

i=1

n q/2

i=1

3] n q/2
C > n"(logn)’ n‘“ﬂZw] (Cy (IX1P)*?
i=1

C Z naP=2a0=eP)2(Jog )7 < co. (4.14)

n=1

For 115, we study the following cases.
(1) If% <@ < 1,then p > 1. Taking ¢ > 22=1, by E(X) = E(—X) = 0, Lemmas 2.1 and 2.2, we see

that

L
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M

IA

[ n q
C » n""**(logn) Z [E[=Yyi + anXill + [E[Y, — am'Xi]l]]

L i=1

=
l
—_

IA
a
[

- q
n*’~>"*(log n)* Z [Ell = Yy + anXill + E[|Yn — aniXi”]]

L i=1

=
1l
—_

IA
a
[

n®2"%(log n)? Z

L =

ne-0 a1

[ [Emmxw E|am»X|P”q

=
I
—_

n""2 " (log n) T~ HI(Cy (1X17))

IA
a
[

S
Il
—_
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< C ) " ereilog n)! < oo, (4.15)

n=1

.o . ap—1 .
(i) If @ > 1, p < 1, taking g > ﬁ, by Lemma 2.2, we obtain
q

I <C Z n®29(log n)? Z [Ela,: X|{|a,;X| < n®} + n°V (|a,; X| > n%)]

n=1 i=1
> "\ Ela X\ H{lauX| < n?})’
< CZnQP—Q(IOgn)q [Z |a | {la | n })
ne
n=1 i=1

) n q
+C Z n®2(log n) (n“”’ Z Ela,:.X|” ]
n=1 i=1
S " Ela,XI’
<C Y nr(lognyr| Y 2l
;n (logn) [Z ap ]

i=1

0 n q
<C Z n®2(log n)? [n_‘”’ Z lal” J (Cv(IX17))?

n=1 i=1

<C Z nP~2HO=aP) (Jo0 )1 < oo

n=1

(iii) If @ > 1, p > 1, then E|X| < (BIXI")"/? < (Cy(IXI")'? < co. We take g > —*2=d. Hence by

C, inequality, Markov inequality under sub-linear expectations, and Holder inequality, we see that

- n q
n? 2 9(logm)? | > [Ela,X|{lauX| < n"} +n*V (la,X| > n)]
1 L i=1

- q
nap—Z—aq(log I’l)q Z [lanil + Elan,Xl]]
i=1

IL<C

ﬁMg

IA

Me

C

S
1l
—_

n“? _2_“q(log n)?

n 1/p q
ap-2-aq q N4 1-1/p
n (logn) |ail n

(1-0)q
7 (logn)? < oo.

S
Il
—_
Il

—_

IA
)
15
| V.M; -
g
I;JQ

A
)
Nk

1

S
Il

ap—2—aq+q—

NgE

IA

C

n

Il
—

n

Hence, the proof of Theorem 3.1 is finished. O

4.2. Proof of Theorem 3.2

Proof. For all € > 0 and any ¢ > 0, we see that

(o8]
Z n®?~2"*Cy, | max
1<j<n

n=1

j +
E a,;: X;| — en®
i=1
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Zj: niXi

i=1

—en® > t] dr

[eS) n® J
= Z npP=2-a V| max Zan,Xi > en® + t|dt
0 I<j<n | &
n=1 i=1
+ E nr-a f V [ max a,;: X;| > en® + t|dt
@ I<j<n
n=1 n i=1
00 n? J
< Zn"”‘z_“ f V| max a,iX;| > en®|dt (4.16)
0 1<j<n |4
n=1 i=1
+ E n®r=% “f max amX,- >t]dt
1<j<n
o0 j
< Zn‘”"zv max E a,: X;| > en®
1<j<n
n=1 i=1
+ E nr% "f max amX,~ > t|dt
1<j<n
= IIIl + IIIZ.

By Theorem 3.1, we conclude that 71/} < oo. Therefore, it is enough to establish /11, < co. Without
loss of restriction, assume that a,; > 0. Forall 1 <i<n,n> 1,1t > n®, write

Y;”- = —tI(Clm‘X,‘ < —l) + Clm‘X,‘I(laniXi < tl) + tl(am-X,- > l),
Zyi = anXi = Y,; = (@uX; + (@ X; < =) + (@ X; — HI(anX; > 1),

J
T’/lj = Z(Yr’zi _EY;”'), j=12,...,n
i=1

We easily see that for all € > O,

max
<]<n

max
1<j<n

J

/
2. %>
i=1

>t]<ZV(|amX|>t)+V

i=1

t] , (4.17)

which results in

. ap-2-a
I : = Z f {{E]a}

am-X,- > t|dr

< oo Zf V(lamX|>t)dt+Z w“f ¥nax Y,’”. >t]dt
<]<n
n=1 i=1
= Il + I1,. (418)

For I11,;, by p > 1, and Lemma 2.2, we obtain

1L, . = Znap_z_aZf VY (la,; X;| > 1) dt
=1 v

n=1

AIMS Mathematics Volume 7, Issue 11, 19998-20019.



20011

= inapzameV(|amX|p>s)—Sp 1 ds

1=

Yy QZ [ e > aeni
n=1

<

< ci -2 Z Cy (|lawXI?) (4.19)
n=1 i=1

= C i n” an la.il” Cv (1X]7)
n=1 i=1

<

(o)
CZ n°? <
n=1

For I11,,, we firstly establish that

sup max — 0, asn — oo. (4.20)

ne 1 1<j<n

ZE
For1 <i<n,n>1andp > 1, by EX, = E(-X,) = 0 and Lemma 2.1, we see that EY. = E(-Z,).

Ifa,X; >t,0 < Z,; = a,;X; —t < a,X;. If a,X; < —t, a,X; < Z,, = a,;X; +t < 0. Hence
|Z,i| < laniXill (la,;: X;| > t). Then, by Lemma 2.2, we have

ZE

sup max

= Ssu max
mne T 1<jsn p

ne 1 1<j<n

ZE( Z,i)

Csup — Z E|Z,|

t>n®

IA

IA

C sup ~ Z Ela,: Xl (ja,Xi| > 1)

>n®

CZ Elanixll (|amX| > na')

ncl
Z" Ela,; X|
ni
C nar
i=1

Cn®™*Cy (IX|P) — 0, as n — co.

IA

4.21)

IA

IA

Hence, while 7 is large enough, for t > n?,

<L (4.22)

which results in

t
T,| > —). (4.23)
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In the following, we present 111, < oo, for1 < p <2 and p > 2.
(1) If 1 < p <2, by (4.23), Lemma 2.4, Markov inequality under sub-linear expectations, and the
C, inequality, we obtain

o 00
1L, < Zn“p_z_“ V [ max
= na 1<j<n
o 00
ap-2-a -2
C)H n t “E|max
na 1<j<n

n=1

’
T,

t
> 5) dr
2) dr

n(lp—z—(l f t—Z(log n)z (Z E
n i=1

@

’

IA

Y, -EY.] (4.24)

IA

Me

C

n

1l
5 =

—+

2
D IEY)l+ |E<Y,;i)|]) }dt
i=1

—

IA

C > n"r(logn)? f 123 Elau X1 (lauXil < n) dt
n=1 ne i=1

+C ) n7(logn)? f 23 Elau X1 (1" < la,Xil < 1) dt
n=1 n® i=1

+C Y nr 2 (logn)? Y. f V (JanX;| > £)dt
n=1 i=1 Yn?

o 00 n 2
+C ) n7 2 (logn)? f r (Z [EC-Y,)l + IE(Y,;-)I]] dr
n=1 nt i=1

= Il + 111 + I + 11y,
For 111, by 1 < p <2, we see that

- = Ela Xil* I (laXi| < n®
C Z n(rp—Z(lOg n)2 Z |Cl | (la I n )
n=1 i=1

11,

IA

nZ(r

n2a

=  Ela, X1 (ja,; X| < n®
— CZ nap72(10g n)Z Z |Cl | (la | n )
n=1 i=1

n

Ela, XPI (|a,X| < n®)
Z ner

IA

(4.25)

C > n"2(logn)?
n=1

i=1

IA

C > n*"(logn’n " Cy (IXIP)

n=1
< CZ n’*(logn)* < oco.
n=1

For 111, by 1 < p < 2, by Markov inequality under sub-linear expectations, and Lemma 2.2, we see
that

Iy, = €Y n 2 (logn)? f 2Bla XPL (" < |ayX]| < 1) dt

n=1 i=1
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(m+1)®

= CZZ ap—2— a(]ogn) Zf _zElan[’X|21(l’la< |Clm'X| Sl)dt

n=1 i=1

CZZ ap=2-0(]og )2 Zf

n=1 i=1

n=1 i=1

5. St For | [t <t oneon

n=1 i=1

(m+1)*

IA

!
2 f v(|a,,,-X|21 (n* < la,X| <) > s2)2sdsdt
0

IA

IA

(m+1)*
+ f V(Iam-XIZI (n <|a;X| < (m+ 1)) > s2) 2sds]

17

C i Z n®">"%(log n)> i m™ " 'n*V (|la,; X > n®)

n=1 i=1 m=n

+C i Z ap- 2_"(log I’L)2 i me! i f‘(j+l)" V(lalezl (n(, < laX| < (m + 1)(1) > S2) 2sds

IA

n=1 i=1
nepr- 2—-a —a—1 2(1/E|aan| nep- 2—a
< CZZ (log n)? Zm CZZ‘ (log n)?
0 417
X Zm_" ! f V (|l XIPT (n® < |anX| < (m+ 1)) > s7) s""'2ps*Pds
Jj=n m=j

C

IA

Mz

Z 2 (log n)? Zm 0, Cy (XI)

i=1

._.

+CZ

=1
C > n*(logny’

n=1

(j+D*
w2 ogny S Zm-“ ! f Y (apXP” > ) s712p 0P ds

i=1 j=n m=j

IA

(j+1)*

+CZ Z aP=2-0(|og p)? Z f V (|lauX|? > s7) s 2p P ds

n=1 i=1

IA

CZ “2*(log n)? + CZ Z P2-¢(log n)2Cy (|anX|") n*~"

n=1 i=1

c Z n~*(log n)® + C Z n~**(log n)*Cy (IX|7)

n=1 n=1

C > n*(logn)? < . (4.26)

IA

IA
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For 111,53 < oo, by the proof of I11,; < oo, we can see that I115y; < oo. For I1l4, by 1 < p <2,
E(-X) = E(X) = 0, and Lemma 2.1, we obtain

n

) 2
Iy < C ) n*7 2 (logny’n™| > [[B[-Y;, + a,Xill + [BLY,; - a,,,-X,-]l]]

n=1 i=1

o) n 2
<C Z n® " (log n)*n™ Z Ela,:X|H{|aX| > na})

n=1 i=1

<C Z n*7*(log n)*n™"

n=1

Y1 Blan X1\’
nap=1
< C > n* " *(logn)*(Cy (IX|"))* < oo.
n=1
Therefore, we conclude that I71,, < oo for 1 < p < 2.
(i) If p > 2, by (4.23), E(X) = E(—X) = 0, Markov inequality under sub-linear expectations, the C,
inequality, and Lemma 2.4 (for g > 2), we see that

o0 00 t
1L, < Zn“p_z_“f V(max > —) dr
p n 1<j<n

’
T,;

2

o 00 1
ap-2—-a —-q - .
[ 00 - q/2
e 3w egogny i ZEW,;,-—EY,;,-lu[ZE(Y;,-—EY,;-f]
n=1 e i=1 =1

Y

n q
+ (Z [IECY; )1+ |E(—Y,;,~>|]] )dt

i=1

C > n" 2 (logn)! f 9E|Y |'dt
i=1 Yn

n=1

0 00 n q/2
+ ) n 2 log ) f £ (Z EY,’U.Z] dr
n=1 n i=1

- N q
+ Z n®*~*(log n)? f e (Z [[EC)I + |E(_Yr,zi)|]) dr
n=1 n

i=1
= IV + 1V, +1V;. (427)

IA

IA

For 1V;, we obtain
IV = C) n""*(logn)! » f Elan X1 (|JauX| < n®)dt
n=1 i=1 Jn®
+C Z n? _z_a(log n)? Z f tE|a,; X1 (n® < |a,X| < t)dt
n=1 i=1 Yt

AIMS Mathematics Volume 7, Issue 11, 19998-20019.



20015

+C Y nr 2  logn)! Y- f V (JawX| > 1) dt (4.28)
n=1 i=1 Yn"
= IV +1Vip + 1V,

By the similar proofs of 111y, < oo and /1155, < oo (with ¢ in place of the exponent 2), we can see that
1V} < o0 and IV, < co. Similarly, by the proof of 111, < co, we can see that [V;3 < co.
For 1V,, we obtain

1V,

IA

0 00 n a”2
C Z n(xp—Z—(l(log n)q f 4 [Z ElaniX|21 (|amX| < n‘l)] dr
n=1 n i=1

0 00 n q/2
+C Y nr 2 log ) f = (Z Ela, X1T (n® < |anX] < r)) dr (4.29)
n=1 n i=1
0 00 n q/2
+C Y nr 2 log )t f (Z V (JanX]| > t)) dr
n=1 n \Ui=1
= IV + IVy + V3.
For 1V,;, taking g > maX{Z, %
expectations, and Lemma 2.2, we obtain

0 I n q/2
IVy = C) n(logn)’ f 4 [Z Ela, X (janX]| < n“)] dr
n=1 n

* i=1

}, by the C, inequality, Jensen inequality under sub-linear

IA

- ; q/2
C Z n*"*"(log n)n"" (Z Ela,:.X*I (|a,:X| < ”a))
L i=1

n

) q/2
C > n" 2 (log nyn® (Z aii] EIXPY"”
n=1

= i=1

IA

IA

€ Y nr 7 Qog mn= (247" C (X)) (4.30)

IA

n=1
(o]
0 q_(-0)q
Cznap 2-aq+3—"—; (logn)q < 00,
n=1

2(ap-1)
> (ap-9b)

For 1V,,, taking g > max{2
Lemma 2.2, we have

}, by Jensen inequality under sub-linear expectations, and

1V,

[eS) 00 n q/z
C Z n(xp—Z—a(lOg n)q f 4 [Z E'(lm'Xlzl (na < I(lm'XI < t)] dt
o na

i=1

o) n 7/2 00
C > n"(log )’ (Z Ela, X (|anX] > n“)) f 4dt

<
n=1 i=1 '
I " Bla, X (laX] > n))""
< CZna”_ (logn)? Z >
n a
n=1 i=1
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) n (1/2
E m’X Py m'X > n“
< €Y nr2ogny | Y HX ’(1"; > ) 431)
n=1 i=1
< C Z n®2(log n)in~"42p%2 (Cy; (1XIP))9/

n=1

< C ) pPEerd2al(log p)t < oo,

n=1
For 1V,3, by Markov inequality under sub-linear expectations, and Lemma 2.2, we conclude that

n

sup >V (ja,X| > )

>ne £
1zt iy

IA

DV (lanX| > n%)
i=1

= Ela,;X|?
< Z;W (4.32)
< Cn® 50, asn — oo.

Since ¢t > n®, for all n sufficiently large, we deduce that

DV (lanXl > 1) < 1. (4.33)
i=1
By (4.29), we obtain
0 00 n q/2
Vs = C) n"?(logn)’ f (ZV(Iale > r)) dr
n=1 nt \i=1
< CZn"p_z“’(log n)! f (ZV(Iale > t)) dr (4.34)
n=1 n" \Ui=1
<

C Z n°2(logn)? < co.
n=1

For 1V;, taking ¢ > max {Zg:;, 2}, by E(X) = E(—X) = 0, Lemma 2.1, and Lemma 2.2, we see that

q

IV <C Y n > (log my'n @™ [Z (Y., — an X))l + [E(=Y,; + anX,)]
i=1

n=1

0o n q
Bla,; Xi|?
S (522

n=1 i=1

IA

NgE

C nap—Z—a—(q—l)a(log n)qn—aq(p—l)+5q (Cy (| X|p))q

S
1l
—_

IA

M

C

n(lp—Z—(xqp+5q(log n)q < 0.

S
1l
—_

Hence, the proof of Theorem 3.2 is finished. m]
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5. Conclusions

We have established the new results of complete convergence and complete moment convergence
for weighted sums of negatively dependent random variables under sub-linear expectations. Theorems
of this article are the extensions of convergence properties for weighted sums of extended negatively
dependent random variables under classical probability space.
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