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Abstract: In this research, we reformulate and analyze a co-infection model consisting of Chagas and
HIV epidemics. The basic reproduction number R, of the proposed model is established along with
the feasible region and disease-free equilibrium point E°. We prove that E° is locally asymptotically
stable when Ry is less than one. Then, the model is fractionalized by using some important fractional
derivatives in the Caputo sense. The analysis of the existence and uniqueness of the solution along with
Ulam-Hyers stability is established. Finally, we solve the proposed epidemic model by using a novel
numerical scheme, which is generated by Newton polynomials. The given model is numerically solved
by considering some other fractional derivatives like Caputo, Caputo-Fabrizio and fractal-fractional
with power law, exponential decay and Mittag-Lefller kernels.
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1. Introduction

American trypanosomiasis, commonly known as Chagas disease, is a fatal disease transmitted by
biting insects called “kissing bugs”. The Trypanosoma cruzi parasite is the cause of Chagas disease.
People who have Chagas are unaware of the disease for many years, as there are no symptoms. After
several years, some of the people who have Chagas face heart damage, which consequently leads
to sudden death. In Latin America, no other parasitic disease kills as many people as Chagas does.
Almost 6 million people have been infected from Chagas, and per year, 173,000 new cases appear. In
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Latin America, it is endemic in 21 countries, and 9,490 people have been killed in 2019. Unfortunately,
countries in which Chagas is not endemic have recently been affected due to the migration of people
from the endemic regions [1,2], which results in the contact of Chagas-infected migrants with HIV-
infected people, and hence a co-infection occurs [3,4]. It has been observed that vertical transplacental
transmission, contaminated blood products, and blood transfusions are the transmission means of both
diseases. Intravenous drug users are a high prevalence group for Chagas, when they use contaminated
needles. The prevalence of co-infection is significantly higher in this group [5].

A serious situation develops in patients when a co-infection of Chagas disease with HIV
infection occurs, which results in high fatality rates [6,7]. It has been reported that after diagnosis,
it takes 10-20 days to fatal evolution. Myocarditis, meningoencephalitis and cutaneous lesions are the
clinical manifestations which may present in coinfected patients [8—10]. Early diagnosis with highly
active antiretroviral treatment can only improve the survival. In non-endemic regions, the professionals
rarely suspect the HIV-positive patients of having Chagas.

While a number of clinical studies have been reported on the Chagas epidemic in the setting of
advanced AIDS [11-14], not much has been analyzed in the setting of the Chagas epidemic and HIV
co-infection despite its contingency and clinical consequence. A number of mathematical models
have also been studied to simulate the spread and control of either the Chagas epidemic or advanced
AIDS [15-19].

In this paper, we use fractional derivatives to simulate the proposed disease structure. Fractional
calculus is a modification of classical calculus. To simulate a mathematical model of any proposed
phenomena related to a real-world problem, the fractional-order derivatives are most suitable because
they provide a higher degree of accuracy and are the best fit to capture the memory effects and spanning
nature. Epidemic models defined in the sense of fractional derivatives provide more information about
the disease dynamics as compared to the integer-order models [20,21]. Various types of fractional
derivatives in the forms of different kernel properties have been proposed by mathematicians [22-24]
and have been used to simulate different problems [25-27]. For example, in [28], some researchers
proposed a malaria model with Caputo-Fabrizio and Atangana-Baleanu derivatives. Some recent
studies on mathematical modeling of infectious diseases using fractional derivatives are [29-33].

The organization of our paper is as follows: Section 2 deals with the feasible region, basic
reproduction number and the equilibrium point of the proposed Chagas and HIV co-infection model.
Section 3 is concerned with the local stability of the proposed model. In Section 4, the deterministic
model is then fractionalized by using the Atangana-Baleanu fractional derivative in the Caputo sense.
Also, some preliminaries are available regarding different fractional derivatives in the said section.
Existence and uniqueness are determined in Section 5. Section 6 deals with the Ulam-Hyers stability
of our model. Section 7 depicts some simulations carried out by a new numerical scheme proposed by
Atangana and Seda. Section 8 is devoted to justifying the concluding remarks along with the further
scope of the study.

2. Model formulation
In the model, we split the total human population size N into five different classes: Chagas
susceptible class S, class of HIV susceptible Sy, Chagas infectious class I, class of HIV infectious Iy

and the class of infected population with both Chagas and HIV I-y. So, the complete human population
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size is specified by

N@) =Sc+ Sy +1c + 1y + Icy. 2.1

Thus, the mathematical model for defining the proposed structure of Chagas and/or HIV infections is
derived by the following system [34]:

% = a0 — (y1(I¢ + milen)) Se — puSe,

% = - a)o — (y2(Iy + mlcn)) Sy — uSH,

% = (1 +milen) Sc = (u + 601 = yslely — pele + Oclen, (22)
a?l[_f = (y2(lg + malen)) Sy — (u + 61y — valcly — puly + Oulcen,

% = VIcly — (u + 63)ley — Oley.

The parameters and the classes used in the above proposed model are specified in Tables 1 and 2.

Table 1. Description of the parameters.

Parameter Description

0% Probability that contact results in infection

Y1 Chagas infection rate

b2 HIV infection rate

0% Rate of being infected with both Chagas and HIV

V3 Rate of joining co-infection class after infection with Chagas
Va4 Rate of joining co-infection class after infection with HIV
01 Death rate of humans infected with Chagas

0> Death rate of humans infected with HIV

03 Death rate of humans co-infected

Pc Recovery rate of humans infected with Chagas

PH Recovery rate of humans infected with HIV

Je Recovery rate of humans co-infected

o Rate of being infected

u Natural mortality rate

a Proportion of humans susceptible to Chagas

B Proportion of humans susceptible to HIV

Oc Rate at which co-infected humans recover from Chagas
Oy Rate at which co-infected humans recover from HIV

AIMS Mathematics
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Table 2. Description of the model classes.

Variables Descriptions

N Total population

Sc Number of humans susceptible to Chagas

Sy Number of humans susceptible to HIV

Ie Number of humans infected with Chagas

Iy Number of humans infected with HIV

Icw Number of humans infected with Chagas and HIV
Ren Number of humans recovered from both infections

2.1. Basic reproduction number R

The region
A= {(SC»SH’I[C,IH’I[CH) € Rf

0<N< Z} 2.3)
U

is positively invariant for (2.2), and all solutions of (S¢, Sy, Ic, Iy, Icy) € Rf remain in A for all # > 0.
The disease-free equilibrium (DFE) denoted by E? is

ao (1-a)o
EO = (SCO’ SH()’ JIC()’ JIH()7 I[CH()) = (Ta Ta O’ O, 0) (24)
Let (I¢, Iy, Icy) be our infected compartment, and then it follows from system (2.2) that
dl
d_tC = (y1(¢c + milen)) Sc = (u + 6)Ic = v3lcly — pcle + 0clen,
dl
d_;l = (yo(lg + mlecm)) Sy — (u + 01y — valcly — puly + Oulcen, (2.5)
dl ,
% = ylcly — (u + 63)lcy — Olcy,
the Jacobian matrix of the model is
Y1Se — (U + 61 + pc) 0 Y Se + 6c
J = 0 ’}/QS% - (,u + 0, +pH) ’)/27'(25?_[ + 0y . (26)

0 0 —(u+03+6)
Arranging J such that J = F -V, we get

[71SOC 0 7’17T1Sg]
F= :

0 7SY% ymSY 2.7)
0 0 0
where the elements in the matrix F constitute the new infection terms
(u+ 061 +pc) 0 e
V= 0 (1 + 62+ pp) -0y . (2.8)
0 0 (1 + 53+ 6)
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The matrix V represents the exchange of infection from one compartment to another. Therefore, the
next generation matrix defined by FV~!is

152 yipcS 2 yimSe
H+o1+pc (u+01+pc)(u+d3+60) — p+d3+0
Fv!= 0 y25% Y2008 Y Y28y ) (2.9)
ur62+pn  (uAS1+pc)(u+03+0)  (u+3+0)(utoH+062)
0 0

Thus, Ry, which is the dominant eigenvalue of matrix FV ™!, is obtained as

§0 §0
Yio¢ 2o ) (2.10)

Ry = max(Roc, Rog) = maX( ,
H+01+pc p+62+pu

where Ry¢c and Ry are the reproduction numbers for Chagas and HIV, respectively.
3. Local stability

Theorem 3.1. The disease-free equilibrium E° of the system (2.2) is locally asymptotically stable if
RO < 1.

Proof. The Jacobian matrix of the system (2.2) at E? is given by

-u 0 —yl% 0 _71”1%
1-a)o (I-a)o
0 —u 0 —’)/Q(T YT
JO9=10 0 -a 0 Nnme +6c |, (3.1)
0 0 0 —ay  —(mRT + 0)
0 O 0 0 —(u+03+6)
where a;; = (u+ 61 + pc — 71(2—6) and ayp = (U + 02+ Ya + pu — 72(1_,7)0)-

The characteristic equation of J is given by

ao (1-a)
JQ) =+ WA+ A+ + 6 +pc - 717))(/1 + (U + 02 +ys+ pu — VzT)) 32)
A+ u+03+6)=0.
The three eigenvalues of the characteristic equation of J° are negative, i.e., 1; = —u, A, = —u, and

As = —(/.l+53+9).
The eigen value A3 = —(u + 61 + pc — V1 (L—‘T) is negative if u + 81 + pc — 1 ‘L—‘T > (, that is

+ 01 +pc > il %% <1
H pc>yi—, or ———— <1,
1 c 1/1 L+ 01+ pe
and by definition
Y15
Roc = . 1
1+ 01+ pc
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a (Y)O' (I-a)o a)O'

Similarly, 44 = —(u + 92 + y4 + py — Y2——) is negative if (u + 0, + y4 + py — yo——) > 0, that is
(1-a)r y, =02
+ 0+ Y4 +py > , a <1,
U+ 02 +Ya+pPH>7Y2 p 0rﬂ+52+74+pH

and by definition

(1—a)o
Yo

M+ 02+ vt pn
So, Ry = max(Ryc, Roy) implies that Ry < 1.
This shows that the DFE point is asymptotically stable if Ry < 1.

< 1.

Row =

4. Preliminaries

Here, we present some definitions of integral and differential operators, starting with the Caputo
fractional derivative

SDF f — f(P)(t — V) =dY, 4.1
FO= 15 _H) FOB -~ ¥)2d (4.1)
the Caputo-Fabrizio fractional derivative
crr = U E
§"DFF (1) = —f(‘I’) exp [~ (1 = )| d¥, (4.2)
and the Atangana-Baleanu-Caputo (ABC) fractlonal derivative
AB = =
ABCDEF (1) = ( ) — f(‘P)E [ \11)=] dvy. 4.3)

The fractal-fractional derivatives with power—law kernel, exponential decay kernel, and Mittag-Lefller
kernel are given by

o "DEIF () = r(1 =) di’ f FO¥)E =) =d,
FFEDH Llfgr( 1) = ME_'_) dcfl// f f(P)exp [ ‘P):| d¥y, 4.4)
OFFMD;E-J//T(I) _ fiB_(E:) d‘t{// f f(P)E= [ (t -¥)= ]

where
dF @) .. F@)—f(t)

g m 2 2= 4.5

The fractal-fractional integrals with power-law, exponent1al decay and Mittag-Leffler kernels,
respectively, are given below:

o I () = % f (t = O W fCR)AY,

FFE By — -
JUF() = M(_) T(r)+M()

FFM B A _y\E-lhgyl-y¢
JUF() = AB() ?(t)+A—B(_)F(H) f t-P)" Y Yf(P)dY.

f (t =)'V F(P) AP, (4.6)
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4.1. Fractional order model

To the best of our knowledge, no one has yet considered the fractional-order Chagas-HIV epidemic
model in the sense of the ABC fractional derivative. Therefore, getting motivation from the above-
given model (2.2), we consider a fractional-order Chagas-HIV model using the ABC fractional
derivative [26], which is as follows:

APCDG [Sc(0)] = {ao — (e + milen)) Sc — uSc}

ABCDEI[SH(Z)] ={(1 =)o = (y2(Iy + mlcn)) Sy — uSw},

ABCD(EI[]ICU)] ={(71Ic + milcr)) Sc — (u + 6D)Ie — y3lely — pcle + Oclent 4.7)
ABCDE [T ()] = {72y + maollen)) Sy — ( + 8Ly — yalcly — puly + Oxlen) s

ABCDG, en(t)] = {YIcly — (u + 63)len — Olcn)

with the initial sizes of given classes
SC(O)’ SH(O), JIC(O)’ I[C(O)’ I[CH(O) 2 0.
5. Existence and uniqueness of solution for the ABC model

First, we derive the existence and uniqueness of the solution with respect to the Atangana-Baleanu-
Caputo derivative for the system (4.7). Consider a continuous real-valued function denoted by B(J)
associated to the supremum-norm characteristic, is a Banach space on J = [0, b] and P = B(J) X B(J) X
B(J) x B(J) x B(J) with norm [|(Sc, Sy, Ie, I, Iea)ll = IScll + ISull + el + Lyl + [Tcxll, where [IScll =
sup,e; [Sc@I, [ISull = sup,e; IS, llcll = sup,e; Ic@, [Iull = sup,; Iu@Ol, lcull = sup,; Len (@)
Using the Atangana-Baleanu-Caputo fractional integral operator on both sides of Eq (4.7), we get
Sc(t) = Sc(0) =**¢ DF [Sc()]{ao = (y1(Ic + mIcn)) Sc — pSc}

Su(t) = Su(0) =*°C DF [Sy(D]{(1 = @) = (y2(ly + molcw)) Sy — pSn}
Ie(1) = Ic(0) =*°C DF [Lc)] {(y1(Ic + mIcw)) Sc — (u + 6)Ie — yslely — pcle + 0clen}, (5.1
L () = I5(0) =P Dg, [T {2l + malew)) Sy — ( + )y — yalcly — pulu + Oulen)

Ieu(t) — Ica(0) ="BC DOE,t[]ICH(t)] {ﬂcﬂH —(u+03)en - QI[CH} .

Now, the definition (4.3) leads us to

Sc(t) = Sc(0) = K1(5,1,Sc(@) +

B(H) BE)T

1-E ): f (1 = 9% 81 (E. 9. Sc(9))dd,

1-
Su(®) = Su(0) = B(_) Rz(u,t Su(1)) + BETLE) f (t = ) 'Ra(E, &, Su(9)dd,

1- =
Ie(r) = 1c(0) = B(u) R3(~, t,1c(0) + BELE) f(f — PEIR3(E, 9, 1c(9))dd, (5.2)
1- =
[a() — Ix(0) = B(u) R4(~, t,1u(0) + ﬁ f(f - D 'KY(E, 9, 1y(9))dD,
1 -
Len(®) = Icu(0) = e R5(_,t Ien(®) + === BE )F( ) f(f - DF'K5(E, 9, Ien(9))dd,
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where
Ki1E,1,S¢() = ao = (y1(Ie + milen)) Se — puSe,

Su(E,1,5u(0) = (1 = @)o = (y2(Iy + molen)) Su — pSw,

83 E,1,1c(0) = (n1e + milen)) Sc — (w + 6D)le — y3lely — pcle + Oclcn, (5.3)
K4 B, 1,15(0) = (2(ly + m2lew)) Sp — (u + 621 — yalcly — puly + Oulcn,

Rs(E, 1,Icn() = VIcly — (u + 63)len — Oley.

The symbols &, &, K3, &, and K5 have to hold for the Lipschitz condition only if S¢(¢), Sg(%),
Lc(7), I5(2) and Iy (7) possess an upper bound. Taking that S¢(7) and S;.(¢) are couple functions, we get

IR 1,5c0) - %1 (24500 = - 1@ + mTew) + 0 (Se - szw)|. - G4
Taking into account 17y := ||— ((y1(I¢ + mIcy)) + w)l|, one reaches
|81, 1, Sc(®) = &1 B, SL@)|| < m1 [[Se®) = S]] - (5.5)

Also, we can get

8B, 1,85(0) = 82 (2,6,5 50)|| < ma |8 0) -
85 &, 11c0) - 85 (2,6, 1:0)|| < s Jie) - 0],
84 o1, 1n(0) = K (B0, 10) | < 4 1) -
85E 1 Len() = 85 (B 125 0)|| < 15 [len® = L],

(5.6)

where
2 = ||= ((2(Ily + molen)) + wll,
3 =l—(u+ 61+ y3lu + poll,
M4 ==+ 62 + yalc + pw)ll
s =“—(ﬂ+53 +9) ,

which shows that the Lipschitz condition holds. Continuing in a recursive manner, the expressions
in (5.2) yield

-

Scn(t) = Sc(0) = K1(E, 1, Scn1 () + —E f(t—ﬁ)“_191(~,19 Scn-1(9))d?,

B(u) B

Sin(t) — S4(0) =~ e ~Ra(Z. 1S (1) + s X fo (1 = 97 Ro(E, B, Sy (D)),
Tea(1) = Te(0) = 5 =051, e 1(r>)+ﬁ f (= DFIRE D L D, (57)
(1) — T(0) = e = 01 T 1<’”*m f (= 9 R4, 0, T 1 (9))d9,

Lem(t) = Ten©) = =Sl Lo () + s f (1 = 9 Rs(E, 9, Tegn1(9))dD.
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Together with Sco(1) = Sc(0), Spo(®) = Su(0), Ico(®) = Ic(0), Lno(r) = 1x(0) and Icpo(®) = Len(0),
differences of consecutive terms yield

Is . n () =Scu(t) = Scp-1(1) = 1B, 1, Scn-1() = K1(E, 1, Scu-a(1)))

B<_>
+m fo (t = 9= (R, (B, 9, Scnr () —K1 (B, 9, Scua())) 9,

Is, (1) =Sun(t) = Spu-1 (1) = E, 1, Shn-1(0) — K2(E, 1, Spp—2(2)))

B(u)

WTENG) f (t = (K2 (B, 0, Spar1 (8) =K1 (B, 9, S 2(9))) d,

—
s_4

1 -
Lie (D) =Ic1n(t) = Iep—1 (1) = BE )(33(~,f Aen-1(0) = K38, 1, 1c,-2(0))

(5.8)
f (- 19)=_1 (83 (B, 3, Icn-1(F) =83 (&, 9, Len2(9))) d,

+

-

)

E
)
BE)I'(E)
2DIE

I[]IH,n(l‘) :I[HZn(t) - I[Hn—l(t)

1-
BE ) E, 6, IHn-1(0) — S48, 1, 1g2(1)))

+ m fo (t =¥ (R4 (B, 9, 1pp 1 () =84 (B, 9,1 2(9))) dF,

1-
Ly n(®) =lepa () = Iepn-1() = BE )(Rs(u,f Acern-10) — 85(E, 1, Iepa—2(1)))

" BOr® f (t = 9 (85 B0 Tem () —Ks E, 8, Iepna(9))) dD.

It is vital to observe that Sc,() = X gls.i(?), Spu(t) = Xy ls, (1), Ien(t) = Yo L i(0), Iy, () =
2o Ini(®), Iemn(t) = X7y, (). Additionally, by using Eqgs (5.5), (5.6) and considering that

Iscn-1(®) = Scp-1(t) = Scp-2(), Isyn-1(®) = Spp-1(®) = Spu-2(), Iicp1(D) = Iep1(®) = Lenoa(0),
Ly 1) = Tgp1(0) = Tgu—2(®), Ly a1 () = lepn-1(®) — Icma—2(2), we reach

eca®] < 3Zm [Tocan O zmm X ¢ = D7 [Lscur ]| 48,

e, n @] < 220 [Tsynas O] =z X [ (¢ = 92 |[Isy s ()] 29,

e < 350 a1 O] g2igms X fo & = D= [Tipcs ()] 9, (5.9)
[z, n @] < 3E74 [Ty 1 O] gz ia X fy (2 = 5 [Tyt ()] 9,

@] < E205 [Tien1 O] 5=zs X (¢ = D Tyt ()] 8.
Theorem 5.1. Assume that the following condition holds:
1-Z =
5@ " BEIE)
Then, (4.7) has a unique solution for t € [0, b].

bni<1,i=1,2,...,5. (5.10)
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Proof. 1t is given that Sc(¢), Sg(?), Ic(f), I5(¢) and I-4(¢) are bounded functions. In advance, as can be
observed from Eqgs (5.5) and (5.6), the symbols &, &, &3, &, and K5 hold for the Lipschitz condition.
Therefore, using Eq (5.9), together with a recursive hypothesis, we derive

[Leca®]] < 1Sco®ll (E2m + 5E2=m)
[, < ISmOI (5Ems + 3E=m)
[z n @] < MeoN (£E05 + 52=m3) (5.11)
[, < Mol (5E s + 5EE=ms)

||I[I[CH,n(l)|| < ”ﬂCHO(l)” (%7]5 + ﬁ;@ns)n-

[

inequality, for any k, we have

Zn+l _ Zn+k+ 1

IScask(t) = ScaOll < Xk, Z) = Z55—,

Zn+1 _Zn+k+1

o
ISHnei(D) = Sa0)ll < 212%,, 2] = B2,

Zn+l _Zn+k+l

ensx(® = TeaOll < By 23 = 25—, (5.12)

Zn+| _Zn+k+1

o
ek (1) = Lua Ol < 225, Z) = B

Zn+1_Zn+k+l

k
etnk(®) = TN < Xt Z] >

with Z; = ;(‘“) n; + B(E)EF(E)bEn,- < 1 by hypothesis. Similarly, we can prove the existence of a unique

solution for the proposed model in terms of other fractional derivatives.
6. Hyers-Ulam stability

Definition 6.1. [23] The ABC fractional integral model proposed by Eq (5.2) is called Hyers-Ulam
stable if there exist constants &; > 0, i € N° satisfying the following: For everyy; > 0, i € N°, when

Se(n)- B(_j (B 1, Se() + m X f (t = HF'K, (B, 0, Sc(@)dI| < y1.
Sn(t)—~ B( )Rzm Su(D) + (_; f (1= D= Ry (B. 0, Sy(@)dO| < 2. (6.1)
Te(t)—+ 5 =832, 1, 1c(0) + B(:;: f (t — 97 R3(E, 9. Tc(9)dD] < y3,
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— L t — 9)=-1 =
[T (2) B(H) R4(~,t [4(0) + B(E)F(E) X fo (=)™ K4(E, 9, Ig(3)dI| < ya, 62
|]ICH(I)— B R5(~,t Ien(D)) + === BE )F( ) f‘(f—ﬁ)z_lﬁs(u,?9 Leu(@)dd| < s,
there exist (Sc(t), Sy (), Ic(?), Iy (1), Iey (1) satlsfymg
1-Z2 ! = .
Sc(?) = B(H) S1E, ,Sc(D) + —=—= B )F( ) f(l - 'KI(E, I, Sc(@))dd,
Su(t) = B(_) R2(~,t Su() + ——— BE )F( ) f(t—ﬂ)“_lﬁz(u,ﬂ Su(®))dd,
Ic(t) = B(H) R3(~,t Ie(0) + m f(l -9 'R (E, 9, Ic(9))dd, (6.3)
I (r) = B(u) R4(~,t () + === BE )F( ) f(t—l?)“_lﬁzt(u,ﬁ I(9))dd,
. 1-
Ien(n) = BE) Rs(u,f Ien() + m f (t — ' Ks(E, 9, Ie(9)dd,
such that
ISc(t) = Sc < &iyi, 1SH®) = SHO| < Lyay  e(?) = L] < Gys, 64)

La (1) = Tl < Layar Men(®) = Ieu(0] < Lsys.
Theorem 6.1. With the definition of J, the given model of fractional order (5.1) is Hyers-Ulam stable.

Proof. Using Theorem 5.1, the given ABC fractional system (5.1) contains a unique solution
(Sc(t), Su(), Ic(2), Ix(0), ]ICH(t)) satisfying the equations of system (5.2). Then, we have

ISc(t) - Se(n)) <> ||Rl(~,lSC(t))— (B, 1,Sc)|

B(E)
+m fo (= H*" |R1(E. 1. Sc(®) - K1(E. 1. Sc(@)|| d? (6.5)

1-= = .
S[ — + —= ,_,lLHSC—SC”,

B(.:) B(E)(E)

IS () = Su(| <

e ||R2<~,t Su(®) = K2(E, 1, Sy(0)||

+m fo (= D" |Sa(E. 1, Su(1) - Ko E. 1, S(0)||d®  (6.6)

1-=2 = .
< I _
_[B(:') + B(:)F(:)l 2|ISH — Shll,

Te(6) — Tl < |R3(E. 1, 1c(1) — K3(E, 1, Ie(@)||

B< BE) 5® |
+ m fo (= H*" |[R3(E. 1.Ic(0) - K3E. .1c())|| a9 (6.7)
1-Z =

3@ T BEIE

] Ll — Lell,
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—
1 -5
—

B(=)

(1) = Tu(D)]] < [R4(E, 1. 15()) — K4, 1, Ty ()|

+ m fo (t =9 |[Ra(E, 1, Tn(1) — Ka(E, 1, Ty(0)]| 4B

1-= = .
< + LIy — I4ll,
< [ BE) B(E)F(E)] alllg — Iyl

—
—]
—

B(=)

en () = Ten(DI <

|85E. 1. Len(®) = K5E. 1, Ien )

+ _—
BE)(Z) Jo

1-= = .
S[ ]HSHI[CH — Icall.

!
(t == ||Rs(E, 1, Icn(®) — K5(E, 1, Icn(0))|| 4O

L E
B(=)  BEI(=)

-8

Taking Yi = L‘, A,‘ = B®) m,

this implies

ISc(®) = Scl < y1A;.
Following the same procedure, we have

ISk (1) — S}q(t)ll < Y2,

e (@) = TIcOIl < v3As,

1L (2) = In @Il < yaha,

e (®) — Iea(Il < ysAs.

(6.8)

(6.9)

(6.10)

6.11)

From the results of Eqs (6.10) and (6.11), the AB fractional integral model (5.2) is Hyers-Ulam stable,
and consequently the AB-fractional order model (5.1) is Hyers-Ulam stable. This ends the proof. O

7. Numerical scheme

Now, we derive a numerical scheme for our model. We shall start with the Caputo-Fabrizio
fractional derivative, and this will be followed by the Caputo and Atangana-Baleanu fractional
derivatives. Finally, we will solve the models with fractal-fractional derivatives. So, the Caputo-

Fabrizio model is given by

6 DS = a0~ (y1(e + milen)) Se ~ #Sc,

6 DrSu = (1 =)o = (y2(ly + olew)) Sy — S,

6 Dl = (I + mlen) Sc — (u+ 6)lc — yslcly — pcle + Oclen,
"Dy = (yally + molen)) Sy — (e + 62)Iy — valcly — puly + Oulcn,
6" Dley = ¥lcly — (u + 63)ley — Oley.

For simplicity, we write the above equation as follows:

5" OFSc = Sg(t,Se, Sua Ie, L Ien),

6 DSy = Sy(t,Sc. Su. I, I, Ien),

DI =100, Sc, Sy e, T Ten),

o DFly = Iy(t,Sc, Sy, e I, Ten),

OCFDIEECH = ]IZ‘H(I, SCa SHa ]IC’ I[Ha ]ICH)

(7.1)

(7.2)
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After applying the fractional integral with exponential kernel and putting Newton polynomials into

these equations, we can solve our model as follows:
S gy 4 1—3[ St St 83 Lo T ey 1]
C O ME) | -Se(t-r, S Sy LI, I T
= ) BSety, Sk, Sy 1L, Iy, Iy )AL
UG —Sgs*c(rv_l,SVC—I,S;;RI[VC,JI;;&I[VC—,;)Ar :
+2Se(ty2, SE2, S 2 I I, L) At
g+l gy +1—5[ Su(ty, S¢Sy Ies Iy Ieys) ]
720 ME) [ =Sy (t-1, S Sy T T
= ) B85, (1y, SL, Sy I, Iy, Ty, AT
UG —;S;,(tv_],sg—;,s;;;,ﬂg,zﬂgl,zﬂg;;)zm :
+ 385ty SISV T2 T2 I ) At
]Iv-i-l :I[V + 1_ E ]IZ‘(Z’VJIE" S;.]a I[E" ]I;.Ia I[E'H’) :|
© T ME) | FIe, SEL S LI I T,
= ﬁﬂzm,SVC,IS;,,HIVC,H;,,HVC{,,)Af
 ’E —Sg]I*C(tv_l,S‘C‘,S};,I[VC,]I;;,I[VC‘H)At :
+ 31 (ty, SI2, S 2 12, I 2 T ) At
prt oy L2 B G I Sp T I ) ]
H TP M) =Lt SIS LI T T
= ) BT (1, Sk, Sy, I, Iy, Ty, AL
UG —;]I;(rv_l,svc“,S;;‘,]IVC,]I;;‘,]IVC;})At :
+31, (0, SIS 2 T2 T2 I At
Pl _p 1—5[ Iyt I, Sy I, I 1Y) ]
CH ™°CH = M(E) [Tyt SEL SEL T, T T
g ) Bt S¢Sy I Ty Ty )AL
+ =30 (o, ST Sy L T I DAY
DAt

M(E) 5 x — — _ _
+i5len (b, 8¢ 2, Sy I I Iy

We have the following numerical scheme for the Mittag-Leffler case:
v+l 1-E * v vV oV o[y TV
S¢ “ABE®) + Se(ty, S¢, S Ies I, Te)

E(AD® O u-2 Qu-2 u-2 u-2 Tu-
+ 1) MZ:; Sc(tu—Za SC 29 SH 29]1(; 2,1[1-1 2’JICHZ)I_I

+
ABE)(E

P VSR - [S*Cau_l,Sz-lész‘léﬂz‘gﬂz*éﬂ‘eyz 5

ABE)T(E + 2) & |=Si(ty-a, SE2, S22, 152, 142, T2

u=2
o ST

——— =28¢ (-1, S Sy LI I T,
2AB(I—4)F(I—! + 3) ) +SZ(Z‘M_2, S%—Z’ S?-I—Q,’ ]Ié—Q’ I[MH—Z, ]Iz_[_lz

14

A,
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st =

—
—]
—

AB(E) S;—](tv’ SVC’ SVH,T&’ I[‘]}-[, T&‘H)

=00
ABETE + 1)

D Shltaa, S S5 T T2, T
u=2

z

E(At)® - [ St (tuey, SEL, SUL et st e ]

+
ABE)T(E +2) &4 [ =S}, 87, 857 I, 12, I

Sp(tus Sé; St ]Ilc I[qu’ Héﬂl) 1
28} (t,m1, S, S LTSI TS LA,
2 | 485 (2, SIS 2,142 12, 12

L EF ;
2AB(E)(E +3) &

—

—
—

I[v+l —
¢ TAB(E)

+ I8, S¢, Sy, 15, 1, IEyy)

. E@0?
ABE(E

T 2 Tela SE S R T T
u=2

2(AN)E Z Te(tur S SELIEL LT |
+2) =

+
ABE)(E Lty U2, ST, T2 T2

Feltu Se, Sy Le Ly Ley)
* u— u— u— u— u—
_ZHC(IM—I,SC 7SH 7]IC JIH aI[CH A’
2 | +La(tuma, SI2, 842 102, T2, T2

L E@n* -
2ABE)(E +3) £

—
1=-E
—

I[VH —
H " AB(E)

+ I (ty, S¢Sy I, 1y, I gy)

E(ANE
+
ABE)(E

- 22 Ty (s €2, S 1672, 1, T
:(AI)E v T (¢ Su—l Su—l Hu—l I[u—l Hu—l
+ — Z[H(”_I’C’H’C’H’CH 3
ABE)T(E +2) £ |-Ty(t, S, 172,162, T 2, I 2
L@, S¢H Se 1 T Iy
2Ty, S ST LT T A,
2 | +I5,(fym, SE2, 172, 02, 1402, T2

. E(An*® -
2ABE)(E +3) £

—
J—)
—

I[v+1 - 4 HZH(IV’ SVC, SVH, HVC, I[VH, I[vcH)

AIMS Mathematics

CH " AB(E
.\ E(Ar)E
AB(E)(E

75 2 Lo SE S T T2 T
u=2

X

) K iy ey Ay Ry A
ABET(E +2) & | —Iey(tea, SE2, 8572 2 12, Iy,

2(AD® v Tew(tu SE Sy Ie, Ty Tey)

+ — — ) i (tu—la Su—l, Su—l’ I[”_l, ]Iu—l, ﬂu—l A,
ZAB(':')F(':‘ + 3) =2 +I[*CH(t Su€2 SuI;IZ ]Iu€2 I[uIzZ ]ILSIZ{
CH\'u=2>¢C »YH »2C »*H »*CH
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where

—t+ 1)E 20v —u)? + B2+ 10)(v — u)]

4252+ 9= + 12
2(v - u)2 +BE+10)(v—uw)| |’
+622 + 182 + 12

A =
~(v —u)*

z::[(v—u+I)E(v—u+3+25) M= [ — it 1 — (v — ],

~-(v—u)*(v—u+3+3E5)

Finally, we have the following numerical approximation with the Caputo derivative:

; ADE O, =2 qu=2 Tu=2 =2 -
SCH :m Z Sttu-z, SE2, S22, I, T )T
= u=2

(Ar® V[szau_l,Sz-l,s;;l,ﬂz‘kﬂ?;l,ﬂ‘é;} s

= * -2 Qu-2 Tu-2 Tu-2 yu-2
T(E +2) &4 |-Silt, S, Si72, 102, T2, T
Scltu, S¢. SppoTe L Tey)

* - -1 qu-1 ju-1 ju—
=280(,-1, S¢Sy LI LI L L) A,

2| +S¢(tu—2, S S5 105 I = Iy

P CL
2NE +3) &

, (A O U2 qu-2 qu-2 Tu-2 -
S TEeD Z Sh(tu2, SE, S5 167 1, T

(A* < [S;,(tu_l,Sgl,sgl,ﬂg—l,ﬂgl,ﬂzg 5

+ = " _ _ _ _ 7
T(E +2) &4 | =S}y (o, SE2, S, T2, 102, T2

S5y (1s L, 81, T4, T4, T8, )

(At)a - % u— u— u— u— u—
trE 1 2| 2kl S¢Sy LIE LI LI o A,
= = | 48t S%—z, SL[{_]—Z’ ]I%—Z’ ﬂuH—Z’ ]IEIZ
v (At)E - * u— U=z qu=z U=z JU-
I :m ; Te(fum2s SE 2, S 2 162, 12, I

A} [ﬂz(ru1,Sz-l,s;,-l,ﬂz-%ﬂz‘hﬂé# 5

+ = * - - - - -
F(: + 2) =y _Hc(lu—Z, S% 2’ S?—[ 2’ I[é 2’ ]IMH 2’ ]I%h%
v I[z‘(tu’ SZ‘; SL;-I’ ]Ilé’ I[L;-Il, ]IzHl) |
=205ty SE, S LI I I ¢ A,
* u-2 Qu-2 yu-2 Tu-2 Ju-2
+I[C(tu—27 SC P SH ’ ]IC ’ ]IH ’ JICH

(A)®
T rE+3) L

A O s s e s e
L' :m MZ:;‘ T (fu2, SE2, S5 2 162 T2 TGN

(Ar® V[H;,au_l,sz-l,sz-l,ﬂz-l,ﬂifhﬂ%;} 5

+t = + 72 QU2 quo2 que2 qu-
T(E +2) £ | ~Ty (2 SI2 8172, 12, T2, T2
Hls S, S Lo Iy Iey)
—2T (1 sg—z ,S;,—Z 1[C2 I[H2 ,JIE;, A,
2 | I (fumn, SE2, S 2 T2, 142, T2

P
2N(E +3) &
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v

(An)®
TE+1) L
ADE [ﬂ;H(tu_l,Sg—l,sgl,ﬂz‘l,ﬂé‘l,ﬂé}} s

: Ien(tus S¢Sty I6 Ty, Tey)
=2y e S¢S LI L LD A
2 |+ (e, S42, 812, 162, T2, T2

I = Tty SE72 832 12, I, LD

GO
(E+3) &

Now, we consider our model with fractal-fractional operators. We start with the Caputo-Fabrizio

fractal-fractional derivative

0EDFSe = Se(t Se. S Ies Iy Iew)
SEDFYSy = Sy(t, Se, S Ie, I, Ien),
FED e = In(t, Sc, Su 1o, I, Len), (7.3)
SEDF Ty = Tyt Sc, Su Lo L, L),

EFEDtE’wI[CH = JI*CH(Z.’ SC’ SHa I[Ca ]IHa I[CH)-

After applying the fractal-fractional integral with exponential kernel, we have the following scheme

for this model:

—_ 10 s
ot _gr 4 LB 6 7USE0. 8L 5, I I Ty
¢ T ME) [~ Se-n SEL S I T Ty
23 ,1— 5
) ﬁ; VSt St Sy, T, T, T, AT
Vg -1 qv-1 -1 Tv—1
M(E) _§tlv_1 SC(tV—I,SVC ,SVH ,HE,HVH ,I[VCH)AI ,

s d-u ~2 Qu-2 -2 Tv-2 Tv-2
+350, 5 Setv—2, SE =, Sp 5 17, I =, IE A

(1]

+

=) 1= s vV oQy TV TV TV
SH! =Sy + 1-= [ ty Syt S, Sy Ity Ty, Tegy) ]

M(E) |1,y Syt S S LT, T T
23 1- *
b VSt (t, SL, S I T T )AL

4 1= qx — — — —

—30 S-S Sy L T I L T ¢

5 ¢ qx v=2 Qv-2 Tv-2 Tv-2 Tv-2
+ 50,5 Sy(t—2, SE =, Sy = L5, I =, I AL

—
=
[

+
M(E)

= 1=y
H‘g—l :I[VC + _l = [ | l;‘; I[C(tv’ SVC’ SVH’ I[VC’I[VH’ I[VCH) :|
— —Ys — — —1 —
M(E) |~1VTe(tyer, S Sy I, T T
23 =y

. Fliv ]Ic(tva SE" S;.]’ ]Iz" I[;_Ia ]IZ'H)AI

—Y -1 -1 -1 yv-1
=38, Lo(-1, SE, Sy L TG I TG AL ¢

5 =Y -2 -2 v=2 Tv-2 Tv-2
+31, 5T (tym0, S2, SU 2 T2 I 2 T At

—
()
—

+

M(E)
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- T
= 1-& [ 1 Ly l//I[H(IVa SVC’SVH’I[VC’EVH’I[VCH) ]
H ~°H = —Yr -1 qv-1 -1 qv-1
ME) |~t, VT (1, ST ST I T
23 Iy
= b VI (8, SEL S T TV TV A
+——{ =4 VT (e, S ST LT DAS
M(d) +it1—¢1[* t Sv—z SV—Z ]IV_Z lv—z Iv—l At
125v-2 H(V—Z’ c *®H **c *H > CH)

—_ 1—Yrs

P [ L "Lop (b0 Sg S T T Toy) ]

CH —“CH — Y — - _ —
ME) [, Ty (1t S Sy IE Iy Iy

By, (1, SL, Sy T T T A

= 4 1=ty v—=1 qQv-1 v qv—-1 Tv-1
+ M(:) _Sgtlv_éI[CH(tv_l, SC ’SH ,EC’HH 7]ICH)AI
= v, —2 Q-2 v-2 Tv-2 Tv-2
35t Lop (B2, S5 Sy I Ty = Ty A

For the Mittag-Leffler kernel, we have the following numerical scheme:

v 1 - E — * v v v v v
Sit :AB(E)ti YSe(t, SE, Sy I Iy Igy)

E(At)E - I-¢ @ u— u=2 yu-2 yu-2 yu—
1) MZ:; tu—gsc(tu—b SE2L S I I IEHT

+
ABEI(E
u—l’ Sz;_]—l’ I[Zé—l, HuH_l’ ]I%;-Il

E(AD® Z ) Set, St
ABET(E +2) & |1, 5 St(tu0, S, 8472, T2, T2, T2
1= qx U Qu Tu Tu Tu
E(AI)E v l—zl;u SC(tM’SC; SH’IEC’I[HI’ I[CHI) 1
* SABETE D) 2|2t Seltun SEL S I T T
= | S S 8 B T
v+1 1-2 -y q* v v oy vV
SH :mtv SH(tV7 Sc, SH, I[C’JIH’ I[CH)
E(At)E - Iy @ u— u=2 yu=2 yu-2 yu—
* ABEIE 1) 2 b St 967 S5 T 1 T
u=2
L EE N [ bt Syt S S T T T
ABE)T(E + 2) £ | 117087 (1m0, S, 8172, 102, T2, T2
I- @ U Qu Tu Tu Tu
S(ADE v l_l’;/u SH(IM’SCISH’HIC’]IHI’ HCHI) 1
=21, Sy, SE YL IS TE) ¢ A,

+
2ABE)I(E +3) £ Y u=2 qu-2 Tu-2 Tu-2 u-
“=2 5 S (tu-a, SE 2 Sk 2 Ie 2, Iy g Haqz
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B e S S T T T

E(An)=
=
ABET(E

v
I=yrmr -2 -2 Tu-2 yu-2 Tu-2
T D et S ST T T
u=2

= = v 1=y -1 -1 qu-1 Ju—1 u-1
=Y [tufli[c(tu_l,S% LS I I I
—_T(= Y -2 -2 yu-2 Tu-2 Tu-2

ABE)T(E +2) & [ —1, 5 Tetua, SE2, St T2 12, T
1=t
v o "Te(tr SE, S, T, 1, T )
A -1 -1 qu—1 ju-1 yu-1
—2t1u_¢}ﬂc(tu_l,sg ST TN T A,
2|+, Tty S72, 8472 TE2, 102 142

L W
2ABE(E +3) &

v 1 - E — * Vv ) Vv 14 v
II_;—I :F(E)ti w]IH(tV, SC’ SH’ ]IC,]IHa ]ICH)

FR=CO SR
ABE)E + 1) &

1-yx -2 -2 -2 -2 -2
t T (tua, &2, S 2 62 12 T DI
H(AI)E v tl_"’]I* (1 Su-1 qu-1 qu-1 qu-1 qu-1
S | s S S LT K
+2) —t T (e, SI72, S172, T072 T2 T2
1=ty
q ll;u HH(tua Slé‘a S;]JIL&’ ]I;]’H’é]-])
—2%1 T (e, S, SULTE TN T ) DA,
Yy -2 -2 -2 -2 -2
T (fy, SI72, S12, 1072 T2 T2

L B :
2AB(E)L(E +3) &

—
——]
e

o :AB(E)té_wI[*CH(IV’ Se» Sy Ie Iy Iey)

E(At)E - 1=y u-2 Qu-2 ju-2 yu-2 ju-2
+AB(E)F(E+1);t”_ZI[CH(t”_2’SC Sl ke

E(AN® ST (e, S S T T T
+2) 2, [—r;j,fﬂcH*(z,,_z, SU2, 52, U2, Tu2 T2
Lot St Sips Lo T T
=20 T (fey, ST, S T T T DA
eyt SE7 S 12 2 I
For the power-law kernel, we can get the following numerical scheme:

v (At)E - IEE u— u=2 Tu-2 Tu-2 Tu—
SC+1 :m MZ:; tu_z Sc(tu_z, SC 2, SH 2, I[C 2, ]IH 2, ]ICI_IZ)H

. E(An*® -
2ABE)(E +3) L

RGOSR [fi:“fS*c(tu-l,Sz‘%S?f’ﬂé‘laﬂﬁf L lew
T(E +2) £ |1 St S2 S22, T2, T2

) t 'Sty SE, S, T8, T8, T, )

_ztlji:wfg*c(tu_l, Se LSy LI LI LIg) ¢ A

St S, S I I T

(An)*
T rE+3) L
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= 1%
1 (Ar)= 14 o -2 qu-2 Tu-2 Tu-2 Tu-2
0 =R Ty D e Shlhea, SEL SR L T
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g 1—f qux -1 qu-1 mu-1 Tu-1 Tu-1
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+tu—ZSH(t”_2’S% ’SJMLI J[% Ty ’]I%H
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i,y Dyt SE2, S I T2 Iy
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2M(E +3) &

= v
1 (Ar)= 1-¢ps 2 QU2 Tu-2 Tu-2 Tu-2
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1=y

1 Q Ly (s S Sy T T, T yy)

s -1 qu-1 Tu-1 Tu—1 Tu-1
_Ztluipll[CH(tu_l’S% ,SZ ,I[g ,]I”H ,]I%H A.
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7.1. Numerical results and discussion

This portion is devoted to the numerical simulation results based on the above numerical schemes
for the proposed HIV and Chagas disease model in the given fractional derivative senses. The
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numerical simulations are performed using the following parameter values: @ = 0.425; o = 0.4898;
©=0.0012; y; = 0.03; ¥ = 0.09; y3 = 0.05; y4 = 0.004; p. = 0.2; p, = 0.05; 7, = 0.002; 7, = 0.005;
01 =0.01; 6, = 0.1; 65 = 0.05; 6, = 0.003; 6, = 0.076. Variations in the given model classes at various
fractional-order values can be observed from the family of Figures 1-6.

Chagas Susceptible class
HIV Susceptible class

10 L L L L L L L L L 8 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

Time in days Time in days

Chagas Infectious class
HIV Infectious class

Time in days Time in days

Infectious class with both Chagas and HIV

0 1 2 3 4 5 6 7 8 9 10
Time in days

Figure 1. Graphs for the nature of each state variable for the Atangana-Baleanu-Caputo
version of the fractional model at different values of =Z.
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T
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T T T

o
IN)
T

10 L L

4 5 6
Time in days

©

L L L L L L

3
b
=
45
=
-

35 \‘i~

w
T

2571

Chagas Infectious class

4 5 6 7 8 9 10
Time in days

HIV Infectious class

4 5 6
Time in days

Infectious class with both Chagas and HIV

55

L L L L L L L

3 4 5 6 7 8 9 10
Time in days

4 5 6 7 8 9 10
Time in days

Figure 2. Graphs for the nature of each state variable for the Caputo-Fabrizio version of the
fractional model at different values of =.
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8. Conclusions

In this research, we have reformulated Chagas and HIV co-infection models by using various
fractional derivatives. The basic reproductive number R of the aforementioned model is established
along with the feasible region and disease-free equilibrium point E°. It has been proven that the

AIMS Mathematics Volume 7, Issue 10, 18897-18924.
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E? is locally asymptotically stable when Ry is less than one. The model is then fractionalized by
using the Atangana-Baleanu fractional derivative in the Caputo sense. The existence and uniqueness
of the solution along with Ulam-Hyers stability have been established. Finally, the model has
been solved by a new numerical scheme, which is generated using Newton polynomials and is
considered more accurate than one using Lagrange polynomials which are used to generate in the Adam
Bashforth method. Furthermore, the same model is numerically solved by taking some other fractional
derivatives, like Caputo-Fabrizio, Caputo, and fractal-fractional with power-law, exponential-decay
and Mittag-Leffler kernels.

In conclusion, the epidemiological profiles of AIDS and Chagas disease over the past years might
facilitate the approximation of both diseases, thereby increasing the possibility of reactivation of
Chagas disease in HIV patients. As patients are diagnosed after several years and some time in the
last stages, its lethality rate is very high. Such cases have a big risk of not being correctly diagnosed,
therefore adding to the lethality and seriousness of the epidemic. Serological tests for Chagas, even
when they are indeterminate, should be taken fully into account, and the relevant parasitological tests
must be done.
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