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1. Introduction

LetN = {1,2,3,...}, Ny = NU {0}, B(a,r) = {z € C" : |z —a| < r} the open ball in the complex
vector space C" centered at a with radius r, B" = B = B(0, 1), S the boundary of B and n € N. Let
72=(21,22,--.,2,) and w = (W, ws, ..., w,) be two points in C", then (z, w) = zyw| + W, + - - - + Z,W,
and |z|* = (z, 2).

Let H(B) be the set of all holomorphic functions on B and S (B) the set of all holomorphic self-
maps of B. If ¢ € S(B), then by C,f(z) = f(¢(2)), z € B, is defined a operator, usually called the
composition operator. If u € H(B), then by M, f(z) = u(z)f(z), z € B, is defined a operator, usually
called the multiplication operator.

When n = 1, the open unit ball B is reduced to the open unit disk D. Let m € N, the mth
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differentiation operator D™ on some subspaces of H(D) is defined by

D"f(z) = f™(2),

where f@ = f. If m = 1, it is the classical differentiation operator, denoted by D. There have
been a lot of studies on the products related to one of the differentiation operators. For example,
products DC, and C,D were first studied (see, for example, [5, 15-18, 22, 33-35]) containing the
differentiation operator. What followed was the following six products of the operators were studied
(see, for example, [25,40,41])

pMm,C,, DC,M,, C,DM,, C,M,D, M,C,D, M,DC,. (1.1)

Afterwards, operators in (1.1) were studied in terms of replacing D by D™ (see, for example, [9,10,44]),
that is, the following six products of the operators were studied

p"M,C,, D"C,M,, C,D"M,, C,M,D", M,.C,D", M,D"C,. (1.2)

For some other products of the operators containing differentiation operators can be found in [11, 12,
29,46] and the related references therein.

There are other ways to extend differentiation operators on domains in C". For example, the radial
derivative operator

=~ 0
Rf@) =), z,,-a—f@
=1 9%

is one of natural extensions of the differentiation operators. The products of the composition,
multiplication, and radial derivative operators

M,C,R, C,RM,, C,M, R, RM,C,, M,RC,, RC,M, (1.3)

were studied in [19-21,47]. Operators M,C,R and RM,C, were also studied in [8]. Operators in
(1.3) naturally generalize operators in (1.1) from the unit disk setting to the unit ball setting. Recently,
they have been continuously studied in [45]. Some other products of the operators containing the radial
derivative operators can be found, for example, in [31,49].

An advantage of the radial derivative operator is that it can be employed iteratively, that is, if R~ f
is defined for some m € N \ {1}, then R is naturally defined by R"f = R(R"™'f). If m = 0, then
we regard that R°f = f. By using the mth iterated radial derivative operator, we obtain the related
product-type operators

M,C,R", C,R"M,, C,M,R", R"M,C,, M,R"C,, R"C,M,. (1.4)

Operators in (1.4) are more complicated than those in (1.3). Clearly, the operator M,C,R™ can be
regarded as the simplest one in (1.4), which was first studied and denoted by ‘R’,Zw in [32]. Recently,
we have been reconsidered such operator in [38,39]. The reason why we consider the operator R,
again is that we need to get more information on the related function spaces in order to characterize its
properties.
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Operators in (1.4) generalize operators in (1.2) from the unit disk case to the unit ball case. For the
unit disk case, by using the famous Faa di Bruno’s formula of (f o ¢)"™ (see [13]), operators D" M,C,,
D"C,M, and M,D"C, have been studied (see, for example, [9, 10]). But, we don’t find any result on
the operators R"M,C,, R"C,M, and M,’R"C,. By a direct calculation, it is easy to see that

CMR"=R1, . and CR"M, = > ChRlgi (1.5)
i=0
Motivated by this interesting observation, we directly define the operator
sy, =D R, (1.6)
=0

on some subspaces of H(B), where u; € H(B), j € {0, 1,...,m} and ¢ € S(B).

In this paper, the boundedness and compactness of the operator 6’;?’@ = 2o %,ﬁ_/,w from the
mixed-norm space to the weighted-type space on B are characterized. The essential norm estimate of
the operator from the mixed-norm space to the weighted-type space on B is given, and the
Hilbert-Schmidt norm of the operator on the weighted Hilbert-Bergman space is calculated. As
corollaries, the corresponding results of the operator C,R™M, from mixed-norm space to
weighted-type space are also obtained. This study can be viewed as a continuation and extension of
our previous work.

A positive continuous function ¢ on the interval [0, 1) is called normal (see [28]), if there are A €
[0,1),a and b (0 < a < b) such that

9(r) is decreasing on [4,1), lim () =0;
(1= ry 1 (-
¢(r) . . . RO
a-rp is increasing on [A, 1), lrl—r>Ill a_rp =

The functions {¢,y} will be called a normal pair if ¢ is normal and for b in above definition of
normal function, there exists 8 > b, such that

P (r) = (1= r*p.

If ¢ is normal, then there exists ¢ such that {¢, ¥/} is normal pair (see [28]). Note that if {¢, ¢} is normal
pair, then ¢ is also normal.

For 0 < p,q < +oco and a normal function ¢, the mixed-norm space H(p, q,¢)(B) := H(p, q, )
consists of all f € H(B) such that

1
(1)
p —
e = fo My (f.)T==dr < +o,

where

1

M,(f.r) = ( fs |f<r§)|qda<4>)q ,

AIMS Mathematics Volume 7, Issue 10, 18194—-18217.



18197

and do is the normalized surface measure on S.
If p=gq,d(r) = (1 —r»)@VP and @ > —1, then it is equivalent with the weighted Bergman space
Al (see [48]), which is defined by

AL ={f e H®) : I, = fB @I (1= 27)" dv(a) < +oo),

where dv denotes the normalized volume measure on B. Some facts can be found about the mixed-
norm spaces, for example, in [1,2,26,27,36] (see also the references therein).

A positive continuous function y on B is called weight. The weighted-type space H;'(B) := H;
consists of all f € H(B) such that

I/l = sup u(2)|f (2)] < +oo.

z€B

With the norm || - || s Hy is a Banach space. In particular, if u(z) = (1 — |z|*)” (o > 0), then the space
H? is called the classical weighted-type space H. If 4 = 1, then the space H;” is reduced to the space
H* of bounded holomorphic functions on B. Many operators acting from or to the weighted-type
spaces have been studied (see, for example, [14, 16,24,46] and the related references therein).

Let X and Y be two Banach spaces. It is said that a linear operator 7 : X — Y is bounded if there
exists a positive constant K such that ||7 f]ly < K||fl|x for all f € X. The bounded operator 7 : X — Y
is compact if it maps bounded sets into relatively compact sets. The norm of the operator 7 : X — Y,
usually denoted by ||T'||x—y, is defined by

ITlx~y = sup [ITflly.
Ifllx<1

In this paper, we use the notation j = m instead of writing j = k, ..., [, where k,/ € Ny and k < [.
Some positive constants are denoted by C, and they may differ from one occurrence to the other. The
notation a < b (resp. a 2 b) means that there is a positive constant C such that a < Cb (resp. a > Cb).
Whena < band b > a, we write a < b.

2. Preliminary results

Here, we give several lemmas which are used in the proofs of the main results. First, we have the
following point-evaluation estimate for the functions in H(p, g, ¢) (see [36]).

Lemma 2.1. Let 0 < p,q < +oc0 and ¢ normal. Then there is a positive constant C independent of
f € H(p,q,¢) and z € B such that

C
lf @] £ ——————=fllup.qp- 2.1)
Bl = [g2)i

Now, we cite a point-evaluation estimate for the jth iterated radial derivatives of the functions in
H(p,q, $) (see [32]).
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Lemma 2.2. Let j €N, 0 < p,q < +c0 and ¢ normal. Then there is a positive constant C independent
of f € H(p,q,¢) and z € B such that

Y p—

= S = i e 22)

Remark 2.1. From (2.1) and (2.2), it follows that if { f;} is bounded in H(p, g, ¢), then {f;} and {R’ f;}
are uniformly bounded on any compact subset of B, and if {f;} converges to zero in H(p, q, ¢), then
{f«} and {R’ f;} converge to zero uniformly on any compact subset of B as k — oo.

To obtain a criterion for the compactness of a bounded linear operator T' : H(p,q,¢) — H;, we
need to cite the following result, which can be found in [3] for the unit disk version. For the unit ball
case, whose proof can be directly obtained by replacing the unit disk by the unit ball, and so the proof
is omitted.

Lemma 2.3. Let X be a reflexive Banach space of holomorphic functions on B, and Y a Banach space.
Then a bounded linear operator T : X — Y is compact if and only if for any bounded sequence {f;} in
X such that fi — 0 uniformly on any compact subset of B as k — oo, it follows that {T fi} converges to
zero in the norm of Y as k — oo.

To give the conditions such that H(p, g, ¢) is reflexive, we recall some studies of the dual spaces of
H(p, q, ¢). Jevti€ in [7] showed that the dual space of H(p, g, ¢), where 1 < p < +coand 1 < g < 400,
is topologically isomorphic to H(p’,q’,¢), where 1/p + 1/p’ = 1 and 1/q + 1/q’ = 1. Shi in [27]
considered the dual spaces of H(p, g, ¢) for two cases: (i) if 0 < p < 1 and 1 < g < +o00, then the dual
space of H(p, g, ¢) is topologically isomorphic to H(+o0,q’,¥); (i) if 0 < p < 1 and 0 < g < 1, then
the dual space of H(p, g, ¢) is topologically isomorphic to H(+oo, +0c0, ).

From above facts, we obtain the following remark.

Remark 2.2. Considering the assumption 0 < p,g < +oo, we see thatif 1 < p < +ocoand 1 < g < +o0,
then H(p, g, ¢) is reflexive.

In Lemma 2.3, Banach space X is assumed to be reflexive. The author in [42] gave the following
general result.

Lemma 2.4. Let X, Y be Banach spaces of holomorphic functions on B. Suppose that

(a) The point evaluation functionals on X are continuous.

(b) The closed unit ball of X is a compact subset of X in the topology of uniform convergence on
compact sets.

(c) T : X — Y is continuous when X and Y are given the topology of uniform convergence on
compact sets.
Then the bounded operator T : X — Y is compact if and only if for every bounded sequence {f;} in X
such that f; — 0 uniformly on compact sets as k — oo, it follows that {T f;.} converges to zero in the
normof Y as k — oo.

We obtain the following result, which can be proved similar to Proposition 3.11 in [4]. However,
here we prove this result by using Lemma 2.4.
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Lemma 2.5. Let 0 < p,q < +oo, ¢ normal, and T be one of the operators in (1.4) and (1.6). Then
the bounded operator T : H(p,q,¢) — H; is compact if and only if for any bounded sequence { fi}
in H(p, q, ¢) such that f, — 0 uniformly on any compact subset of B as k — oo, it follows that {T f}
converges to zero in the norm of H; as k — oo.

Proof. Without lose of generality, we choose T = M,C,R™ to prove this result. Let X = H(p,q, ¢)
and Y = H7. By Remark 2.1, it is easy to see that conditions (a) and (c) in Lemma 2.4 hold (here, we
would like to mention that, for an abstract bounded linear operator 7' : H(p, q, ¢) — H/‘j‘, condition (c)
may not be valid.)

Let { f¢} be a sequence in the closed unit ball of X. From (2.1), we see that { f;} is uniformly bounded
on every compact subset of B. Therefore, by Montel’s theorem, there is a subsequence {f;,} such that
fi, — g uniformly on every compact subset of B for some g € H(B) as i — oco. By the definition of
M (f,r) and Fatou’s theorem, we have

e = [oorao) =( [ fimiscoraso)

< lir_ninf( f | fk,.(rg)wdo-(g))q = lim inf M?(f,, ). (2.3)
1—00 S 1—00

Hence, from (2.3) it follows that

fM”( U )dr<11m1nff M (fi, 7

1—00

dr = llmlnfllfk,llﬂ(pq¢) =1,

which shows that g € H(p, g, ¢), that is, condition (b) in Lemma 2.4 holds. From Lemma 2.4, the
desired result follows. |

The following result was proved in [6] (also see [36]). Hence, its proof is omitted.

Lemma 2.6. Let T > b. Then for each t > 0 and fixed w € B, the following function is in H(p, q, ¢)

(1 _ |W|2)t+1+r
w,t = n . 2.4
Jni@ S(WD(1 = Gz, wy) e .

Moreover;

sup |l fvlltp.qs S 1.
weB

We need the following result, which can be found in [30].
Lemma 2.7. Let s > 0, w € B, and
1
8w,s(2) = A=y z € B.

Then
Rigu0r= 3 ([ oo )L
- =1 t j=0 (1= (2w
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where the sequences {aﬁk)}t:]fk, k € N, are defined by the relations

a¥ =al =1 (2.5)
for k € N and

a = 1a!" + a* " (2.6)

for2<t<k-1,k>3.

We use the idea essentially obtained in [30] to construct some suitable linear combinations of the
functions in Lemma 2.6, which will be used in the proofs of the main results.

Lemma 2.8. Let m € N and w € B, f,; be the set of functions in (2.4), and the sequences {afk)}tsz,

k = 1,_m, are defined by the relations in (2.5) and (2.6). Then, for each | € {1,2,...,m}, there are

constants ¢; = Ci.l), J = 0,m such that the function

W@ =) fusl@)

k=0
satisfies
RnDw)=0, 0<j<l, 2.7)
and
. 21
RO (w) = o WL i<ism 2.8)
(wh(1 = [wl?)
Moreover,
sup WP krp.q.0) < +00. (2.9)

Proof. For the sake of simplicity, we write d; = 3 + k + 1+ 7. By some calculations and using
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Lemma 2.7, we have

Cot+ci+:--+cCpyy

KO (w) = ’
d(wh(1 — [w]?)«
%h(l)(w) — (dOCO + dlcl +-- dmcm) |W|2
P(wD(1 = [w)a™!
‘th(l)(w) — (doco + dicy + -+ - + dyc) |W|2
" p(Iwh(1 — |w|2)6+1
(dodlco +didyer + -+ dydiicn) |W|4
P(wD(1 — [w|)a*?
: (2.10)

%mh(l)( ) _ (m) (dOCO + dlcl +---+ dmCm) IWI2

o(w(1 — |w|2>q+1
4™ (dodyco + dvdarcy + -+ + dpdyri ) W +
“ SIwD(1 — [wi?)i ™2
mdo---disyco+dy---dicy + -+ dy - dypri-1Cn) W
P(w(1 = [wP)«™
e (do-+dy_ico+dy---dpci + - +dy- - doprCp) W™

B — [wf2)s*™

|21

From (2.10), we obtain that the system consists of (2.7) and (2.8) is equivalent to the following m + 1
linear equations

1 1 1 Co 0
do d] dm C1 0
I-1 -1 -1
dj diy1 uei || ¢ =] 1 |. (2.11)
k=0 k=0 k=0
m—1 m—1 m—1
dy diy1 - Ak
k=0 k=0 k=0 Cm 0

Since d; > 0, k = 0, m, by Lemma 5 in [35], the determinant of system (2.11) is D,,,1(dp) = HT:] Jjl,
which is different from zero. Hence, there are unique constants c¢; = ci.l), j = W such that the
system (2.11) holds. Moreover, we have that the relations in (2.7) and (2.8) hold when such obtained

constants c;, j = 0,m, are used in (2.11). Finally, by Lemma 2.6, it is clear that (2.9) holds. The proof
is finished. O

Lemma 2.9. Let m € N and w € B, f,, be the set of functions in (2.4), and the sequences {a (k)} _Th
k=1,m, are defined by the relations in (2.5) and (2.6). Then, there are constants c; = c , ] =0,m,
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such that the function

W@ = ) e fuil@)

k=0
satisfies
REOw)=0, i=1,m, (2.12)
and .
KO (w) = - (2.13)
(w1 = [w]?)s
Moreover,
SUp 1 lp g0 < +00. (2.14)
weB

Proof. From the proof of Lemma 2.8, we know that the determinant of system consists of (2.12) and
(2.13) is not zero. Therefore, there are unique constants c(l.o), Jj = 0,m, in the system of (2.12) and
(2.13). For the same reason, we also have that the relations in (2.12) and (2.13) hold, and moreover,
(2.14) holds. O

3. Boundedness and compactness of the operator Gg"p tH(p,q,¢) - HY

First, we need to characterize the boundedness of the operator 9&2#, :H(p,q,¢) — H;. Although it
is a folklore, we still give a proof for the completeness and benefit of the reader.

Theorem 3.1. Let 0 < p,g < +0o, ¢ normal, u € HB), ¢ € S(B) and u a weight function on B. Then
the operator %2#, : H(p,q,¢) — H} is bounded if and only if

Iy :=sup KR! < +o00, 3.1

< @)1 = e()?)7

. 0 . 00 . . .
Moreover, if the operator ‘RW : H(p,q,.¢) — H; is bounded, then the following asymptotic
relationship holds

= Iy. (3.2)

RO |
” wellH(p.g.0)—Hy

Proof. Assume (3.1) holds. By Lemma 2.1, for every f € H(p, q,¢) and z € B, we have

D)
U@ RO £ = p@Iu@) fg@)] < C— N All0s (33)
AR @] = w@U@ SN < €2 W has

By taking the supremum in inequality (3.3) over the unit ball in the space H(p, g, ¢), and using (3.1),
we obtain that the operator ‘ng : H(p,q,¢) — H is bounded. Moreover, we have

0
I,

AIMS Mathematics Volume 7, Issue 10, 18194-18217.
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Assume that the operator ‘RSW : H(p,q,¢) — H;" is bounded. Let g,(2) = fou)1(z) and w € B.
Then we have

L= supllgwllgp.q.g) < +00

weB
and
IR 8|, = sup (@) |R,,8(@)] = (W) lu(w) g ((w))] = ol (3.5)
# B P(lpw)N(1 = lp(w)I?)s
From (3.5) and the boundedness of the operator 9&3#, :H(p,q,¢) — HJ, we have
(@)u(z)|
L|RO > sup——— (3.6)
Il &¢I = lp@)P)e
From (3.6), condition (3.1) follows, and moreover,
0
Io < LRG0 (3.7)
Also (3.4) and (3.7) imply asymptotic relationship (3.2), finishing the proof. |

Remark 3.1. When k € N, from [32] it follows that the operator ‘Rﬁ#, cH(p,q,¢) — HY is bounded if
and only if

711641171641 | €8] -
2 ¢(lp@N( — lp@)P) e

Now, we consider the boundedness of the operator 6’;20 :H(p,q,¢) — H.

Theorem 3.2. Letm € N, 0 < p,q < +0, ¢ normal, u; € HB), j = 0,m, ¢ € S(B) and p a weight
function on B. Then the operators ‘RZW : H(p,q.¢) = H, j = 0,m, are bounded if and only if the
operator 6;:0 :H(p,q,¢) — H is bounded and

Su§u(z)luj(z)ll¢(z)l <+too, j=1,m. (3.8)

Proof. Assume that the operators ‘Rﬁw tH(p,q.¢) - H, j = 0, m, are bounded, then the operator
6;:’#) : H(p,q, ¢) — H;? is obviously bgnded. By using the functions f;(z) =G € Hp,q,¢),i = 1,n,
we have that %Z,Wfi € H(p,q,®),i = 1,n. From this and since R f; = f;, i = 1,n, we have

||%f,,.,¢ﬁ||H;° = sup u(9)luj(llei(z)| < ||%f,i,¢||H(p,q,¢)—>H§°||Zi||H(p,q,¢),
. "B .

which shows that

sup u(@lu(Dllp@)| < 1R, ap.gp-m Z zill ep.g.0) < +00. (3.9)
B ‘ i=1
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From (3.9), we have that (3.8) holds.
Assume that the operator Sgw : H(p,q,¢) — H; is bounded and (3.8) holds. Then there exists a
positive constant C such that

1S5 Az < Cllfllap.as (3.10)

for each f € H(p, q,¢). By Theorem 3.1 and Remark 3.1, we need to prove

M, =su HMu QeI too, j=Tm. 3.11)

p —
B ¢l = le(2)?)e™

and

My = sup — LIl < +oo. (3.12)

<& @)1 = p()P)7

By Lemma 2.8, if ¢(w) # 0, then there is a function hg;’v)v) € H(p, q, ¢) such that

RD) (@) =0, 0<i<m, (3.13)
and )
m m m | (W)l "

R™K (o)) = a” ? — (3.14)

P(e)D(L = lpw)) ™™

LetL, = supWGBllh )||H(pq¢) Then L,, < +oo. From this, (3.10), (3.13) and (3.14), we have that

p(w

(m) (m)
Lall® a2 IS0 s = supﬂ<z>|z%w @)

> ju(w) Z ()RR, (o ow)
=0

> W)t (0 R R ()
HOt )W)

= —, (3.15)
e — [gw)R) i
From (3.15), we have
U@l
LmllgT ” q.0)—>HY > n
Gt = @D — @R ™
D oo o I 516

22" 12 ¢(e@D( = L))

From (3.16) and (3.8) with j = m, since ¢ is normal, we have

M@ (2)llp(2)] Lim
- 4/3)4 m
|¢<§>l|l£/z (2D — @R < (4/3)+7" max ¢(jz]) |¢(§>1|1£/2ﬂ(Z)|u @lle(2)|
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< (4/3)a*" max ¢([z]) sup p(2) | (2)l|p(2)]

zeB

< 400, (3.17)

From (3.16) and (3.17), it follows that M,, < +oo.
Assume that (3.11) holds for j = s+ 1,m, for some s € {1,2,...,m — 1}. By using the function
h;?w)(z) in Lemma 2.8, we have L, := sup,, 5 IIh;S()W)II H(p.gp) < +oo and

LA oy = Spp()| 3w @RI, ()
j=s

|2s

G (W)
> pu(w)| ) aPu;(w) _
‘,Z " b o1 = [pw)P)i

o 0Ol owllg(w)P
T (1 = lp(w)2)i*e

_ Z o) pW)lu(w)llp(w)
ST e = )Pyt

|2s

from which along with (2.5) we obtain

2s m . 2s
uw)ug(w)llp(w) —<ren, |H( — Z a9 W)l ;(w)ll(w) — (3.18)
(emID(1 = lp(w)l?)« Trpaemhe T lewID( = lpw)P)
From (3.18) and since s > 1, it follows that
2s
u s (2)llp(2) < H(@)|us(2)]le(2)] —
k@>1/2 ¢(lp(@)(1 = lp(2)*)9 k@172 ¢(lp(@))(1 = lp(2)*)9
2s—-1 m
<2 L“'| 6i<ﬂ |H(p,q,¢)—>H,‘j°
m . 2s
+225_1 Z agj) sup ﬂ(Z)lU](Z)”QO(Z)l -
S k12 ¢(e@DA — e
<2 LG M yasrans + 22 D AM,. (3.19)
. . Jj=s+1
From (3.8) with j = s and (3.19), we have
)| U(Z Z nys
sup —HOMENOL 435 max g1al) sup @l gl
@172 p(le(2)D(1 = le(2)I?) Rl<1/2 le@I<1/2
< (4/3)7** max ¢(lz]) sup u(2)lu(2)llp(2)|
ll<1/2 B

< +00, (3.20)

So, (3.19) and (3.20) imply that My < +oco. Hence, from induction it follows that for each
jef{l,...,m}, (3.11) holds.
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By Lemma 2.9, we have that for each w € B there exists a function hfpo()w) € H(p, g, ¢) such that

1
hi0 (W) = . BRI () =0, )

a W 1,m, (3.21)
¢ = [ew)|?)e Rty

and
—— )
Ly := Sup||h¢(w)||H(p,q,¢) < +o0.

weB

From this, (3.10) and (3.21), we have

©0) (0)
LollS Npagormy = 1550l = supu(z)\ Z RY )

e pw

> ju(w) Z 1 RIAD, ()

> u(w)|uo<w)h< oty @O
Hw)luo(w)|

= . (3.22)
B(ew)D(1 = lp(w)|?)«
Hence,
Ly H@g’ H > sup H@uo @) . (3.23)
Flpad-t: e glle)D(1 - le)P)s
From (3.23), we see that (3.12) holds. This completes the proof. O

From Theorem 3.2 and (1.5), we obtain the following result.

Corollary 3.1. Let m € N, 0 < p,q < +oo, ¢ normal, u € HB), ¢ € S(B) and u a weight function
on B. Then the operators Mgn-i,y.,C, R’ : H(p,q,$) — H7Y, j = 0,m, are bounded if and only if the
operator C,R"M, : H(p,q,$) — H is bounded and

sup (I R"u(@2)llp(2)| < +oo, j=1,m. (3.24)

z€B
Remark 3.2. When k € N, the author in [32] proved that the operator ‘R’;M : H(p.q,¢) — H; 1s
compact if and only if ‘Rﬁw : H(p,q,¢) — H is bounded and

H(@)u@)lle)| _
im =
@1 G(lp2)N(1 = lp(2)[?)

Here, we need to characterize the compactness of the operator %gw :H(p,q,¢) — H.

Theorem 3.3. Let 0 < p,g < +0o, ¢ normal, u € HB), ¢ € S(B) and u a weight function on B. Then
the operator ‘ng : H(p,q,¢) — H is compact if and only if‘RgM :H(p,q,¢) — H is bounded and
H(@)|u(z)|

lim 7 =0. (3:25)
k@=1 (o)1 — |e(2)]?)
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Proof. Suppose that the operator %2740 cH(p,q,¢) — HY is compact. Then, it is bounded. If ||¢[| < 1,

then (3.25) holds. Let ||¢|lo = 1 and {z;};cn be a sequence in B such that |¢ (z;)] — 1 as i — oo, and
hi(2) = fo.1(2), where f,,, is defined in Lemma 2.6. Then sup,cy 12ill . 44) < +00. Since lim;_,(1 —
lo(z)IH)*1*™ = 0, we see that h; — 0 uniformly on compact subsets of B as i — oo. Hence, by
Lemma 2.5 we have

lim [| R}, .. = . (3.26)

On the other hand, by (3.5), we see that sufficiently large i
H(z)|u(z;)| <
Pl = lp(z)?)e

Letting i — oo in (3.27) and using (3.26), equality (3.25) follows.
Assume that the operator %8#, : H(p,q,¢) — H is bounded and (3.25) holds. By using the
function f(z) = 1, we obtain that

ClIR, illrg - (3.27)

M = sup p(2)lu(@)] < 1R, g1 li1pg) < +00- (3.28)

z€eB

From (3.25), we have that for each £ > 0 there is a 6 € (0, 1) such that

H(@)u(z)|
¢(le(D( = lp(2)*)
on the set {z € B : 6 < |p(z)| < 1}. Suppose that {;} is a sequence such that sup, Il fill y(.4) < M, and

fi = 0 uniformly on compacts of B as i — co. Then, by Lemma 2.1 and using (3.28) and (3.29), we
have

(3.29)

IR0l = sup @ @R fite()

< sup p(2) |u(2) fil@())| + sup u(z) [u(2) fil(2))|

€K zeB\K
< sul]? M@ | file(2)
H(D)|u(2)]
+ ClIfill sup n
19D ik gllp@N( — lp(2)P)7
< M sup|fi(z)| + CMe, (3.30)

lzl<6

where K = {z € B : |¢(z)| < d}. Since {z : |z] < ¢} is a compact subset of B and f; — 0 uniformly on
compacts of B as i — oo, we have

lim || RY_ . =0 (3.31)
From (3.31) and Lemma 2.5, it follows that the operator %2#, : H(p,q,¢) — H; is compact. O
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1 m . oo
Next, we characterize the compactness of the operator QBM :H(p,q,¢) — H.

Theorem 3.4. Letm € N, 0 < p,q < +oo, ¢ normal, u; € HB), j = 0, m, ¢ € S(B) and u a weight

function on B Then the operator 6;1:0 :H(p,q,¢9) — Hﬁ compact and (3.8) holds if and only if the

operators ?%{,j#, : H(p,q,¢) — HJ are compact for j = 0,m.

Proof. Assume that every operator ‘R{;M : H(p,q,¢) — H is compact, then we have that the operator

6’% : H(p,q,¢) — H} is clearly compact. Furthermore, from Theorem 3.2 it follows that (3.8) holds.
Now, assume that the operator egw : H(p,q,¢) — H; is compact and (3.8) holds. Then the

operator 6:7':0 : H(p,q,¢) — H; is bounded. In order to prove the operator ‘Rﬁj,tp :H(p,q,¢) — HJ is
compact, from Remark 3.2 and Theorem 3.3, we only need to prove

. H@uj(Dlle)] _
=1 (DL — lp(2)R)i

j=1Lm, (3.32)

and

. 1(2)|uo(2)l
1m n
@1 g(|p())(1 = lp(2)]?)4

If [l¢llo < 1, then (3.32) and (3.33) are obviously true. Hence, assume that |||l = 1. Let {zx}rey be a

sequence in B such that |¢(z;)| — 1 as k — oo, and h,(f)(z) = h;s()Zk)(z), where 1" is defined in Lemma 2.8

for a fixed s € {1,2,...,m}. Then, we have sup;a 18\ |ap.q) < +00. Since limy_(1 = lp(z)P)*1+7 =
0, we see that h](j) — 0 uniformly on any compact subset of B as k — co. Hence, by Lemma 2.5 we
have

=0. (3.33)

lim || 7l = 0. (3.34)
On the other hand, from (3.15) we have that for sufficiently large k

HCz) iz llp(zi)l
$lezoN(1 = lp(zP)™
Letting k — oo in (3.35) and using (3.34) with s = m, then we obtain that (3.32) holds for j = m.

Now, suppose that (3.32) holds for j = s + 1, m, for some s € N. Then, from (3.18), we easily have
that

< Iy A g (3.35)

m ,(s)

(2ol zolle(zol <' : . Zml H()lu(zo)lle(z)l (3.36)
DD = le(opys™ 1 Mo L g(lp@N(1 - lp@R)

for sufficiently large k. Letting k — oo in (3.36), using (3.34) and the induction hypothesis, we have that
(3.32) holds for j = s, from which by induction it follows that (3.32) holds for each s € {1,2,...,m}.
Let h,io)(z) = h(o)k)(z), where 7'? is defined in Lemma 2.9. Then we have that SUPgen ||h,io)|| Hpg.d) <

¥(z
(0)
k

+o0 and i, — 0 uniformly on any compact subset of B as k — co. Hence, by Lemma 2.5 we have

lim (1S 15"l = 0. (3.37)
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From (3.22), for sufficiently large k it follows that

H(zi)luo(ze)|
d(lp(zD(1 = lp(zo)I?) 7

Letting k — oo in (3.38) and using (3.37), (3.33) follows. The proof is finished. O

< OISy 1 g - (3.38)

We also have the following result.

Corollary 3.2. Let m € N, 0 < p,q < +oo, ¢ normal, u € HB), ¢ € S(B) and u a weight function
on B. Then the operator C,R"M,, : H(p,q,¢) — H is compact and (3.24) holds if and only if the

operators Mgn-io,Co R’ : H(p,q, ) — HP, j=0,m, are compact.

4. Essential norm estimate of the operator Ggw :H(p,q,¢) = HY

In this section, we estimate the essential norm of 6’;,; : H(p,q,¢) — H. Letus recall the definition
of the essential norm of the bounded linear operators. Assume that X and Y are Banach spaces and
T : X — Y is a bounded linear operator, then the essential norm of the operator T : X — Y is defined
by

ITllex—y = Inf{|T — Kllx~y : K € K},

where K denotes the set of all compact linear operators from X to Y. It is easy to see that ||T||,x—y = 0
if and only if the bounded operator 7 : X — Y is compact.

Theorem 4.1. Letm € N, 1 < p < +o0, 1 < g < 400, u; € HB), j = 0,m, ¢ € S(B), ¢ normal, u a
weight function on B and (3.8) hold. If the operator 6’;?‘/7 :H(p,q,¢) — H is bounded, then

IS

il

llet1(p.q.6)-my = limsup
el 1

( p(D)luo(2)| +i u(@luj(2)lle)| )
@D - lp@P) S ¢le@D(1 = lp@P)*

Proof. Assume that {z;};;; 1s a sequence in B such that |¢(z;)] — 1 as i — oo. Take the function

hgs) = h;s()Zi), where 1" is defined in Lemma 2.8 for a fixed s € {1,2,...,m}. Then we have

SUP; ey ||h§s)|| H(p.qp) < 00 and hgs) — 0 uniformly on compacts of B as i — co. Hence, by Lemma 2.3
and Remark 2.2 we have ||Kh£“')|| H(p.g.) — 0 as i — oo. Thus, from (3.15) it follows that

”6% — Kllap.g0-np = sup ||(6;i:0 = K)hllgs

||h||H(p,q,¢):1

m (m)
”(612#J - K)h, ”HL’o

T
B hmsuP B

o I i ”H(p,q,q’))

. 1S Al = KR
> lim sup

— 00 h(m)”

l I i NH(p.g.¢)
> limsu Mzt (23) ()]

e o1 = ()P
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From induction and combining these inequalities, it follows that

12, = Kllgger o 2 limsu ll(zi)luj(zi)llsﬂ(zi)zl —
imeo 477 Gz = le(z)l)

0
K

4.1

Take the function hfo) = h(O),

;upiEN ||h§0)|| Hipas) < T and hg ) — 0 uniformly on compacts of B as i — co. Then from (3.22), we
ave

where is defined in Lemma 2.9. Then we have that

m . (zi)luo(z:)l
12, ~ Kllagpgoromy % lim sup —— =20 . 4.2)

imoo - d(lp(z)(1 = l(z)2)7

By taking the infimum in (4.1) and (4.2) over the set of all compact operators K : H(p,q,¢) — Hy,
we have

m

( (z)lo(z:)| . ()l ()l )
$llezD(1 = lpIP) S el = lp)P)e*

”6* ||eH(pq¢)—>H°° 2 lim
|¢(Zz)|—>1

Now, assume that {r;};c is a positive sequence which increasingly converges to 1. For each r;, we
define the operator by

ur,cp Z %uj rt‘p

Since the operator 6% : H(p,q,¢) — H is bounded, by Theorem 3.2 one can obtain that the operator
S .+ H(p,q,¢) — Hy is bounded. Since |rip(z)] < r; < 1, by Lemma 2.5 the operator 6’;‘”0

u,rip

H(p,q,¢) — H} is also compact. Hence, from Lemmas 2.1 and 2.2, we have

|en —en
u,p u,rip

_ m
wpgony = S0P (& = S )l
“ 111z p.g.0)=1

= sup sup,u(z)|Z‘R of — Z%”f”“"

1A lEpg.p=1 z€B

< sup sup ZM(Z)|MJ(Z)||WJ‘(¢(Z))—Wf(w(z))|

A llHp.qp=1 z€B =

< sup sup Zy<z>|uj<z>||%ff<<p<z>> R f(rig(2))|

||f||H(pq¢) Le@I<6 “ 5,

+ sup  sup Zu(z)|u,(z)||%ff(«p<z>) R f(rip(2))|

||f||H(pq¢> Le@I>6 “5g

< sup sup Zu(z)|u,<z>||%]f<¢<z)> R f(rip(2))|

||f||H(pq¢)—1 le(z)I<o =0

m

p( 1(D)uo(2)| Z (@ (2)llp(2)] )
¥ ok e @D~ @R = $(e@D(1 = e
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' ( 1(@)luo(2)| . i p@Mu )i E )
e@l>6 \p(Irip@N(1 = lrip@)P)e  “Z ¢(ripDA = rip)P) ™
4.3)
For each f € H(B) and |¢(z)| < 9, we have

|f(<p(z)) — farie@)| = |f @12, 92(2), - . ., 0a(2) — f (i1 @), Ti6p2(2), . . ., Tiepu(2)) |
< Z I 1@, - 112 Qi) 11 @) - -, (D)

= [ (ripi1(2)s - . ., rir-1(2), ripi(2), Pr41(2) - - - u(2)) |
= Z (1= rdgic f L (61, 111D, 00, Pt @) -, 9u(2) ]
<(1-r) Z f ‘— (rip1(2)s - -+, ripk-1(2), (), Pr11(2) - . . , 0(2) ‘df
<q —rl)ZlﬁVg azk(w)‘
<C1-r), 4.4)

where 6,(f) = (1 — )rige(z) + to(z). Let g = VR £, j = 1, m, from (4.4) and |¢(z)| < 6, we have that

IR f(@(2) = RIf(rip())] < 18(¢(2) = g(rip@lp(2)| < (1 = r)le()] Z sup —(W)‘ < C(1 = r)le).

|W|<5

4.5)

By letting i — oo in (4.3), from (3.8), (3.28), (4.4) and (4.5), we obtain
o Dlu;(@)lle(z
=& Nresro S SUP ( M(D)uo(2)] . Z H(2)Nu (2|l )2! n+j)
TR e@e \@(le(D(L — e 4T dle@D( = le(2)l7)
as i — oo. Since
iriellH(p.g.0)~H7’

we finish the proof. O

From Theorem 4.1 and (1.5), we obtain the following result.

Corollary 4.1. Letm € N, 1 < p < 400, 1 < g < +00, ¢ normal, u € H(B), ¢ € S(B), u a weight
function on B and (3.24) hold. If the operator C,R™"M,, : H(p, q, $) — H is bounded, then

”Cga"Rm]V[:A|e,H(p,q,¢)_>1-1;;o =< limsu
lo(2)l—1

( @) R u(p(2))| +Z’":u(z>mm-fu<go<z>)||¢<z>| )
$le@D = le@P) = ¢l — lp@)P)e*
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5. Hilbert-Schmidt norm of the operator & : A7 — A7

In this section, we calculate Hilbert-Schmidt norm of the operator 6’” : A2 — A2, For some
related results, one can see [37,43]. If H is a separable Hilbert space, then the Hilbert-Schmidt norm
IT'||gs. 24— of an operator T : H — H is defined by

(o] 1
2
Wllus e = Y ITel ) 5.1)
n=1

where {e,},c is an orthonormal basis on /. The right-hand side in (5.1) does not depend on the choice
of basis. Hence, we have that ||T'||gs #—# > ||T|l#—# the operator norm.

Theorem S.1. Let m € N and a > —1. Then Hilbert-Schmidt norm of the operator 6;5"/; on A2 is

HS,AZ A2 :(FZOJBZM(ZNZ( '(1_ 1 )n+a+l)

1

|y, dva(z)) .

wi=lgi(2)?

Proof. From Proposition 1.4.9 in [23] (or Lemma 1.11 in [48]), for each multi-index 8 = (B4, ...,B.),

we have BIT+at 1)
n o
f|zﬂ| dva(2) = r( TBratl)

where B! = ;! ---5,!, and
fzﬁzydva(z) =0, B+#Y.
B

From this, we have that the vectors

[T+ Bl +a+1)
() = \/,B!F(n+a+1) &

form an orthonormal basis in A2. By using the definition of the Hilbert-Schmidt norm and the
monotone convergence theorem, we have

HS,A2 A2 Z '

F(n+|,8|+a+1)

H it

ﬁ‘F(n+a+l) “9" A2
r 1 : .
= Z /(3’,“ ;(ffaafl)) S fB P [ Jhei@Pidva o)
! < 2
I 1
= Z f )P Z By [g’,’ ;(LB': “++1)) [ Tl v (5.2)
: i=1
For each f € H(B), by using the Taylor expansion
f2) = Z ag?’,
18>0
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and taking the jth radial derivatives, we have

Rif) =) Blag?, (5.3)

|81=0

where 8 = (81,5, . . .,f3,) is a multi-index, |8| = 81 + -+ B, and 2 = 2" - .- 7",
On the other hand, from Proposition 1.14 in [48] (also see [32]), we have

n

—(n+a+1) r 1 n
(1 —Zwi) = Z (n+a+|l|+ ) Wl.i. (54)
1

— NTn+a+1) L !

Hence, from (5.3) and (5.4), we have

RS ! W ua Al L) o )
(1-yn, Wl.)"+a+1 - NTn+a+1) = !

(5.5

From (5.2) and (5.5), the desired result follows. O

From Theorem 5.1 and (1.5), we obtain the following result.

Corollary 5.1. Let m € N and @ > —1. Then Hilbert-Schmidt norm of the operator C,R™M, on A2 is

D=

< , . 1
C,R"M, = ( f | R u((,o(z))lz(%J ) dva(z)) .
” ¢ HS,A2—A2 JZ:(; B (1- " Wi)n+a/+] izl
6. Conclusions
In this paper, we define the operator 6:7'; =2 MujCQa‘K" on some subspaces of H(B), where u; €

H(B),je{0,1,...,m} and ¢ € S (B). We completely characterized the boundedness and compactness
of the operator 6’;?#} : H(p,q,¢) — H; in terms of the behaviours of the symbols «; and ¢. In order to
study the essential norm estimate of the operator (5;:’# : H(p,q,¢) — H;, we considered the conditions
for the reflexivity of H(p, g, ¢). By using a criterion of the compactness for a bounded linear operator
T : X — Y, where X is a reflexive Banach space of holomorphic functions on B and Y is any Banach
space, we obtained the essential norm estimate of the operator Sgw :H(p,q,¢) — H;". Moreover, we
also calculated the Hilbert-Schmidt norm of the operator on the weighted Bergman space A%. As an
application, the corresponding results of the operator C,'R"M, : H(p,q,$) — H; are obtained. This
paper can be viewed as a continuation and extension of our previous work. We hope that this study can
attract people’s more attention for such operators and mixed-norm spaces.
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