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Abstract: In developing nations, the human immunodeficiency virus (HIV) infection, which can lead
to acquired immunodeficiency syndrome (AIDS), has become a serious infectious disease. It destroys
millions of people and costs incredible amounts of money to treat and control epidemics. In this
research, we implemented a Legendre wavelet collocation scheme for the model of HIV infection and
compared the new findings to previous findings in the literature. The findings demonstrate the precision
and practicality of the suggested approach for approximating the solutions of HIV model. Additionally,
establish an autonomous non-linear model for the transmission dynamics of healthy CD4" T-cells,
infected CD4" T-cells and free particles HIV with a cure rate. Through increased human immunity, the
cure rate contributes to a reduction in infected cells and viruses. Using the Routh-Hurwitz criterion,
we determine the basic reproductive number and assess the stability of the disease-free equilibrium and
unique endemic equilibrium of the model. Furthermore, numerical simulations of the novel model are
presented using the suggested approach to demonstrate the efficiency of the key findings.
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1. Introduction

Human immunodeficiency virus (HIV) infection is a serious health risk for many people across
the world. It is a virus that spreads via bodily fluids and affects the human immune system, specifically
CD4" T cells, commonly known as T cells. Furthermore, it is anticipated that it would do so much
harm to these cells that the human body will be unable to fight diseases and illnesses. As an illness and
a cause of prejudice, HIV/AIDS has a profound impact on society. Acquired Immunodeficiency
Syndrome (AIDS) is an incredibly dangerous infectious disease that has roused the interest of
researchers all over the world. HIV is the causative agent, which undermines the immunological
function of CD4" T-cells in the human body in order to get its uncontrolled proliferation. According to
a report from the World Health Organization (WHO), there are 37.7 million people affected.
Mathematical models for the transmission of HIV/AIDS often incorporate progressive growth in which
an individual infected with HIV may progress through several infectious stages [1,2]. Once an
individual has carried a level of infectious disease, there is no way to hold back [3]. This presumption
had to be changed when highly active antiretroviral treatment (HARRT) was introduced in 1996. The
cure extends the time available for HIV/AIDS transmission [3]. Individuals who are taking medical
treatment have a lower risk of spreading the disease to others. Therefore, one should focus on educating
infected patients who are continuously seeking treatment in order to help the administration to control
the transmission of HIV/AIDS [4]. Mathematical analysis has been shown to be an effective tool for
better understanding disease dynamics, predicting communicable diseases, and evaluating protection
or assistance strategies [5]. Hence, in recent decades, numerous researchers have developed a wide
range of mathematical models to study the dynamical characteristics of HIV/AIDS (see [6—12] for
details information). HIV expression has been shown to be a chaotic system that results in a
considerable variability in retroviral production [13]. Mao et al. [14] observed that a small amount of
environmental variation in the model prevents a significant increase in population. To demonstrate this
inherently fascinating fact, they stochastically perturb the multivariate deterministic system and
illustrate that the original ordinary differential equation may explode to infinity in a limited time, with
probability one that of the associated stochastic differential equation does not. Ogunlaran et al. [15]
presented a mathematical model comprising two control parameters in which uninfected CD4" T cells
proliferate in a logistic manner and the incidence term is saturated with free viral particles. They
utilized the efficacy of pharmacological therapy to prevent the infection of cells and the formation of
new free viral particles. Duffin et al. [16] investigated the dynamics of the immunodeficiency virus
during the course of the infection cycle. They suggested two comprehensive models that properly
anticipate the dynamics of the infection by considering variables for chronic loss of CD4" T cells and
variations in viral clearance and generation. They concluded that both the viral clearing model and the
macrophage reservoir model could identify the anticipated decrease in the number of T cells and
increase in the number of viruses that occur when AIDS is first diagnosed. Omondi et al. [17] studied
the modelling of the influence of HIV transmission, therapeutic interventions, and regulation in Kenya.
They concluded that both the viral clearance model and the macrophage reservoir model could predict
the expected drop in the population of T cells and the rise in the number of viruses that happen when
AIDS starts. For HIV modeling, Wodarz et al. [18] established the etiology and therapeutic
compartments for HIV modeling. They presented a foundational model of viral infection and described
how it would be used to investigate HIV movements and quantify crucial parameters, resulting in a
better understanding of the disease process. They introduced the idea of variety threshold as an
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illustration of how viral evolution may contribute to disease progression and immune system
dysfunction. They demonstrated that how mathematical models may be used to comprehend the
characteristics of long-term immunological control of HIV and to develop therapy regiments that can
transform a progressing individual to a stage of protracted non-progression. Ida et al. [19] evaluated
the deterministic model of HIV infection using a nonlinear dynamical analysis. In Cuba,
Mastroberardino et al. [20] explored the virus's dynamics. The highly successful national preventive
programme of Cuba considered the mechanism of transmission via contact with undiagnosed HIV-
positive individuals. They determined the equilibria of the governing nonlinear system, performed a
linear stability analysis, and then provided results based on global stability. Attaullah et al. [21]
implemented a numerical technique for finding the dynamics of infectious illnesses in humans and
presented the effect of different non-linear supply rate on the dynamics of HIV infection model. Theys
et al. [22] investigated the effect of HIV-I transmission patterns on host evolution. Bozkurt et al. [23]
studied the stability analysis of the HIV epidemic model. Nosova et al. [24] designed a model to study
the effects of the transmission of HIV and interactions in the human population. They examined the
model and discussed that how the HIV spreads, which includes the virus and how risk groups change
over time. Theys et al. [22] investigated the impacts of HIV-I infection variations on host adaptation.
Bozkurt et al. [23] analyzed the stability of the HIV epidemic model. Nosova et al. [24] developed a
framework to investigate the consequences of disease transmission and human population interactions.
They explored the transmission model of HIV that included the dynamics of the vulnerability group.
Sun et al. [25] examined the assessment of HIV incidence rates using various mathematical models.
By adding the optimal control technique to the fractional order derivative, Sweilam et al. [26]
investigated HIV/AIDS and malaria illness modelling. Ongun [27] implemented the Laplace Adomian
decomposition method (LADM) to approximate the HIV infection solution and discussed the
reliability and simplicity of the methods. Merdan [28] performed the variational iteration method
(VIM), modified VIM to provide an approximation of the HIV model, and displayed the results to
demonstrate the consistency and effectiveness of the techniques. Yiizbasi [29] used the Bessel
collocation method (BCL) to approximate the HIV infection solution. Dogan [30] used the multistep
Laplace Adomian decomposition method (MLADM) to find the numerical solution of the HIV model.
Gandomani [31] applied the Miintz-Legendre Polynomials technique to solve the HIV model
numerically. Parand et al. [32] employed the Quasi-linearization Lagrangian method (QLM) for
finding the numerical solution of the HIV model. Attaullah et al. [33] employed the Galerkin time
discretization approach for the HIV disease transmission dynamics with a non-linear supply rate. Igbal
et al. [34] addressed the positivity and boundedness preservation method for the solution of the
fractional nonlinear HIV/AIDS epidemic model. Giinerhan et al. [35] examined the HIV fractional
model employing Caputo and constant proportional Caputo operators. Gaomet al. [36] explored the
analytical and approximate solutions of an HIV/AIDS pandemic system. The aforementioned
computational analysis has captivated our interest in developing a novel approach to the HIV model.
The main objective of the research is to use a Legendre wavelet collocation scheme for approximating
the HIV model. Our second goal is to compare the solutions of the suggested methodology to the
findings of the well-known fourth order Runge-Kutta method (RK4-method) and other techniques
exists in the literature. The third objective of the study is to introduce a new model by including
treatment rate and analysis of the developed model based on the basic reproduction number and
stability of the new model. Several individuals with symptomatic characteristics may be transitioned
into asymptomatic individuals via various therapy strategies. One of the major goals is to investigate
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how the therapy affects the disease’s protracted behavior. The findings indicate that depending on the
parameter values, therapy may result in the illness persisting or fading out. The other is to examine the
influence of the cure rate on the stability of the endemically diseased equilibrium. Further, we assessed
how the cure rate affects the concentration of healthy T-cells, infected T-cells, and free viruses.
Medically speaking, this indicates that the model with cure rate decreases infected cells and viruses by
enhancing human immunity. In addition, equip clinicians with adequate information to minimize the
viral load of the infection. Noteworthy real-world problems may be handled utilizing the suggested
methodology. All the computations are carried out using the Mathematica software for Legendre
wavelet collocation scheme and the MATLAB software for the Runge-Kutta technique.

The remainder of the article is organized as follows: Section 2 introduces the fundamental
formulation of the HIV model. Sections 3 and 4 provide the well-known Legendre wavelet collocation
and Runge-Kutta method implemented for the model. Numerical results and comparison analysis for
the solutions of the suggested scheme with other classical techniques applied to the model are
discussed in Section 5. The innovative model’s analysis is presented in Section 6. Section 7 gives the
conclusions and future recommendations of the article.

2. Basic mathematical formulation of HIV model

The mathematical modeling of disease or natural phenomena is a major field of study for
mathematicians and biologists. According to the mathematical model, transmissible disorders may be
illustrated in partial/ordinary differential equations (PDEs)/(ODEs), or both. It is essential to examine
the dynamical behavior, reproduction number, stability analysis, bifurcation analysis, and
computational findings of models that represent the epidemiology of a certain disorder. Several
mathematical models for different contagious diseases have been presented since the inception of this
model. HIV is a virus that attacks healthy T-cells, which is a kind of white blood cell. Numerous
mathematical models of this crippling disease have been extensively researched. The primary purpose
of such mathematical models is to get insights into disease mechanisms and how to mitigate the disease.
Herein, we considered a mathematical model proposed by Parand et al. [32] consists of three first-
order nonlinear differential equations that characterize the dynamics of healthy/infected T-cells and
free virus particles. The population of healthy T-cells represented by 77(#), infected T-cells by /(z), and
virus particles by V(?) which is described as follow:

dT T+I

L=y —wT+pT (1- ) — VT, .1

dl

4= xvT - 6l, 2.2)
Y~ N§I-dv, 2.3)
dt

Table 1 summarizes the initial conditions of the state variables and a detailed description of each
parameter involved in the model.
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Table 1. The description of parameters and their corresponding values involved in the

model. The unit for the parameters is days~'mm™3.

Parameters Explanations Values [32,35]
7(0) Density of healthy T-cells 0.1
1(0) Density of infected T-cells 0.0
V(0) Density of virus 0.1

y Production of healthy T-cells 0.1

) Natural death rate of healthy T-cells 3.0

é Natural death rate of infected T-cells 0.3

p Growth rate of T-cells 3.0

d The virus death rate 2.4

X The incidence with which T-cells get infected with a viral ~ 0.0027
N Density of virus particles generated by infected T-cells 10
Tnax Maximum density of healthy T-cells 1500
p Rate of cure 0.01

3. Description of LWCM for HIV infection model

The wavelet has an enormous range of applications in technology and research. The use of
wavelets in approximation theory has increased in popularity over the last decades. This section
incorporates the LWCM for the HIV model, which is based on Legendre polynomials. The Legendre
wavelet is used to approximate the unknown function. To get the system of algebraic equations, the
collocation points are investigated. The Legendre wavelet’s orthogonality enables the calculation of
coefficients of expansion. Another significant advantage of using the wavelets approach is the sparsity
of the coefficient matrix of the final system of equations. In innovation and science, the wavelet has a
wide range of applications. Wavelets have grown in prominence in approximation theory during the
past several decades. The Legendre wavelet collocation method (LWCM) has been successfully
implemented to solve ordinary differential equations, partial differential equations, and fractional
differential equations (see [37—40] for details). The LWCM is a powerful tool for statistically analyzing
real-world problems. Dizicheh et al. [41] used the Legendre wavelet spectral collocation approach to
tackle oscillatory initial value problems. Kajani et al. [42] solved the linear integro-differential
equation using the Legendre wavelets method. Abbaszadeh et al. [43] solved fractional Fredholm
integro-differential equations using the Legendre wavelets method.

3.1. Legendre wavelet

The Legendre wavelet [44] is defined on [0,1] and is given by

/m+1 Zng(Zkt—2n+1), o<
Yum(t) = 2 2k-1 2k-1 (3.1
0, otherwise

where n=1,2,3,...,21, m=0,12,3,..,M—1, k, M are positive integers, and the coefficient

/ m +% is for orthonormality, and &, M are positive integers. On the interval [-1,1], the Legendre
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polynomials of order m are defined and are given by the recurrence relations P, (t).

Py(t) =1,
Pi(t) =t,
Pl (t) = (Zr’:“) tP,(t) —( ) (D). m=123..

We can approximate a function as a linear combination of Legendre wavelets because they

provide an orthonormal basis for L>(R).

3.2. Implementation of LWCM to HIV model

In this section, we employed the LWCM to the models described by system of non-linear

differential equations (2.1)—(2.3) and Eqgs (6.1)—(6.3). According to LWCM.

T(t) = 225 T2 Gnm Ynm(8) = QU(E),
I1(6) = Y25 S8t Y (8) = R(D),
V() = 225 ML 5 Ynm () = SY(0).

The nonlinear terms are approximated as:

2k1

Tz(t) = Z knm lpnm(t) - Kl/)(t)

T(OI(t) = Y25, YM28 Xpm Y (£) = Xp(D)

Zkl

where Q, R, S, K, X, G, and 1 are 21 M x 1 matrices given by:
Q = [ql_o, v i M—1r s QoM =2 vy k=10 oty qzk—1,M_1],
R = [7"1,0; s T M1 s T2, M =2 =e s Tpk=10, ...,rzk—1’M_1],
S = [51,0, ey ST M—17 -+ s S2,M—27 +=» Spk=1,0, ...,Szk—llM_l]
K = [ky 0 eoor kapots oo Kopa—zs oo Kpo1.0, ey Ko gy
X = [x1,0: i) X9 M—1s wees X2 M2 ey Xpk=1,0, ...,xzk-1'M_1],
G =[g1.00 0r Gim—1 o r G2M—2 -+ r Gogl=10, ...,gzk—l,M_l],

lp - [Itbl,o, sery 1’/)1,M—1, ey ¢2,M—2’ ey I,bzk—l,O, ’lpzk_l,M—l]'
Using Egs (3.2)—~3.7) in Egs (2.1)—(2.6) we get

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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QTY/ () =y — wQY() + pQTY(1) — = (KTP(6) + XTp(t) — XGTH(D), (3.8)
RTY/ () = xGTY(t) — SRTY(®), (3.9)

ST/ (t) = RERT Y(t) — dST Y (t), (3.10)

Q™y(0) = 0.1, (3.11)

RTy(0) = 0, (3.12)

ST (0)=0.1. (3.13)

Now collocating equations (3.8)—(3.10) and Egs (3.5)—(3.7) at

_ j—=05
t]_ 2k—1pp°

(3.14)

where (j = 1,2,3,..., 2¥"*M — 1) for Eqs (3.8)—(3.10) and (j = 1,2,3, ..., 2¥"1M) for Eqs (3.5)—(3.7),
we obtained the following equations:

Q"Y/(4) = v — wQ"Y(5;) + pQT(4) — = (KTY(5) + X" (4) —x6Tw (), (3.15)

R™Y/(t;) = xG™9(t;) — SR™ ¥(t;), (3.16)
STY/(t;) = R6BT ¢(t;) — dST y(t;), (3.17)
T2(t) = K" (1)), (3.18)
T(t)I1(t) = X" ¥(t), (3.19)
V() T(t) = GTy(t). (3.20)

From Eqgs (2.1)~(2.6), 6(2¥ M) total unknown constants. We need 6(2¥~1M) equations to
find these constants, of which 6(2¥"1M)-3 equations come from Eqs (3.14)—(3.19) while the
remaining three equations come from Eqs (3.11)—(3.13). By solving the system of equations, we can
obtain the unknown constants that can be used in Eqgs (3.2)—(3.4) to obtain the required result.

4. The Runge-Kutta method of order four

The fourth order Runge-Kutta method briefly the RK4 approach is a well-known technique used
to solve numerically the first order initial value problems. This approach is usually employed for
complicated problems and is able to deal with nonlinear phenomena (See [33,45,46] for details
information).

5. Comparative analysis

This section provides the HIV model solution using LWCM and the RK4-method along with
comparisons of the findings to those reported in the literature. We compared the numerical solutions
and absolute errors of the suggested method to other classical techniques (LADM [27], VIM [28],
MVIM [28], MLCM [30], QL method [32]) relative to RK4 scheme are displayed in Tables 2—10 for
1(), V(¢) and T(¢) respectively. After comparison, it is observed that the proposed schemes yield more
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accurate outcomes than the other methods used for the model. To address additional concerns,

Figure 1(a)—(c) show the graphical results of the LWCM and QL techniques in comparison to the RK4
method. The results obtained by LWCM are effective when compared to the RK4-method. Additionally,
we present the mesh grid graphs in Figure 2 for the results of all the methods used for the mentioned
above model. Figure 1(a)—(c) and Tables 2—10 clearly demonstrate that the new techniques provide
reasonably good agreement with the RK4-method results when compared to other classical approaches
used for the HIV infection model. This validate that the RK4 and LWCM frameworks are capable of
determining the behavior of these variables in the region under investigation.

Table 2. Results of 7(z) in comparison with RK4 scheme.

t LWCM QL method [32] RK4 IQLM-RK4| ILWCM-RKA4|
0.0  0.10000000  0.10000000 0.00100000 0.0000E-7 0.0000E—7
0.2 0.20880798  0.20880808 0.20880756 5.2366E-7 4.2482E-7
0.4 0.40624018 0.40624054 0.40623864 1.8999E—6 1.5414E—7
0.6 0.76442292  0.76442389 0.76441873 5.1680E—6 4.1935E-7
0.8 1.41404449 1.41404685 1.41403436 1.2488E-5 1.0135E-7
1.0 2.59158953  2.59159485 2.59156659 2.8261E-5 2.2944E-7
Table 3. Result of /(#) in comparison with RK4 scheme.

t LWCM QL method [32]  RK4 IQLM-RK4| [LWCM-RK4|
0.0  0.000000E-0 0.00000000E-0 0.000000E-0  0.0000E—00  0.0000E—00
0.4 0.131583E—-4 0.13158340E—4 0.131582E—-4  1.2320E-10 1.0067E-10
0.6 0.212237E-4 0.21223785E—4 0.212235E-4  2.1007E-10 1.7116E-10
0.8 0.301773E—-4 0.30177420E—4 0.301771E-4  3.1673E-10  2.5739E-10
1.0 0.400377E—-4 0.40037815E—4 0.400373E—4  4.4638E-10  3.6195E-10

Table 4. Result of V() in comparison with RK4 scheme.

t LWCM

0.0 1.00000000E-1
0.2 6.18798517E-2
0.4 3.82948983E-2
0.6 2.37045598E-2
0.8 1.46803717E-2
1.0 9.10085126E-3

QL method [32] RK4 IQLM-RK4|  |[LWCM-RK4|
100000000000E-1  1.000000000E—2  0.00000E—00  0.0000E—00
6.18798432237E-2 6.187989993E-2 5.67597E-08 4.8200E-08
3.82948877731E-2 3.829495805E-2 7.02324E-08 5.9646E-08
2.37045500445E—2 2.370461520E-2 6.51562E-08 5.5342E-08
1.46803636840E—2 1.468041739E-2 5.36950E-08 4.5617E-08
9.10084499664E-3 9.100886468E-3 4.14301E-08 3.5211E-08
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Table 5. Assessment of the findings of LWCM with those of other traditional techniques for 717).

t  LWCM RK4 LADM [27]  VIM [28] MLCM [30] MVIM [28]
0.0 0.100000000  0.100000000  0.100000000  0.100000000 0.10000000  0.100000000
0.2 0.208806496  0.208800678  0.208807329  0.208807321  0.208808084 0.208808086
0.4 0406234784  0.406213674 0.406135831  0.406134658  0.406240543 0.406240794
0.6 0.764408254 0.764350814 0.762476222  0.762453035  0.766442390 0.764428724
0.8 1414009061 1.413870248 1.398082863 1.397880588  1.414046852 1.414094173
1.0 2591509458 2.591195190 2.507874151 2.506746669  2.591559480 2.591921076

Table 6. Assessment of the findings of LWCM with those of other traditional techniques for /().

t LWCM

RK4

LADM [27]

VIM [28]

MLCM [30]

MVIM [28]

0.0
0.2
0.4
0.6
0.8
1.0

0.000000000E—0 0.000000000E—0 0.00000000E—0 0.0000000E-0
6.032546494E—6 6.031878972E—6 0.60327069E—5 0.6032634E—-5
1.315797854E-5 1.315648606E—-5 0.13158910E—4 0.1314878E—4
2.122315973E-5 2.122067760E—-5 0.21232981E—4 0.2101417E—-4
3.017646616E—5 3.017281029E-5 0.30242701E—4 0.2795130E—4
4.003645811E-5 4.003141584E—-5 0.40333218E—4 0.2431562E—4

0.000000E—-0

0.603270E-05
0.131583E-04
0.212237E-04
0.301774E—04
0.400378E—04

0.10000000E—-00
0.60327016E—-05
0.13158301E-04
0.21223310E-04
0.30174509E-04
0.40025404E-04

Table 7. Assessment of the findings of LWCM with those of other traditional techniques for V(z).

t LWCM RK4 LADM [27]  VIM[28] MLCM[30] MVIM [28]

0.0  0.100000000 0.100000000  0.100000000  0.100000000 0.100000000  0.100000000
0.2 0.061879980 0.061880847  0.061879953  0.061879953 0.061879843  0.061879908
0.4 0.038295057 0.038296130  0.038308180  0.038308201 0.038294888  0.038295957
0.6  0.023704707 0.023705703  0.023919816  0.023920292 0.023704550 0.023710294
0.8 0.014680493 0.014681314  0.016212343  0.016217045 0.014680364  0.014700419
1.0  0.009100944 0.009101579  0.016055022  0.016084187 0.009100845 0.009157238

Table 8. Assessment of absolute errors for 7(z)
methods relative to RK4-method.

of the LWCM with other conventional

t 0.1 0.2 0.4 0.6 0.8 1.0

LWCM 0.0 5.18760E-6  2.11093E-5  5.74299E-5 1.38812E—4  3.14268E—4
LADM [27] 0.0 6.65092E-6 7.78434E-5  1.87459E-3 1.57873E-2 8.33210E-2
VIM [28] 0.0 6.64252E—-6 7.90162E-5 1.89777E-3 1.59896E—2 8.44485E-2
MLCM [30] 0.0 7.40512E-6 2.68680E-5 2.09157E-3 1.76603E—4 3.64289E—4
MVIM [28] 0.0 7.40792E-3 2.71193E-2  7.77909E-2 2.23924E-1 7.25885E-1
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Table 9. Assessment of absolute errors for /(z) of the LWCM with other conventional
methods relative to RK4-method.

t 0.1 02 0.4 0.6 0.8 1.0

LWCM 0.0  6.67521E-10 1.49248E—9 2.48213E-9 3.65587E-9 5.04227E-9
LADM [27] 0.0  8.27884E-10 2.42395E-9 1.23041E-8 6.98912E—-8 3.01802E—7
VIM [28] 0.0  7.55394E-10 7.77006E-9 2.06505E-7 2.22150E-6 1.57157E-5
MLCM [30] 0.0 8.23268E—10 1.85483E-9 3.10779E-9 4.60980E-9 6.39965E—9
MVIM [28] 0.0  8.22679E-07 1.81560E-6 2.63240E-6 1.69902E—6 6.01179E—6

Table 10. Assessment of absolute errors for V(z) of the LWCM with other conventional

methods relative to RK4 method.

t 0.1 0.2 0.4 0.6 0.8 1.0
LWCM 0.0 8.66885E—7 1.07285E—7 9.95660E—7 8.21068E—7 6.34323E-7
LADM [27] 0.0 8.94351E-7 1.20500E-5 2.14112E-4 1.53102E—3 6.95344E-3
VIM [28] 0.0 8.94261E-7 1.20708E-5 2.14112E-4 1.53573E—3 6.98260E—-3
MLCM [30] 0.0 1.00440E—6 1.24243E-6 2.14112E—4 9.50322E-7 7.34076E—7
MVIM [28] 0.0 9.38641E-4 1.72757E—4 4.59167E-3 1.91046E—2 7.34076E—7
3 2510 S —
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; 25t ¥ : T -
é % a5k / 4
%1.5- /@f % L ﬁ/
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Figure 1. Graphical simulations for the findings of LWCM, RK4 and QLM schemes.
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Figure 2. The mesh grid graphs of LAWCM, QLM, LADM, VIM, MLCM and MVIM schemes.
6. Modified formulation of the HIV infection model

The current antiretroviral combination of therapies is frequently used to treat HIV. As evidenced
by the discovery of successful HIV medicines, understanding the fundamental causes of HIV infection
has enabled the unprecedented development of novel therapies for the illness. Furthermore, because
of major clinically controlled studies and an increasing understanding of the complexity of viral
replication strategies for treating HIV infection were established concurrently. Treatments have an
influence on the virus once it has entered into the cell. Chemotherapy, which is used to prevent the
reproduction of HIV and changed the face of AIDS in the industrialized world. There has been a
significant reduction in disease and mortality, as well as a decrease in healthcare consumption. HIV
treatment has also revealed numerous new details on the pathogenesis, viral and cellular dynamics of
HIV infection. However, the issues persist. Treatment does not stop HIV replication in all people, and
the rise of drug-resistant viruses makes future treatment more difficult. Chronic treatment may
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potentially cause toxicity. These challenges require the development of novel medications and
treatment techniques to limit persistent viral replication. In this section, we developed a comprehensive
mathematical model that characterized the dynamics of HIV infection by including a cure rate [47].
The cure rate contributes to a reduction in the infected cells and virus through enhancing human
immunity and increases the concentration of healthy T-cells during the dynamical behavior after HIV
infection. The novel model is described as follows:

dT T+I1

E=y_wT+pT(1_Tmax)_XVT+p1' (6.1)
% =xVT —81—1plI, (6.2)
Y- NSI—av. (6.3)
dt

In the above-mentioned model, 7 and / represent the concentration of healthy/infected cells, and
V' shows the population of virus particles. The initial conditions with an explanation of all the
parameters involved in the model are presented in Table 1. The flow diagram of HIV infection is
depicted in Figure 3. Following verification and reliability of the proposed LWCM method as well as
code validation, we implemented the same method for the new model and graphically illustrated the
solutions.

p Né&I

Figure 3. Flowchart of HIV transmission.
6.1. Basic reproduction number (R,)

The most significant applications of basic reproduction number are determining whether an
emerging infectious disease may spread in a community and predicting how many people need be
inoculated by vaccination to eliminate a disease. Several variables influence the basic reproduction
number, including the length of infectivity of afflicted persons, the infectiousness of the microorganism,
and the number of susceptible people in the population that infected people encounter. The basic
reproduction number R, of an infection is the mean number of secondary cases caused by a single
infected case in a fully susceptible individual. Mathematical analyses establish that the global
dynamics of the spread of the HIV infectious disease are completely determined by the basic
reproduction number. The infection will die out when Ry < 1. If R, = 1, then the existing infection
can cause disease that will stay alive and stable. If R, > 1, the infection has the potential to spread
throughout a population. The larger the value of R, the more difficult it is to control the infection [48].
The value R, of a disease is computed based on its infectious period, mode of transmission and
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contact rate. A longer infectious period results in a higher value of R,,. The disease will be transmitted
quickly, if an infected individual meets people who are not infected or vaccinated, therefore high
contact rate results in high R, value. The mode of transmission also contributes to the R, value. We
obtain the R, for the given system using the Threshold theorem [49]. The Threshold theorem stated
that if the epidemic will not get started unless the initial number of healthy cells exceeds a certain
threshold values. i.e.,

if Ry>1 epidemic
if Rg>1 endemic
if Rg=1 disease die out

6.2. Equilibria and local stability [35]

The nonnegative equilibria of system of Eqs (6.1)~(6.3) is E, = (T,,0,0), E = (T, I, V), and we
find T, = T‘Z“—:X((p -—w)t \/(w —-p)2+ 45).

For T, we get positive and negative solutions. We are choosing the positive solution, which describes
possible steady state of the system of Eqgs (6.1)—(6.3) in the absence of virus particles.

T+1
Tmax

T=d2E T=2|y— T +pT(1 -

— R8_
XN§ ’ )]’ V_TI'

The basic reproduction Ry = ?" The significance of the value R, is well known it is also known as

the system's basic reproductive ratio. It depicts the average number of secondary infections caused by
a single infected T-cell in a population of entirely susceptible T cells over the course of the infection.
It helps to determine the dynamic characteristics of system of Eqs (6.1)—(6.3) over total time. We will
now initiate to investigate the geometric features of system of Eqs (6.1)—(6.3) equilibria. Since T, and
T satisfy

Yy — T, + pTO(l —M) =0,

max

_ T+1 1 _
—wT+pT|1- =—[(NST - d(s
y—wT+p ( Tma):) = 1 5+ )],
we can get
_ 5 + To + 1 _
T>d(MN8p)=y—ooT0+pT0(1— 0 0)>0=>T0>T

max

m)<0=>T0<T.

= _ 1 (6+P)
T<de—6=>y—ooT0+pT0(1—T

max

Thus if Ry > 1, then the positive equilibrium E = (T, I, V) exists.
The Jacobean matrix of system of Eqs (6.1)—(6.3) is follows as

2pT + pl —pT
—w+p- w e MV P —xT
I — Tmax Tmax
XV -6 +p) T
0 RS —d

Let E* = (T*,I*,V*) be any arbitrary equilibrium. Then the characteristic equation about E* is given
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by
7\+w—p+2pT LIS VATA T xT*
v A\+5+p —mr|=0 (621)
0 —Né6 A+d
For equilibrium E, = (T,, 0,0), (6.21) reduces to
(r+w-p+ 2pT") [(A2 +A(d + 8 + p) + d(5 + p) — N§ MT,)] = (6.22)

Hence E, = (T,,0,0) is locally asymptotically stable for R, < 1.
Theorem 6.1. (See [47]) If Ry < 1 then E, = (T,, 0,0) is locally asymptotically stable, if Ry > 1,
Ey = (Ty,0,0) is unstable.
Theorem 6.2. (See [47]) Let M > 0 such that, for any positive solution (T'(t), I(t), V(t)) of system
of Egs (6.1)—(6.3), T(t) <M, I(t) < M and V(t) < M, for all large t.
Proof. Let G,(t) = T(t) + I(t). Calculating the derivate of G,(t) along the solution of system of
Eqgs (6.1)—(6.3), we find

dG,(t) dT  dl

+—= T + T(l T+I) 51
dt de tdr VT @ONTP ! ax

pT?+pTI

=—wl =81+ pT — +¥ < —hGy () + M,,

max

2
where M, = W, h = min (w, 6). Then there exists M > 1, depending only the parameters
of system of Eqgs (6.1)—(6.3), such that G,(t) < M, for all t large enough. Then T(t) and I(t) have
the above bound. Its follow from the third equation of system of Eqs (6.1)—(6.3) that V(t) has an
ultimately above bound, say, their maximum is M. The proof is complete.
Define D = {(T,I,V) ER3:0<T < M,<I<M,0 <V < M}. Obviously, D is convex.

Theorem 6.3. Suppose that

2pT1 2pTI1

2) (d+8+p+w p+7 +XV)[—w+p— (d+8+p)+xV(d+8)]>0

Then the positive equilibrium E = (T, I, V), Equations (6.21) reduces to

A3+ A% + X, + x3=0,

where
X, = 2pTI
X, = (0 — p+2pTI)(d+6 +p) — pxV > 0,
x3 = d& xV > 0.
we also have
xlxz—x3—( pTI )[( a)+p—2p—TI)(d+6+p)+xV(d+6)]

m
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By Routh-Hurwitz criterion [36], we have that E = (T, 1, V), is locally asymptotically stable.
6.3. Global asymptotic stability

The global asymptotic stability of the illness steady state is discussed and describes the necessary
conditions for a disease steady state that is globally asymptotically stable.
Definition 6.1. If any nonempty compact -limit set of the system of Eqgs (6.1)—(6.3) that contains no
equilibria is a closed orbit, the system of Eqs (6.1)—(6.3) is said to satisfy the Poincare-Bendixson
property [50].
Definition 6.2. (See [51]) The autonomous system of Eqs (6.1)—(6.3) is said to be competitive in D if,
for some diagonal matrix Z = diag(e; €, ...€,) where each €;(i = 1,2,...n) iseither 1 or -1, Z%Z
has no positive off diagonal elements for all x € D.
Theorem 3.4. (See [51]) System of Eqgs (6.1)—(6.3) is a competitive system.
Proof. By looking at the Jacobean matrix of system of the Eqs (6.1)—(6.3) and choosing the matrix Z

as
1 0 O

L= <O -1 0)
0 0 1

In D, we see that the system of Eqs (6.1)—(6.3) is competitive, w.r.t the partial order defined by the
orthant | = {(T,I,V) € R%: T < 0,1 <0,V < 0}. In fact, by simple calculating, we obtain

2pT + pl —pT

-+ MV —xT

7 g 7 = Tmax Tmax
0x XV -8 —p —xT
0 —N§ —d

Remarks 6.1. (See [52]) Since the system of Eqs (6.1)—(6.3) is competitive in D and D is convex.
Then system of Eqs (6.1)—(6.3) satisfies the Poincare-Bendixson property.
Lemma 6.1. (See [52]) Assume that n = 3 and D is convex. Suppose the system of Eqs (6.1)—(6.3)
is competitive in D is convex. Suppose system of Eqs (6.1)—(6.3) is competitive in D and L is a
nonempty compact omega limit set of system of Eqs (6.1)—(6.3). If L contains no equilibria, then L is
a closed orbit.

The system of Egs (6.1)—(6.3) has nontrivial periodic orbits, as shown by Remarks 3.3 and Lemma
3.3. Let A signify a linear operator on R", as well as its matrix representation in terms of Rn's standard
basis. Let A2R"™ denote the exterior product of R®.A matrix A induces canonically a linear operator
A2l on A’R™ u;,u, € R™.

Define

A[Z] (ul A uZ) = A(ul) A uZ + A(uZ) A u1,

and extend the definition over A2R™ by linearity. The second additive compound matrix of A is the
matrix representation of A[?! with respect to the canonically basis in A?R™. This is an (;) (rzl)

matrix and satisfies the property (A + B)[2l = Al2] 4 BI2] n the special case when n = 2, we have
APl . =tr A. In general, each entry of Al?l is a linear expression of those of A. For instance, when
n = 3, the second additive compound matrix of A = (a;;) is
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a;p tap dss —ajp3
2] _
APl = azy ayp +azz aip
—aszq azq azy taszz

The spectrum of A is 6A = {A;,...A,}. Then oAl2l = {7\1 +Ah1<i<j< n} is spectrum of
Al2l,

Let x — f(x) € R? be a C! function for x in an open set D € R™. Consider the differential
equation x = f(x).

Let x(t,Xq) be the solution to the system of Eqs (6.1)—(6.3)such that by x(t,x,) = X,. A set K is
said to absorbing in D for the system of Eqs (6.1)—(6.3). if x(t,K;) € K for each compact K; € D
and t sufficiently large. We make the following two basic assumptions:

(H;) There exists a compact absorbing set K c D.

(H,) System of Egs (6.1)—(6.3) has a unique equilibrium X in D.

If the equilibrium X is locally stable and all trajectories in D converge to X, it is said to be
globally stable in D. If x is globally stable in D, the assumptions (H;) and (H,) are satisfied. For
virus models and many other biological models with a bounded cone as the feasible region. (H;) is
equivalent to the uniform persistence of Eqs (6.1)—(6.3)

Lemma 6.2. (See [52]). A periodic orbit Q = {®(t);0 < t < y} of system of Egs (6.1)—(6.3) is
orbitally asymptotically stable with asymptotic phase if the linear system

afl2]
Y,(t) = KCD(t)Y’ (23)
[2]
1s asymptotically stable, where a;_x is the second additive compound matrix of the Jacobian matrix
afl2] ff
E o .

Lemma 6.3. (See [52]) Assume that

1) Assumptions that (H;) and (H,) hold.

2) Equations (6.1)—(6.3) satisfies the Poincare- Bendixson property.

3) For each periodic solution x = ®(t) with ®(0) € D, the system of Egs (6.1)—(6.3) is
asymptotically stable.

8 (1" det(5.(®)) > 0.

Then the global asymptotically stable unique equilibrium x exists in D.
6.4. Results and discussions

Infection with the human immunodeficiency virus impairs the immune system, raises the risk of
certain diseases, damages bodily organs such as the brain, kidneys, and heart, and causes mortality.
Unfortunately, there is no treatment for this viral disorder at the moment. Although, there are effective
retroviral medications for improving patients' health problems, excessive use of these treatments is not
without risk. Therefore, we enhanced a mathematical model suggested by Parand et al. [32] by
introducing the cure rate. The findings of the modified model with a cure rate are presented in this
section. Our intention is to maximize the concentration of uninfected CD4+T cells in the body by using
minimum drug therapies. We presented the findings of the new and old models in Figures 4(a)—(c).
The novel model for the transmission dynamics of healthy T-cells, infected T-cells, and free HIV
particles with a high cure rate produces more accurate results. This contributes to a decrease in infected
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cells and viruses by improving human immunity. As immune cells diminish with the passage of time,
the population of free viruses increases. Consequently, the number of free viruses and infected T-cells
grows while the number of healthy T-cells decreases. The viruses infect healthy T-cells by attacking
immune cells and transforming them into infected T-cells. The human body has the capacity to identify
and fight these infections. T-cells are responsible for fighting against HIV viruses and for detecting
and combating them. Figures 2(a)—(f) illustrate that an increase in T-cell potential results in an increase
in the immune response and proliferation rate of healthy T-cells. Owing to this, the population of T-
cells falls over time and reaches its lowest level, while the immunity level grows due to the generation
of healthy T-cells, which kills the infected T-cells. Because of the decrease in infected T-cells, the
number of T-cells rises once again and begins to fluctuate. If the long-term alterations in the T-cell
response are insignificant, then the response cannot account for the decline in viral burden. From a
biological point of view, it seems that activating T-cells makes it more likely that HIV infection will
go away. Medically, it will provide physicians with enough information to lower the viral load of the
illness. The model presented here is essential in the area of mathematical modeling of HIV infection
of CD4" T-cells. This will be utilized to evaluate the population dynamics of CD4" T-cells in the presence
and absence of HIV, which will be useful in observing clinical AIDS manifestations and suppressing the
disease. The phase and chaotic behavior of the novel model are visualized in Figure 4(d) and Figure 5.
Many scientific and engineering applications are based on a system’s chaotic nature [53]. The chaotic
diagrams demonstrate the feasibility and application of the suggested numerical approach, which may
be generalized to novel chaotic systems. Although each phase diagram has a precisely distinct
significance at each point, the accent is not on the extensive clinical interpretation of figures associated
to solutions.

7. Conclusions

This research explained the computational and mathematical analysis of HIV models. We used
an innovative numerical scheme called the Legendre wavelet collocation scheme and contrasted the
absolute errors between the current solutions and existing findings relative to the well-known Runge-
Kutta scheme. In comparison to the outcomes of other schemes, the LWCM results were found to be
more accurate and reliable. Relying on these assertions, the new scheme is a superior approach for
time-dependent problems, with better approximate solutions. On the other hand, we introduced a novel
HIV/AIDS epidemic model with a cure rate and assessed the stability of the model based on the
reproduction number. The basic reproduction number determines the global dynamics of our model. It
could be seen that the disease-free equilibrium is globally asymptotically stable when it is less than
unity and unstable when it becomes greater than unity. The mathematical analysis of the proposed
model, validated by the numerical simulation results, shows the effectiveness of the model in
maximizing the concentration of uninfected CD4" T cells, minimizing the concentrations of infected
cells and free virions in the body with a minimum dose of a combination of drug therapies in order to
avoid the adverse effects associated with excessive use of drugs. It could be observed that the treatment
rate produces more accurate and strengthens the human immune system, which contributes to a
reduction in infected cells and viruses. From the study, medical physicians can become knowledgeable
about the dynamical behavior of healthy and infected T cells and viruses during disease.

Besides, it is a worthwhile area of study to investigate whether or not the approaches used in this
manuscript are beneficial to other epidemic models, such as the rabies transmission model, the malaria
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transmission model, and the syphilis transmission model.
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