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1. Introduction

In last few decades, fractional calculus has become important tool to address real world problems
in physics, chemistry, engineering etc. For reference, we reviewed the analytical and numerical results
of fractional differential equation (FDE)-related studies in [2,7, 15,18, 19,22,25-28,30,32,33,38,41,
47,48]. The existence and uniqueness of the results of FDEs have been proved and solved using fixed
point theory. Focusing o the difficulties of several limits in fixed point theory, Mawhin [34] established
the topological degree theory (TDT) to solve the integral equations. Afterword, Isaia [23] described
some integral equations using TDT. Some of the studies on TDT have been reported in [16,44,45,51].

Ahmad and Sivasundaram [8], explained the nonlinear term of fractional neutral integro-differential
equations(FIDEs) with boundary value problems. Zuo et al. [35] investigated the FIDEs with impulsive
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and antiperiodic boundary conditions. Agarwal et al. [3] described an initial value problem (IVP)
based on neutral equations of the fractional type with bounded delay. Murugesu et al. and Santos
et al. [29,42] determined the existence solutions for neutral equations and integro-differential equations
with neutrality based on fractional derivatives. Ravichandran et al. [40] briefly discussed the fractional
neutral systems with infinite delay. Yan and Zhang [49, 50] applied the neutral functions in fractional
integro-differential equations with state-dependent delay.Zhou and Jiao [52—-54] discussed the p-type
fractional of neutral differential equations and fractional neutral evolution equations with infinite delay.

We have seen many works related to Riemann-Liouville (RL) or Caputo Fabrizio (CF) fractional
derivatives in the analytical and numerical results for FDEs. Hadamard [21], introduced a new
derivative containing a logarithmic kernel term, which is known as the Hadamard (HD) fractional
derivative. Butzer et al. [12-14] used this HD fractional derivative to analyze the HD fractional
integral by using Mellin transform method. Ardjouni [5] described the positive solution of FDEs with
integral boundary conditions by using the HD derivative. FDEs and FIDEs with HD fractional
derivatives were analyzed in [9, 10,20,31,36,37,39,43,46]. After that, Jarad et al. [24] discussed the
Caputo type HD derivative (CH-derivative) modified from the Caputo derivative. FDEs with
boundary-value problems treated with the CH-derivative have been reported in [1,4,6,11].

Here, we explore the existence results for neutral FIDEs with CH-derivatives by using the
topological degree method

aDIE() - g(t,E(1), PE(1)] = f(1,E(0), SE®), te€J:=[0,L]
aB(1) + bSD7E(L) = TP E@m,), 1<m <L,p >0 (1.1)
cE(L) + dIC{D‘TE(L) = cé”[sz(nz), l<mnm<Lp,>0

where §D? and ¢ D are CH-derivatives of order p, o~ respectively, with 1 <p <2and0 < o < 1; 1%

is the HD integral of fractional order p;,i = 1,2, f € C(/ X RXR XR,R), g € C(J X RXR,R) is the
continuous function and the linear operators P and Q are defined by

(PE)(?) = f k(t, s)Z(s)ds,
0

1
S = f h(t, s)2(s)ds,
0

wherer € ke C(D,R),D ={(t,s) e JxJ:t>s}andh e C(J X J,R).
Leta, b, c,d € R be constants such that

B ci(logn ! dlog L)'=  cr(logmy)P2*!
¥ =(a- T, + 1) J(clog L + TC-0)  T(p+2) )
ci(log i)' c2(log 1)
To 12 (clogL Tt 1) ) # 0. (1.2)

The structure of this article is as follows: We establish some basic results to prove the existence
using TDT in Section 2. In Section 3, we discuss the existence results for FIDEs with boundary
conditions by using the topological degree method. An illustration and the conclusions are respectively
described in Sections 5 and 6.
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2. Basic results

Let X be a Banach space and B c P(X) be the family of all bounded subsets of X.
Definition 2.1. [16] u : B — R, is defined as

Z(B) :=inf{d > 0 : B admits a finite cover by sets of diameter < d},

where B € B is called the Kuratowski measure of non compactness.

We shall briefly explain what this definition means. Let us start with a compact set B. A set B of a
space X is compact if and only if it is complete (i.e., if every Cauchy sequence in B is convergent to a
limit in B with respect to the norm || - ||) and totally bounded (for every € > 0 3 exists a finite cover for
B each of which has a diameter that is less than or equal to €). Thus if B is compact then it is totally
bounded. Consequently, the value of u(B) is 0. Thus, we can interpret the value u to be a measure of
the compactness of a set. If the value is zero, then the set is compact. The larger the value of y, less it
resembles a compact set.

With this definition in hand, we shall state the following results, the proofs of which can be found
in [17].

Proposition 2.2. [16] For bounded subsets U, U, and U, on Banach space, we have that
(1) wW(U) =0 & U is compact.
(2) pQAU) = || Alu(U), AR
(3) WU, + Uy) < pu(Uy) + (U, U, U, € B
(4) Uy c Uy, = u(U) < u(U>).
(5) u(U, U Uy) = max{u(U), u(U>)}.
(6) p(conv U) = pu(U).
(7) p(U) = p(U).

We define ¥ := {£ : [0,T] - R: E € C(I")}. Also, (V,] -||) is a Banach space under the super
norm: ||E|| := sup{||Z@)|| : t € [0, T]}.

Definition 2.3. [16] Let ¥ : w — Y be a continuous bounded map and w C Y. If ¥ is a E—Lipschitz
Sunction A k = 0 such that u(F (H)) < ku(H) for all H C w. If k < 1 then F is a u—contraction.

Proposition2.4. [16]IfT,,T,,T3,T, : w — Y are u—Lipschitz maps with the constants m,, m,, ms, my
respectively, then Ty, T,, T3, T, : w — Y are u—Lipschitz maps with the constant my + my + mz + my.

Fori € {1,2, 3,4}, we have,
IF:(x) = FiIl < millx =yl < (my + ma + m3 + my)llx — yll.
Hence for each i € {1,2, 3,4}, F; represents a u—Lipschitz map with the constant m; + m;, + m3 + my.
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Proposition 2.5. [16]If G : w — Y is a compact set, then G is u—Lipschitz with a constant value
equal to zero.

For any compact subset H, from Proposition 2.2, it follows that u(G(#H)) = 0. Hence the result
follows.

Proposition 2.6. [16] If G : w — Y is Lipschitz then G is u—Lipschitz with the same constant k.

Definition 2.7. [16] A map F : Y — F is said to be u—condensing if for all A € B, u(¥(A)) < u(A).
We denote C,(Q) to be the class of all u—condensing maps ¥ : Q — X.

Now we define D to be a degree function used in the TDT [17,23].

Proposition 2.8. [16] Let T = {(I — ¥,A,y) : A C X open and bounded, ¥ € Cu(X) and y €
X\U=F)ON)}. Then AD : T — Z which satisfies the following:

(1) DU, A,y) = 1,for every y € A (Normalization).

(2) DU-F,A,y) = DU-F,A1,y)+DU~F, Ay, y) where Aj, Ay € Aandy ¢ (I-F)(A\(AjUA,))
(Additivity on domain).

(3) W(H(0, 1] x B)) < u(B) VB c A and u(B) > 0 where D(I — H(t, ), A and y(t)) are independent
of t € [0, 1] for every continuous bounded map H : [0, 11x A — X and every continuous function
y : [0.1] — X which satisfies y(t) # x — H(t,x) VYt € [0,1]. Vx € IA (Invariance under
homotopy).

(4) DU —F,A,y) # 0 implies y € (I — F)(A) (Existence).

(5) DU - F,A,y) = DU — F,A,y) for every open set A\ C A and every y ¢ (I — FIA N\ Ap)
(Excision).

Theorem 2.9. [16] Let ¥ : Y — Y be a u—condensing map and
H={EZeY:AAe[l,L]s. t E=ATE}.
If H is a bounded set in X, 3 r > 0 such that H c B,(0), then
D(I - AT, B.(0),0) =1, forall A€ [1,L].

Then T has at least one fixed point.

Definition 2.10. /32] The HD integral of fractional order p > 0 for 2 € L'(J) is stated as

Hrpm _L t -l @
120 = fl log(1/5y~ ')

where

['(p) = f et ldt, p>0.
0
d
Let 6 = td—t,p >0andn = [p] + 1.
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Definition 2.11. [32] The HD derivative of p > 0 and E € I is stated as
HDPE(t) = 8"(" TP PE®).
Definition 2.12. [24,32] The CH-derivative of p > 0 and E € Y is stated as
ADPE(t) =M T"PS"E(t).
We refer to some standard lemmas that are used in the study of FDEs.

Lemma 2.13. [24,32] Letp > 0,r > 0,n = [p] + 1 and a > 0. Then we have,

_ ['(r)
]le =1 — 1 £p+r+l.
(1) “1*(log ) F(p+r)(0g“)
In particular, for a = 1 and r = 1, the above result reduces to
1
Hre(1)(p) = log()y*!.
(D) T+ 1)(Og( )Y

I'(r)

(2) ED°(log y~! = T'(r — p)
0, re{0,1,...,n—1}

Lemma 2.14. [24,32] Let nuy,p, > 0 and E € Y. Then we have,
(1) P11 (T 1P E(®)) = (TIPPE()).
(2) gD ("I E(®) = (1P PE()).
(3) gDpl 1P Z(1)) = Z(1).

(log Ly =1, r>n

Lemma 2.15. [24,32] Let p > 0. Define n = [p] + 1. For any E € ' the CH-derivative of the FDE

IDrE(r) =0

has the solution,
n

() = ) cilog?)

i=0

and c;,i =0,1,...,n— 1 are real constants Also, the following result follows immediately:

n—1
HpEDPE®D) = E() + Z cilog 1)
i=0

3. Main results

We shall define some hypotheses in which we make the following assumptions:

(A1) There exist constant values of &, & > 0 and p € [0, 1) such that
llg(r, E(1), PEM))I| < (& + EIEIP)

forall 2 € Y.
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(A2) There exist the constants &; and &, such that
llg(z, E1 (1), PE1(1)) — &(2, Ba(1), PER (1) < E1lIE1 — ol + &l [PE) — PEl.
(A3) There exist constant values of F, F > 0and p € [0, 1) such that
I£ (6, 2@, SEO)I < (F + FIEIP)

forall Z € Y.
(A4) There exist constants ¥ and ¥, such that

£ (2, E1(2), SE1() — f(1, Ea(®), SEa)I < F1lIE1 — Enll + FolISE; — S Esl.
(AS) Let kna = sup [ [Ik(t, $)llds and hpes = sup [\ [1A(t, )llds.
teJ teJ
Lemma 3.1. [16] For a continuous function V on J, the first order differential equation (FODE) is

gDp[E(t) -Wn]=V@®, teld:=][0L].
aZ(1l) + bgD‘TE(l) = C{ffp‘E(m), 1<n <L,pp>0. 3.1
cB(L) +dSDE(L) = 17 E(np,), 1<m <L,pr>0.

Then, there is a unique solution known as

E() =" 1°V(E) + W) + Ky()F TPV () + W) + Ka(@)(co(T TPV (172) + W(p))
—c(P1°PV(L) + W(L)) + d TP7V(L) + W(L)) (3.2)

where,

o Ki(t) =c1(¥) —Y¥a1), K@) =c¥;+ YWy,

d(logL)"™"  cy(log )" )
TC-0) T(m+2)

1
o ¥, = E(clogL+

1 c2(log mp)
W, = —(clog L — 20817
M ‘P(C o8 F(p2+l))
1 c(logm P!
o P, = _(61( 0gn1) )’
¥\ T, +2)
1 ci(logm )
W, = —(a— L8V
. Wi =gla T+ 1) )

and V¥ is given by Eq (1.2).
Proof. From Lemma 2.15, Eq (3.1) becomes,

2(t) =" IPV(t) + W) + ko + ky log(t), ko, ki € R.
Applying the boundary conditions, we have

(log m;)”" N (log ;!

Hypigpy =t grite ‘ )+ k
I (771) V(’]z) + W(nl) + Or(pi + 1) 1 F(p, N 2) )

i=1,2...
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r(2)(log L)'~

Cnom _H -0
CD7E(L) =" I°7V(L) + W(L) + k, oo

Solving for ko and k; we get the following solutions:

ko = WY TP E() + Wa(c) TP E@) — (e("TPV(L) + W(L) + d(" TP V(L) + W(L))))

and
ky = c¥Ya("TP*2V () + W) = (c("IPV(L) + W(L)) + d(" IP77V(L) + W(L))))
— oL ("IPV () + W(p)).
Substituting for ky and k; we get Eq (3.2). O

In view of the problem defined by Eq (1.1), using the above Lemma 3.1, the solution is

B(r) =" I fa(r) + g=(0) + Ky ()T TP fz(m1) + g=(m) + Ka(0) (o TP fa() + g=(112))
—c("IP f=(L) + g=(L) + d(" 177 fo(L) + g=(L))), (3.3)

where for brevity, we denote g(¢, Z(¢), P=(¢)) by g= and f(z, Z(¢), S E(?)) by fz and we have

Ki(®) = ;W) —Y¥a1), K1) =c1'V;+ W,

1 dlog L)' cy(logm, )2t 1 co(log )
¥, = —(clogL - W, = —(clog L — ZO8M))
= lelogL+ T2-0)  T(pm+2) )} ¥ = lelog Ty + 1) )
1 1 1+1 1 1 1
¥, = _(C1( ogm) ), y, = —(a _ ci(logn) ),
Y\ T, +2) T T+ )

where ¥ is given by Eq (1.2).
We shall define the following three operators:

(1) Define T; : Y — Y as T\E(t) =2 1P f=(1) + g=(1).
(2) Define T : T — T as TLE(t) = Ki ()T TP fz(m1) + g=(m)) + Ko()(co(T TP fz () + g=(12))).
(3) Define T3 : T — T as T5E(t) = Ko () (c(" 17 f=(L) + g=(L)) + d(" 1777 f=(L) + g=(L))).

LetT : T —- TgivenT =T+ T, + Ts.

S o . . (log Ly
Theorem 3.2. If T is Lipschitz with the Lipschitz constant

F(p n 1)(?] + %hmax) +81 +82kma)o it also

satisfies the following growth relation:

(log Ly

EI=||P SII=||P
Tp+ l)(7"+7’|I~|I )+ E+ElEP.

I\ 2@ <

Proof. Let 2,5, € Y. We have,

IT1E1(0) = TiE I < 717 f, (1) =" 1P fe, (DI] + llg=, () — g=, (D]
< IPllfz, = fall@®) + (81 + Enkma)IE) = Eoll
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< [TIP(INLYF1 + Folimax) + E1 + ExkmaxllIZ1 — s
_ [(logL)"
I'o+1)

(F1 + Falima) + E1 + Exkimas |11 = Enll.
Hence,

(log LY

I'o+1)

Hence T} is Lipschitz with a constant given by

JogLy

T'o+1)

For the growth relation of ¢t € J, we have

ITIZON < 1717 f=(1) + g=(0)ll
<" Pllf=l + lIg=@ll
<" 7°(F + FIEIP) + E + EIE|
_ (logLy
T(p+1)

”TlE‘l(t) - TIEZ(t)ll < [ (ﬁ + %hmax) + 81 + 8kaax]llal - E2”

(7:1 + %hmax) + 8] + 82kmax]-

(F + FIEIP) + E + E|IE|P.

Hence, we have

log Ly ~ ~
WL 7+ Pl + &+ Sl

IT\E@) < [r(p —

Theorem 3.3. T, is continuous and satisfies the following growth relation:
ITED| < A, (F + FIEI) + Br,(E + EIEIP)

where,

(logn )" (log mp)*”
Ar, = Wil + Y| L—— + Y| + ||[Ws||L) ———,
7, = el + el ] T tpr]) (letllea 5] + 114l )F(p2+p+1)

Br, = (ller [l 11 + lleall[I¥211L) + ey llealll¥s]] + [¥allL).

Proof. Let £, be a sequence in Y that converges to = € Y. Since fz and gz are continuous, it follows
that fz, — f= and gz, — g=. Thus by Lebesgue’s dominated convergence theorem, it follows that 7

1s continuous.
We have,

ITE@ = 1K (O[T fa(1) + g=2(m)] + Ka(0)(cal " TP g=(12) + g=(m2)))|
< KON 7P =l + gzl + 1K@l TP f= ()1l + llig= )l
< Ar(F + FIEIIP) + Br,(& + E|EIP).

Hence, we have,
IT.EN < Az, (F + FIEIP) + Br,(E + EIEIP).

O
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Theorem 3.4. T; is continuous and satisfies the following growth relation:
ITE@| < Ay (F + FIEIP) + Br,(E + EIEIP),

where

log L d|(log Ly="
Ar, = el + 1 10 8 S ET )

Br, = (llea 1311 + s L)lell + [l]].

Proof. Let £, be a sequence in Y that converges to = € Y. Since fz and gz are continuous, it follows
that fz, — f= and gz, — g=. Thus by Lebesgue’s dominated convergence theorem, it follows that 75
1s continuous.

We have,

ITE@)I| = 1K()(c[" I° fa(L) + ga(D)] + d[" 177 fa(L) + ga(L)]
< ||K1(f)||(||C||HIp||fE(L)|| + llelllg=(Nl + lall 777 fe(DIl + IIdIIIIgs(L)II)
< A (F + FIEIP) + Br,(E + E|EIP).
Hence, we have,

ITs2@)I| < Ary(F + FIEI") + B, (& + EIEIP).

Theorem 3.5. If T, is compact then T, is Lipschitz with a constant value equal to zero.

Proof. Let A C B(r) be a bounded set. To prove T, is a compact map, we have to prove that 7,(A) is
relatively compact, i.e., T>(A) is compact in I'. From Theorem 3.3, we have, for Z € A,

ITLE(O|| < Ar(F + FrP) + Br,(E + ErP).

Hence T,(A) is uniformly bounded.
Now, for any E € Y, we have,
IT,E (0]l = |K ()T TP fa(mr) + g=(m1)) + Ky (o TP f=(112) + g=(m)l
< KON TN =@l + llg= @l + K5 @Ocalll? 77721 fe )l + llgz= ()l

(log )" (log n,)"*#” -
< Y| ——— +||¥ _— =P
< (lleal il 4||||c2||r(p2+p+1))<¢+¢|| 1)

+ (le1 12| + [¥alllle2l)(E + ENZNP))
< 01(F + FIEIP) + @2(E + E|E|P).

Now, for t;,t, € J, we have,

IT2E(12) — ToE(1)]] < f IT2E (0)lldt < [@1(F + FIEN) + @2(E + EIEINI(12 - 1)
13

Thus, as t, = 11, [|T2E(t,) — TrE(t))|| = 0 = T, is equicontinuous. By the Arzela-Ascoli theorem, 7>
is compact.
.. T, is Lipschitz with a constant value of zero according to Proposition 2.5. O
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Theorem 3.6. If T5 is compact then T is Lipschitz with a constant value of zero.

Proof. Let A C B(r) be a bounded set. To prove that 75 is a compact map, we have to prove that T5(A)
is relatively compact, i.e., T5(A) is compact in Y. From Theorem 3.4, we have, for = € A,

IT:E(0)]| < Ary(F + FrP) + Bry(E + ErP).

Hence T5(A) is uniformly bounded.
Now, for any = € T, we have,

ITE" (0] < ||K§(f)||(||C||[HIprE(L)H +llg=(DI + N Z71| (D] + IIgs(L)Il])

l L)Y 1 Ly=
< ||L114||(||c||§(‘;g+ )1) ¥ lld“%

< @3(F + FIEN) + @a(E + EIEI).

)(9’ + FIEIP) + I¥alldicll + IINE + ENEN)

Now, for t;,1, € J, we have,
5]
IT55(r) — T3E(@)|| < f IT>Z (Dlldt < [w3(F + FIEIP) + wa(E + E|EIN)(E — ).
1

Thus, as t, — #1, ||T3E(t,) — T52(t1)|| = 0 = T3 is equicontinuous. By Arzela-Ascoli theorem, T3 is
compact.
.. T is Lipschitz with a constant value of zero according to Proposition 2.5. O

(log Ly’
F(p + 1) (771 +7—~2hmax)+81 +

Erkmax and T, and T are Lispchitz with a Lipschitz constant equal to 0, it follows that 7" is Lipschitz

Since T' = T1+T,+T5, where T is Lipschitz with the Lipschitz constant

log I
with the Lipschitz constant ;(‘;i ):)(9’1 + Foha) + &1 + Enkinas.
If we assume that (log LY’
Q)
ﬁ(ﬁ + Foltmae) + E1 + Enkuna < 1,

then by Definition 2.7, it follows that T is u-condensing.
We shall now prove the existence theorem using the TDT.

Theorem 3.7 (Existence). The FODE Eq (1.1) has at least one solution if

(Lot
T+ 1)

+ Ar, +AT3) + (1 + Br, + Br,) < 1.

Proof. Consider the set
H={EZeT :31€[0,1]s.t. ATE = E}.

We claim that 7 is bounded.
LetZ € H. Then A1 €[0,1]suchthat ATE = &, i.e.,

E=AUT\(B) + T2(E) + T3(B)).
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Taking || - || on both sides, we have,

IEl = AT, @l + I TE)Il + IT5E)|
< ((logL)F’
T(p+1)

+ (1 + By, + Br,)(E + E|IE|).

+ Az, + Ar)(F + FIEI)

If H is not bounded, dividing by ||Z|| on both sides, we have

~,:p ~:p
%+(I+Bn+35)%.

0
| < ((log L)
I'o+1)
Letting ||Z|| — oo, and using the fact that p € [0, 1), the right hand side of the above inequality goes to

0. Thus we get 1 < 0 which is a contradiction. This proves that H is bounded. By Theorem 2.9, T has
at least one fixed point. Thus, the problem given by Eq (1.1) has at least one solution. O

+ AT2 + AT3)

Now we shall prove the uniqueness theorem for the considered problem.

Theorem 3.8 (Uniqueness). The FODE given by Eq (1.1) has a unique solution if

(lozLy

m +Ar, + Au)(fl + Fohmax) + (1 + Br, + Br,)(E1 + Exhmax)) < 1.

Proof. Let 21,2, € T be arbitrary. For an arbitrary f € J,

ITE () — TE @) = [(T1E1 (1) — T1E2(1)) + (T2E,(1) — ThEx(0)) + (TE, (1) — T3E(0)|
S|(THE| = TWE)| + (T2E = ToE)| + [(T3E; — T3E)I.

Taking the supremum over all ¢ € J gives
ITE) - TS| < (712 = ThE)I + (T2E) — 2=l + (T35 = T3

From Theorem 3.1, we have

(log LY
T+ 1)

We get the following from the definition of 75:

”TlEl(t) - TIEZ(t)ll < [ (771 + 7:2hrnax) + 81 + 82kmax]||5 - E2|I

IT2Z1() = TaZa Ol < 1K O T2 £z, 0m) = fe, )l + lig=, (1) — g=, G
+ 1Kl llt? 77| fz, (1) — fe, ol + gz, (72) — g2, ()]
< (I I (1) (o1 + p) + 1Ko D)llcall” TP (12 + )
X (F1 + FahmaoIE1 — Sl
UK DIl + 1K @llcal)(E1 + Exlima I = o
= [Ar,(F1 + Fohmax) + Br,(E1 + Ehma) IIIEL — Esl.
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Thus,
IT2E) — ThEs|| < [Ar,(F1 + Fahimax) + Br, (&1 + Exhma)IIE; — Eall.
We get the following from the definition of T:

IT52:1(r) = T3E:(0)]| < IIKz(t)II(IICII[HIpIIfs. (L) = fz, (DIl + 118z, (L) = g=, (D[]
+ I 77N fe, (D) = fo, (DI + llgs, (L) ~ gzz(L)II])
< IIKz(t)I(IICIIHIp(l)(p) + lldllea |1 777 (1) (o ~ ff))

X (F1 + Fohma)lIEr — Exfl + [[K2 () ([l + IdIN(E1 + Exhma)lIEr — Eo]
= [ATz (‘7:1 + 7:ylhmax) + BT3(81 + 82hmax)]”EI - EZ”

Thus,
T35 — T3E,|| < [Ary(F1 + Falimax) + Bry (&1 + Ehma) 1IIE1 — Eof|.
Hence, we have,

ITE = TE| < (ThE| = T\ E)|| + (ToE — ThZ)l| + (T35 — T:E)||
(log Ly
<[ g

+ Ar, + Ar, )(Fi + Fahumax) + (1 + Br, + Br,)(E1 + Exhman)IE| - Eal.

I'p+1)
Since
(log LY
(r(p T ARt A7, )(F1 + Fahtmax) + (1 + Br, + Br,)(E1 + Exlima) < 1,
by the Banach contraction theorem, 7" has a unique fixed point. Hence the FODE given by Eq (1.1)
has a unique solution. O
4. Example

Let the neutral type FIDEs have the following boundary value conditions

3

DI[E() — L [ 2B (s)ds] = 1L sin@aE) + ZE+ 2 +2+ & [ @ 2E(s)ds, 1€ [0,1]
=(0) + 3(GDYEO) = [ S ’;7 _( )ds,
2(1) + 2(EDSE(1)) = 3[04 G- 2)) E(s)ds,

I(

4.1)

where g(1, Z(t), PE(1)) = L [ € 2E(s)ds and

1 1 1
f(t,2(1),SE(1) = Ton sin(27Z) + —0: P42+ %), e 2E(s)ds.
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Here p = %,0' = %,a =1,b=3,c=1,d=2,c;=1,c, =3,p; = ;lt,pz = %,171 = %”72 = %ansz

e; additionally,

(logm ™! (log )™
-_— \I’ \Il L—’
oo r  lerlleall¥sll + ¥l 2 =2

By, = (leillI¥) 11 + leallIIL) + <||c1||c2||||%|| +IW4IIL),
llidog Ly |idilog Ly~
A, = (el + D[P + e,
To+1) T-o+1)
Br, = (eIl + ALl + [l

= lledliF¥ sl + lleaAlI¥lI Ly

Applying the above parameters in Ar,, Br,, Ar, and Br,, we get

( (log Ly
T+ 1)

To prove Theorem 3.6, we apply

+ Az, + Ar,) + (1 + B, + Br,) = 8.0427.

1 1 1 !
f(t,2,5(2)) = —sm(2ﬂ_)+%:+t +24+ — T f 225 (s)ds,

1 1
gt E,P(T)) = = f S2E(s)ds
8 Jo
in Eq (1.1); then,

1 1
21,8 (E)) = f(1, 5, S(E))| = —| sin(2rE;) — sin(2nE,)| + 3—|~1 B[ +0.054|E, - =

= 0.087|_1 — 5|
and

lg(z, 1, P(E1)) — 8(1, Z2, P(E2))| = 0.1081|2, — Ey|.

Hence, Conditions (A2) and (A4) hold with U; = 0.087and U, = 0.1081, where U, = F; +
Fohmax and Uy = &1 + Exkimax.
Calculating 7 from the given data yields
U (log LY
tr = ————— = 0.0655.
77 T+ 1)
Otherwise, for any ¢ € Jand E € R, we have

1 1 1o,
lf(t, 2,8 (E)) = |— sin(27Z) + %: +2 42+ — | €¥E(s)ds]

16
=3+ 0.0873|F|
and

lg(t, E, P(2))| = 0.1081|Z].
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Hence, Conditions (A1) and (A3) hold with ¥ = 3,F = 0.0873and& = 0,& = 0.1081. By
Theorem 3.6,
H={Z€T :3JA€[0,1]s.t. A”TE

-
=}
E

is the solution set; then

12l = [JA(T(B) + T»(B) + T3(E))ll
< ((log Ly
T(p+1)

+ (1 + By, + Br,)(E + E|EI).

+ Az, + A, )(F + FIEIP)

Thus,

(log LY
I'p+1)

(log LY
\Lp+1)

+ Ar, + A, )F + (1 + By, + Br,)E
= 49.1897.

1=l <
+ AT2 + AT;)?: - (1 + BT2 + BT3)8

By Theorem 3.6, applying System (1.1) with the values obtained using Eq (4.1) results in at least one
solution Zin C(J,R X R X R, R).

Moreover,
( (logLy

I'p+1)
Hence by Theorem 3.7, applying System (1.1) with the values obtained using Eq (4.1) results in a
unique solution.

+ A, + Ar,)Uy + (1 + By, + Br,)Us = 0.8036 < 1.

5. Conclusions

We investigated the existence and uniqueness results of a neutral type of FIDEs with
CH-derivatives by using integral boundary conditions. The analytical results have been described by
using the topological degree method. A suitable example has been illustrated for the obtained theory.
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