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1. Introduction
Hermite-Hadamard inequality is a double inequality for convex functions that has a lot of literary

value (please see [16]).
Let{:I—R,0+#1CR,¢,7elwithg < 1,beaconvex function. Then

g(g”)s ! fg(m)dmsw, (1.1)
S

2 T—¢

the inequality holds in reversed direction if ¢ is concave.
Fejér [15] established the following double inequality as a weighted generalization of (1.1):

T

g(g al T) f 9(w)dw < f £(0)d(w)dw < w f H(w)dw, (12)

2

S

where  : I — R, 0 # I C R, ¢,7 € I with ¢ < 7 is any convex function and ¢ : [¢,7] — R is

non-negative integrable and symmetric with respect to w = <=,
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These inequalities have many extensions and generalizations, see [2—18] and [19-31].
Consider the following mappings on [0, 1]:

T

QV(L):%f[{(Lg‘+(1—L)g;T)+{(LT+(1—L)g;T)]dID,

S

C+T

H(L)Zi‘f{(m:)+(l—t) . )dm,

c+T

l T
Hﬂ(L)Z:f{(LID+(1—L) . )ﬂ(m)dm,
[y

1

L) = _g)f[g(tg‘-l—(l—L)ID)+§(LT+(1—L)II))]dID

2(t

and
.

1
Ly = if[é“(tgﬂl —0)w) + (i + (1 - w)] H(w)dw,
S

where { : [¢, 7] — R s a convex function and ¥ : [¢, 7] — R is non-negative integrable and symmetric
with respect to w = &=,

The important results that characterize the properties of the above mappings and inequalities are
discussed by a number of mathematicians.

Dragomir [2] established the theorem which refines the first inequality of (1.1).

Theorem 1. [2] Let { : [¢, 7] — R be a convex function on [, 7). Then H is monotonically increasing
and convex on [0, 1]. Moreover, one has the following inequalities

é(g”) “HO)<HQ <H() = Lfg(m)dm.
2 T-¢J¢

Dragomir et al. [7] obtained the refinements of (1.1).

Theorem 2. [2] Let £, H be defined as above. Then

(i) The following inequality holds

¢+31

7 1
§(g+T)SL {(m)dmﬁfl[—[[(t)dt
2 T—¢ Ja 0

1 S+T 1 ’
Si[f( > )*:fg g‘m)d‘”]-
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(ii) If { is differentiable on [g, thenfor all t € [0, 1], one has

< )[§(§)+§(T) f{(m)dm]

and

SC@?;(@)_HQﬁS@(ﬂ—éjoﬂr—g'

Theorem 3. [7] Let {, H, G be defined as above. We have

(i) g“ is convex and increasing on [0, 1].
(ii) The following hold

L. v CH+T
i 60=60=¢()
and () +¢ (@)
up 0 =g (1= LD,
1€[0,1]
(iii) The inequality §
H=<GO0
holds for all « € [0, 1].
(iv) Then
2 En 1 3¢+T ¢+ 3T
Tg ¥§(m)dméi g( ) )+§( 2 )
1
ngv(t)dL
0
1 (s+7\ {()+{(1)
=715\ )+ 2 ]

(v) If { is differentiable on [g, 7], then for all ¢ € [0, 1], one has
0<HQ —g(gT) <GO-HQ.

Theorem 4. [7] Let {, H, Q L be defined as above. Then

(i) L is convex on [0, 1].
(ii) The inequalities

{(+{@m @+

G(L)SL(L)Sifo(m)dm+L <
T—¢J. 2 2

hold for all « € [0, 1] and

sup L) = L(1) = w
1€[0,1]
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(iii) The inequalities
H)+H -0

H( - <L) and 3 <L

hold for all ¢ € [0, 1].
Teseng et al. [24] proved the following result.

Lemma 1. [24] Let { : [¢,7] — R be a convex function and let ¢ < %, < w; < w, < %, < T with
Wy + Wy =¥ + ¥, Then

{(wy) + L (wy) <L) + £ (%)

Yang and Tseng [28] proven the theorem by using Lemma 1 which refines the first inequality of (1.2)
and generalizes Theorem 1.

Theorem 5. [28] Let{ : [¢, 7] — R be a convex function and ¥ : [g, 7] — R is non-negative integrable

and symmetric with respect to w = =, Then Hy is convex, increasing on [0, 1], and for all v € [0, 1],
we have i i
+
S ¢

One of the generalizations of the convex functions is harmonic functions:

Definition 1. [17] Define I C R\ {0} as an interval of real numbers. A function { from I to the real
numbers is considered to be harmonically convex, if

z(L%) <G+ (1- 07 (w) (1.4)

o+ (1 —14)
forall w,% € I and ¢ € [0, 1]. Harmonically concave { is defined as the inequality in (1.4) reversed.
Iscan [17] used harmonic-convexity to develop the inequalities of Hermite-Hadamard type.

Theorem 6. [17] Let { : I C R\ {0} — R be a harmonically convex function and ¢, 7 € I with ¢ < T.
If ¢ € L([g,7]) then the inequalities

§(2§T)< ST fgé“(m)dmsé“(gﬂf(f) (15)

c+71) T-¢ w? 2

hold.
Let ¢ : [¢,7] € (0,00) — R be a harmonic convex mapping and let S,V : [0, 1] — R be defined by

_st (71 26T
SW= T—g\[ ng(2g‘n+(l—L)no(g‘+‘r))dno (1.6)
and
_ ST 1 27w 2¢w
MO B Z(T—g‘)L w? [5((1+L)ID+(1—L)T) +§((1+L)m+(1—t)g‘)]dm' (4.7

The author obtained the refinement inequalities for (1.5) related to the above mappings:
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Theorem 7. [21] Let ( : [¢,7] C (0,0) — R be a harmonic convex function on (¢, t]. Then

(i) S is harmonic convex (0, 1] and increases monotonically on [0, 1].
(ii) The following hold:

f(ng)=S(O)§S(L)gS(1): ST §(tf)
c+T T-cJ. w

Theorem 8. [21] Let { : [¢,7] C (0,0) — R be a harmonic convex function on (¢, 7). Then

(i) Y is harmonic convex (0, 1] and increases monotonically on [0, 1].
(ii) The following hold:

() +¢(
da)

7 ng(?)dm:V(O)SV(L)SV(I):
o).

Harmonic symmetricity of a function is given in the definition below.

Definition 2. [22] A function ¥ : [¢,7] € R\ {0} — R is harmonically symmetric with respect to 2§T —if

1
Wm)zﬂ[m]

holds for all w € [¢, T].

Fejér type inequalities using harmonic convexity and the notion of harmonic symmetricity were
presented in Chan and Wu [1].

Theorem 9. [1] Let { : I C R\ {0} — R be a harmonically convex function and ¢,7 € [ with ¢ < 1. If
e L([s, T]) and ¥ : [¢, 7] € R\ {0} — R is nonnegative, integrable and harmonically symmetric with
respect to =%, then

{(zgf)fw(no f (@I, £+ f’”m) w. (1.8)

C+T

Chan and Wu [1] also defined some mappings related to (1.8) and discussed important properties of
these mappings.

Motivated by the studies conducted in [2,21,24,27], we define some new mappings in connection
to (1.8) and to prove new Féjer type inequalities which indeed provide refinement inequalities as well.

2. Main results

To prove the major findings of this work, we employ the given important facts about harmonic
convex and convex functions.

Theorem 10. [8,9] If [¢,7] C I C (0, 0) and if we consider the function h - [—, —] — R defined by

hQ) = ¢ (7) then ¢ is harmonically convex on [, 7] if and only if h is convex in the usual sense on
B
¢
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Theorem 11. [8, 9] If I C (0,00) and { is convex and nondecreasing function then { is harmonic
convex and if { is harmonic convex and nonincreasing function then { is convex.

Let us now define some mappings on [0, 1] related to (1.8) and prove some refinement inequalities.
v 1 26T 26T

- — + dw,

g1 2[€(2g‘L+(1—L)(g‘+T)) §(2TL+(1—L)(§+T)) v

A i{ 26T .
w7\ 2t +(1-0)(¢+1)w

Sy = =%
T—¢

Y

o 261w 9 (w)
So(t) = fg(Zgﬂ +(1-0(@+1) m) w? o,

T TL W I
Tw = 2(T—§)ftn2 [g(ww(l —L)T)Jr{(w”(l “)g)]dm
S

i ! T - cw 19(133)
Ty(0) = Ef[g(m)+§(tm+(l—t)9)] w
S

where { : [¢,7] — R is a harmonic convex function and 9 : [¢, 7] — R is non-negative integrable and
2t
s+t °

and

symmetric with respect to w =

Lemma 2. Let { : [¢, 7] C (0,00) — R be a harmonic convex function and let ¢ < % < w; < W, <

1D11U2 _ }?15?2
%, < T with o = Faris: Then

{(wy) + (W) <L) + L (a).

Proof. For %, = 3,, the result is obvious. We observe that

%1% %1%
and w, =

Wk %1% \ 5 H—wik \ 5 WX —%1% \ & H1Ho—woits \
(wnxl—mmz) 2T Vo —wiiy ) 71 o —woy ) 2 T \wak—wyy ) 1

By applying the harmonic convexity, we obtain

w; =

ml}?l —7217{2 72 72 — mlftz o
é‘(ml)"'{(mZ)S(f)g( 1)+( - v )f(%z)
W% — W1y W% — WK
Woit| — %1% 1%y — Wakty o
+( )(( 1)+(—V)§(%z)
Wy — WXy 71— WaXy
WX — %1% Wokt| — %1% o
= ( +— = )((%1)
II)]%] UJ]%Z Wy — Wy¥y
%1%2—1331%2 %1%2—1332%2
+ ( + v )5(%2)
WX — WXy Wyl — WXy
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15240

- }?lv ((tm +U32) )g(%l)
My — X1 w; W

;= - (2 (ml+m2)%1)§<x2>—§<x1)+5(%2>

w; W

O

We first prove a result similar to (1.3) for harmonically convex functions which provide refinement
inequalities for (1.8).

Theorem 12. Let ¢ : [¢,7] C (O, oo) — R be a harmonic convex function, 0 < p < 1,0 < 6 < 1,

A= [#T_p)r, To = ( )mm{1 Rl } and let % : [¢,7] — R be nonnegative and integrable and
ﬂ(ﬁ) = 0(—”(1{0)”), t €10,70]. Then

=)

é( ot ) [ vy,
s+(-pr)]J o w
A
1 — F(1-0)id
f é(m)ﬁ(m) o 4 0 f‘“ ) é”(m)ﬁ(m)dm
1-6 w?

1-6td

) (t;)dm @.1)

<[p§<r)+(1—p){<g)]fl

1+(1-6)d

Proof. For every 1 € [0, 79], we have the identity

) (w) 9w i (w)
fﬁ . dm:fﬂ o dtn+f o dw
=D EEon A4
¢ 9 4 ¢« 3 A
dm+(1—0)f@dm:fwdm. (22)
0 0 0

_ efL 0(1—5&)/{)
0 w

We now prove that the mapping ‘W : [0, 79] — R defined by

1 A
(W(L)—(l_g)g( 6?/1) 9((1_'_(1—_0)“1)

1s harmonic convex (0, 7] and monotonically increasing on [0, 7¢].
Since the sum of two harmonic convex functions is a harmonic convex, hence ‘W is a harmonic convex
on (0, 7¢]. Let ¢ € (0, 7¢], it follows from the harmonic convexity of { that

1 A
(W(L)_(l—é’){( 9/1) Gf(m)

(=) (=itm) )]

zg[
9(1 M)J“(l (ﬁ
ST

=) ={|l———F—]. (23
% 4(pg+(1_p)T) 2.3)
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We observed that 0 < p < 2795 <] < URTOIT <) <], < p g 29U00T ¢ <
=< -6 -

and0<1-p< w < 1. Thus, by using the harmonic convexity, we obtain

A A
Wwo=d _9)4(1 —em)wé(”(]——@)‘ﬂ)

ST
=(1-6)¢ [ (p(T_g)Jr,;ng) c+ ((l—p)(T—C)—GlgT) T]

< =<

ST
+ 00 [ (p(T—q)—( 1—0)L§T) + ((l—p)(7—§)+(l—9)tcf) T]
(t=¢) s =<

<q —9)((1 _p)(:?_e‘“)amﬂl -6)

><(/O(T—g)+t§79)§(T)+9((1 -pa-¢)+(1-0wt
T—¢ (t-9¢)

)é(g)

—o)—(1-6
e(p S g)T _(g )‘W)m =(1-p) (&) +p (D). (24)
From (2.3) and (2.4), we obtain
ST
é(—) <WO<U-p)L()+pl(7). (2.5)
ps+(-p)7

Finally, for ¢, ¢, such that 0 < ¢; < 1, < ¢, since ‘W (¢) is harmonic convex, it follows from (2.3) that

W -Ww _

L~

This shows that ‘W is increasing on [0, 7¢].

Since  is nonnegative, multiplying (2.5) by (1 M)

_ﬁ(

, Integrating the resulting inequalities over [0, ¢]

m), we have

Lﬁ( A )
ST 1-6wA
————| | ——dw
K(PS"F(I_P)T)f

and using (1 em)

<(- 9)f gm/l)dm + HfL §(1+(1f9)m/1)ﬁ(1+(1f6)m/l)dm
0 w?
<[(1-p)L(s) +pL (1)] f : g‘m)dm. (2.6)
By using the identity (2.2) in (2.6), we obtain (2.1). O

Remark 1. If we choose p = 0 = 5, 1= 2% in Theorem 12, then

19+’
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{(§7(0+Q))f‘-“’“‘ 0(23)de f” {w)dw)

9¢ + gt W w?

+ATR I+Atx

- [M] f TEIM@) e )

- 19+q 2 UJ2

TR
Remark 2. Ifwe choose p =6 = %, L=Tp = % in Theorem 12, then we get (1.8).

Remark 3. If we choose p = 0 = % L=Ty = % and 9 (w) = 1, w €[¢, 7] in Theorem 12, then we
get (1.5).

Theorem 13. Let £, A and 7 be defined as in Theorem 12,0 < p < 1,0<0<1,p+60<1andletX
be defined on [0, 1] as

pST

G T Yo

T 2 2
Xfo [(1 _9)4(1 —eLma)+9§(1 +(1—9)Lma)]dm' 28)

Then, X is harmonically convex on (0, 1] and monotonically increasing on [0, 1], and

_psT
(I-60)(-¢)

o Pl P!
Xfo [(1_9)4(1—9m1)+9§(1+(1—9)m4)]dm
< -p))+pl (7).

Proof. Since { is harmonically convex on [g, 7] this prove the harmonic convexity of X on (0, 1]. By

using the condition p + 6 < 1 implies that 7y = %. Since the mapping W : [0, 79] — R defined
by

p
1—9L/1)+0§(1+(1 —e)m) 29)

has been proved to be monotonically increasing on [0, 7¢], thus the mapping X is also monotonically
increasing on [0, 1].

Because X is monotonically increasing on [0, 1], it follows that the inequalities (2.8) can be deduced
from these inequalities (2.5). The proof of the theorem was completed as a result of this. O

ST _
é(pg-l—(l——p)T) <X <X =

M«o:a—md

The next theorem can be proved similarly:

Theorem 14. Let {, A, 1, p and 0 be defined as in Theorem 13. Let X, be defined on [0, 1] as

pPST
X () = — 1
R e
s A(1-6)¢r
1-6
Xl: k )gﬁl—mgr—em@=«9—ma—wxl—mgﬂA)

A1 -0)¢rt
(1-0ct+(1 - (pET-¢)—wd-0)d-0¢7r)A

+9§( )] dw. (2.10)
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Then, X is harmonically convex monotonically increasing on [0, 1], and

(1-6)st
(1-6)°¢r [T £ (w) st ("¢ (w)
_— dw + dw
pf(t-¢) Ji w? p(t=¢ J; w?

SXI(L)SX1(1)=(1—9)§(

(1-6)¢t
(g—r)p+<1—9)r)+9{(§)

< =-pd@+pl(). (2.11)

Remark 4. Taking p = 0 = % in the inequality (2.8) reduces to

_st [ 26T =
SO = T—S‘fc {(2§TL+(1_L)U3(§+T)) w?’

Remark 5. Taking p =0 = % in the inequality (2.10) reduces to

6T 1 21w
V= 2(T—g)fg E[g(u T ow+ (1 —L)T)

2¢w
+§((1 w1 L)g)] dw. (2.12)

Theorem 15. Let {, p, 0, A, ¢ be defined as in Theorem 13 and let 9 be defined as in Theorem 12. Let
Y be a function defined on [0, 1] by

Y= j: [(1 _9)5(1 —/G}/ILm)ﬂ(l —/;/lm)

A A
+9§(1 +(1 —9)/&113)19(1 + (1 —Q)Am)]dm (213)

for some s € [0, 7g]. Then Y is harmonic convex and monotonically increasing on (0, 1] and

K(L)I ?(w)dw <Y () <Y (1)

ps+-p)7 4
9 =
_ 1—9f {(m)ﬂ(m)dm+ 6 f Mdm (2.14)
0 A w? 2

T+(1-0)1s
1-6 w2
1-61s

Proof. Since ¢ is harmonic convex and ¥} is nonnegative, we see that Y is harmonic convex on (0, 1].

Let w € [0, s], where s € [0, 7], from Theorem 12 we get i (tw) = (1 — 9){(%) + 0{(%) is

increasing for ¢ € [0, 1]. Therefore the inequalities (2.14) are achieved immediately. O

Theorem 16. Let {, p, 0, A, 7 be defined as in Theorem 15 and let ¥ be defined as in Theorem 12. Let
Y, be a function defined on [0, 1] by

S A A
i@ :fo [(1 _9)4(1 — @5 + 6w (1 —L)/l)ﬁ(l —9(s—m)ﬂ)

A p|
+9§(1 +(1-0s-(1-0w( —L)/l)ﬁ(l +( —0)(s—m)/1)]dm (2.15)
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for some s € [0, 7y]. Then Y, is harmonic convex (0, 1] and monotonically increasing on [0, 1], and

o g, o o,
W 1-6J, w3

1 Pl
<SYW<Y()= [(1 —9)5( _gs/l)-i_(l ‘9)5(m)]

1+(1 -0 3 1+<1 -1 9
< [ R dwsf1-pe@pc) [ S e 216)

A
1-64s 1-64s

Proof. Since { is harmonic convex and ¥ is nonnegative, we see that Y is harmonic convex on (0, 1].
Next, for each w € [0,], where ¢ € [0, 7], it follows from Theorem 12 that A (:) = (1 — 6) ¢ (ﬁ) +

/4 (ﬁ) and k (¢) = s — (1 — ¢) w are increasing on [0, 7p] and [0, 1] respectively. Hence

v A A
h(k(t))=(1—9)§( )ﬁ( )

1-60s+0w(1-0A 1-6(s—w)A

e rrrmmeamawao) (osaen)
¢ 1+(1-0)s-(1-0Ow(1 -4 1+(1-6)(s—w)A

is increasing on [0, 1]. Using the identity 19(1 ; AL) = 19(
[0, 1]. Therefore the inequalities (2.16) follows from

v /u) we see that Y (¢) is increasing on

§(L) <WEW) < (1 -p)L(S)+pL (D)
ps+(-p)t

and (2.16). O

Remark 6. Choose p = 6 = % S =Ty = T%Tg in Theorems 15 and 16. Then the inequalities (2.14)
and (2.16) reduce to

{( ng)f ﬂ(m)dm<Y(L)<Y(l) IM
S

C+T
<Y, <Y, ()= 9@ fTﬁ(m)dm, 2.17)
2 w2
where i ) 5w
. sT ST w
Y(L)_T—g£ §(2§TL+(1—L)I‘D(§‘+T)) w2 dw
and

R 27w 2¢w
YI(L)_ZL mz[g((1+L)m+(l—L)T)ﬁ(§+m)

2¢w 2wt
+§((1 Tow+d —L)g)ﬁ(mw)

Remark 7. The inequalities (2.17) provide weighted generalizations of Theorems 9 and 15.

dw. (2.18)
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In the coming results we provide weighted generalizations of Theorems 2—4 for harmonic convex
functions by using Lemma 2.

Theorem 17. Let £, ¢ ,Sy be defined as above. Then

(i) The inequality

4(2“” P 4 <n 3‘”4(m>ﬁ( 267w )%‘j

C+T w2 46t 4t —(¢+1)w
1
sfsﬂ(t)mgl[g(zgf)f g ), fﬁm)ﬁ(m) m] (2.19)
0 2 C+T ¢
holds.

(ii) If  is differentiable on [g, 7] and ' is bounded on (¢, T], then the inequalities

OSITMdm—Sﬂ(L)
¢ W

S(l—L)[( — )[§(§)+§(T)] f{(m) ]Ilﬁllm, (2.20)

hold for all v € [0, 1], where |||, = sup ¥ (w).
wele,7]

(iii) If { is differentiable on [g, 7], then, for all t € [0, 1], then

< {()+ (1) fTﬁ(m)
- 2 w?

dw — Sy (1)

_ 25 _ 27 -
T-9 (P 1) -¢%¢ (g))f AP
4T . w?

Proof. (1) Using techniques of integration and the hypothesis of 9}, we have the following identities:

¢ (2';7) f ﬂ(m) w=4 f f (2gT)ﬂ(r;)dtdtD, (2.22)
g+T g+T w

.
W () 9 2¢Tw .
det—(¢+T)W

2

4eT
s+37

26T 1

_ s 4¢Tw 4eTo 9 (w)
_2j; i [é”(zgﬂ(gJ,T)m)+§(3(g+7)m_2¢)] dudw, (2.23)

1
f Sy (1) dt
0
261 1

I A 2¢Tw 2¢TW
_j; fo g(t(g‘+7’)m+2(l—t)gr *¢ 2ctt+ (1 =0 (¢c+1)w
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& 26T
j; fo g2L(§‘ID+TID—§T)+(1—L)(§‘+T)ID

26T
{(2(1 —D)(w+Tw—¢T)+1(¢+T)W

)]ﬂ( )deID (2.24)
w?

and

IFESANIOY g(m)ﬁ(m)
2 [g(gﬂ)f f ]

7 (w) + ( )] ﬂé)m)dtd

- f
L2 )| . 2s

By using Lemma 2, we observe that the following inequalities hold for all ¢ € [O, %] and w € [g %]
26T 4¢Tm 4¢To
4 <2 + , 2.26
éV(g‘+7') [4(2g‘r+(g+‘r)m) 4(3(g+7’)m—2g‘r)] ( )
2 4¢To
2¢t+(¢+7)w
2¢TW 26T
< + , (2.27
{(t(g+r)m+2(1—L)gT) §(2§‘TL+(1—L)(§+T)ID) ( )

2( 4¢to )< ( 26T )
¢ 3(¢+7)w—2¢T <¢ 2w+t —-¢n)+(1 -0 (¢c+7T)W

2¢Tw
+§(2(1 _L)(§IU+TID—§T)+L(§-+T)U3)’ (2.28)

( 2¢T0 ( 26T
¢ t(c+w+2( —-0)gt t¢ 2¢tt+ (1 -0 (¢c+1)w

2
< () + g(g—i) (2.29)

and

26T
¢ 2w+t —¢n)+ (1 —-0)(¢+7T)w

( 2¢T0
*é 20 - (w+TtTw—-¢) +1(¢+T)W

S{(ng)+§( T ) (2.30)

c+T—Ww
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Multiplying the inequalities (2.26)—(2.30) by % and integrating them over ¢ on [O, %], over w on
|5, 22| and using identities (2.22)~(2.25), we derive (2.19).
(i1) Since ¢ : [¢, 7] — R is harmonic convex on [¢, 7], hence e [%, é] — R defined by h (w) = {(é) is
convex on [%, %] Thus, by integration by parts, we get that following identity holds:

C+T

fZCT (§+T —m)[ﬁ/(l " 1 _m)_i/(m)]dm
1 26T s T
QA bl
26T S T 1 s T

The equality (2.31) is equivalent to the equality:

ffi i(l ~ g+T) (( (3++‘i)2 — w¥ (w)|dw

w2 \w  2¢71 l.,.l_L)
:(T‘g)[“g)*f(ﬂ]_f@dm. (2.32)
ST 2 . Ww?

Using substitution rules for integration and the hypothesis of ¢}, we have the following identities:

£ () () & 1 9 (w)
ngdmzfg [{(m)+§[é+%_%)l - dw (2.33)
and
_ o 2¢TW
Sﬂ(L)—fg [5(25‘TL+(1_L)(§+T)U:))
26T 9 (w)
+§(2L (gw+Tw—¢7) + (1 —0) (¢ + T)m)] o2 dw. (2.34)

Now, using the convexity of & (w) = ¢ (i) on [%, é] and the hypothesis of ¥, the following inequality
holds for all « € [0, 1] and w € [1, £7:

T 26T

ot of

26T

STT_ m) [h (1 L m) — K (m)] ﬁ(l) (2.35)
26T s T w
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which is equivalent to

{§(%)‘5{Lm+(1 iL)(ﬂ)]

26T

[

1 1 1
(%+$—m) {L(%+ w) + (1= WJ w
/ 1
RO AN
<(-9[Z=-w (=), 236)
26T m2 (l 1wV \w
S T
Integrating the above inequalities over w on [ ] we get

o2

f [g(é)_g(wom 1L)(“’))

After making use of suitable substitution, the inequality (2.37) takes the form:

26T

[ el
s -0 (52

¥ (w) dw

= | 1 |
+ B 9 .,
fg mz{g{L(%ﬁ—%)ﬂl—o(%)] Qv g)|Pmde
267 é// : ll 1
st ] 1T
<||19||oo(1—L)f _(__gz-;:) (1 (41 1) - W { (w)|dw. (2.38)
I R
L \$ T w

Inequality (2.20) follows from (2.31)—(2.34) and (2.38).
(ii1)) We use the fact that { : [¢, 7] — R is harmonic convex on [¢, 7], hence h e [l, %] — R defined by

h(w) = {(%) is convex on [%, %] Thus

and
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Adding the above inequalities

(L) + R (L —E (DN =/ (L
Q5 y(ser) =oF-F() .
2 26T 4¢t
The inequality (2.39) becomes
_ 25 (Y _ 2
[+ g( 267 ) _G-9 (7% (-6 (g))' .40
2 S+T 4¢1
Multiplying (2.40) both sides by = Y@ and integrating over [g, 7], we get
§(§)+§(T)f 9 (w) , —g“( 2§T)f ﬁ(t;) .
s+7)J. w
_ 24 () _ 27 .
@ &) (7 () - 6% (g))f P®) 0
46T . w?
From (2.17) and (2.41) we get (2.21). O

Corollary 1. Suppose that the assumption of Theorem 17 are satisfied and ¢ (w) = Tig w € [¢,7]
then

(i) The inequalities

{( 2g‘r)§2fsm§( w) f SO
C+T det w?

s+37

1 26T { (w)
<3 [g(g X T) ; f dm] (2.42)

holds.
(ii) The inequalities

0< ST fﬂ; ) dw -5 ()
S

T—¢
<(- )[C(g) +{(0) f §(m)dm] (2.43)
hold for all ¢ € [0, 1].
(iii) The inequalities
_ 24 N _ 24
L@@ o 9 (70 (- (9) 4
2 4¢t

are valid for all ¢ € [0, 1].

In the following theorems, we discuss inequalities for the functions S, Sy, Q 1, T and T as considered
above:
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Theorem 18. Let £, 4, Gl,Sﬂ be defined as above. Then

(i) The inequality

o T (w
Sy (1) < Gy (L)f (2 )dm (2.45)
c W
holds for all ¢ € [0, 1].
(ii) The inequalities
o 2 9
s ST (w)
2
ﬁs‘r {(m)ﬂ(4§7_ -(c+71) m) w? dw

¢+37

1 41 4t 9 (w)
S5[g(i’ag'+‘r)+§(g‘+37’) l w2 dw

1
T—g g‘T
< A Y| ———|d
=Tt fo 1) ((1—L)g+w)‘

g %[(( 26T )+ §(§)+{(T)]fTﬁ(m)dm (2.46)

C+T 2 w2
hold.
(iii) If { is differentiable on (g, T] and ¥ is bounded on [, 7], then, for all t € [0, 1], then
26T ™9 (w) T— o
0< 80 - 4( < ) [ aw < ( g) EXOEEI0 I (247)
s+7)J, w ST

where ||#|, = sup ¢ (w).

welg,7]

Proof. (i) Using integration by substitution and the assumptions on i}, we have that the following
identity holds on [0, 1]:

26T

o TP(w) e 26T
Gi (L)‘fg w? dw = fg [{(2§‘L+(1 —L)(g+T))

26T F(w)
+ dw. (2.48
éU(2n+ a —L)(§+T)) w2 4o (248)
By Lemma 2, the following inequality holds for all w € [g, %] with
2¢TW 2¢TW
w; = , Wy = s
2¢tt+ (1 -0 (¢+7)w 2w+t —-¢n)+(1 -0 (¢c+1TW
% = 267 and %, = 267 :
T on+(1-0(5+1) T2+ (1-0(c+1)
26T vy 26T
2ctt+ (1 =) (¢c+71)w 2w+t —-—¢n)+(1 -0 (¢+7)w
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Multiplying both sides of (2.49) with =

obtain (2.45).
(i1) We can observe that

2|

4
ST e 4¢1
3¢+ T ¢+ 3T

r

J (w)

26T

26T

-

J(w)

21t + (1 —

dw

w2

, integrating over [g

(2.49)

)

, %] and using (2.34) and (2.49), we

)(C+T1) 2ct+(1=-0)(+1))"

26T
4t 4¢t fw J (w)
= dw. (2.50
[§(3g+7)+§(g+3‘r) c w7 2.50)
By using harmonic symmetric assumption on ¢}, we get
e 26T 9 (w)
2 )
e ¢ (4§T —(c+7nw/ w? dwo
26T
S 4T 4gtw ¥ (w)
= {( )+{( )] dw. (2.51)
f; [ 2ct+(c+1)W 3(¢+1)w—2¢7)| w?
We can also see that the following identity holds:
1
L ST T-¢
H—————|d =
j;gl(t) ((1—L)g+LT) ‘ ST
1
X ) d
{j; ¢ 26t + (1 —L)(g+T)) ((1 —L)g+LT) :
%
J d
+j0‘ ¢ 26t + (1 —L)(g+T)) ((1 —L)T+Lg‘) ‘
%
9 d
+f(; ¢ 21+ (1 —L)(§+T)) ((1 —L)T+Lg‘) ‘
! 1 G 1 (] (2w
? dif ==
+f; §(2n+<1 —L><g+r>) ((1 —L>s~+n) ] zfg Hﬁm)
2¢Tw 2tw 2¢Tw J (w)
d 2.52
+§(2gm+rm—g7)+§(T+m)+§(gm+27'm—gf) w? w. ( )

Finally we also have

1 2¢t) L)+ (1)
s[5 == [
AIMS Mathematics

19(tn) Juo

mZ

{)+{@

- [dZ)-

5 (2.53)

72
¢ w
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By Lemma 2, the following inequalities hold for all w € [g, 2%:]
The inequality
4 4 4 4
s ST + 7 STW <7 ST iy ST (2.54)
26T+ (c+1wW 3(c+1)w—26T 3¢+71 ¢+37
}r;(;lld? with ;he choices of wy = ;=50 —, wy = 3100 %) = 35 and %, = ¢
e mequality
4t 1 2¢Tw 2¢w
<= + 2.55
éV(Sg‘+7) 2 {(ng+‘rm—gT) éV(g‘+m) ( )
holds with the choices of w; = w, = if;, X = i—z, Xy = ﬁ
The inequality
4 1 2 2
§ ST <2 ( ST + § T (2.56)
¢+37 2 W+ 2TW — ¢T T+ W
holds with the choices of w; = w, = 25, %) = 22 3, = 20—
The inequality
¢ 2¢TW iy 26w I 21¢ 2.57)
26w + T — T c+w/ ™ S s+T '
holds with the choices of w; = g—g, w, = zgmzf:;)_gT, X =6, % = %
The inequality
¢ 26T oy 27w </ 21¢ + (D) (2.58)
< T .
SW + 2T — T T+ W c+T
holds with the choices of w; = Z2 w, = 2T 5, = 26 3, =

T+w’ Sw+2Tw—¢7’ 2 7.
Multiplying (2.54)—(2.58) by ¢ (w), integrating them over [g, %] and using (2.50)-(2.53), we
get (2.46).
(iii) By integration by parts, we get

S+T

27 S+T\y S+T
Lj; [(m— 2g‘T)h (LID+(1—L)(2gT ))
+(g”—m)i{(L(l+l—m)+(1—t)(9+7))]dm
26T s T 26T
3 ‘ _SHT\y o [stT
_Lj; (m ng)h (LUJ+(1 L)(ng))dm
_T-¢ 26T 26T
- 26T [K(ZTL+(1—L)(§+T))+§(2§L+(1—L)(§‘+T))

1 2¢Tw [T=5\[x
_fg Eg(mm —L><g+r>)dm‘ (?) G10-s0]. e

Using the convexity of / and the hypothesis of ¢, the inequality holds for all ¢ € [0, 1] and w € [%, ﬂ]:

26T
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L) A
s T 26T 26T w
SL(ID—g+T)il,(Lm+(1—L)(g+T))ﬂ(l)

26T 26T w
+L(g+T—m)il,(L(l+l—ID)+(1—L)(§+T))19(1)
2T s T 26T w
(Sl o) a-o(5F)
26T S T 26T
W (Lm+ a —L)(§+T)) ﬂ(l)
26T w
SL(§+T—m)[7z'(L(l+l—m)+(1—L)(§+T))
26T c T 26T

A (LID +(1-0) (g—”))] 9. (2.60)
26T

Integrating (2.60), using (2.59) and (2.17), we get (2.47). ]
Corollary 2. According to the assumptions of Theorem 18 with ¥ (w) = %, w € [¢, 7], then

(i) The inequality
SW<GIO

holds for all « € [0, 1].
(ii) The inequalities

26T o 26T dw
T—¢ Js g(m)ﬂ(4gr—(g+f)m)ﬁ
1 46T 4¢T T—¢ ('
i Mt B
§T Ll (27t) {(©)+{()
e T e
hold.
(iii) The inequality
2 - y
0<S@- g(g _S:_)dm < (Tgf) 610 -50] (2.62)

holds for all ¢ € [0, 1].
Theorem 19. Let (, 4, Gl, Sy, Ty be defined as above. Then

(i) Ty is harmonic convex on (0, 1].
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(ii) The inequalities

X0 f P o <7, 0
(1_L)fT%dm+ §(§)+§(r)f ﬂ(m)

< £+ (1) fTﬁ(m)dm, (2.63)
2 w2

Sy (1 =1) <Ty ) (2.64)

and
Sﬂ (L) + Sﬂ(l - L)

> < Ty (2.65)

hold for all ¢ € [0, 1].
(iii) The following bound is true:

sup Ty () =
1€[0,1]

£() +§(T)f ﬁ(m) (2.66)

Proof. (i) Since ¢ is harmonic convex and ¢ is nonnegative, we see that Ty is harmonic convex on
(0, 1].
(i) We observe that the following identity holds on [0, 1]:

B ST
Ty () = 2»[ [K(Lm+(1_L)T)+§(gmL+(l—L)(gm+TtD—S‘T))

+§( s ) + {( Dk )] ?(w)dw. (2.67)
XS

o+ (1 — Tt + (1 — ) (gw + 7w — ¢7)

By Lemma 2, the following inequalities hold for all w € [g, c +T]

26T
2((2gt+(1 —L)(g‘+7-))
W -
< {(Lm + (1 - L)T) + g(gmt T Yy p— g‘T)) (2.68)
with
_ _ 26T . w
e (U -0G6+0 T wr(-0r
dﬂ? — ST
an 2 gmt+(l _L)(gm+Tm_gT).
26T
25(2“"‘(1 —L)(§+T))
g ST
< g(tm + (1 - L)g‘) + {(TmL T (0-0(em+rm— g‘T)) (2.69)
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with

26T Sw

O it (0-0G+0 " T wr(-0<
ng

Twe+ (1 =) (gw + 7w — ¢7)°

w; =

and %, =

Multiplying the inequalities (2.68) and (2.69) by ¢ (w), integrating them over w on [g, z—i] and using
identities (2.48) and (2.67), we derive the first inequality of (2.63). Using the harmonic convexity of
and the inequality (2.17), the last part of (2.63) holds. Using again the harmonic convexity of £, we get

0 261w 9 (w)
Sﬁ(l_L)_f{(zg‘T(l—L)+L(g‘+T)tD) w? dwo
S

( 1 & ()
:fg %(M)‘F%(M)] 02 dw

sw ™

<1f g(L)w( i )]ﬁ(m)dm:Tﬁ(L). (2.70)

w+(1—1)¢ w+(1-0g)| w?

From (2.45), (2.63) and 2.70), we get (2.65).
(iii) (2.66) holds due to the inequality (2.63). |

3. Conclusions

The subject of mathematical inequalities using convex functions has been seen to be an emerging
topic during the past more than three decades. The researchers are trying to find new generalizations
of convex functions and as a result new results are being adding to the theory of inequalities. In the
current research we have used harmonic convex functions to generalize a number of results that hold
for convex functions. In order to get the novel results in this study, we defined some new mappings over
the interval [0, 1]. We have discussed some interesting properties of these mappings and obtained new
refinements of the Hermite-hadamard and Fejér type inequalities already proven for harmonic convex
functions. We believe that the results of this paper could be a source of inspiration for mathematicians
working in this field and young researchers thinking to start their career in this fascinating field of
mathematics.
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