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1. Introduction

Fractional calculus is an emerging field drawing attention from both theoretical and applied
disciplines. In particular, fractional calculus is a powerful tool for explaining problems in ecology,
biology, chemistry, physics, mechanics, networks, flow in porous media, electricity, control systems,
viscoelasticity, mathematical biology, fitting of experimental data, and so forth. One may see the
papers [1-5] and the references therein.

Fractional difference calculus or discrete fractional calculus is a very new field for mathematicians.
Some real-world phenomena are being studied with the assistance of fractional difference operators.
Basic definitions and properties of fractional difference calculus can be found in the book [6].
Fractional boundary value problems can be found in the books [7, 8]. Now, the studies of boundary
value problems for fractional difference equations are extended to be more complex. Excellent papers
related to discrete fractional boundary value problems can be found in [9-35] and references cited
therein. In particular, there are some recent papers that present the Caputo fractional difference
calculus [36-41]. In the literature, there are apparently few research works studying boundary value
problems for Caputo fractional difference-sum equations. For example, [42] studied a boundary value
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problem for p-Laplacian Caputo fractional difference equations with fractional sum boundary
conditions of the forms

Alpp(MeDI() = ft+a+B -1, x(t+a+B~-1), teNyr:={0,1,...,T},
Nox(@—1) =0, (1.1)
xX(@+B+T)=pA7"x(n+7y).

In [43], investigated a nonlocal fractional sum boundary value problem for a Caputo fractional
difference-sum equation of the form

AZu(t) = Flt + @ = 1 tysamr, Nout + @ = B)], 1 €Nog,
Atuwa—y—-1)=0, uT +a)=pA~“u(n + w). (1.2)

In addition, [44] considered a periodic boundary value problem for Caputo fractional difference-sum
equations of the form

AZu(t) = Flt+a— Lu@t+a- 1), Wut+a-1)|, teNor, t+a-1#1,

Auty) = L (u(ty = 1)), k=1,2,..,p,

A(APu(te +P) = I (APut + - 1)), k=1.2,...p, (1.3)
Au(a — 1)+ BAPu(a + B - 1) = Cu(T + a) + DAPW(T + o + ).

We aim to fill the gaps related to the boundary value problem of Caputo fractional difference-sum
equations. The goal of this paper is to enrich this new research area by using the unknown function
of Caputo fractional difference and fractional sum in the problem. So, in this paper, we consider a
sequential nonlinear Caputo fractional sum-difference equation with fractional difference boundary
value conditions of the form

AN x(O) =H|t+a+f—Lxt+a+f-1),CA,, x(t+a+B-),

‘I”‘(t+a/+ﬁ—1,x(t+a+ﬁ—l))], t € Nyr,
pix(a+6—-2)=x(T +a+p), (1.4)
PN g ox@+B—y=1)= A (T +a+B-y+1),

a

where p1,0, € R,0< a,B,y,v,u < 1,1 <a+pB <2 are given constants, H € C(Na+ﬁ_2,r+a+ﬁxR3,R),
and for ¢ € C(© xR?,[0,)), ® := {(t, r) i t,r € Nyigorigspand r < t}. The operator ¥ is defined
by

S (e 0) =

P x(0) = ) m

s=a+f-pu-2

tp(t, s+ w, x(s + p), CAZHﬁ_Zx(s +u—v+ 1)).

The plan of this paper is as follows. In Section 2, we recall some definitions and basic lemmas.
Also, we derive the solution of (1.4) by converting the problem to an equivalent equation. In Section 3,
we prove existence and uniqueness results of the problem (1.4) using the Banach contraction principle
and Schaefer’s theorem. Furthermore, we also show the existence of a positive solution to (1.4). An
illustrative example is presented in Section 4.
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2. Preliminaries

In the following, there are notations, definitions and lemmas which are used in the main results.

I'e+1
Definition 2.1. [10] We define the generalized falling function by t* := # for any t and «
-«
for which the right-hand side is defined. If t + 1 — a is a pole of the Gamma function and t + 1 is not a

pole, then t* = 0.

Lemma 2.1. [9] Assume the following factorial functions are well defined. If t < r, then t* < r% for
any a > 0.

Definition 2.2. [10] For a > 0 and f defined on N, := {a,a + 1, ...}, the a-order fractional sum of f
is defined by

—a

1
NI = A0 1= s )= TP (),

wheret € N, and o(s) = s + 1.

Definition 2.3. [11] For a« > 0 and f defined on N,, the a-order Caputo fractional difference of f is
defined by

t—(N-a)

CNLf(@0) = AEF) = ANONVf (o) = D = a(s)M==AV f(s),

(N — a)

where t € Nyyy_o and N € N is chosen so that 0 < N —1 <a < N. Ifa = N, then A.f(t) = AN F(d).
Lemma 2.2. [11]Assume thata > 0and 0 <N —-1<a < N. Then,

AN EALY() = y(t) + Co + Citt + Cof* + ... + Cy

a+N—a
forsome C; e R, 0 <i<N-1.

To study the solution of the boundary value problem (1.4), we need the following lemma that deals
with a linear variant of the boundary value problem (1.4) and gives a representation of the solution.

Lemma 2.3. Let A(p;—1)#0,0<a,B,y,vvu<l,1<a+B<2andh e C(Na+ﬁ_1,7+a+ﬁ_1,R) be
given. Then, the problem

CACCN | x()=h(t+a+B-1), 1€Ny; @.1)

a+f-

pix(a+p—-2)=x(T +a+p),
PN x(@+B—y—1)= CAZ+ﬁ_2x(T+a+,B—y+ 1),

a+f—

(2.2)

has the unique solution

x(1)

_ T+ -D-a-p +2p o
" A(pr = DT =B - D) D, 2 2T ratB-y+1-o(s)Tx

s=a+p-1 r=a ¢&=0

T+a+B s—B+1 r—a
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(s —o(M=2(r = @)L hE+a+B-1)

T+a s—a
1

1 a-1 _
T o = DIBT@) Z.; ;(T +a+f - (s - @) hE+a+B-1)

1 - s—a i N
* FT@) ;(t = (s — @)L hE + a1,

where

 TT-y+4
T2 - y)I(T +3)

A:p2

Proof. Using the fractional sum of order a € (0, 1] for (2.1) and from Lemma 2.2, we obtain

1 —a
B _ -
NP, x(1) = C + o ;(t — () Lh(s +a + 8- 1),
fort e Na/—l,T+a-

Using the fractional sum of order 0 < 8 < 1 for (2.5), we obtain

-6 s—a

1 _ o
@ 2u 20~ T s — @) =h + a+ = 1)

s=a ¢é=0

x() =Cr+Cit +

for t € Nyig-o r4a+p-

(2.3)

(2.4)

(2.5)

(2.6)

By substituting t = @ + 8 —2,T + a + S into (2.6) and employing the first condition of (2.2), we obtain

~Cy(p1 =D+ C [(T = (o1 = D) (a+B) +2p]

1 T+a s—«a
= - (T+a+B-0()" s - @) L hE+a+B-1).
@I Z:‘ ;;

Using the fractional Caputo difference of order 0 < y < 1 for (2.6), we obtain

CAY 5, x(D)

[e%

t+y—1

e o 1
= -y S:;_f T @
t+y—1 s—B r-a
> - a(s))‘m[ DD = - @ hE e+ B 1)
s=a+pB-2 r=a &=0
~ C1 t+y—1 ) 1
= Ty 2T R g e

t+y—-1 s—B+1 r—a

DD D= ) Us — o ()2r - @) hE +a+ B 1),

s=a+B-2 r=a &=0

2.7)

(2.8)
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for Naz+ﬁ—y—l]+az+ﬁ—y+l .
By substitutingt = a+ -y —-1,T + @ + -y + 1 into (2.8) and employing the second condition
of (2.2), it implies

T+a+B s—B+1 r-a

1 —
@ - CAT(1-y)I(@B - D(a) Z ZZ(T+“+ﬁ—7+1—<f(s))l><

s=a+B-1 r=a &=0

(s —o(ME2(r - @)L hE+a+p-1).

The constant C; can be obtained by substituting C; into (2.7). Then, we get

L T-(p-D@+P+2p = EE )
© = G CDATU = G- D@ D, D 2 T+a+B-y+1-o()rx

s=a+f-1 r=a &¢=0

(s —o(M=2(r— o @)X hE+a+p-1)

T+a s—a
1

o~ DTBI@) Z Z(T +a+B— (s — (@)= hE+a+B-1),

s=a é=0

where A is defined by (2.4). Substituting the constants C; and C, into (2.6), we obtain (2.3). |
3. Main results

In this section, we wish to establish the existence results for the problem (1.4). We denote C =
C(Ny4p-2,7+0+8, R) as the Banach space of all functions x with the norm defined by

llxllc = [lxll + 1A,

where ||x[| = max [x(r)| and [|Afx]| = Nmax Alx(t—v+ 1)|.
€.

ENg+p-2.T+a+8 t€Ng+8-2 T+a+p
The following assumptions are assumed:

(A1) HIt,x,y,2] : Nosg-o rrasp X R3 — R is a continuous function.
(A2) There exist constants K, K, > 0 such that for each t € Ny.3 07,045 and all x;,y;,z: € R, i = 1,2,

we have
HIt, x1,v1,21] — HIt, szz,Zz]' <K, [|x1 — x|+ [y1 =2l + |21 = Zz|],
and
K,= max |H[z0,0, W, 0)]',
1€NG1-2. T+a+p
1 A
where W(1,0):= —— > (t— () g, s +11,0,0).
F(IJ) s=a+B—u-2

(A3) ¢ : ©x R? — Ris continuious for (¢, s) € ©, and there exists a constant L > 0, such that for each
(t,s) e ®and all x;,y; € C, i = 1,2 we have

[t 5+ 1,10, 30) = 0t 5+ 41, 30,3)| < L1y = ol + Iy = 3|
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Let us define the operator H [#, x(1)] by
HI1, x(0)] = Ht, x(2), Arx(t = v + 1), W (1, x(1))]. 3.1)

for each t € Nyipo 74045 and x € C.
Note that APA™ H([t, x(r)] and A APA™ H(t, x(r)] exist when v < a + 8 < 2.

Lemma 3.1. Assume that (A1)—(A3) hold. Then, the following property holds:
(A4) There exits a positive constant © such that
|12, 5001 = Hlt, 2201 | < Ol = e,

foreacht € Nyigo1i0+p and xi,x, € C, where

LT(T +u+3)

©:= K |1 . 3.2
1[ T+ DI + 3) (3-2)
Proof. By (A3), for each t € Nyip0 74045 and xi, x, € C, we obtain
W)@ - (P)0)
1 &

L — o(s)t v -

< m;ﬂ_z(t ) {1+ g1 201 (s + 40, AL (s + = v + 1)
= (1,5 + o xa(s + 0, AL + 1= v+ D)

T+a+f—u

< — (T +a + B — o(s)"x
F(ﬂ) s=a+f—pu-2
L [|x1(s + 1) = (s + 0| + AL (s + = v+ 1) = Alxa(s +p— v + 1)|]

LI(T +pu+3) y y
< e o (b el e - e
and hence
| H1t, 51 (0] = Hlt, 1201 |
< K| |10 = 2] + [Arx (= v+ 1) = Alxa(t = v + 1)
KiLT(T +u+3) . ,
For st (0~ ol loen - il
O

=0|lx; — xalle-
Next, we define the operator ¥ : C — C by

(F ()
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T+a+B s—p+1 r-a

- Z Z Zﬂaﬁ’%/’hpz(t’ s, raf)ﬂ[f'*'a-l-ﬁ— 1’_x(é':+ a+ﬂ_ 1)]

s=a+f—-1 r=a &=0

T+a s—a .
(T +a+B = (s - c@)=" =
+Z; (o1 — DT (@) HlE+a+p-1xE+a+f-1)]
- s—a _1 3
(t — o ()PL(s — o (&)=L ~
+ HE+a+B-1L,x(E+a+B-1)], (3.3)
s=a ¢=0 F(,B)F(a/)

where

_ THp-D-a-p+
oo 1508 3= X NI )@ - Dl @) GH

(T+a+B-y+1-0(s)2s — o(r)E2(r — (€)=t

By Lemma 2.3, we find that any solution of the problem (1.4) is the fixed point of the operator 7.
Lemma 3.2. Assume that the function A, g p, (1, 5,1, &) satisfies the following properties:

o , S, T, is a continuous unction or a

AS) Aupypip(t t t )
(t,5,1,8) € Nysgo7ra4p X Nosporra X Nooi 71041 X No 2 =1 D, and there exist two constants
Q,Q, > 0, such that

T+a+f s—f+1 r—a

Z Z Z “ﬂ“ﬁ,%m,pz(t’ S, 7, §)| <Q,

s=a+p-1 r=a &=0

T+a+B s—p+1 r-a

2 22

s=a+f-1 r=a &=0

AL Ryt 1,6)| < D,

where
Q A+l —IDT +2p1 | T(T +y+3)AI(T +a+p+1) (3.5)
b o1 — 1lIA] T2 -ya+p)IIT +2)2° ‘
— ‘1—0[—,8‘ (T -y +3)[I(T +a+B+ D2 26
2 A ITQ=WIQ2-y)I(a+PBIIT +2)PNT +a+B-v) (3.6)

and A}, is the Caputo fractional difference with respect to t.

Proof. It is obvious that A, g, ,, (2, 5,7,&) is a continuous function for all (¢, 5,7, &) € D. Next, we
consider

T+a+B s—p+1 r—a

Z Z Z|ﬂf’ﬁa%m,ﬂz(t’ S, l’,f)|

s=a+B-1 r=a &=0
T+a+p s—B+1 r—a

< gmax D 30D | Aepromt 56|
teNa+ﬁ—2,T+a+/3

s=a+f—-1 r=a =0
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T+ -D@-a-p)+2p
Apr = DI =pI(B - D)

T+a+pB s—B+1 r-a

D DL DT ra+p—y+1-a()Xs — o2 - o(€))=

s=a+p—-1 r=a &=0

(I+]pr=1DT +2p,

max
teENG4B-2 T+a+p

T+a+pB s—B+1 r-a

D DL DT +a+p—y+1-a()Xs — o2 - o(€)=!

|p1 - lllAl s=a+f-1 r=a &=0
< 1+ oy —1DT +2p, IT+y+3)IT+a+p+1)
- lo1 — TlIA| [(T +2)0(T +2T2-yTa+p)
and
T+a+B s—p+1 r—a
Z Z Z|ZAZ‘ ﬂa,ﬁ,y,pl,pz(t, S9 r’ é‘:)|
s=a+f-1 r=a ¢&=0
T+a+B s—p+1 r-a
S IENWI-’*-IZ—aZ,)iHHB _Z Z Z | ZAE ﬂa’ﬁ”y’pl’pz (t’ S’ r, g) |
s=a+B—-1 r=a &=0
ma gt = (AT + (py — (s — @ = B) + 2p1]
= X
1€NG+5-2 T+a4p AT'(1 =9I =B - DI'(@)
T+a+B s—B+1 r—a
D, DL 2 TH+a+B—y+1-0() s - o(r)f2(r - 0@
s=a+f—-1 r=a ¢&=0
S T+ a+B—0() 21 —a=B)| (T -y + )T +a+f+1)
- Al'(1 -v) [C(T + 2)IPT2 = y)I'(a + B)
<'1—a—,8‘ (T -y + )T +a+B+ 1D N
- A FrRQ-vIQ-y)(a+B)I(T+2)1T (T +a+B-v) C
Thus, the condition (A5) holds. O

In what follows, we consider the existence and uniqueness of a solution to the problem (1.4) using
the Banach contraction principle.

Theorem 3.1. Assume that (A1)—(AS5) hold. If
@[Ql+92+¢1+¢2] < 1, (37)

where Q,,Q, are defined as (3.5)—(3.6), and

1+l =1 LT +a+B+1)
h= lor =11 |I(T + D@ +B+ 1) (3.8)
b LT +2)I(T +a+B+v) 59)

TQ- Wl a+B+v+ DT +v+ DP

then, the problem (1.4) has a unique solution in Ny.g_» 7+a+p-

AIMS Mathematics Volume 7, Issue 8, 15120-15137.
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Proof. Choose a constant R satisfying

R> K2(91+Q2+¢1+¢2)
- 1-@(91+Qz+¢1+¢2).

We will show that ¥ (Bg) C Bg, where Bgr = {x € C : ||x|lc < R}. For all x € Bg, we have

I(Fx) (DI

T+a+B s—p+1 r-a

< D D D st O|([HIE + @+ B 13 +a+ - 1)]
s=a+B-1 r=a &=0
—H[E+a+B— 1,00+ |H[E+a+5-1,0]))
1 T+a s—a

T ()M s — o)L
+‘|p1—1lr(ﬁ)r(a);;( +a + B — o (5)P (s — (€)1
(IHIE +a+p— 1.2 +a+B=- DI -H[E+a+B-1,0] +|H[E +a+5-1,0])

1 - s—a

—1 @ -~ _ B
T@I (@) ; ;(t — o ()P — 7 (€)) (|W E+a+B-1,x(¢é+a+B-1)]

+

_77[§+a+ﬁ—1,0]|+|77[§+a+ﬁ—1,0]|)‘

1L +|pr =1
< Ol + K2) Q1 + (Ollxlc + K2) (F(B)F(a) o1 — 1|)
T+a s—a
DT +a+ B o)A s - @)t
s=a &=0

< (Olixle + K2) {Ql + (

< (®R+K2)[Ql +¢1 ],

IL+lpr—=1]\ T(T+a+p+1)
lor =1 JI(T + D@+ B+ 1)

and

[(ALF x)(t —v + 1))

T+a+B s—p+1 r—a

SPIIDI

s=a+p-1 r=a &=0

—HIE+a+F- 1,01+ |H[E+a+B-1,0]))

AL Aapyprpnt 5. O ([HIE+ @+ - 1 x(E+a+ - 1)]

1 t+v—-1 » s—B r—a |
T @@ S:;_Z(’ = T(s)TA, Z ;(s ) =

(r-c@ L (|HlE+a+p-LxE+a+B- D] -H[E+a+5-1,0]

+|Hi¢+a+p-1,0]))
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(Bllxllc + K>) y
(1 =»I@(a)
T+a+p+v—1 s—p+1 r-a

D DL DT +a+B-o()s— ()2 - o @)y

s=a+f-1 r=a &=0

< @Ille + K) {Qz . TT+)NT+a+p+y) 2}
TQ-w(@+B+v+ DIT(T +v+1)]

< (OR+Ky) [+ ]

< Ollxllc + K7) Q, +

Thus,
IFxllc < OR+Ky) [ +Q+d1+¢2] <R,

and hence, ¥ (Bg) C Bk.
We next show that # is a contraction. For all x,y € C and for each t € Ny,3-2 71045, We have

(Fx)(t) = (Fy)(@)|

T+a+B s—B+1 r—a

= Z ZZ'ﬂaﬁ,y,m,pz(f,s,r,f)"7:7[§+a+,8—1,x(§+a+ﬁ_1)]

s=a+p-1 r=a &=0

—77[§+a+,8—1,y(§+01+ﬁ—1)]‘

T+a s—a
1

" lor — 1| T'(B)I (@) Z Z(T ta+p- O-(S))'B;I(S - O'(SC))QX

s=a &=0
‘77[§+a+ﬁ—1,x(§+a+ﬁ—1)]—ﬁ[§+a+ﬁ—1,y(§+a+/3—1)]
1 -6 s—a

—1 a=1
* TOI@ Z ;a ~ TP — o)

CHE+a+B—1LyE+a+B— 1)]‘
T+a+B s—B+1 r—a

= Z ZZ'ﬂaﬁo’,pl,pz(t,s,’@f)"7‘7[§+a’+,8—l,x(§+a+ﬁ_1)]

s=a+p—-1 r=a &=0
CHE+a+B—LyE+a+B- 1)]‘

1+ |p1 _ ll T+a s—a ) . i »
(Im - IIF(ﬁ)r(a)) Za ;O(T +a+f— o) — (€)=
|7T([§+a/+ﬁ— Lx(é+a+pB- 1)]—7T([§+a/+,8— Ly +a+pB-1)]

1 +]o — 1 )
lor = T (B (@)

Hie+a+B-LxE+a+p-1)]

<O|x = ycQ +0O|x - y||c(

T+a s—a

D DT +a+p-o() s -yt

s=a £=0
<O[Q +¢1]llx =yl

AIMS Mathematics Volume 7, Issue 8, 15120-15137.
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and
ALF X = v + 1)
T+a+B s—p+1 r-a ~
< 3 A Ayt 5, | | HIE+a+f— Lx(E +a+5- D)
s=a+B-1 r=a &=0
Hé+a+B-1yE+a+p— 1)]'
1 t+v—1 s—B+1 r-a . . .
* T T GT@ Z;l Z ;a — 0())2(s — T (NEE(r — o(€)*1x
‘77[§+a+,8— Lx(E+a+B-1)] —?~([§+cx+ﬁ— Ly¢+a+pB-1)]
1
<O|x=yllc € +O|lx —ylle 1= v)F(,B)l"(a)X
T+a+p+v-1 s—B+1 r—a
Do DL DT +a+B-a() s — a2 - o (@)=
s=a+f-1 r=a &=0
<O[Q + ¢ ]llx=ylle.
Thus,

[Fx = Fylle <O[Q1 + Qo+ ¢1 + ¢ | llx = ylle < llx = Ylle-
Therefore, ¥ is a contraction. Hence, by using Banach fixed point theorem, we get that ¥ has a fixed

point which is a unique solution of the problem (1.4). O

We next deduce the existence of a solution to (1.4) by using the following Schaefer’s fixed point
theorem.

Theorem 3.2. [45] (Arzeld-Ascoli Theorem) A set of functions in Cla, b] with the sup norm is relatively
compact if and only if it is uniformly bounded and equicontinuous on |[a, b].

Theorem 3.3. [45] If a set is closed and relatively compact, then it is compact.

Theorem 3.4. [46] Let X be a Banach space and T : X — X be a continuous and compact mapping.
If the set
{xeX : x=AT(x), for some A € (0, 1)}

is bounded, then T has a fixed point.

Theorem 3.5. Suppose that (Al1)—(AS5) hold. Then, the problem (1.4) has at least one solution on
Na+,6—2,T+a+ﬁ-

Proof. We shall use Schaefer’s fixed point theorem to prove that the operator F' defined by (3.3) has a
fixed point. It is clear that ¥ : C — C is completely continuous. So, it remains to show that the set

E = {u € C(Nyip-27+a+p) 1 u = AFuforsome 0 < A < 1} is bounded.

Let u € E. Then,
u(t) = A(Fu)(t) forsome 0 <A< 1.
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Thus, for each t € Ny.5-2 71045, We have

AF @)

T+a+B s—B+1 r-a

Sﬂﬁggl;;gyyhm””“&“a”ﬁﬁ+a+ﬁ—Lx@+a+ﬁ—nﬂ
A T+a s—a

1 a1
+ |p1 - 1|F(ﬁ)r(a) ; ;(T +a +[)) — U'(S))L(s _ O-(é:)) %

[Hig+a+B-1,x¢&+a+B- 1

-8 s—a

* m Z: ;(I — () s — @)L HIE+ @+ B~ LxE +a+B- D)
< (OR+K)[Q+¢],
and
JAALF ) — v+ 1)|
Tratp s=p+1 ra
<A D Y D A Ayt .1 O [HIE+ @+ =1, x(E +a+ 5= 1]
" TI - WIEr@) S:g[;_z(f = T()TA, Z; ;(s - o (N
(r— @) HE+a+B- 1, xE+a+B~ 1)]|]
< (OR+K) [ +¢].
Hence,

[AF D@ < Ok[Q+ D+ +2] < R.

This shows that E is bounded. By Schaefer’s fixed point theorem, we conclude that the problem (1.4)
has at least one solution. O

In the sequel, we discuss the positivity of the obtained solution x € C. To this end, we add adequate
assumptions and provide the following theorem.

We note that a positive solution of (1.4) in C is a function x(¢) > 0 which has A}. x(r — v +1) > 0 for
all 1 € Na+ﬁ—2,T+a+ﬁ-

Theorem 3.6. Suppose that (A1)—(A5) are fulfilled in R*, where H € C(Nyip-o140+p X R X RT X
R*,R*) and ¢ € C(© XR* x R*,R"). If condition (3.7) is satisfied, for «,B,y,v,u € (0, 1), and in

addition
I'T+y+4)

QR -y)I(T +3)
then a solution in C of the problem (1.4) is positive.

p1>1 and p, >
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IT+y+4)

Q2 -y)I(T +3)
is a particular case, the problem (1.4) admits a unique solution in C.
Moreover, since «a,f,7v,v,u € (0, 1), we obtain for each (¢, s,r, &) € D,

T +(pi = Dt == p)+2p; ]X
(o1 = 1) (p2 - s ) T = YTB) ()
(T+a+B-y+1=0()Z(s - () =(r - a@y= > 0,

the condition (3.7)

Proof. By Theorem 3.1 and the fact that, for p; > 1 and p, >

ﬂaaﬁﬂy’p|vp2 (t’ S’ r’ 5) = [

and

A Aapyp (L, 8,1, 8)

& (t — 0 (5)%s — @ — B) ]X
(2 — e ) T(1 = WIT(L = Y)T(B)T ()
(T+a+B-y+1-0()Us - o (E2r— (@)=L > 0.

It results that the unique solution x(#) of problem (1.4) which satisfies with (3.3) is positive for each

re Na+ﬁ—2,T+a+ﬂ- O
4. An example
In this section, we present an example to illustrate our results.
Example. Consider the following fractional difference boundary value problem:
1
CA2
w41 Atx(t—1)
a0, WD
o (@+D+5) [T+lx(e+ 1)1l (c+H+5)[1+ A x (= D]]
+ t+lxt+1 teN
25 ) ) 0,45
1 11 1 37
2x (—5) = x(?), 20A%x(8) = A%x(g), (4.1)

))- > oo D5+ 1)+ 1]
((t + %) + 5)2 [3 + |x(s + i)l]

—s+Hre 1 3
e )| Af%x(s+z)+l]

((r+ 1) +5) [3+1A xs + D]

2 5 1 1 1
B lettln = - = -, = =, = =, = - T = 4, = 2, = 20’ 7{ t7 s Vs =
y g «a 3,36y3v2u4 1 P1 02 [7, x,y,2]
1 X 1 1 _ s x+1 +
oS [Tlxl + %Iyl + z] and @[t + 3,5+ 7, %, )] = iy [3++|x| + 3y+—b|] , we can show that
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A = 16.0098, O ~0.000199, Q; =~ 35.0489, Q, =~ 19.7664,
®, ~ 18.0469 and O, =~ 2.9653.

Observe that (A1)—(AS) hold for all x;,y;,z; € R, i = 1,2, and foreach t € N S, we obtain

‘W[f xi,y1, 2] = Hlt, Xz,yz,Zz]' [|X1 = Xo| + y1 = yol + |21 — Zz|].

1
~(@+5)

So, ki = () ~0.000199, and K> = max H[t,0] ~ 0.0000394.

teN_ il
7

Next, for all x;,y; € R, i = 1,2, and each (z, s) € N-7 1 X N- S, we obtain

2

—Y

3 3
|90[l s+ — x, ] —HIlt, s+ —, x2,¥] [|X1 — X2 + [y1 —y2|]‘

4 4’ ‘ (t+5y

So, Ky = ¢ (&) ~ 0.000121.

11
Finally, we can show that

O[Q; +Q) +D; + D] = 0.0151 < 1.

Hence, by Theorem 3.1, the problem (4.1) has a unique solution. O
Moreover, by Theorem 3.5, the problem (4.1) has at least one solution on JNL7 u. O
Furthermore, H, ¢ € R*, and
r(®)
p1=2>1, p2:20>5+z 15.293.
r(3)ra
Therefore, the solution of the problem (4.1) is positive on N-7 u by Theorem 3.6. O

5. Conclusions

In the present research, we considered a sequential nonlinear Caputo fractional sum-difference
equation with fractional difference boundary conditions. Notice that the unknown function of this
problem is in the form of Caputo fractional difference and fractional sum with different orders, which
expands the research scope of the problems in [42—44]. Existence results are established by a Banach
contraction principle and Schaefer’s fixed point theorem. The results of the paper are new and enrich
the subject of boundary value problems for Caputo fractional difference-sum equations. In future
work, we may extend this work by considering new boundary value problems.
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