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Abstract: For a graph G, we define a total k-labeling ¢ is a combination of an edge labeling ¢.(x) —
{1,2,...,k.} and a vertex labeling ¢,(x) — {0,2,...,2k,}, such that ¢(x) = ¢,(x) if x € V(G) and
©(x) = g.(x) if x € E(G), then k = max {k,, 2k,}. The total k-labeling ¢ is an edge irregular reflexive
k-labeling of G if every two different edges xy and x’y’, the edge weights are distinct. The smallest
value k for which such labeling exists is called a reflexive edge strength of G. In this paper, we focus
on the edge irregular reflexive labeling of antiprism, convex polytopes D,,, R,, and corona product of
cycle with path. This study also leads to interesting open problems for further extension of the work.
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1. Introduction

By a graph G we mean a finite nonempty set V(G) of vertices together with a set E(G) of unordered
pairs of vertices, called edges of G. The graph G is called a simple graph if there is no multiple edges
or loops, otherwise, it is a multigraph. For other terminologies and notations that are not defined in
this paper, see [1]. Besides, it is well known that a simple graph is impposible to completely irregular,
which is to have all vertices of distinct degrees. But, it is logical in multigraphs. Therefore, Chartrand
et al. [2] introduced an irregular labeling by replacing the parallel edges incident on every vertex of
a multigraph to a positive integer set on edges of a simple graph of order at least 3, and consequently
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the simple graph becomes irregular. Tanna [3] rephrased the definition of such graph labeling in the
following way.

Definition 1. [3] A function 6 is called an irregular labeling of a graph G if 6 : E(G) — {1, 2, ..., k}
has the property that the associated vertex weights are pairwise distinct, ws(u) # ws(v) for all vertices
u, ve V(G) and u # v. The weight of a vertex v € V(G) is

ws(v) = Z o(uv),
uveE(G)
where the sum is over all vertices u adjacent to v. An irregularity strength s(G) is defined as the
minimum k for which G has the irregular labeling using labels at most k.

Subsequently, Baca et al. [4] extended this study by proposing the irregular total labelings, i.e., a
vertex irregular total labeling and an edge irregular total labeling, which are not only considered the
vertex weight, but also the edge weight. Gallian in his comprehensive survey [5] listed the latest and
most relevant articles of graph labelings.

Definition 2. [4] For a graph G = (V,E), a labeling p : V(G) U E(G) — {1, 2, ..., k} is a total
k-labeling. The total k-labeling is an edge irregular total k-labeling if every two different edges xy and
x'y" have the distinct weights, w,(xy) # w,(x"y’), where

wp(xy) = p(x) + p(xy) + p(y)

for all edges xy, X'y € E(G) and xy # x'y’. Likewise, the total k-labeling is called a vertex irregular
total k-labeling if every two different vertices x and y have the distinct weights, w,(x) # w,(y), where

W(X) = p(x) + Y p(a)
xyeE(G)
for all vertices x, y € V(G) and x # y. The minimum k for which such labelings exist is called a
total edge irregularity strength of G, denoted by tes(G) (resp. a total vertex irregularity strength of G,
denoted by tvs(G)).

Motivated by the notions of irregular labeling and irregular total labelings, Tanna et al. [6]
introduced the irregular reflexive labelings, i.e., an edge irregular reflexive labeling and a vertex
irregular reflexive labeling, by allowing the vertex labels representing the vertex degrees contributed
by the loops. They made two observations, (a) the vertex labels are non-negative even integers, which
represent the fact that each loop contributes twice to the vertex degree; and (b) the vertex label O is
permissible to represent a loopless vertex. We focus on the edge irregular reflexive labeling in the
following study. For more existing studies on edge irregular reflexive labeling of graphs, see [7-15].

Definition 3. [3] A total k-labeling ¢ is a combination of an edge labeling ¢, : E(G) — {1, 2, ..., k,}
and a vertex labeling ¢, : V(G) — {0, 2, ..., 2k,}, in which labeling ¢ is a total k-labeling of a graph
G such that p(x) = ¢, (x) if x € V(G) and ¢(x) = ¢.(x) if x € E(G), where k = max k., 2k,}. The total
k-labeling ¢ is called an edge irregular reflexive k-labeling of G if any two different edges xy, X'y’ of
G have the distinct edge weights wt,(xy) # wi,(x'y’), where

Wig(xy) = @u(X) + @ (xy) + ().
The smallest value k for such labeling exists is called a reflexive edge strength of G, denoted by res(G).

A lower bound for res(G) was obtained by Tanna et al. [6], which is needed in what follows.
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Lemma 1. [6] For a graph G,

['E(gﬂw if |[E(G)| # 2,3 (mod 6),

>
rest) = { [ + 1, if |E(G)| = 2,3 (mod 6).

In this paper, we investigate the reflexive edge strength on certain convex polytopes and a corona
product of cycle with path (denoted as C,, © P,, for n > 3 and m > 2), which is an extend of previous
studies of Baca et al. [16, 17] and Tarawneh et al. [18], respectively. In these previous studies, Baca et
al. [16,17] stated an antiprism A,,, convex polytopes D, and R, have a magic labeling of type (1, 1, 0),
wherease Tarawneh et al. [18] proved the edge irregularity strength on C,, © P, forn > 4 and m = 2, 3.
For other existing studies of convex polytopes, we can refer to [19-23]. Eventually, we obtained the
exact reflexive edge strength for these graphs. The definitions of graphs are defined in the following
Sections 2 and 3.

2. Convex polytope graphs

Convex polytopes are one of the families of plane graphs, where the plane graph is said to be a
planar graph if it can be drawn on the plane in such a way that no intersection of any two edges and
each edge only incident with its endpoints. In the following, we focus on the antiprism A, for n > 4,
convex polytopes D, and R, for n > 3.

The antiprism A, was previously defined by Baca [16]. Zhang and Gao [24] then redefined it

as a graph that consists of an inner cycle of vertices a;, ay, as, ..., a,, an outer cycle of vertices
by, by, bs, ..., b,, and a set of 2n spokes of edges a;b; and b;a;,; (includes b,a, if i = n), as shown
in Figure 1.

by

Figure 1. An Antiprism A,, where n > 4.

Therefore, a vertex set and an edge set of A, are defined as V(A,) = {a;, b; | 1 < i < n} and
E(A,) = {aiai11, bibiy1, aib;, biaiyy | 1 < i <n-1}U{aia,, bib,, aib,, a,b,}, respectively.

Theorem 1. Forn > 4,
(%], if2n# 10nod3),
[4]+1. if2n=10mod3).
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Proof. According to the fact that (A, has 4n edges. By referring to Lemma 1,

(4], if2n# 1(mod3),

res(A,) > k = . )
[7”1 +1, if2n=1(mod3).

Therefore, the following proves that k is an exact upper bound for res(A,) by distinguishing
between two cases, where n > 4.

Case 1. n is even.
Define a total k-labeling ¢ of A, as follows.

(@) = 0, ifiisodd,1 <i<n-1,
prdi) = n—i, ifiiseven,2<i<n.
6

2[M]—1+i, ifiisodd, 1<i<n-—1,
(b)) = e .
k, ifiiseven,2 <i < n.

(i) = 2, ifiisodd, 1 <i<n-1,
Plaidivi) = 1, ifiiseven,2<i<n-2.
elayar) = 1.
n+2[%2],  ifiisodd, 1<i<n-1,
e(bibis1) = i) P .
n+2[”—1—1, ifiiseven,2 <i<n-2.

6
)
o(buby) = n + 2[”7} 1.

|2l - 2L ifn =2, 4(mod6), iisodd, I <i<n-1,

o) = [2”3—‘11 + 1, ifn=2,4(mod6),iiseven, 2 <i<n,
o il ifn=0(mod6),iisodd, | <i<n-— I,
Z4+1+4, ifn=0(mod6),iiseven,2<i<n.
=4+ &L, ifn =2, 4(mod6), iisodd, 1 <i<n—1,
obsan) [7”6‘21—5, ifn=2,4(mod6),iiseven,2 <i<n-2,
idiv1) = ,
' 14l ifn=0(mod6), iisodd, 1 <i<n—1,
ol ifn=0(mod6),iiseven, 2 <i<n-2.
o) = [2"3-1], if n =2, 4(mod6),
nt1) —
%+1, if n = 0 (mod 6).

We notice that the maximum values of vertex label and edge label of n = 0,4 (mod 6) are the same,
thatis, k = [%"-I For n = 2 (mod 6), the maximum value of vertex label is k = [‘%-I + 1, which is greater
than all edge labels. Thus, labeling ¢ is a total k-labeling of A,,. From Table 1, we can easily see that
the edge weights of A, are distinct integers in {1, 2, ..., 4n} under the total k-labeling ¢.
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Table 1. A summary of the edge weights of ‘A, where n > 4.

Edge weights Evenn | Oddn
Wiy(aiais1) I1<i<n-1 n+l—-i| n-i
wiy(aar) 1 n
Wl“p(bib,q_l) 1<i<n-1 3n+1+1i
wiy(b,by) 3n+1
<i<n- i :
odd i 1<i<n-1(niseven) n+%
wit (Clb) 1<i<n (l’l is Odd)
e\
<i< i .
even i 2 <i<n(niseven) 3+l -
2<i<n-1(nisodd)
<i<p— : 3nt+l+i
odd i 1<i<n-1(niseven) 5 |
wiy(bidis1) 1 <i<n-2(nisodd) B 41
. 2<i<n-2(niseven) | %< +1
even i :
2<i<n-1(nisodd) %
wiy(b,a;) 2n+1

Case 2. nis odd.

As referred to Lemma 1, res(As) > 8. Through the vertex labels and edge labels as illustrated in
Figure 2, we obtain res(As) = 8.

Figure 2. The edge irregular reflexive 8-labeling of an antiprism As.

For n > 7, we define a total k-labeling of A, in the following ways.

(p(a_):{O, ifiisodd,1 <i<n,
! n—1—-i, ifiiseven,2<i<n-1.
2=+ 1+, ifn=1,5(mod6),iisodd, I <i<n,or
n=3(mod6),iisodd, 1 <i<n-2,
k, ifn=3(mod6),i=n,
ifiiseven,2 <i<n-1.

(b)) =

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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(anyy = { 2 iisodd 1<i<n-2
PAG) = 1 fiiseven, 2 <i<n—1.

Qﬂ(anal) =n.

n+2[%2],  ifiisodd, 1 <i<n-2,
obibiy) =1 B+ 52| =1, ifn=1,5(mod6),iiseven,2<i<n—1,or
n=3(mod6),iiseven,2 <i<n-23,
k, ifn=3(mod6),i=n-1.

o(buby) = n + 2[?} 1.

[u} — 2l ifp=1,5(mod6),iisodd, 1 <i<n,

3 2
[2D] 4+, ifn=1, 5(mod6), iiseven,2<i<n—1,
plab) = 2 -2, ifn=3(mod6),iisodd, 1 <i<n-2,
%, if n=3(mod6),i=n,
24+2+4, ifn=3(mod6),iiseven,2<i<n-1.

w4+ 53 ifn=1,5(mod6), iisodd, 1 <i<n-2,
1

2
1_%’ ifn=1,5(mod6),iiseven,2 <i<n-1,
w3 4 il ifp = 3(mod6), iisodd, 1 <i<n-2,

2
—%, ifn=3(mod6),iiseven,2 <i<n-—1.

p(biai) =

[@1 ifn=1,5(mod6),

(b,ay) = :
POnd { 211, ifn=3(mod6).

We can see that the maximum value of vertex label of n = 1, 5(mod 6) is greater than all edge
labels, which is k£ = |-43—”-| and k = I-%"-I + 1, respectively. For n = 3 (mod 6), the maximum value of

vertex label 1s k = [%1, which is equal to the maximum value of edge label. Hence, labeling ¢ is a
total k-labeling of A,,. By referring to Table 1, it clearly shows that the edge weights of (A, are distinct
integers in {1, 2, ..., 4n} under the total k-labeling ¢. Thus, the total k-labeling ¢ is an edge irregular

reflexive k-labeling of ‘A, where n > 4. The theorem holds. m]

Example 1. Figure 3 illustrates (a) the edge irregular reflexive 6-labeling of Ay; (b) the edge irregular
reflexive 10-labeling of A;; and (c) the edge irregular reflexive 20-labeling of A4.

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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@ (b) ©

Figure 3. The edge irregular reflexive k-labeling of antiprism A,, where n = 4, 7, 14.

The following convex polytope 9, consists of a vertex set V(D,) = {a, b, ci,d; | 1 <
i < n} and an edge set E(D,) = {aai+1, abi, bici, bisici, cidiy, didiyy | ' 1 < i < n— 1} U
{a1a,, a,b,, bic,, b,c,, c,d,, did,}, where the vertices ay, as, ..., a,andd,, d,, ..., d, are on an inner
cycle and outer cycle of D,, respectively, see Figure 4.

Figure 4. A convex polytope D,,, where n > 3.

Theorem 2. Forn > 3, res(D,) = 2n.

Proof. Since D, has 6n edges, by Lemma 1, res(D,) > k = 2n. Therefore, we prove that k = 2n is an
upper bound for res(D,), where n > 3. Now, define a total k-labeling ¢ of D, as follows.

wa)=0, forl <i<n.

o) =0, forl <i<n.

o(c;) =2n, forl <i<n.

o(d;) =2n, forl <i<n.
o(aai) =i, forl<i<n-1.
wlaya) = n.

p(ab) =n+i, forl <i<n.

@bic;))=2i—-1, forl <i<n.

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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@(biyi1c;)) =2i, forl <i<n-1.
@(bic,) = 2n.

e(cidy) =1, forl <i<n.
eddiy))=n+1i, forl <i<n-1.
e(d,dy) = 2n.

Evidently, the maximum value of vertex label is k = 2n, which is equal to the maximum value of
edge label under the labeling ¢. Thus, labeling ¢ is a total k-labeling of D,. Next, we show the edge
weights of D, are distinct under the total k-labeling ¢.

wig(aiai)) =0+i+0={i[1 <i<n-1}.

wig(aya;) =0+n+0 = {n}.

wig(ab) =0+n+i+0={n+i|l<i<n}
Wig(bic) =0+2i-1+2n={2n+2i-1|1<i<n}.
Wig(bip1ci) =0+2i+2n={2n+2i|1 <i<n-1}.
wig(bic,) = 0+ 2n + 2n = {4n}.

wiy(cid)) =2n+i+2n={4n+i|1 <i<n}
wty(didis1) =2n+n+i+2n={5n+i|1<i<n-1}
wiy(dydy) = 2n + 2n + 2n = {6n}.

The above edge weight computations verify that all edges of 9, have distinct integers in
{1, 2, ..., 6n}. Thus, the total k-labeling ¢ is an edge irregular reflexive k-labeling of ©,. The theorem
holds. =

Example 2. Figure 5 shows (a) the edge irregular reflexive 10-labeling of Ds; and (b) the edge
irregular reflexive 16-labeling of Ds.

(a) b)

Figure 5. The edge irregular reflexive k-labeling of convex polytopes D,, where n = 5, 8.

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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The convex polytope R, is formerly defined by Baca [17] that it is a combination of an antiprism
A, and a prism graph, where these two graphs are Archimedean convex polytopes. Figure 6 depicts R,

consists of an inner cycle of vertices ¢y, ¢, cs,..., ¢, aninterior cycle of vertices by, by, b3, ..., b,, an
outer cycle of vertices a;, ay, as, ..., a,, and a set of 3n spokes of edges a;b;, b;c;, and b;c;; (includes
b,cy if i = n).

Figure 6. A convex polytope R,, where n > 3.

Therefore, a vertex set and an edge set of R, are defined as V(R,) = {a;, b;, ¢; | 1 < i < n} and
E(R,) = {aiai1, aibi, bibiyy1, bici, biciyy, ciciv | 1 <1 < n—1}U{aya,, a,by, bib,, bycy, bycy, cic,},
respectively.

Theorem 3. Forn > 3, res(R,) = 2n.

Proof. The size of R, is 6n. According to Lemma 1, res(R,) > k = 2n. Hence, the following proves
k = 2n is an upper bound for res(R,) by distinguishing two cases, where n > 3.

Case 1. n is odd.
Define a total k-labeling ¢ of R, as follows.

wa)=0, forl <i<n.

i—1, ifiisodd, 1 <i<n,
¢(bi):{n—l+i, ifiiseven,2<i<n-1.
o(c;) =2n, forl <i<n.
p(a;ai) =1, forl <i<n-1.
playar) = n.

n—-53, ifiisodd, 1 <i<mn,

‘p(aibi) = { L’j_iz ’

>, ifiiseven,2<i<n-1.

obbiy))=n+2—-1i, forl <i<n-1.
‘p(bnbl) =n+2.
pbic)=n+1, forl <i<n.

ebicis))=n+2, forl <i<n-1.

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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w(b,c1) =n+2.
p(ciciy1) =n+i, forl <i<n-1.
QD(C,,Cl) =2n.

Clearly, the maximum value of edge label is equal to the maximum value of vertex label, which is
k = 2n under the labeling ¢. Thus, labeling ¢ is a total k-labeling of R,. Then, we summarise the
edge weights of R, and show it via Table 2. We can easily see that all edge weights of R, are distinct
integers in {1, 2, ..., 6n}.

Table 2. A summary of the edge weights of R, where n > 3.

Edge weights Odd n Even n
Wiy (aiais) I1<i<n-1 i
wig(a,ar) n
oddi 1<i<n n+ %
wig(aibi) eveni 2<i<n-1 it
I1<i<n n+i
Wiy (bibis1) I<i<n-1|2n+1+i 2n+i
wiy(b,b1) 2n+1 3n
oddi 1<i<n 3n+i
wiy(bic;) eveni 2<i<n-1| 4n+i
1<i<n 3n—-1+2i
oddi 1<i<n-2|3n+1+i
wiy(biciv1) eveni 2<i<n-1|4n+1+i
I1<i<n-1 3n+2i
wiy(b,c1) 4n + 1 5n
Wi (CiCis1) 1<i<n-1 Sm+i
wig(CpCr) 6n

Case 2. n is even.

Define a total k-labeling ¢ of R, as follows.
(@) =0, forl <i<n.

w(b;))=n, forl <i<n.

o(c;)) =2n, forl <i<n.
p(a;ai) =1, forl <i<n-1.
wlaya) = n.

w(ab) =i, forl <i<n.

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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@bibiy) =1, forl <i<n-1.
@o(buby1) = n.

@bic;))=2i—-1, forl <i<n.
@(biciy) =2i, forl <i<n-1.
@(bncy) = 2n.

e(ciciy1)) =n+1i, forl <i<n-1.
@(cucy) = 2n.

Evidently, as same as Case 1, the maximum value of edge label is k = 2n, which is equal to the
maximum value of vertex label under the labeling ¢. Thus, labeling ¢ is a total k-labeling of R,.

According to Table 2, the edge weights of R, also have the distinct integers in {1, 2, ..., 6n} under the
total k-labeling ¢. Thus, the total k-labeling ¢ is an edge irregular reflexive k-labeling of R,, n > 3.
The theorem holds. O

Example 3. Figure 7 shows (a) the edge irregular reflexive 8-labeling of Ry, and (b) the edge irregular
reflexive 22-labeling of Ry;.

(b)
Figure 7. The edge irregular reflexive k-labeling of convex polytopes R,, where n = 4, 11.

3. Corona product of cycle and path

Corona product of cycle and path, denoted by C,,©P,, is obtained from a copy of C,, (with n vertices)
and n copies of P, by joining the i-th vertex of C, to every vertex in i-th copy of P,,. It consists of
a vertex set and an edge set that are defined as V(C,, © P,,) = {x,-,y{ | 1 <i<n1 < j< m}and
EC,oP)=lxy/ I1<isml<j<muUlyy |1<i<nl<j<m-1}Uf{xxg|1<i<
n — 1} U {x;x,}, respectively.

Theorem 4. Forn >3 and m > 2,

[m} if nm # 1 (mod 3),
|-2nm-| +1, lfl’lm = 1(m0d3)

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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Proof. Since C, © P, has 2nm edges, by Lemma 1, we have

[2"_’"1, if nm # 1 (mod 3),

3

res(C,® P,) > k =
{ [ZT*"] +1, ifnm=1(mod3).

Therefore, we prove that k is an upper bound for res(C, © P,,), where n > 3 and m > 2. Define a
total k-labeling ¢ of C, © P, as follows.

@(x1) ZQO(y{) =0, forl <j<m.
m—l"

o(xp) = 2[T

2m—1

o) =2

w, forl1 < j<m.

i

(x;) = 90()’{) = 2%%.‘, for3<i<m1<j<m.
Next, the edges are labeled in the following ways.
Case 1. n =3,4,5,
(i) For 1 < j<m,
e(x1y]) = e(x2y]) = j.

[ 1+ ifn=34
] _ b b 2
"”<x3y3)‘{ j ifn=5.

go(xiy{):Zm(i—1)+1—4[%-‘+]’, ford <i<nn=4,5.
(i) Forl1 <j<m-1,
eIy =m+ |

. m-—1 )
eyl = 4[7} —m+j.

m+1+j, iftn=3,4,
m+ j, ifn=>3.

AR E {
eIy =mQi— 1)+ 1 - 4[%’"} +j, for4d<i<n,n=4,5.
(iff) ¢(x1x) = 2[ 251 .
22t + 1, ifn=3.4,
plox) = { 2[2l], ifn=s.

im (i + Dm

O(Xixin1) = 2im + 1 — 2[?} _ 2[

}, for3<i<n-1,n=4,5.

(o) = 4 2 ifn=3,
P05 =\ d(n—2) — 27, ifn = 4.5,

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.
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Case 2. n > 6.
(1) For1 < j<m,

e(x1y)) = p(x2yl) = plasy]) = .

()D(X'yj _ 2m(i—1)_ |—l'n-|+], if4$i§n—|'§'|,
G- D1 -A BT -+l <isn

(i) For1 < j<m-1,

ey = eyl = m + .
m-—1 .
eyl = 4[7} —m+j.

oy = m(2i — 1) = 4[2] + j, if4 <i<n-[%,
v mQi—-1)+1-4[2]+j, ifn-[2]+1<i<n
(i) p(x12) = p(xox3) = 2[ 251 ]

n nm}

et = 2mn = | §]) - 2| 5"

e(xixir1) = {

3 3

2im — 2] — 2[ L], if3<i<n-[2]-1,
2im + 1 - 2[ ] —2[Pm) it —[4]<i<n-1.

Evidently, the maximum value of vertex label is greater than or equal to the edge labels under the
labeling ¢, which is k = [2”’”1 if nm # 1 (mod 3), otherwise, k = [2”’"} + 1. Thus, labeling ¢ is a total
k-labeling of C,, © P,,. The distinct edge weights of C,, ® P,, under the total k-labeling ¢ is shown as

Table 3.

We can see that the edge weights of all edges in C,,© P, are distinct integers in the set {1,2, ...,

2nm}

Thus, the total k-labeling ¢ is an edge irregular reflexive k-labeling of C, ® P,,. This completes the

proof.
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Table 3. A summary of the edge weights of C,, © P,,, where n > 3 and m > 2.

Edge weights m=2
n=3‘n=4‘ n=>5 ‘ n>6
wiy(x1y]) J
s wtw(xzyé) 2m+ j
\1 wt¢(x3yé) dm+1+j ‘ 4m + j
Vi Wi (X4Y}), - s Wl (XnYn) 2mi— 1D+ 1+
T Gy Wi (Xa-1417) (27 2m(i — 1)+ j
WG (o411 a7, s WG(5030) dmGi—1)+ 1+
wtﬂy{y{“) m+ j
h wi, () 3m+j
3 ‘ ‘wtsa(yéyéﬂ) - Sm+1+j Sm+ j
> wt‘pv(y;yfl), . wtf(y,f,y,f:‘) m2i—1)+ 1+
= | wr, oy, Wt‘p(yi_[g]yf:%]) m2i— 1)+ j
wtw(yi_r%rlyit;,ﬂﬂ), R R CATAR! mQ2i-1)+1+j
wi,(x1x2) 2m
Wi (X2x3) dm + 1 dm
WIp(X3X4), . . ., Who(Xp—1X,) 2im+ 1
Wio(X3X4), .. ., wt¢(xn_rg1_1x,1_r%1) 2im
wt(p(xn_r%]x,,_rg]ﬂ), e WE(Xp—1 Xy) 2im + 1
Wiy (X1X,) 4m 2m(n —2) 2m(n — |'§'|)

Example 4. Figure 8 shows (a) the edge irregular reflexive 8-labeling of C4© P3; (b) the edge irregular
reflexive 8-labeling of Cs © P,; and (c) the edge irregular reflexive 16-labeling of C¢ © Py,

0506070

(a) ' 12712612512

(b) ©)
Figure 8. The edge irregular reflexive k-labeling of (a) C4 © P3; (b) Cs © P,; and (¢) Cs © Py.
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4. Conclusions
We successfully determined res(A,) for n > 4, res(D,) and res(R,,) for n > 3 as well as res(C,0P,,)
for n > 3, m > 2. These results provided further support to the following conjecture.

Conjecture 1. [8] Any graph G with maximum degree A(G) satisfies:
EG
| (3 )W N r}’

From this study, the following problems naturally arise. A double antiprism AA, is a convex
polytope which consists of 3 cycles with each cycle has n vertices and a set of 4n spokes of edges
incident on the vertices.

A+2
2

2

res(G) = maxﬂ

where r = 1 for |E(G)| = 2,3(mod 6), and zero otherwise.

Problem 1. Prove that the sharp upper bound of res(AA,) < [%"1 if Tn £ 2,3 (mod 6), otherwise,
res(AA,) < [73—”-‘ + 1.

Moreover, any graph is said to be a convex polytope if it can be drawn on the plane without the
intersection of any two edges. Therefore, many classes of convex polytopes can be obtained by either
combining the graphs or adding edges on the existing convex polytope graph. For example, by adding
a set of 2n spokes of edges b;b;,1 and c;c;+; on D, forms another class of convex polytope, called B,
for n > 3 which has 8n edges.

Problem 2. Prove that the exact upper bound of res(8B,) < [%’fl if 4n = 0,2 (mod 3), otherwise,
res(B,) < [83—”-| + 1.

Furthermore, the problem could be extended to be more general through the consideration of
characterizing the convex polytope graphs.

Problem 3. Characterize the convex polytopes G of same sizes have the same upper bound of reflexive
edge strength.

Besides, an interesting corona product of graphs, i.e., a corona product of star and cycle (denoted
by K;,, © C, for m, n > 3) which is never been investigated and still open in the study of irregular

labeling or irregular reflexive labeling.

Problem 4. Prove that the sharp upper bound of res(K,,, © C,) < [ ifm+2nm+ 2n #

2,3 (mod 6), otherwise, res(K,,, © C,) < [%W + 1.

m+2n(m+1)-‘
3

Instead of corona product of graphs, many challenging graph operations, e.g., strong product of
graphs are still open in the edge irregular reflexive labeling.

Problem 5. Determine the reflexive edge strength of the strong product of two paths, res(P, ® P,,),
where n, m > 2.

Problem 6. Find the edge irregular reflexive labeling on strong product of two cycles, res(C, ® C,,),
where n, m > 3.

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.



11799

Acknowledgments

The authors would like to thank the referees for their valuable comments. This research is supported
by the Fundamental Research Grant Scheme (FRGS), Ministry of Higher Education, Malaysia with
Reference Number FRGS/1/2020/STG06/UMT/02/1 (Grant Vot. 59609).

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. G. Chartrand, P. Zhang, A first course in graph theory, Mineola, New York: Dover Publication,
Inc., 2013.

2. G. Chartrand, M. S. Jacobson, J. Lehel, O. R. Oellermann, S. Ruiz, F. Saba, Irregular networks,
Congr. Numer., 64 (1988), 197-210. https://doi.org/10.2307/3146243

3. D. Tanna, Graph labeling techniques, Doctoral dissertation, University of Newcastle, Newcastle,
Australia, 2017.

4. M. Baca, S. Jendrol’, M. Miller, J. Ryan, On irregular total labelings, Discrete Math., 307 (2007),
1378-1388. https://doi.org/10.1016/j.disc.2005.11.075

J. A. Gallian, A dynamic survey of graph labeling, Electron. J. Comb., 2021.

6. D. Tanna, J. Ryan, A. Semanicova-Fenov¢ikovd, Edge irregular reflexive labeling of prisms and
wheels, Australas. J. Comb., 69 (2017), 394—-401. https://doi.org/10.1215/00104124-4260427

7. M. Baca, M. Irfan, J. Ryan, A. Semaniovi-Fenov¢ikova, D. Tanna, Note on edge
irregular reflexive labelings of graphs, AKCE Int. J. Graphs Comb., 16 (2019), 145-157.
https://doi.org/10.1016/j.akcej.2018.01.013

8. M. Baca, M. Irfan, J. Ryan, A. SemaniCova-Fenov¢ikovd, D. Tanna, On edge irregular
reflexive labelings for the generalized friendship graphs, Mathematics, 5 (2017), 67.
https://doi.org/10.3390/math5040067

9. X. Zhang, M. Ibrahim, S. A. H. Bokhary, M. K. Siddiqui, Edge irregular reflexive labeling
for the disjoint union of gear graphs and prism graphs, Mathematics, 6 (2018), 142.
https://doi.org/10.3390/math6090142

10.J. L. G. Guirao, S. Ahmad, M. K. Siddiqui, M. Ibrahim, Edge irregular reflexive
labeling for the disjoint union of generalized Petersen graph, Mathematics, 6 (2018), 304.
https://doi.org/10.3390/math6120304

11. M. Basher, On the reflexive edge strength of the circulant graphs, AIMS Math., 6 (2021), 9342—
9365. https://doi.org/10.3934/math.2021543

12. K. K. Yoong, R. Hasni, M. Irfan, I. Taraweh, A. Ahmad, S. M. Lee, On the edge irregular reflexive
labeling of corona product of graphs with path, AKCE Int. J. Graphs Comb., 18 (2021), 53-59.
https://doi.org/10.1080/09728600.2021.1931555

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.


http://dx.doi.org/https://doi.org/10.2307/3146243
http://dx.doi.org/https://doi.org/10.1016/j.disc.2005.11.075
http://dx.doi.org/https://doi.org/10.1215/00104124-4260427
http://dx.doi.org/https://doi.org/10.1016/j.akcej.2018.01.013
http://dx.doi.org/https://doi.org/10.3390/math5040067
http://dx.doi.org/https://doi.org/10.3390/math6090142
http://dx.doi.org/https://doi.org/10.3390/math6120304
http://dx.doi.org/https://doi.org/10.3934/math.2021543
http://dx.doi.org/https://doi.org/10.1080/09728600.2021.1931555

11800

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

@ AIMS Press

Y. Ke, M. J. A. Khan, M. Ibrahim, M. K. Siddiqui, On edge irregular reflexive labeling for cartesian
product of two graphs, Eur. Phys. J. Plus, 136 (2021), 6. https://doi.org/10.1140/epjp/s13360-020-
00960-1

M. J. A. Khan, M. Ibrahim, A. Ahmad, On edge irregular reflexive labeling of
categorical product of two paths, Comput. Syst. Sci. Eng., 36 (2021), 485-492.
https://doi.org/10.32604/csse.2021.014810

I. H. Agustin, Dafik, M. I. Utoyo, Slamin, M. Venkatachalam, The reflexive edge strength on some
almost regular graphs, Heliyon, 7 (2021), e06991. https://doi.org/10.1016/j.heliyon.2021.e06991

M. Baca, Labelings of two classes of convex polytopes, Utilitas Math., 34 (1988), 24-31.
https://doi.org/10.1002/bit.260310105

M. Baca, On magic labelings of convex polytopes, Ann. Discrete Math., 51 (1992), 13-16.
https://doi.org/10.1016/S0167-5060(08)70599-5

I. Tarawneh, R. Hasni, A. Ahmad, G. C. Lau, S. M. Lee, On the edge irregularity strength
of corona product of graphs with cycle, Discret. Math. Algorithms Appl., 12 (2020), 2050083.
https://doi.org/10.1142/S1793830920500834

H. Raza, S. Hayat, X. F. Pan, On the fault-tolerant metric dimension of convex polytopes, Appl.
Math. Comput., 339 (2018), 172—-185. https://doi.org/10.1016/j.amc.2018.07.010

H. Raza, S. Hayat, M. Imran, X. F. Pan, Fault-tolerant resolvability and extremal structures of
graphs, Mathematics, 7 (2019), 78. https://doi.org/10.3390/math7010078

S. Hayat, M. Y. H. Malik, A. Ahmad, S. Khan, F. Yousafzai, R. Hasni, On Hamilton-connectivity
and detour index of certain families of convex polytopes, Math. Probl. Eng., 2021 (2021), 5553216.
https://doi.org/10.1155/2021/5553216

S. Hayat, A. Khan, S. Khan, J. B. Liu, Hamilton connectivity of convex polytopes with applications
to their detour index, Complexity, 2021 (2021), 6684784. https://doi.org/10.1155/2021/6684784

S. Khan, S. Hayat, A. Khan, M. Y. H. Malik, J. Cao, Hamilton-connectedness and Hamilton-
laceability of planar geometric graphs with applications, AIMS Math., 6 (2021), 3947-3973.
https://doi.org/10.3934/math.2021235

Y. Zhang, S. Gao, On the edge metric dimension of convex polytopes and its related graphs, J.
Comb. Optim., 39 (2020), 334-350. https://doi.org/10.1007/s10878-019-00472-4

©2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 7, 11784—-11800.


http://dx.doi.org/https://doi.org/10.1140/epjp/s13360-020-00960-1
http://dx.doi.org/https://doi.org/10.1140/epjp/s13360-020-00960-1
http://dx.doi.org/https://doi.org/10.32604/csse.2021.014810
http://dx.doi.org/https://doi.org/10.1016/j.heliyon.2021.e06991
http://dx.doi.org/https://doi.org/10.1002/bit.260310105
http://dx.doi.org/https://doi.org/10.1016/S0167-5060(08)70599-5
http://dx.doi.org/https://doi.org/10.1142/S1793830920500834
http://dx.doi.org/https://doi.org/10.1016/j.amc.2018.07.010
http://dx.doi.org/https://doi.org/10.3390/math7010078
http://dx.doi.org/https://doi.org/10.1155/2021/5553216
http://dx.doi.org/https://doi.org/10.1155/2021/6684784
http://dx.doi.org/https://doi.org/10.3934/math.2021235
http://dx.doi.org/https://doi.org/10.1007/s10878-019-00472-4
http://creativecommons.org/licenses/by/4.0

	Introduction
	Convex polytope graphs
	Corona product of cycle and path
	Conclusions

