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Abstract. In this paper we examine boundedness of fractional maximal operator. The main
focus is on commutators and maximal commutators on generalized Orlicz spaces (also known
as Musielak—Orlicz spaces) for fractional maximal functions and Riesz potentials. We prove
their boundedness between generalized Orlicz spaces and give a characterization for functions
of bounded mean oscillation.
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1. INTRODUCTION

The Hardy—Littlewood maximal operator is one of the most central operators in
modern harmonic analysis and theory of partial differential equations. The aim of
this paper is to show boundedness result for fractional maximal operators and their
commutator variants in generalized Orlicz spaces (also known as Musielak—Orlicz
spaces), such as

NIM, Bl oy < CllF Lo ey

where M is a (fractional) maximal function and b belongs to space of bounded
mean oscillation BMO(RR™) (see Section 2). These type of boundedness properties for
commutators have been applied to partial differential equations with discontinuous
coefficients to obtain existence and regularity results of solutions, see for instance
[6,20]. On the other hand, a systematic study of various variational integrals or partial
differential equations under non-standard growth conditions has often started by
proving boundedness of the maximal operator in a related function space, see for
instance [10, 14, 23].
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Generalized Orlicz spaces (also known as Musielak—Orlicz spaces) started to gain
attraction in study of variational integrals and partial differential equations over the
previous decade, see for example [7,8,13,23,29]. These L¥-spaces include many of the
widely studied frameworks under (non-)uniformly elliptic problems such as standard
LP-spaces for p(z,t) = t?, Orlicz-spaces for ¢(x,t) = p(t), variable exponent spaces
for p(z,t) = t?*) and double phase spaces for (z,t) = t? + a(z)t9. They all fall under
the framework of so-called (p, ¢)-growth conditions dating back to Marcellini [28], see
also [17]. Developing theory in this general setting allows us to capture many delicate
phenomena not present in LP-scale and describe them with improved accuracy using
assumptions intrinsic to the problem at hand.

The fractional variant of the maximal function introduced in [30] and its bound-
edness properties have also been intensively studied. This version is also related to
fractional integrals such as the Riesz potential. Cianchi [9] first proved necessary
and sufficient conditions for boundedness of fractional maximal operator between
different Orlicz spaces. See also recent work of Musil [31]. In these articles, the
condition between Orlicz functions was described by a concept of domination. In [18]
this condition was proven to be equivalent to presentation used also in this article, i.e.,
a relation between the inverses of the (generalized) Orlicz functions. The boundedness
results have also been investigated in the variable exponent case, see [5,27]. The
relation between inverses and structural assumptions of the generalized Orlicz function
o required for the boundedness of the maximal function are collected in the following.

Assumptions 1.1. Let 1 <p < g < oo, & = Z% — % and ¢, ¥ € ®,,(R™) be such that

fe3

o Nz, t) =t (a,t). (1.1)
Let r € (2 %} Assume that ¢ satisfies (A0), (A1), (A2), (alnc), and (aDec) ;.

n?
Assumptions on ¢ are explained in Section 2. They are widely used in the functional
analysis of the generalised Orlicz spaces and the calculus of variations under general
growth conditions. See [22] for discussion on their consequences. Note that the as-
sumptions on ¢ guarantee the existence of described 1, see [22, Lemma 5.2.3]. We
could also state the assumptions starting from v satisfying (A0), (Al), (A2), (alnc),
and (aDec)y/(r—a/n)-

In this paper we study boundedness of fractional operators and their commutator
variants in the generalized Orlicz spaces. We prove that similar structural assumptions
required for boundedness of Hardy—Littlewood maximal operator in generalized Orlicz
spaces also imply boundedness of the fractional variant. For definitions of operators
My, My o, [Ma,b], I, Ip.o and [I,b] see Section 2. Our first result reads as follows.

Theorem 1.2. Under Assumptions 1.1 the fractional maximal operator
M, : L?(R™) — LY (R"™) is bounded.

The proof of this result is direct and does not involve extrapolation arguments.
We present it in Section 3. Theorem 1.2 is closely related to the boundedness of the
Riesz potential, which has already been studied in [21]. Here we work in a slightly
different framework for defining the target space and record that these results do not
require the generating ®-functions to be N-functions.



Fractional operators and their commutators on generalized Orlicz spaces 585

We are in the position to pass to a widely studied topic in the harmonic analysis,
that is a boundedness of commutators [T,b]f = T'(bf) — bT'f of various operators
T and functions b. One of the most influential paper regarding commutators in
harmonic analysis is due to Coifman, Rochberg and Weiss [11]. They showed that
T, 0] fllLeny < C|0l[« || f]| Lo ), where || - ||« is the BMO-seminorm (see Section 2).
Additionally, they gave a characterization of the space BMO(R"™) in terms of bounded-
ness of commutator [T,b] in LP(R™) when T is a Calder6n-Zygmund singular integral
operator. Similar characterization of Lipschitz spaces was given by Janson [26]: [T, b]
is bounded from LP(R™) to L9(R™), where 1 < p < ¢ < oo if and only if b € Ag and

B=n (1% — %) These types of commutator boundedness results have also been used

successfully for research regarding products of functions from real Hardy space H'(R")
and BMO(R™) [4] and giving new characterization of other well known function spaces
such as Campanato spaces [33].

When the operator is a maximal function instead of the Calderén—Zygmund
operator, the boundedness of commutators was studied in [3] and for fractional
maximal function in [35]. These results have had their generalizations from standard
LP-spaces to their non-standard counterparts such as the variable exponent Lebesgue
and Orlicz spaces [18,36,37] and more refined Morrey type spaces [2,19]. To achieve
these results in the generalized Orlicz spaces, we first study commutators related to
the Riesz potential in Section 4 with the help of the sharp maximal function.

Theorem 1.3. Under Assumptions 1.1, we have:
Lo, 01 f [l v ey < ClOI || fll o ).

2. | Iyaf e @ny < ClBINf e )

for every f € L¥(R™) and b € BMO(R™).

Theorem 1.4. Under Assumptions 1.1, the operator My, : L?(R™) — L¥(R") is
bounded and

[My,0fllo < ClIbll[1f]le
if and only if b € BMO(R™).

We use the boundedness results from the two theorems above to give a characteri-
zation for functions of bounded mean oscillation BMO(R™).

Theorem 1.5. Suppose Assumptions 1.1 hold and b € Ll (R™). Then the following
are equivalent:

1. b€ BMO(R") and b~ € L®(R"),

2. the commutator [My,b] : L?(R™) — LY (R") is bounded,

3. we have y
b— Q|7 My gb n(Rn
16— Q| a@bxellnen _
Q Ixel
for some n € @, (R™) for which M : L"(R™) — L7(R"™) is bounded,
4. condition (1.2) holds for all n € ®,(R™) satisfying (A0), (Al), (A2), (alnc)
and (aDec).

(1.2)

Ln(R™)
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To our best knowledge Theorems 1.3-1.5 are new already in many of the special cases
such as double phase and its variants.

Due to the structure of the generalized Orlicz spaces, the connection between
boundedness of the maximal operator in a generalized Orlicz space and its dual space
is not yet fully understood and therefore not possible to utilize here. For this reason,
we are forced to state our assumptions in a technical way given in Definition 2.3
instead of just the boundedness of the maximal function. However, some partial results
to alleviate this have been obtained in [15]. Additionally, the assumption linking the
domain and target space is known to be sharp in Orlicz spaces, but the non-autonomous
nature of generalized Orlicz spaces leaves this as an open question. To the best of our
knowledge, this is the case already in variable exponent spaces.

2. PRELIMINARIES

By L-almost increasing we mean that a function satisfies the inequality f(s) < Lf(t)
for all s <t and some constant L > 1 and L-almost decreasing is defined analogously.
If there exists a constant C' such that f(x) < Cg(z) for almost every z, then we write
f < g. Additionally, we write f ~ g if f < g < f holds and the constant C' may
vary from line to line. In the case of a measurable set A, we denote its characteristic
function by x4 and its Lebesgue measure by |A|. By f, f(x) dx we denote the integral
average ﬁ / 4 f(x) dz. We reserve @ to mean any cube in R™ with sides parallel to
coordinate axes and specify it to have a center x and side-length 2r, denoted as Q(zx, ),
when needed. By p’ we mean the Holder conjugate 1% of p.

2.1. GENERALIZED ®-FUNCTIONS

Definition 2.1. We say that ¢ : R™ x [0, 00) — [0, 00] is a weak ®-function, and write
p € @, (R™), if the following conditions hold:

— for any function f : R™ — R the function = — ¢(x,|f(x)|) is measurable and for
every x € R™ the function ¢ — ¢(x,t) is non-decreasing,
- ¢(z,0) = lim+ o(x,t) =0 and tlim o(x,t) = oo for every x € R",
t—0 — 00

-t @ is L-almost increasing with L independent of .

If p € ®,(R™) and additionally ¢ — ¢(x,t) is convex and left-continuous for almost
every x, then ¢ is a convex ®-function, and we write ¢ € ®.(R"™). If p € ¢,,(R™) and
additionally ¢ — ¢(z,t) is convex and continuous in the topology of [0, co] for almost
every z, then @ is a strong ®-function, and we write ¢ € ®5(R™). If ¢ does not depend
on the x variable, i.e. is an Orlicz function, we denote ¢ € ®,,.

A function ¢ € ®.(R"™) is called N-function if for almost every x we have ¢(z,t) €

(0,00) for all t > 0, lim; ,o+ “O(gtm) =0 and lim; .o @ = 00. If ¢ is an N-function,

then ¢ — @(x,t) is continuous for almost every x € R™, since it is finite and convex,
and thus a strong ®-function.
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Two functions ¢ and @ are equivalent, @ ~ 1, if there exists L > 1 such that
) (:c, %) < p(z,t) < Y(x, Lt) for every x € R™ and every ¢t > 0. We say two functions
¢ and 1 are weakly equivalent, ¢ ~ 1), if there exist L > 1 and h € L*(R") such that
P(z,t) < p(z, Lt) + h(z) and o(x,t) < ¥(x, Lt) + h(x) for all ¢ > 0 and almost all
x € R™. Weakly equivalent ®-functions give rise to the same space with comparable
norms.

By ¢~ !(z,t) we mean the generalized inverse defined by

o Mz, t) ;== inf{T € R: p(z,7) > t}.

Functions ¢ and 1 are equivalent if and only if ¢~ !(z,t) ~ ¢~ (z, ).
For ¢ € ®,,(R™) we define the conjugate ®-function ¢* € ®,,(R™) by

¥ (z,t) := ig}g{st —o(z,s)}.

We collect two results on how the generalized inverse behaves. For the proofs see
Lemma 2.3.3 and Theorem 2.4.8 in [22].

Lemma 2.2. Let ¢ € ®,,(R™). Then

a) (p(ﬂi,@_l(l‘,t)) =t when ¢ € ®5(R"),
b) o7 (a,t) (") (2, t) & .

We define the following conditions. They guarantee boundedness of maximal
operators and density of smooth functions.

Definition 2.3. We say that ¢ : R x [0,00) — [0, 00) satisfies:

(alnc), if ¢t — % is L,-almost increasing in (0, o) for some L, > 1 and a.e. x € R,

(aDec), if t — @ is Lg-almost decreasing in (0,00) for some L, > 1 and a.e.
r e R"™,
(A0) if there exists 3 € (0, 1] such that 3 < ¢~ (z,1) <
(A1) if there exists 5 € (0,1) such that

% for a.e. x € R™,

B~ a,t) < o My, t)

for every t € [1, ﬁ], a.e. z,y € @ and every cube @ with |Q| < 1,
(A2) if there exists po, € @y, h € L1 (R™) N L>®(R™), 8 € (0,1] and s > 0 such that

p(x, ft) < oo(t) +h(x)  and  poo(Bt) < @(x,1) + h(x)
for a.e. x € R™ when ¢ (t) € [0, s] and ¢(x,t) € [0, s], respectively.

We say ¢ satisfies (alnc) if it satisfies (alnc), for some p > 1 and similarly (aDec)
if it satisfies (aDec), for some ¢ < co. Conditions (alnc) and (aDec) correspond to
the V5 and As conditions respectively from the classical Orlicz space theory and rule
out the often problematic L' and L> spaces. (A0) rules out degenerate or singular
®-functions and is required for density of smooth functions in the generalized Orlicz
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space, for example. (A1) on the other hand is a regularity assumption generalizing for
instance the log-Hélder continuity of the variable exponent. It is a key assumption
for boundedness of the Hardy-Littlewood maximal function. Lastly, (A2) says that
there is an Orlicz function ¢, which is asymptotically weakly equivalent to ¢. This is
likewise required for the boundedness of the maximal function on unbounded sets.

Remark 2.4. We use the following properties without mentioning them explicitly.
For the proofs see [22].

a) The conditions (A0), (A1), (A2), (alnc), and (aDec), are invariant under equiva-
lence (~).

b) (A0), (A1) and (A2) hold for ¢ if and only if they hold also for ¢*. Additionally,
¢ satisfies (alnc), and (aDec) if and only if ¢* satisfies (aDec), and (alnc)y,
respectively.

c¢) For any p,q > 0 any ¢ € ®,,(R"™) satisfies (alnc), and (aDec), if and only if ¢~
satisfies (aDec);/, and (alnc), 4, respectively.

d) If ¢ satisfies (aDec),,, then it satisfies (aDec),, for all g2 > ¢3.

1

The generalized Orlicz space L?(R™) comprises of measurable functions f that
satisfy

[ saas@hd <o

for some A > 0. The space L¥(R") is a (quasi)Banach space when equipped with

a (quasi)norm
| fll Lo @ny = inf {)\ >0: / ® (;v, |f(/\x)|) dr < 1} .

We often abbreviate || f| ¢ ®n) as ||f]|,. To lighten the notation, we also often omit
absolute values in ¢(x, |f(z)]) since we can without loss of generality consider only
non-negative functions. A comprehensive presentation of generalized Orlicz spaces can
be found in [22].

We extend the classical Holder’s inequality to generalized Orlicz spaces.

Lemma 2.5 ([22, Lemma 3.2.11]). Let ¢ € ®,(R"), f € LY(R") and g € L¥ (R™).
Then

/ |f(@)llg(@)| de < 2|\ fllLe @mllgll Lo~ @)

Here the constant cannot be lower than 2 in general.
We can also have a ¢-norm on the left-hand side.

Lemma 2.6 (Generalized Holder’s inequality). Let ¢; € ®,,(R™) for i =1,2,3. If for
all t > 0 and almost every x € R™ we have

1 (@, )05 (@, t) < 3 (),
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then

I £l Les mry < 2C|| fllLer @) llgll ez @ry
for every f € L¥*(R™) and g € L¥>(R™). If p; € ®.(R™), then C = 1.
Proof. Without loss of generality, we may assume || f||ze1rn) = [|g||le2@n) = 1. If
i € ®.(R™), then the proofs in [32] apply verbatim. Suppose then we are not in
the convex regime, that is ¢; € ®,,(R™). There exist ¢; € ®.(R™) such that ¢; ~

[22, Lemma 2.2.1]. Now using the Young’s inequality for convex functions ; and the
equivalence, we end up with

3 <x, ;) < Y3 (x, zz) < (:v %) + 1o (:v 1§> < 1z, s) + pa(z,t)

where L is the largest equivalence constant of the three ®-functions. Denoting the
(alnc);-constant of 3 as Ly, we have

xr xr 1 x xT
|oon (ot do< g [ o (0.42) 4o (0.42) ao <1

Thus || fgllps < 2L1L3(1 +¢€)? — 2L, L? as € — 0 and the inequality is proven. [

The explicit norms of functions are often difficult to calculate, but under suitable
assumptions this can be done for characteristic functions of simple sets such as cubes.

Lemma 2.7 ([22, Proposition 4.4.8]). Let ¢ € ®,,(R™) satisfy (A0), (Al) and (A2).
Then for every cube Q C R™ we have

IxQllze @ lIxQll e @) =~ Q-
Here the implicit constant is independent of the cube Q.

The previous lemma combined with boundedness of averaging operator yields the
following result (see [22, Proposition 4.4.11]).

Lemma 2.8. Let ¢ € ©,(R™) satisfy (A0), (A1) and (A2). Then for every cube
Q C R™ we have

1
JCQ o1 (a:, ﬁ) de

HXQHLw(Rn) ~

2.2. OTHER FUNCTION SPACES AND OPERATORS

Next we introduce other function spaces appearing in this paper. Functions of bounded

mean oscillation, that is functions b € L{ (R") satisfying

1
sup —/ |b(z) — bg|dx < 0o, where bg = ][ b(z) dx
qcrn Q[ Jg Q
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and @ is a cube, play an essential role in the theory of commutators. They form
a function space BMO(R™) when equipped with a seminorm

bl = sup / b(z) — bg| dx.
(o]l [l |b( el

We define the negative part of a function b~ (x) := — min{b(z), 0} and similarly the
positive part b () = max{b(x),0}. It immediately follows that for every x we have

|b(x)| —b(x) = 2b™ ().
The space of compactly supported and smooth functions is denoted as C§°(R™).
This space is dense in L?(R"™) if ¢ satisfies (A0) and (aDec) [22, Theorem 3.7.15].
Lastly, we define various operators investigated in this paper. All of the maximal
operators are derived from non-centred Hardy-Littlewood maximal function

M) = s o [ 1)y
@3z Q)
This is comparable with the centred variant
1
) 1@, )| J g

as they enjoy pointwise inequalities M€ f(x) < M f(z) < 2"M°f(x). We can also have
a restricted maximal function in each cube Qg as

M f(z) = S £ (y)| dy

Ma,f() = sup |Q|/ F()] dy.
QCQO

We also define the sharp maximal function as

# _
M) = sup gy [ V1) folde

If a measurable function b is given, we define the maximal commutator as

Myf(r) = sup |Q|/ 1b(z) — b(y)||£(v)] dy

and the commutator of a maximal function is defined as
(M b]f () := M(bf)(x) — b(z) M f(z).
For e € (0,n), the focus of this article is the fractional maximal function

My f(x) := ngQﬁg/Qlf(y)ldy

and its variations similar to previously given to the Hardy—Littlewood maximal
function, denoted as My, g, f(z), My, f(z) and [M,, b]f(x).



Fractional operators and their commutators on generalized Orlicz spaces 591

Closely related to fractional maximal function is the Riesz potential of a function f

I, f(x) ::/]R Ly)dy

n |z =yl

For the Riesz potential we also have the variants
U@Mf@%=h@ﬁ@0—wﬂhf®ﬁmdh@ﬂ@=j4 RO £ (y) dy.

Note that I, , is often denoted in the literature as |1, b| or |b, I, |, but to unify notation
with maximal functions we use a different notation.

Boundedness of Hardy-Littlewood maximal operator in generalized Orlicz spaces
with the current framework was proven by Hésto [23]. In particular, if ¢ € ®,,(R™)
satisfies (A0), (A1), (A2) and (alnc), we have

1M flle < Carll flle (2.1)
for all f € LY(R™).

3. BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR

In this section we prove boundedness properties of the fractional maximal operator.
The result follows also from pointwise inequality M, f(x) < I.f(z) and [21] or from
extrapolation arguments [12] but here we give a direct proof of the result and simplify
the presentation of function spaces. To obtain this, we exploit the fact that ¢ can be
regularized to a function ¢, while preserving the function spaces and having equivalent
norms. This construction was developed in [21] but we demonstrate the steps involved
and show that our approach, that is assuming Assumptions 1.1 instead of using
compositions of the type po ()\’1), is the same. The main reason to consider regularized

®-function is to extend the range of ¢ in (Al) to {O, ﬁ} (see [21, Proposition 4.5]).
Note that we do not need to assume that ¢ is an N-function as was done in [21],
since the critical result, ¢~ !(z,t) (¢*) " (x,t) ~ t, is now known to hold for weak
®-functions, too.

1. We start with a generalized Orlicz function ¢ satisfying (A0), (A1), (A2), (alnc),

and (aDec); /., where r € (£, %] and p > 1.
2. Choose 1 € ® (R™) such that ¢i(z,1) = o (x,1) = 1 and ¢; ~ ¢
[22, Lemma 3.7.3].
3. Define ¢o(x,t) = max{pi(x,t),2¢t — 1}. We have p2 ~ ¢1 ~ ¢ and therefore ¢o
satisfies (A0), (A1), (A2), (alnc), and (aDec) .
4. Define
ot hent <1,
ﬂ%ﬂ:$w)() when

2¢09(x,t) —1 whent > 1,

where (¢2)o0(t) = limsup,_, o p2(7,1).
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In [21, Proposition 4.2] it was shown that L#(R") = L?(R") with comparable norms
and thus ¢ ~ @.

[21, Proposition 4.5] shows that the if o satisfies (A0), (A1) and (A2), then so does
@ (condition (A0) follows automatically, since @(x,1) =1 by construction). We add
to this by noting that regularization preserves also (alnc) and (aDec): for t < s < 1
we have
<P2(9375) 95('1:38)

< lim sup = ,
|z]— 00 sP sP

pa(z,t)

o(x,t
1) = lim sup m

tp |z] =00

for 1 <t < s we have

&(x,t) _ 209 (z,t) — 1 < 2p9(z, 8) < 22(,02(@5) -1 _ 22@(3@,5)

tp tpP ~ sP sP sP

and finally for ¢ < 1 < s (alnc) follows since ¢ is increasing. (aDec) is proven similarly.

There is still the question whether there exists a regularized function v which is
weakly equivalent to ¢ and satisfies the relation (1.1) with @. Since @ satisfies (A0),
(A1), (A2), (alnc), and (aDec); ., then by [22, Lemmas 3.7.3 and 5.2.3] there exists
Yo € ©4(R™) satisfying (alnc), and (aDec) /(r—q/n) such that 3~ (z,t) ~ twihy (2, t).
Let us show that v ~ 1 when ¢~ !(z,t) ~ twi)~!(x,t). Equivalently this means
that ¢ '(z,t) ~ ¢! (2,t + h(z)), where h € L*(R"). Since (aDec),, /o of ¢ implies
(alnc)qy, of ¢~ ! and we know that ¢ ~ @, we estimate

1 L N t) o oM @t + () o (@t + 20(2))
Yo @D~ TR E T R T R S Al
oMt 4 2h(x))
~ Tt + 2h(z))e/n

~ 1 (@, t + 2h(2)),

i.e. Yo ~ 9. From now on, we denote 1/; := 1) since it possesses all the relevant proper-

ties of a regularized function: weak equivalence, (A0) and (Al) in range ¢ € [0, ﬁ}

Remark 3.1. In the paper of Harjulehto and Héasto [21], the target space of I, was
constructed in a slightly different way than in our presentation. Let us show that they
are in fact equivalent: We show that under suitable structural conditions on ¢, the
Riesz potential maps functions from L#(R") — L¥(R™), where ¢ and v satisfy the
relation o~ (z,t) &~ t% =1 (x,t). In [21] the target function space is L#a (R™), where
©F is a convex ®-function equivalent to @(z, \"1(z,t)) with A(x,t) := to(z,t)"".
Recall that equivalence of ®-functions is an equivalent condition to comparability
of their inverses. The claim is invariant under equivalence of ®-functions so we can
assume that ¢, € ®5(R™) and therefore by Lemma 2.2 (a)

(05) (@, t) = Az, o N 1) = oM, t) (e, o e, 1) F
=t~ R () = T (a,8)

Thus ¢f, ~ 1 and they generate the same function spaces with comparable norms and
we resume to denote 1 for the function generating the target space.
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We collect these observations to the following lemma. Note that (A1) is now valid
for cubes of all sizes, not just those with |Q| < 1.

Lemma 3.2. Let ¢ and 1 satisfy Assumptions 1.1. Then there exist @,1/? € d,(R"™)
such that o ~ @, b~ ), §~(a,1) ~ t50~ (z,t) and §(x,1) S & (y,t) for every
cube Q, almost every x,y € Q and every t € [0, ﬁ .

Proof of Theorem 1.2. Recall the centred fractional maximal function

Mg f(z) == SUPW/ |f(y)| dy
>0 ’ Q(z,r)

and recall that M f(x) =~ My f(z). Thus, we can prove the boundedness for the
centred fractional maximal operator.
Let ®-functions ¢ and 9 be as in Lemma 3.2. Let Q(z,r) be any cube and split

a function f as f = fi+ fa, where f1(y) = f(Y)XQ(.r)(¥): and f2(y) = f(y)XQ(a.m-(Y)-
By sublinearity of the maximal operator we have M¢f(x) < MS f1(x) + ME fo(z).
We start by estimating the last term

Mg fa(z) SSUPW/ |f(y)| dy
t>0 ’ Q(z,t)NQ(z,r)°

< sup W /Q(z ) |f(y)|dy.

t>r

We proceed with Hélder’s inequality, Lemma 2.8 and Lemma 2.2 b)
Mg fa(x) S sup 1£1l61Q(, 1) */ ™ HIxe ]

@*

-1
< sup | fll1Qx, £)]2/n (f @) (. |Q<x,t>|—1>dy>
t>r Q1)

)

-1
<su 51Q(z, )|/t ][ P 1 — d .
N t>1;)\|f||so|Q( )l ( 0oty @D 7T RGO Yy

By convexity of z — % with Jensen’s inequality and Lemma 3.2 we continue

M f(z) < sup \Ifll@lQ(m)I“/"][ 5 (. Q1)) dy
t>r

Q(z,t)

< ||f||¢supt”‘f 5Ny, ) dy
t>r Q(g;’t)
<l sup 9 (o) < 60 (o)

For f1 we have M fi(x) SreMef(z) = r*M f(z) (see for example [24, Lemma. (b)]),
so returning to non-centred maximal functions we see

Mo f(@)] S oM F (@) + | Fllad™ (")
S M (@) Sl 4 | fll g ().
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Recall that ¢ € ®5(R™) so it is increasing and continuous, therefore surjective from

[0, 00) onto [0, 00). Thus we can choose r in such a way that ¢—!(z,r ") = C]\fjﬂ(ﬁ‘) ,

where C) is the constant in (2.1), and get
7—1 ~ M f(x)
Maf @) S 11697 (2.6 (2 flis ) ) -
Since 1) € ®,(R"), by Lemma 2.2 a) it follows that
7 | Mo f ()] 7 7,1 > Mf(z) — 3 Mf(z)
v (f” T, ) S (”“/’ (“W (I cM\|f|\¢))) =¢ (z CMIIfH@) :

Integrating both sides we have

7 | Mo f ()] ~ Mf(z)
/nw (Z‘, CMHfH@) dr S /]Rn 14 (mvm) dx < 1.

In other words |[Maf|; < [Ifllg- But ¢ and ¢ are weakly equivalent to ¢ and 9 so
they have comparable norms, respectively, and all in all

Mo fllLe@ey S I flle@ny- O

Remark 3.3. Contrary to the regular Orlicz case, we do not know if the assump-
tion ¢! (z,t) ~ twip~1(x,t) is necessary. To the best of our knowledge, this is an
open question already in the variable exponent case. Following the proof of Orlicz
case in [18], the problem arises as ||x¢||, cannot always be estimated pointwise as

(¢~ (=, |B|*1))71 but only in the integral from as in Lemma 2.8.

4. COMMUTATORS OF RIESZ POTENTIAL

It turns out that the boundedness of [I,,b] can be tackled with the sharp maximal
function. Our methods are based on [25]. There is no pointwise inequality between
a function f and the sharp maximal function M*f but a norm estimate can be achieved
as is done in Lemma 4.1. Due to density of C§°(R™) in L?(R™) (see [22, Corollary
3.7.10]) and (2.1), the proof follows as in [16, Lemma 6.2.4].

Lemma 4.1. If p € $,(R™) satisfies (A0), (Al), (A2), (alnc) and (aDec), then

I fllze@ny S 1M FIl Lo rny
for all f € L¥(R™).

The next lemma has been proven by Shirai in the case of [I,,b] but the proof
works without changes also for the operator I 4.

Lemma 4.2 ([34, Lemma 4.2]). Suppose 0 < o <n and s € (1,00). Then for every
b € BMO(R™) and f € C§°(R™) we have pointwise estimates:

L M ([La, 0)f) () S Il (TalfI(x) + Tas (1 1) ()'/*),

2. M¥(Iyof)(@) S Blls (Zalf1(2) + Las(IF1°)(2)/*) -
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The following lemma is the main result of [21] taking account Remark 3.1.

Lemma 4.3. If ¢ and v satisfy Assumptions 1.1, then the Riesz potential
I, : L¥(R™) — LY(R") is bounded.

Combining these lemmas, we get the boundedness of Riesz type.

Proof of Theorem 1.3. We give the proof for (1) as the proof of (2) is identical. Let
us denote p; = ¢ (:z:,tl/ 5) for any weak ®-function. Recall that ) satisfies similar
assumptions to ¢ but with different parameters in (alnc) and (aDec). Therefore,
choosing any s € (1,p) and applying first Lemma 4.1 and then Lemma 4.2, we see
that for any f € C§°(R™) and b € BMO(R")

I, 01 F 11y S UM (Las 1)l S NBlllZal |+ Las(1F1°)* |y
o1/ (4.1)
< Dol (Mal Ul + 1 as (A1) -
By Lemma 4.3, I, : L¥(R") — L¥(R") is bounded so let us show boundedness of
Ins : L?:(R") — LY=(R™). It is easy to check that (1) " (z,t) = ¢ ~(x,t)*. Next,
it immediately follows that
(a) " (2,1) =97 (@, 1) Rt T (1) At ) (1),
In [22, Proposition 5.2.2] it is shown that ¢, satisfies (A0), (A1), (A2), (alnc),,, and

(aDec)y /ys. Since £ > 1 and rs € (22, %], Lemma 4.3 shows that I, is bounded from

L#s(R") to L¥+(R™) and likewise
1 1
Mas (1F1) 11, < M. -
Coming back to (4.1) and definition of p-norm, we have
e, 81l S el (11l + 1705) S 10117

Since ¢ satisfies (AO) and (aDec), we know that C3°(R™) is dense in L¥(R™)
[22, Corollary 3.7.10]. Now we get the result for all f € L¥(R™) since the commutator
is linear and bounded on a dense set. O

*

5. MAXIMAL COMMUTATORS

In this section we show boundedness of both maximal commutators
My : L?(R") — LP(R™) and My, : L¥(R™) — LY(R™).

We start with the simpler non-fractional version but first we collect some lemmas. The
first lemma was essentially proven in [1, Corollaries 1.11, 1.12]. Authors’ main results
lead to pointwise estimates

My f(x) < [IbllM?f(2) and [[M,b]F(2)] S (167 + 167 [|oo) M f ()

where b € BMO(R"), so the following lemma holds for any (quasi) Banach space where
M is bounded, especially for L¥(R™).
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Lemma 5.1. If b € BMO(R") and ¢ € ®,(R") satisfies (A0), (A1), (A2) and (alnc),
then

1Mo fllo < N0l 1l

If additionally b= € L>*(R"™), then also the commutator [M,b] : L¥(R™) — L¥(R"™)
s bounded.

It is straightforward to prove that b € BMO(R™) is also a necessary condition for
boundedness of the maximal commutator and we get the following characterization
of BMO(R™).

Proposition 5.2. Let b € L} (R") and ¢ € ®,(R™) satisfy (A0), (A1), (A2) and
(alnc). Then My : L?(R™) — L‘”(R”) is bounded if and only if b € BMO(R™).

Proof. If b € BMO(R™), the claim follows directly from Lemma 5.1.

Let us then assume that M, : L?(R™) — L?(R™) is bounded and take any cube
@ C R". Using Holder’s inequality (Lemma 2.5), the assumption and Lemma 2.7 in
this order, we see that

72|b<x>—bg|dm<f (/1) = bixets >dy) o< [ Mo dr

o <C.

§f Myx xoller < —
|Q‘H ollellxelle |Q||

Taking the supremum over all cubes @, we see that b € BMO(R"™). O

As the fractional commutators are closely related, we get the boundedness of
maximal fractional commutator also in a similar fashion.

Proof of Theorem 1.4. Let us first assume that b € BMO(R™). Since we have the
pointwise estimate My o f < Ip o(]f]), Theorem 1.3 (2) immediately yields

1Mo fllw S [Ho,0(lFDllw S N0l fllo-

Let us then assume that M, , is bounded and @) is an arbitrary cube. This and
Holder’s inequality give

1, o)~ bolde < g | (a1~ = [ 1H@) —bwlxaty )iy )

1 1
< W”MMXQMHXQHW S WHX@”@

Now we need to estimate ||xqll, in terms of ||xq|ly. This is done with the help of
Lemma 2.8:

1 Ql/r

~

for (oiln) do fou (o

xell, =~ ~ Q1™ Ixqlly- (5.1)
) dx
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Therefore Lemma 2.7 and the previous two displays yield

1/ 1
— b(z) —boldr < —||x xollv < C.
1] Ql (z) = be |Q|H allvllxalle

Taking supremum over all cubes @ we see that b € BMO(R"). O

6. COMMUTATORS OF FRACTIONAL MAXIMAL OPERATORS

In this section we combine previous estimates of maximal operators to show bounded-
ness of commutators of fractional maximal operators generalizing the ideas of Zhang,
Si and Wu in [36,37]. In [3] the authors showed the following characterization for
functions with bounded mean oscillation and negative part. The proof of b € BMO(R"™)
is similar to the proof of Lemma 6.3. However, the L' nature of assumption with
non-fractional maximal function is needed for b= € L*°(R") and it is not known if
assumption like the norm estimate in Lemma 6.3 with fractional maximal function
implies this.

Lemma 6.1. Suppose b € LL _(R™) and
sup ] / |b(z) — Mgb(z)| dx < oo.

Then b € BMO(R™) and b~ € L>*(R").

The next result is a weaker form of Proposition 6.4, but it will be used later when
we have commutator with |b| which is clearly non-negative.

Lemma 6.2. Let Assumptions 1.1 hold. If 0 < b € BMO(R"), then the commutator
[M,b] : LY (R™) — LY(R™) is bounded.

Proof. As |b(z)| = b(zx) for all z € R™, we see that

M, B < 0 oz | 16) = b)ILF0)] dy = Mo ).

By Theorem 1.4 we see that the commutator is bounded. O

Let us separate the following result as a lemma.

Lemma 6.3. Let Assumptions 1.1 hold and suppose [M,,b] : L?(R™) — L¥(R™)
is bounded, where b € L{, (R™). Then b € BMO(R") and

(b — |QI~*/" Ma,qb)xqlls

<C
Ixelly

for every cube Q@ and some finite constant C independent of Q.
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Proof. Let us first prove the norm estimate. First of all, we have the following identities
for maximal functions of a characteristic function

]' a/n
Maxole) = Maaxa(w) = sup (o /Q Yo(@)dz = Q" (6.1)
and
1
Mo (bx@)(x) = Ma,gb(z) = S G- /@b<w>m<x> dx (6.2)

for 2 € Q. These combined with the assumption that [M,,b] : L¥(R") — L¥(R")
is bounded, we have the following estimate

16— 1QI™" Maq(0))xqlls < 1QI™*™[[6Maxq — Ma(bxq)lly
= QI [Ma, blxallw < 1Q17*"lIxQlle-

We proceed as in (5.1) to estimate | xoll, S Q%™ |Ixq|lw. Thus

(b= Q™" Ma,gb)xalls S lxellw (6.3)

for every cube @, so we have proved the desired norm estimate.
Now we are ready to prove that b € BMO(R™). Let us denote for any cube @ sets

E={zeQ:b(z)<bg} and F:={zxe@:b(z)>bg}
It is immediate that £ = F'° and this combined with

/ b(z) —bodr =0
Q
yields
/ b(z) — bo) dz = / b(z) — bo| da
E F
Also, for any = € E it holds that b(x) < bg < |bg| < |Q|*/" M, gb(x). Therefore

[b(z) = bol < |b(x) — Q7" Mo, (b)(2)|

in the set E.
Let us estimate the mean oscillation of the function b

F 1b6a) ~ baldz =2 4. [b(a) = boldi < 2 4. [b(a) = 1QI"*/" Ma.gbo)] de
Q E E
<2 o) - Q" Magbo)] da.
Q
We estimate the last integral with Holder’s inequality, (6.3) and Lemma 2.7 to get
1 _
]é @) bl dz < 72516~ Q17" M b xellv el

Thus, by definition, b € BMO(R™). O

v < C. (6.4)
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In the next proposition we characterize BMO(R™) in terms of boundedness of
commutators with fractional maximal operators. In Theorem 1.5 we improve condition
(3) to a more intrinsic condition containing the fractional maximal operator.

Proposition 6.4. Let Assumptions 1.1 hold. If b € LL (R™), then the following are
equivalent:

1. b€ BMO(R") and b= € L®(R").

2. The commutator [Mg,b] : L?(R"™) — L¥(R™) is bounded.

3. We have
[(b— Mab)xallLv@n
sup

Q HXQHLw(Rn)

Proof. We proceed to prove (1) = (2) = (3) = (1). For the first implication we start
with the following pointwise estimates

|[Ma, b]f(z) = [Ma, [b]] f ()]
< Mo (bf)(2) = Ma([blf)()] + 207 (2) Mo f(2)]
=2b" ()M f(x).

In other words, we have a direct estimate for the commutator

|[Ma; 0} f ()] < |[Ma; b f (2) = [Ma, [bl] £ ()] + [[Ma, D] f ()|

<
<20~ (@) My f(2) + | [Ma, [b]]f (z)].

Since b € BMO(R"™) implies that [b] € BMO(R"™), recalling the assumption
b~ € L*(R™) we can combine Theorem 1.2 and Lemma 6.2 to get

I[Ma, 0] f [l < 20107 [loo | Ma Sl + [[Mas [BI}fllp S £l
Next we prove (2) = (3) and start with Lemma 6.3, which yields
(b= 1QI™ % Magb)xqlls + 1(1Q™ " Ma.gb — Mgb)xqlly
xells + Q17" [(Ma,qb — Q™ Mob)xqllw-
Letting « € @ and taking (6.1) and (6.2) into account, we have
[Ma, [bllxq(2) = Ma(bxq)(z) — [b(z)|Maxq(z) = Ma,qb(z) — Q| [b(x)]

together with |Q|= [M, |bl]xq(z) = |Q| " Mgb(z) — |Q| ™ |b(x)|. We subtract the second
from the first and get

[Ma, [bllxq (=) — QI [M, [bllxq(2) = Ma,@b(x) — Q| Mgb(x).
This and (6.5) combine to

16 = Mab)xally < Ixqlls + QI [Ma, [bllxq — Q1% [M, [bllxoll
<lxalls + Q17 I[Ma, lblxally + [V, [Bllxoll -

b— Mob <
¢ ob)xqlly . (6.5)
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As 0 < |b| € BMO(R™), the commutators are bounded (Lemma 5.1 and Lemma 6.2),
and thus

16 = Mab)xally < lIxells + Q7™ + lIxellw-
Finally, using (5.1) for the second term on the right-hand side, we have

[(b—Mgb)xglly S lxelle-

Then we show (3) = (1). Holder’s inequality and Lemma 2.7 yield

IQI/lb ~ Mokl >'d$~|cz\”(b_

< @HXQHwHXQHw* <C

Now Lemma 6.1 shows that b € BMO(R") and b~ € L>®(R"™). O

Now we prove our main theorem regarding commutators of fractional maximal opera-
tors. The main difference of Theorem 1.5 to previous proposition is that the norm condi-
tion includes fractional maximal operator instead of a standard Hardy-Littlewood maxi-
mal operator. Also, it is enough for the norm condition to hold for any weak ®-function 7
with structural conditions guaranteeing boundedness of the Hardy-Littlewood maximal
operator.

Proof of Theorem 1.5. Equivalence (1) < (2) was proven in Proposition 6.4. As the
implication (4) = (3) is immediate, we proceed to prove (3) = (1) and (2) = (4).
We first assume (3). Choosing any cube @ we get

f b(x) — Mab(a)] dar < f b(x) — QI /" Mo gb(a)]| da
+ ][ ||Q|_a/nMoc,Qb($) - MQb($)| dr =: I; + I.
Q

We first estimate the term I; with Holder’s inequality, Lemma 2.7 and the assumption
as follows

(6—1QI~*/" Ma,ob)xa llw <C.
Ixelly

IS 6= Q" Magb)

For I let us choose any = € Q. Then (6.1) and (6.2) guarantee us that for z € Q
we have Mxg(z) = 1 and M(bxg)(z) = Mgb(z) for the maximal function and
Myxo(x) =|Q|*/™ and M, (bxg)(z) = M, gb(z) for the fractional maximal function.
With these observations we estimate the integrand in I as a sum of commutators

1172/ Ma,gb(a) — Mab(x)| < |QI™/"|Ma.qb() - |QI/"[b(x)|
+[[b(@)] ~ Mab(e)|
= 1QI " | [Mas [blxq (@) + M, [b]xq (@)



Fractional operators and their commutators on generalized Orlicz spaces 601

This yields
JA /I[M bllxo ()] do + — /HM bllxo (@) de = I} + 13
X o X — R = .
2 Q[ e/ Jo @ Q| Jo @ S

Now the assumption (3) and a similar argument as in latter part of Lemma 6.3
show that b € BMO(IR™) which further implies that |b] € BMO(RR™). Therefore, we can
apply Lemma 6.2 to see that [M,,|b]] and [M, |b]] are bounded operators. I3 can be
shown to be bounded in the following way using Holder’s inequality, the boundedness
of the commutator, (5.1) and Lemma 2.7

1 1
Izl S WH[MOU bllxallelixelle- < W”X@”w”X@”W <C.

In a similar fashion the second term is shown be bounded

1 1
I3 5 @H[M blixallellxelle < @”X@Hs@HX”w* <O

Therefore by Lemma 6.1 we have b € BMO(R"™) and b~ € L*>(R").

Let us then assume (2) and prove (4). Lemma 6.3 shows that (1.2) holds when
n = 1 satisfying the relation with ¢. Let 1 then be any weak ®-function such that
the maximal operator is bounded from L7(R™) — L7(R™). We choose 9(z,t) =
n(z,t"), where r > —"— to guarantee that ¢ satisfies (alnc). Let us denote {(x,t) =

n(z,t"), where ' is the Holder conjugate of r. Now

7771(517715) = nil(xat)l/rnil(xvt)l/ﬂ = d)il(xvt)éil(xﬂt)

so the generalized Holder’s inequality, Lemma 2.6, is valid with 7, and &. Applying
first it and then (1.2) with n = ¢ we get

[(b=1Q|_*/"Ma.gb)xally <« I(=1QI”*/"Ma.ob)xallslixelle « lIxellvlixalle
lIxelly ~ Ixelly ~  xelln

From the definitions of ¥ and & we finally have

_ 1 1/r’
[(b— Q1" Magb)xalls — Ixellvlxale - IxelyIxel’™ _, 4
Ixelly el T xell
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