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Abstract. We complete the study started in the paper [P. Pucci, L. Temperini, On the
concentration—compactness principle for Folland—Stein spaces and for fractional horizontal
Sobolev spaces, Math. Eng. 5 (2023), Paper no. 007], giving some applications of its abstract
results to get existence of solutions of certain critical equations in the entire Heinseberg group.
In particular, different conditions for existence are given for critical horizontal p-Laplacian
equations.
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1. INTRODUCTION

In this paper, we consider the critical equation
—Appu = Xw(@)|ul*u+ K(@ul" Pu in H, (€)

with 1 < p < @, where Q = 2n + 2 is the homogeneous dimension of the Heisenberg
group H"; furthermore, p < ¢ < p* and

is the critical exponent associated to p.
The operator Ap , is the well known horizontal p (Kohn-Spencer) Laplacian, which
is defined as
Appp = diva ([Daelty D),

for all ¢ € C?(H"). Here the vector

DHSOZ (Xl(p» 7X’I’LS07Y1§D"" 7Yn30)
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denotes the horizontal gradient of ¢, where { X, Y;}7_; is the basis of the horizontal
left invariant vector fields on H", that is
0 0 0 0
Xi= 5w, TWige YT, Mg
forj=1,...,n.

Critical problems have been intensively studied in the last decades, starting with
the pioneering paper by Brezis and Nirenberg [8] for the Dirichlet Laplacian problems
in bounded domains of R¥.

In the context of stratified groups, the study of critical equations has received
a great deal of interest in the last years, due to the connection with the Yamabe
problem and the Webster scalar curvature problem on CR manifolds. More precisely,
when p = 2 and (2 is a smooth bounded domain of H", the Dirichlet problem

—Apu =M+ |[ul* 2u in €,
u =0, on 0N

has been studied by Citti in [9], using the explicit knowledge of the Sobolev minimizers
for the horizontal gradient, see the paper of Jerison and Lee [22]. For other extensions
to Choquard critical linearities in Dirichlet problems we refer to [17] and the references
therein.

Afterwards, Loiudice studied in [24] the existence of positive and sign changing
solutions for the problem in a general Carnot group G. The key tools are the results
due to Garofalo and Vassilev in [15], concerning the best constant in the Folland—Stein
embedding on Carnot groups, obtained by using concentration—compactness arguments,
and a deep analysis developed by Bonfiglioli and Uguzzoni in [5]. Interestingly, unlike
the Euclidean case, in the Heinseberg setting the existence of positive solutions
for the problem is not related to the space dimension. Indeed, in the space R¥ it is
well known that a different behavior occurs when NV = 3 and NV > 4. This phenomenon
— known as “critical dimension” and observed in a wide class of elliptic critical prob-
lems — does not occur here, since the homogeneous dimension @ = 2n + 2, which plays
the key role in this context, is always greater or equal to 4.

In [26], Molica Bisci and Repovs prove the existence of at least one nontrivial
solution for a subelliptic critical equation with subcritical continuous perturbations
on a smooth and bounded domain €2 of a Carnot group G. This type of problems
naturally arises in the study of the Yamabe problem for a CR manifold (M, g). Let us
also mention the paper by Garofalo and Lanconelli [13] and its references, where the
authors study differential problems involving subelliptic operators on stratified groups.

Concerning the study on the nonlocal equations in the Heisenberg group we refer
to [16,30].

The Folland-Stein space S1P(Q2), 1 < p < Q, is defined as the completion of C°(Q)
with respect to the norm

1/p

|Daell, = / Dylt,de
Q
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When the domain © is not bounded, SY"P(2), 1 < p < @, may not be compactly
embedded into a Lebesgue space. This lack of compactness produces several difficulties
in applying the variational methods. For example, Molica Bisci and Pucci in [25] study
the problem

—Apgu+u=h(€)f(u) + MNul? 2u in 0,
u =0, on 0N).

in a domain €2 which satisfies some geometrical assumptions to recover compactness.

Finally, in the more general case 1 < p < @, Bordoni, Filippucci and Pucci in [6]
establish existence and asymptotic behavior of nontrivial solutions for the following
problem involving Hardy terms in bounded and unbounded domains of H"

e = M@l e+ K@ e in
u=>0 on 0,

where v and A are real parameters, the exponent ¢ is such that p < ¢ < p*, r is
the Kordnyi norm 7(¢) = r(z,t) = (|2[* +#3)4, 2 = (z,9) € R® x R", ¢t € R, and
| - | is the Euclidean norm in R?". Furthermore, the weight function v is defined as
¥ = |Dgnr|gn, while the weights w and K satisfy

*

p

*

b —q

(BFP); w>0a.e. inH'and w e LY(H"), with p =

and p < q < p*,
(BFP)y K >0a.e inH" and K € L*(H").

Note that when v = 0 we recover equation (£), in the special case p < ¢ < p*. We also
mention the works [27-29], concerning critical problems in H", involving subelliptic
operators, with nonstandard growth conditions.

In this paper, when dealing with equation (£), we distinguish two different situa-
tions:

(1) 1<p<q<p
(2) 1<p=q<p"

In the first case, we assume that

(w1) w >0, we L (H"),is such that the embedding S*P(H") — L(H", wd§)
15 compact;
(K1) K>0ae inH", K€ L*®MH") and T(gr_r)looK(g) = Ko € R,
where R = [0, 00).
Then it is possible to prove the following result.
Theorem 1.1. Let 1 < p < Q and p < q < p*. Assume that (w1) and (Hy) are

satisfied. Then, there exists \* > 0 such that for all X > N\* the equation (£) admits at
least a nontrivial solution.
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Clearly, Theorem 1.1 trivially extends Theorem 1.1 of [6], when v = 0. Indeed,
condition (BFP); ensures, by means of Lemma 3.1 of [6], that the embedding
SLP(H") — LY(H", wdf) is compact or, in other words, that (w;) holds. Theorem 1.1
is obtained via an application of the concentration—compactness results in [29].

The second case, namely when p and g are equal, is more challenging and is not
treated in [6]. Following somehow [4], if p = ¢ we assume that K(§) = 1, so that (K7)
is trivially satisfied, and that w verifies (w;) and the additional request

(w2) w € L (H"™) and there exists o € H" such that w is continuous at &y
and w(&o) > 0.

We are then able to prove the following theorem.

Theorem 1.2. Let p > 1 be such that p?> < Q. Assume that the function w satisfies
(w1) with p = q and (w2) and that K = 1. Then, equation (£) admits at least
a nontrivial solution for any A € (0, A1), where

A=M(w) = inf __NDaelly (1.1)
veStr(Hn) [, w()|v|PdE

The idea behind the construction of the solution in Theorem 1.2 goes back to the
seminal paper by Brezis and Nirenberg [8]. The main difficulty is the unavailability of

an explicit form of the extremals for the Folland—Stein embedding. Let us recall it.
If 1 < p < Q, then there exists a positive constant C = C(p, Q) > 0 such that

/|¢\P*d5 < C/ |Dirolbde  for all p € C°(HM). (1.2)
Hr» H»

The above result is due to Folland and Stein [11] and it is valid in the more general
context of Carnot groups. Unlike the Euclidean case, cf. [32] and [1], the value of
the best constant in (1.2) is unknown. In the particular case p = 2, the problem
of the determination of the best constant in (1.2) is related to the CR Yamabe
problem and it has been solved by the works of Jerison and Lee [20-23]. In the general
case, existence of extremal functions of (1.2) was proved by Vassilev in [33] via the
concentration—compactness method of Lions, see also [19]. This method does not allow
an explicit determination of the best constant Cp- of (1.2). However, we know from [33]
that C)« is achieved in the Folland—Stein space S*P(H") and so we can write the best
constant Cp« = Cp+(p, Q) of the Folland—Stein inequality (1.2) as

[ Drrullp

C,. =
P uestrany lu
u#0

(1.3)

p
p*

and clearly Cp- > 0.
Note that the Euler-Lagrange equation of the nonnegative extremals of (1.2) leads
to the critical equation
—Apgpu=[ulP" "2u in H".
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Thus, what is known from Theorem 1.2 of [24] is that if 1 < p < @, then there exists
an extremal U € SYP(H") for (1.2) and the following estimate holds:

U ~r)r 1 asr() — oo (1.4)

The knowledge of the exact asymptotic behavior at infinity of Sobolev extremals turns
out to be crucial in order to obtain existence results for the Brezis—Nirenberg type
problems whenever the explicit form of minimizers is not known. Finally, assumption
p? < Q, together with (1.4), ensures that U € LP(H") since otherwise, as we already
noted, functions in S'?(H") may not belong to the Lebesgue space LP(H").

The paper is divided into three sections. Section 2 contains some preliminaries and
notations. Section 3 is devoted to the proofs of Theorems 1.1 and 1.2.

2. PRELIMINARIES

We briefly recall the relevant definitions and notations related to the Heisenberg
group functional setting. For a complete treatment, we refer to [13,14,19,33]. Let
H™ be the Heisenberg group of topological dimension 2n + 1, that is the Lie group
which has R?"*! as a background manifold and whose group structure is given by the
non—Abelian law

n
ot = ( +2 Lt 2 (v — a:iy;))
i=1
for all £, &' € H", with
é.:(z,t):(Il,...,ﬂ]‘n’y17...,yn7t) and glz(zl7tl):(x{l7'"7x’/ﬂ’y:/l7"'7y':l/’t/)'

The inverse is given by ¢ 71 = —¢ and so (€0 ¢&)™1 = (¢)7Log~ L
The real Lie algebra of H” is generated by the left—invariant vector fields on H"™

0 0 0 0 0
Xi=—+4+2yji—, YV,=——-2z0;—, T=_—,
1T B, T iy T 5y T i ot
for j = 1,...,n. This basis satisfies the Heisenberg canonical commutation relations

(X, Yi] = =404 T, [V}, Yi] = [X;, Xi| = [V}, T] = [X;, T] = 0.

Moreover, all the commutators of length greater than two vanish, and so H" is
a nilpotent graded stratified group of step two. A left invariant vector field X, which
is in the span of {X;,Y;}7_,, is called horizontal.

For each real positive number R, the dilation d : H® — H", naturally associated
with the Heisenberg group structure, is defined by

Sr(€) = (Rz, R*t) for all £ = (z,t) € H".
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It is easy to verify that the Jacobian determinant of the dilatation dg is constant and
equal to R?"*2, where the natural number Q = 2n + 2 is the homogeneous dimension
of H™, which coincides with its Hausdorff dimension.

The anisotropic dilation structure on H" introduces the Kordnyi norm, which is
given by

r(&) =r(z,t) = (|2|* + )4 for all € = (2,t) € H".

Consequently, the Kordanyi norm is homogeneous of degree 1, with respect to the
dilations dgr, R > 0, that is

r(6r(€)) = r(Rz, R%t) = (|Rz|* + R*?)Y* = Rr(€) for all € = (z,t) € H™.

Clearly, dr(no &) = dr(n) o 0r(£). The corresponding distance, the so called Kordnyi
distance, is
dx(&,€)=r( ' o¢) forall (&¢)eH" x H".

Let Br(&) = {£ € H" : dk(£,&) < R} be the Kordnyi open ball of radius R centered
at &o. For simplicity we put Bg = Bgr(O), where O = (0, 0) is the natural origin of H".

The Lebesgue measure on R?"*+! is invariant under the left translations of the
Heisenberg group. Thus, since the Haar measures on Lie groups are unique up to
constant multipliers, we denote by d¢ the Haar measure on H" that coincides with the
(2n 4 1)-Lebesgue measure and by |U| the (2n 4 1)-dimensional Lebesgue measure of
any measurable set U C H". Furthermore, the Haar measure on H" is Q—homogeneous
with respect to dilations §r. Consequently,

0r(U)| = R9|U|, d(6r€) = RYdE.

In particular, |[Bg(&)| = |B1|R? for all & € H".
We define the horizontal gradient of a C! function v : H* — R by
Dyu = [(X;u)X; + (Y;u)Y;].
j=1

J 1 R?” we consider the natural

n
E ' (z7y + 390
j=1

for X = {27X; + ijj}?:l and Y = {y/X; + ¥’Y;}7_;. The inner product (")
produces the Hilbertian norm

Clearly, Dyu € span{ X}, Y;}7_;. In span{X;
inner product given by

H

| X|g = (X,X)H

for any horizontal vector field X.
Let X = X(§), X = {27 X; + #/Y;}7_,, be a horizontal vector field function of

class C1(H"™,R?"). Then, the horizontal divergence of X is defined by

divg X = Z (27) + Y;(37)).
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Similarly, if u € C?(H"), then the Kohn-Spencer Laplacian in H", or equivalently the
horizontal Laplacian, or the sub—Laplacian, of u is

n

Apu=) (X} +Y})u
j=1

Z A u+4|z|2@
- 32 ay? " " ox,0t i Gyt a2

According to the celebrated Theorem 1.1 and the terminology due to Hérmander
n [18], the operator Ap is hypoelliptic. In particular, Agu = divgDgu for each
u € C?(H").

A well known generalization of the Kohn—Spencer Laplacian is the horizontal
p—Laplacian on the Heisenberg group, p € (1, 00), defined by

Ay pp = divH(|DHap|1;I_2DH<p) for all p € C°(H").

3. PROOF OF THEOREM 1.1

From now on we require that the structural assumptions (w;) and (K;) hold and
that 1 < p < ¢ < @, without further mentioning unless necessary. Observe that
(weak) solutions of (£) correspond to critical points of the associated Euler-Lagrange
functional Iy, with I : SP(H") — R defined by

Iw) = 1Dl = 2l — -l
where
1/q 1/p”
oo = | [ @ttt | and e = | [ K@ de
Hn Hn
Note that I is of class a C*(S1P(H")) by the structural assumptions and
(In(w), v) = (u,v)p — Mu, v) g — (U, V)

for any u,v € SLP(H™).
From here on (-, -) simply denotes the dual pairing between S*?(H") and its dual
space [S1P(H™)]" and for brevity we put

(u,v>p:/(|DHu\1}{_2DHu,DHU)Hd§, (u,v>q,w:/w(§)|u|q_2uvd§,

Hn H~»

wmez/K@wﬁﬂw%.

H~»
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The simplified notation is reasonable, since for all v € S™?(H™) the functionals (u, -),,
(U, ) gy (U, )p= x are linear and bounded on S1*(H™).

Before studying equation (£), let us recall the following, crucial inequality, originally
proved by Simon in [31]. For all s € (1,00) there exists « > 0, depending only on s,
such that

As(X,Y), 522,

3.1
AX Y)Y (X4 V)92, 1<s<2 D

|X—Y%§m{

where
AXY) = (IX[52X = Y57V, X - Y),

for all X and Y in the span of {X;, Y;}7_;.

For later purposes, let us observe that the eigenvalue A; defined in (1.1) is strictly
positive. Indeed, by (w;), the embedding S*P(H") — LI(H",wd€) is continuous.
Therefore, there exists C = C(p, ¢, w) > 0 such that

/w(§)|v|qd§ < C||Dgv|?  for any v € SHP(H™).

H‘IL
Hence, passing to the infimum over v € S*P(H") we get

| Drollh 1
A = — P > _ 5.
LT et [y, w(€)vfede = C

Let us recall that if A > 0 is fixed, a sequence (uy), C SVP(H") is a Palais—Smale
sequence of I at some real level c, if

In(ug) = ¢ and I{(ux) =0 in [SYP(H")] as k — oo. (3.2)

Lemma 3.1. Let A > 0 be such that

{/\>0, if 1 <p<q<p, (3.3)

0<A<\, ifl<p=gq<p,

where A1 is defined in (1.1), and let (ur)r be a Palais—Smale sequence for Iy at some
level ¢ > 0. Then, there exists u € SYP(H"™) such that, up to a subsequence, up — u
weakly in S¥P(H™) and u is a (weak) solution of (£).

Proof. The proof is more or less classical, so we sketch it. Fix A > 0 as in (3.3). Let
(ug)r C SVP(H™) be a Palais-Smale sequence of I at a level ¢ > 0. We start showing
that (uy) is bounded in S%?(H"). Thanks to (3.2), as k — 0o

AL (u) ), fl<p<qg<p
o (I (ug)yug), if1<p=gq<p*

c+o(l) > In(ur) — {

> K[ D]l
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by (K1), (w1) and the fact that 1 < p < ¢ < p*, where

, if1<p<q<p*,

KR =
(%—p%) (1—%), if1<p=gq<p*

Sl
Q=

Consequently, (uy)y is bounded in S17(H").

Thus, since S1?(H") is a reflexive Banach space, in virtue of Proposition 1.202
of [12] and (w1), there exist u € SVP(H") and two bounded nonnegative Radon
measures p and v on H"™, such that, up to a subsequence, we have

wp = uin SUP(HY), |Dyuklty *Diuy, — © in L (H"; R?™),
up — win LP" (H"), wj, — u in LI(H", wdf), (3.4)
Jurl?”d€ = v in M(E"), | Dpuglpydé = pin M(H"),

for some © € L (H"; R?").
It remains to see that u is a (weak) solution of (£). In order to see that, fix any
p € C(H™). Then, we have

o(1) = (I3 (ur), ) = (uk, 9)p = Muk, @) g = (Uks P)pe K-

Now, by Proposition A.8 in [2], it is clear from (3.4) that |ug|9™2u; — |u|?72u in
LY (H”, wd€), and |ug|P” ~2uy, — [ulP" 2w in LP" (H", Kd¢). Consequently, it follows
straightly that

<uka30>q,w — <U790>q,w> <uk7(p>p*,K — <u7§0>p*7K-
Let us now show that, passing to a subsequence if necessary,
Dgur — Dgu  a.e. in H™. (3.5)

The proof of the above fact follows the lines of Lemma 3.5 of [6], see also the proofs
of Theorem 2.1 of [3], of Lemma 2 of [10] and of Step 1 of Theorem 4.4 of [2] in the
Euclidean setting. However, in order to make the paper self contained, we report it
here.

Fix R > 0. Let o € C°(H™) be such that 0 < pp <1 in H" and pr =1 in Bg.
Fix € > 0 and define for £ € H"

up — U, if lup —ul <e,
() = w—u

, if Jug —ul > e
U — ‘
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Clearly, (prvS)y is bounded in SP(H™). Hence, by (3.2), we get

/SOR(|DHU1<|§{2DHU1€ — |Dyult? Dy, Dpog) ,d€
HTL

= —/’Ui(‘DHukV;;zDHUkaDHQPR)Hdg

H»

- /@R(|DHU|I;;2DHU, Dyvy) ,d€
Hn
+ Muk, PRV g0 + (Uk, PRUK) pr & + 0(1).

Observe now that

/v2(|DHuk|§;2DHuk,DHapR)de —0 ask — oo,

HTL
since [v;Dgprlg — 0 in LP(supp pr) and |Dgug|? *Dyuy, — © in L' (H"; R?")
by (3.4). Moreover, Dyvi — 0 in LP(H"; R*"), since uy — u in S**(H"), and so

/ch(|DHu|’;;2DHu,DHvi)Hd£ —0 ask — oo,

H’IL
being |Dgulb *Dyu € LP (H*;R**). Now, recalling that 0 < ¢r < 1 in H",
by the Holder inequality, we obtain

(ks 005 gl < / wl(€) gl o | de

Supp ¥ r
<e / w(€)Y - w(E)V/ fuy |1~ de
SUpp @R
1/q 1/q
<e /w(E)df ~ / w(€)|up|de
SUpp ¥R H~
<€ Cupra

since w € L (H") by (w1) and (uy) is bounded in L(H", wd¢). Similarly, since

loc

K € L®(H") C L. (H") by (K;) and (uy) is bounded in LP" (H", Kd£), then

loc
[(uk, prRVE)p k| < € Cr o pe-
Using the notations of (3.1), put

Ap(DHuk., DHU) = (|DHUk|11)LI_2DHUk — |DHU|Z;I_2DHU, DH(uk — u))H



Entire solutions for some critical equations in the Heisenberg group 289

By convexity A,(Dguk, Dgu) > 0 a.e. in H” and for all k. Consequently, the definitions
of ¢r and vy, yield

ch(|DHuk|’;I_2DHuk — |DH’LL|ZI){_2DHU, DHUi)H Z 0

a.e. in H". Combining all these facts with (3.6), we find that

lim sup/ (|DHuk|%_2DHuk - |DHu|’;I_2DHu7 DHUZ)de

k—o0

Br
= lim sup / @R(|DHuk\II}_2DHuk — \DHu|1;I_2DHu,DHU,i)Hd£
k—oo 3 (3_7)
R
< liinsup/goRODHukV;I_ZDHuk — |DHU|I;I_2DHU,DHUZ)Hd§
—00 i
<e ()‘CUMPR,Q + CK,LPRJ?*) = eCRp,
where Cr = ACu,por,q + Ck,porp, being orp = 1 in Br. Note also that
(Ap(Dpug, Dgu)) is bounded in L*(H"). Indeed,
0 S ‘/flp(DHuk,ZDHU)dé~
o o o (3.8)
< [IDaunly “Drue — [Duuly " Dyully | Daw, — Daullp
S COv

where Cj is an appropriate constant, independent of k, since (Dgug)x is bounded
in LP(H"; R?>") and (|DHuk|’I}_2DHu;C)k is bounded in L? (H"; R*"), as shown above.
Fix 6 € (0,1). Split the ball B into

Si(R) ={€ € Br : [ur(§) —u(§)| < e}, Gi(R) = Br\ Si(R).

Clearly, Holder’s inequality gives

0

/ Ay (Dgug, Dyru)?dé < / Ay (Dyuy, Dgu)dé | |SE(R)[F?
Br Si(R)
6
+ [ ADwuDwag | (Gr@RI,
Gi(R)

Finally, by (3.7), (3.8), the facts that Dyv; = Dpy(uy — u) in S;(R) and that
|G5.(R)] — 0 as k — oo by (3.4), we get

0 < limsup / Ay (Dyuy, Dyu)? dé < (eCr)°?|Br|*°.
k—o00
Br
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Letting € tend to 0%, we find that A,(Dyug, Dyu)? — 0 in L'(Bg) and so, since
R > 0 is arbitrary, we deduce that, up to a subsequence,

Ap,(Dyug, Dygu) — 0 a.e. in H".

Therefore, from Lemma 3 of [10], it follows the validity of (3.5), and the claim is
proved.

In particular, \DHukV;I_QDHuk — |DHu|’;I_2DHu a.e. in H". Hence, Proposi-
tion A.7 of [2], thanks to (3.4) and (3.5), implies © = |DHu|II'{_2DHu a.e. in H".
A combination of all these facts yields that u is a solution of (£). O

Let us now show that the functional I satisfies the (PS). condition at certain
levels c.

Lemma 3.2. Let (ug)r C SYP(H™) be a Palais-Smale sequence of I at a level ¢, with

CQ/p
¢ < K|,

Then, up to a subsequence, ux — u in SVP(H"™) for some u € SP(H").

Proof. Fix c as in the statement and let (uy), C STP(H") be a Palais-Smale sequence
of I at level ¢, that is such that (3.2) holds. Without loss of generality, passing to
an appropriate subsequence if necessary, from Lemma 3.3, we assume that for some
u € SHP(H™) all the convergences in (3.4) hold. Then, by Theorem 1.1 and Theorem 1.2
of [29], there exist an at most countable set J, a family of points {{;};es C H", two
families of nonnegative numbers {u;};c; and {v;};es such that if we define

Voo = hm hmsup/|uk|p dg, ;LOO—I%IID hmsup/|DHuk|%d§,

=0 koo =0 koo

then,
V= |u|p*d§ + Z Vj5§ja w> |DH’LL|I;Idf + Zuj5§j,
jeJ JjeJ
lim sup/ lug P dé = v(H) + Voo,
k—o0 .

lim sup/ |Drug|ydé = p(H") + poo,

k—o0

Vf/p* < Hi - for all jeJ, wvB/P < MOO,
Cp P
where Cp« is defined in (1.3), while J¢; is the Dirac function at the point &; of H™.
Let us first show the following crucial estimate

{,/j > CRP KPP, py = viK(g)), if K(&) >0, (3.10)

Vj:,U,jZO7 lfK(é-]):O,
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To this aim, fix a test function ¢ € C°(H"), such that 0 < ¢ < 1, ¢ = 1 in By,
while ¢ = 0 in BS, and ||Dp¢|e < 2. Take € > 0. Fix j € J and put ¢, ;(§) =
©(81/:(& o{{l)), ¢ € H", where {¢;}; is introduced in (3.9). Then ¢, ju;, € S*P(H")
and so (I} (uk), pe,jur) = o(1) as k — oo by (3.2). Therefore, as k — oo

o(l) = /(|DHUk|5)q_2DHUk7DH(@E,juk))de
H"Y(

—A/ )luupl? eyt — /K gl e jde

H»

(3.11)
/{ |Dyuglby > Dyug, Dirge J)Hukdf#-/‘DHUHH% 5d€

—A/ el eyt — /K ounl?” e de.

H»

Now, since p/p* + p/Q = 1, the Cauchy-Schwarz inequality and the Holder
inequality give

/(\DHUH%_QDHU/C,DHﬁpa,j)Hukdf

H’!L
< / Dl url - | Diroe ;| de
B(Ej’2€)
1/p

< | Drug|2? / fusl? - | Daripe |1yt

B(&;,2¢)

1/Q 1/p*

< | Dyl / Diges Qe | / g de

B(&;,2¢) B(§;,2¢)

1/p*

S COCLp / |uk‘p*d£ )

B(Ej,QE)

where

1/Q
co =iup||DHuzc||£_1 and ¢, = (/IDHsD(n) gdn> ,
eN
B1
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being

1
| uees@ifac= [ GIDneGy-€o g IGds = [ 1Duem(Gan
Be(&5) Be(&;) B

Here n = 61 /.(§ 0 §j_1) is the change of variable, with dn = e~?d¢. Consequently,

0 < lim limsup /(\DHukV;I_QDHuk,DHapE’j)Hukd«f
e—=0t koo
H’!L

v (3.12)
i P —
< Eli%{r CoCy / |ulP d€¢ =0.
B(&;,2¢)

Similarly, by (wq) and (3.4), as k — oo

OS/MW%WWMS / w(€)u|1de

Hn B(E; 2¢)
5 / wl€)[u]de,
B(EJ ,28)

since 1 < ¢ <m < m < ¢*. Therefore,

L e
Jim - tim - fw(€)]ug|?ee,;d€ = 0. (3.13)
H’ﬂ

In conclusion, passing to the limit in (3.11), using (3.4), (3.12) and (3.13), we obtain
the crucial formula for all j € J

o) = [ posdn= [ K(€)pesiv
H’IL H‘VL
as € — 07, which in turns yields by (3.9)
i = K({j)l/j for allj € J.

The above equality establishes that the concentration of the measure p cannot occur at
points where K (&;) = 0. In addiction, by (3.9), we also infer that v; = 0 if K(§;) =0,
that is also the measure v cannot concentrate in those points. On the other hand,
if K(&;) > 0, again by (3.9) we get

Vj>< Cp* )Q/P>( Cp* >Q/P’
—\K() A\ K]

and so (3.10) is proved.
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Correspondingly, we show that

{uoo > CPIK|SE, oo = Voo Koo, if Koo > 0, (314)

Voo = Hoo = 0, if Koo =0,
where the quantity K is introduced in (K7).

To see that we take a function x € C*°(H") such that 0 < x <1, x =01in By and
x =1in BS. Take R > 0 and put

xr(§) = x(01/r(£)), &€ H"

Note that suppxr C B% and suppDyxr C Bagr \ Bgr. Clearly, the function
Xrur € SUP(H™) for any k and so (I§(ux), xrukx) = o(1) as k — oo by (3.2) and
the fact that (xgux)x is bounded in STP(H"). Hence, arguing as in (3.11) we obtain
as k — oo

0(1)2/ {(|DHUk|Z]);2DHUk,DHXR)Hdef+/ |Drrug |y x rd€
H» Hn

(3.15)
Y /w<a>|uk|qXRds - / K(&)lunl” xrde.
Hr Hr

Arguing as above, the properties of x g, the Cauchy—Schwarz inequality and the Holder
inequality give

/(\DHUk|€f2DHUk,DHXR)Hukdf
Hn

< / |Drrug | u) [ D x g erdé
]H[n

1/p
< | Dyl / unl? - | Darxrltyde
B>r\Br
1/Q 1/p*
<IDwuly | [ 1Dwxle J
BQR\BR B2R\BR
1/p*
< coey /w*ds ,
B>r\Br

where

1/Q
60=2up||DHuk||£_1 and CX:< / IDHX(n)I?Idn> ;
eN
Bz\Bl
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being
Q 1 Q
| Ipnxw@ias = [ galDuxys(e)idas

Bar\Br Ba2r\Br
= [ 1D Gan
BQ\Bl

Here n = 61 /p(), so that d¢ = R9dn. Consequently,

0 < lim limsup /(\DHukV;;QDHuk,DHXR)Hukdé
R—0o0 k00
HTL

< Rli_r>noo CoCy / ul? d§ =0.
Bar\Br

Now, observe that

/ |Diun|yde < / Dl xrdé < / |Dirun |2, de
B Hr B,

and so the definition of p, implies

lim limsup/|DHuk\%XRd§:uoo. (3.17)

R—oo oo

Moreover, by (w1) it easy to see that

R—oo k00
HTL

0< lim 1imsup/w(§)|uk|qXRd§ < B}im /w(§)|u|qd§:0. (3.18)
— 00
By

Furthermore, we have

/ K(&)url”" xrdé = Ko / Jur|” X RAE + / (K (€) = Koo)[uxl” xrde,
H’IL H’V‘L H"L
where arguing as in (3.17) for v, we see that

lim lim sup/ \uk|p*XRd§ = Vo

R—00 koo

H’n
On the other hand, by (K1) for any 6 > 0 there exists R = R(6) > 0 such that for all
¢ € H", with r(§) > R, we have
5

K (€) ~ Koel < 7.

where M = supy, |lug|/}-.
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Hence, for all R > R we deduce

- ) -
[0 ~ Kl xnde | < o7 [ lusl”de <5
By

]H[n
and so
lim 11msup/(K(§) — Koo)|ug|P xrd€ = 0.
R—0 L_y00
H'Vl
Consequently,
0 < lim hmsup/K(§)|uk|p*XRd§:Kooyoo. (3.19)
R—=oo |00

Then, recalling (3.15) and using (3.16)7(3.19), we obtain
Hoo = KeoVeo,

which yields (3.14).
It remains to show the strong convergence of the sequence (ug)g. Now, from (3.9)
it follows that

limsup / Dirugllydé > / Dl e+ 15 + oo (3.20)

k—oo jeJ
and

lim sup / K(©) sl dé = / K©lul de + S K (6) + vk, (3:21)

k—oo jeJ

Finally, by (3.4),

lim / ©)|un|7de = / £)|ul7de. (3.22)

Hn H’!L
Hence, combining (3.20)—(3.22), we have

c= lim Iy(ug)
k— o0

k—o0

> [ Dty - 2 / w©lulrde - - [ Kl ag

Hn Hn Hn»

= lim 1 upl? —é w()|u _ 1 ug|?”
- pH[wH olPde qH[ () ugl1de p*H[K@)l WP de

2{:#@ + boo | — =< :E:l@ é} ‘+'Voof(u>

JjeJ JjEJ

EE:L@ + too | — =< zz:lﬁ §7 +’Mml(u

JjeJ JjeJ
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Now, u is a solution of (£) thanks to Lemma 3.1 and so

I () = Iy(u) - §<I;<u>,u>

1 1 1 1 "
= (2-2) 10wy + (3 - p)H/ K(€)ul” d > 0.

We claim that v; = 0 for all j € JU {oo}. Denote by
J={jeJu{oo} : v;>0and K(&) > 0},

where for simplicity we put {s = 0o. As already noted, if K(§;) = 0, then from (3.10)
and (3.14) we know that v; = 0. Hence, if we show that J = (), then the claim is
proved. Assume by contradiction that J # (). Therefore, using (3.10) and (3.14)

1 1
CZ]; D i hoo o D VK (&) + veo Ko

Jje€J JEJ
1 cRr
= 5 2 k(&) = =5 IKIE",

jeT

which contradicts the main assumption on c¢. Consequently, J= 0, that is v; = p; =0
for all j € JU {co}.

In particular, the fact that v; = 0 for all j € J implies that |ug|P”d¢ = v = |u|P" d¢
in M(H"™) by (3.9). Moreover, (3.9) and v, = 0 yield that

lim /|uk|p*d§ =v(H") + ve = / lulP” d¢.
k—o00
Hn

H”»

On the other hand, ur — u a.e. in H", so that an application of the Brezis—Lieb
lemma [7] gives

lim / lug, — ul|P” d€ = 0.
k—oo
Hn

Now, since K € L (H"), we get as k — oo

0 s~y = [ KOl uldg
Hn

1/p* (3.23)
< I oo e 22 / e~ de| 0.

H™
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A similar argument shows that

0< (uy g — w1 = / K(©)ul” " fug — uldé — 0,
Hn

0 < (up, ur, — U)gqw = /w(€)|uk|q71|uk — uld§ — 0, (3.24)
Hn,

0 < (uy u — g = / w(€)lulT g — uldé — 0

Hn

as k — oo.
Recall that (I} (ug),ur —u) = o(1) as k — oo by (3.23) and (3.24). Moreover,
(I§(u), up —u) = 0 for all k, since u is a solution of (£) by Lemma 3.1. Consequently,

o(1) = (I\(ux), ur — u) — (I\(u), ug — u)

= / (|DHuk|’I’;2DHuk — |DHU|II){72DH’UJ, DHuk — DHU)de
Hn (3.25)

_ / Ay(Diuy, Diu)de,
HTL

using the notation introduced in (3.1). Let us now distinguish two different cases.

Case p > 2. By (3.1) and (3.25), there exists x > 0, depending only on p, such that
1
E / |DHuk - DHU|[I){d£ S /AP(DHuk,DHU)dg = 0(1)
Hn Hn

as k — oo.

Case 1 < p < 2. Again, by (3.1), (3.25) and the Holder inequality, with p = 2/p and
p’ =2/(2 — p), there exists x > 0, depending only on p, such that

1
;/|DHuk 7DHU|I;Id§
Hﬂ

/2
< / Ap(Dyug, Dgu)de s - {||Drugl, + | Dgrul|2} 7
H‘Il
/2
< M(2—p)/2 /AP(DHuk, DHu)d§ = 0(1)

Hn

as k — oo, where |[Dgug|[h + || Dgullh < M for some nonnegative constant M.
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Therefore, in all cases we get

/ |DHUk — DHU|ZI){d£ —0
]H[n

as k — oo. Thus, up — u in S¥P(H"), as required. This concludes the proof. O

The next lemma shows that the functional I satisfies the geometry of the mountain
pass lemma. The proof is standard, see, e.g., Theorem 3.8 of [4] and Lemma 3.2 of [6].
However, for completeness we present it.

Lemma 3.3. If A\ > 0, then there erists a nonnegative function e € S“P(H"),
independent of A, such that |Dgell, > 2 and Ix(e) < 0. If furthermore X satisfies
(3.3), then there exist p = p(A) € (0,1] and 3 = 3(A\) > 0 such that Ix(u) > j for any
u € SVP(H"), with | Dyull, = p.

Proof. Fix A > 0 and take a nonnegative function v € S%P(H"), such that || Dgvl|, = 1.
Since 1 < p < ¢ < p*, we get as 7 — 00

v||4 v p: .
RS PN [ PP
p q p
1 o||P. .
77-p_||#*71(7-p —>_OO,
p p

by (K71). Hence, taking e = 7,v, with 7, > 0 large enough, we obtain that |[Dgel|, > 2
and I (e) < 0. In particular, being K > 0 a.e. in H" by (K;), the function e is
independent of A.

Now, fix any v € SYP(H"), with |[Dgull, < 1. By (1.1) and (K;) we have

1 A 1 . .
L) > —||Dyul? — <= ||Dgulld — = || K||2. || Dgull” .
A(U)_pH aullp qu|| mull p*ll I I1Drully

Thus, setting

iy [T T K
T) = * *
g %(1—%1)TP—I%IIKII%ZOT”, if1<p=gq<p",

Pt ifl <p<q<pt

we find some p € (0,1] so small that max,co1)9¥x(7) = ¥a(p) > 0, since
1<p<qg<p* It follows Iy(u) > 7 = ¥a(p) > 0 for any u € SLP(H"), with
[1Drull, = p. O
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Lemma 3.3 arises the positive special level

cx = Inf nax, I(v(7)) (3.26)

of Iy, where
I'={yeC([0,1],S"*(H")) : v(0) =0, I\(e) < 0}

for all A > 0 in the prescribed range (3.3). Moreover, Lemma 3.3 and the mountain
pass lemma yield that there exists a Palais—Smale sequence (uy), C SUP(H™) of I at
the level ¢y for all A > 0 satisfying (3.3).

Now we recall an asymptotic property of the levels ¢y as A — oo in the case
p < q < p*, which is crucial in the proof of the Theorem 1.1. This result was obtained
in a slightly more general context in [6], cf. Lemma 3.3.

Lemma 3.4. Let p < g < p*. Assume that (w1) and (Hi) are satisfied. Then,

lim ¢y =0,
A— 00

where cy is defined (3.26).

For the proof of Lemma 3.4 we refer to Lemma 3.3 of [6]. Finally, we are ready to
prove the first main result of the paper, that is Theorem 1.1.

Proof of Theorem 1.1. First, Lemma 3.3 guarantees that the functional I has the
geometry of the mountain pass lemma. Thus, I admits a Palais—-Smale sequence (uyg)x
at level ¢y which, in virtue of Lemma 3.1, up to a subsequence, weakly converges to
some limit v € S*P(H"), which is also a critical point of Iy. Now, from Lemma 3.4
there exists A* > 0 such that ¢y < Cﬁ/prannéﬁ‘Q)/p for all A > A\*. Hence, for
such As the functional Iy satisfies the (PS),, condition by Lemma 3.2. Therefore, up
to a subsequence, uy — u in S¥P(H") as k — oo and so u is a nontrivial solution of
equation (&). O

Let us now turn to the case p = q.

Proof of Theorem 1.2. Here K = 1 and so ||K||<(£7Q)/p = 1. Therefore, by Lem-
mas 3.3-3.2, it is sufficient now to show that there exists v € S1P(H") such that

cRr
sup Iy (tv) < —2
>0 Q

To this purpose, let us consider, as explained in the Introduction, an extremal
U € SYP(H") for (1.2). Then, Theorem 1.2 of [24] yields the validity of (1.4), that is

U(€) ~r(€) 7T as r() — oo.

Clearly, U € LP(H") by (1.4) and the assumption p? < Q. We can assume, up to
a normalization, that U is such that

IDuUIE = CRP, Ul = G2, (3.27)
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Indeed, if [[DgU|h = C’ﬁ/p, then (1.3) and the fact that U is an extremal imply that

e

_(IDmulBNTT g, o
- (s =G =gl
Fix € > 0 and define

Q-p

U(§) =e 7 U(61:(&5 " 0€)) forall £ € H”, (3.28)

where & is the point introduced in (ws). It is easy to see that the norms in the
Folland-Stein inequality (1.2) and the functionals in the variational problem (1.3) are
invariant under the translations and the rescaling (3.28). Hence, from (3.27) we also
infer that

IDaU|E = C2P, |U.|be = /P (3.29)

We aim to prove that there exists €, > 0 such that

cRr
sup I (1U,.) < -2
7>0 Q

for all € < e,.. Now, using (3.29)

i A
B0 = (2 -2 e =22 [wiewiiepae
HTI,

and a simple change of variables, 7 = 0,/ (&; 16 ¢), so that dé = e9dn, shows that

/ w(E)|UL(€)PdE = e / w(éo o 8- (n)|U(m)|Pdn

iy Hr
=< (@)Ul + [ (w6 8.() — wien)) U Pan
in
Hence, from the fact that U € LP(H"), we obtain by (ws)
[ w©lwAe)rde = erulen) Ul + ofe).
i

Put

where
A =GR = AFw(@)IIUNE +o(e?), B=CR"



Entire solutions for some critical equations in the Heisenberg group 301

and choose € > 0 so small that A > 0. Obviously, ¥(7) = I,(7U:). A straightforward
calculation shows that

1 A Q/p
maxv(r) =5 (B(Q—p)/Q) '

Now, choosing € even smaller so that

Cpe — Com AP APw(&0) UL + 0(e?) < Copr,

from what we observed above we get

1 1-Q/p @/ Oz?*/p
sup I\(7U2) = = (Cpr = Cor AP w(@) |U 5 + 0fe)) 7 < =2,
7>0 Q Q
as required. This completes the proof. O
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