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Abstract. We study the relationship between the solutions of stationary integrable partial
and ordinary differential equations and coefficients of the second-order ordinary differen-
tial equations invariant with respect to one-parameter Lie group. The classical symmetry
method is applied. We prove that if the coefficients of ordinary differential equation sat-
isfy the stationary integrable partial differential equation with two independent variables
then the ordinary differential equation is integrable by quadratures. If special solutions of
integrable partial differential equations are chosen, then the coefficients satisfy the stationary
KdV equations. It was shown that the Ermakov equation belong to a class of these equations.
In the framework of the approach we obtained the similar results for generalized Riccati
equations. By using operator of invariant differentiation we describe a class of higher order
ordinary differential equations for which the group-theoretical method enables us to reduce
the order of ordinary differential equation.

Keywords: ordinary differential equation, partial differential equation, integrability,
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1. INTRODUCTION
Second-order ordinary differential equation
Yzo — Vy = Ay, where V = V(l‘), Yy = y(a:, /\)v (11)

where A € R is an arbitrary parameter and V = V(z), y = y(z, \) are real-valued
functions is related to hierarchy of KdV equations integrable by inverse scattering trans-
form method. The class of stationary (i.e. when V; = 0) higher order KdV-equations
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or their arbitrary nontrivial linear combinations are called Novikov’s equations. It
is known that if the potential V(x) satisfies at least one equation from the family
of Novikov’s equations, which are nonlinear ordinary differential equations then the
Schrodinger equation (1.1) is integrable by quadratures [1,3-5]. It turns out that this
result can be obtained by applying group-theoretical methods [1]. In this paper we
study the invariance property of the equation

Yz — uy = 0, (1.2)

where y, and u are functions of independent variable x and parameter variable z.
We study the symmetry of (1.2) and its nonlinear generalizations with respect to
a one-parameter Lie transformation group of dependent and independent variables. It
turns out that the coefficients of the infinitesimal generator of the symmetry group and
the coefficients of ordinary differential equations under study are related to solutions
of stationary integrable differential equations. Our purpose is to extend the class of
differential equations (1.2) and the Riccati equation, which possesses a nontrivial
symmetry and therefore can be integrated or simplified via the Lie symmetry method.

In Section 2 we derive the infinitesimal generator of the Lie symmetry group.
Then we establish the relationship between the stationary twoo-dimensional nonlinear
partial differential equations integrable by inverse scattering transform method and
the integrability by quadratures of equation (1.2) and its nonlinear generalizations. By
using operator of invariant differentiation we describe a class of higher order ordinary
differentia equations admitting one-parameter Lie transformation group and therefore
for which lowering of the order could be realised by group-theoretical methods. Section
3 deals with the Riccati equation and generalized Riccati equations, which are obtained
from the Riccati equation by adding nonlinear terms. We study the symmetries and
integrability of these equations by quadratures.

As we know the symmetry of equations (2.20), (2.26), (2.28), (2.31), (2.33) when
coefficients © and w satisfy stationary integrable equations with two independent
variables has not been studied before. We pick out equations (2.31), (2.33) integrable
by quadratures from the class (2.26). To our knowledge the proof of the integrability of
the equations (2.20), (2.31), (2.33), (3.19) has also not been described in the literature.

Note that the the wide class of differential equations describing the diffusion
processes for example neutron diffusion process in nonhomogeneous media [8] leads to
equation (1.2). In Section 4 we discuss the obtained results and their applications in
solving mathematical physics problems.

2. APPLICATION OF CLASSICAL LIE SYMMETRY METHODS
TO DIFFERENTIAL EQUATIONS ASSOCIATED WITH EQUATION (1.2)

Firstly we introduce notions and explanations related to the Lie transformation
group. Let V be an open set in R™ and N(0,4), where § > 0 is a neighborhood of 0,
N(0,6) C R. A local one-parameter Lie group G; of local transformations of the
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space R"™ is the local transformations f : V' x N(0,d) — R"™ possessing the following
properties:

f(x,0) =z for any x € V,

f(f(z,a),b) = f(z,a+b) for any a,b,a+b € N(0,6),z €V,
ifa € N(0,9) and f(z,a) =« for all x € V, then a =0,
feC>®(V x N(0,0)),

Ll o

where a is the group parameter. Each transformation f, € G1, a € N(0,9) is written
in the coordinate form

fo:2"" = fi(x,a), i=1,...,n.

The formula

7 _8]”(‘%,0') -
g(x)fiaa o’ i=1,....n

yields the tangent vector field £ : V' — R™ of G;. We can construct group transforma-
tions if we know tangent vector field £(x) by using the following Lie equations with
initial conditions

df?

azgi(fl’”"fn)’ fi(xla"'vxnvo):xiv 7121,,7’7/

S. Lie established the existence of a one-to-one correspondence between group G and
its tangent vector field £(z) up to an arbitrary nonzero numerical multiplier. This leads
to a one-to-one correspondence between the group GG; and its infinitesimal generator

Q=Y €@,
=1

Hence, we arrive at the conclusion that the group G; can be characterized by its
infinitesimal generator. One of the most important applications of Lie group theory is
the theory of differential equations. Suppose that the variables under consideration
are split into independent variables x; ..., z, and dependent variable 1. In this case
the infinitesimal generator ) has the form

Q- éw,wam F (e, 0)0y, (1)
where 7
fia,g) = L@ gy d@va)

Oa a=0" Oa a=0
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In this case the Lie equations take the following form

drt , , ]
izgl(fla"'afnvg)v fl(xlv"-awnagwo):xiv Z:]-a"'ana

g“ (2.3)
£:7](f1,...,f”,g), g(xlv"'vmnvgaao):w'

The k-th prolongation Q*) of infinitesimal generator is used to formulate the criterion
of invariance of k-th order differential equations under the group transformations (2.2)
regarded as a change of variables. (See [6,7] for more details.) The infinitesimal criterion
of invariance of given differential equation results in linear differential equations for the
coefficient functions &%, 1 of the infinitesimal generator (2.1), called the determining
equations for the symmetry group of the given equation. Note that the system of
determining equations is linear regardless of whether the equation under study is linear
or nonlinear. One can obtain group transformations by solving Lie equations (2.3). In
this section and Section 3 we show the applications of this method.

For the aims of this article, it is sufficient to work with an infinitesimal generator
(2.1) without the description of finite group transformations (2.2).

We study the symmetry of ordinary differential equation (1.2) with respect to the
Lie group with infinitesimal generator

X = B(z, 2)ydy — a(z,z)0y (2.4)

where a(z, 2), 5(z, z) are unknown smooth functions. X is an infinitesimal generator of
symmetry group G of differential equation if and only if its evolutionary representative

Q = (a(z, 2)ye + B(z, 2)y) Oy, (2.5)

is. For the proofs we refer the reader to [6]. We use the infinitesimal generator written
in evolutionary form (2.5) in this case.

We work within the local approach.

The infinitesimal criterion of invariance [6]

Q(Q) (ym:v - uy)) = 0, (26)

Yoo =UY, Yooz =Us Y+ UYz

where Q) is the second prolongation of @ is used. The second prolongation of Q is
given by formulas [6]

Q¥ =Q+n'9,, +n’0,,,. (2.7)
0 0 0
1 _ _
= QYzo + (am + B)yac + ﬂmya
0 0 1o}
2 _ 1 _ —_ 1
n° = D.(n') = (ax+yzay+yma%)(n ) (2.8)
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From (2.6), (2.7) we obtain

n? — u(ays + By) =0, (2.9)

which must be satisfied whenever y,,, = Y, Yrze = sy + uy,. Substituting (2.8) into
(2.9), and replacing y,, by vy and Y., by u,y + uy, we obtain

O‘(uauy + uyz) + (2051' + B)Uy + (al»b + 2BL)Z/1

(2.10)
Splitting (2.10) with respect to y, and y we find the determining equations
Qgz + 26, =0, (2.11)
Uy + 20U + By =0 (2.12)
for a(x, 2), B(x, z). From (2.11), (2.12) it follows that
1
g + 200U — iamm =0, (2.13)
and 1

where C(z) is smooth function. We set C = 0 because Q = C(z)y0, generates the
obvious trivial symmetry group given by y’ = e“%y. Next, we choose

=Wy, U= Wy, (2.15)
where w(z, z) is a smooth function. Substituting (2.15) in (2.12) yields
AW pWe + 2W Wy — Wagea = 0. (2.16)

In [2] F. Callogero and A. Degasperis considered the class of partial differential
equations with three independent variables ¢, x,y

Wet = AWz + A1 (wwwmx + 6w1xww) + YoWzy

solvable via the spectral transform based on Schrédinger spectral problem. Putting
ag=a; =7 = 0,7 =1, and (w; = 0) one derives the stationary equation

Wazay + 4WayWs + 2wWagwy = 0. (2.17)

Replacing w — —w, y — z in (2.17) we obtain (2.16).

As the next theorem shows, the class of differential equations invariant with respect
to Lie group with infinitesimal generator given by (2.4), (2.14), (2.15), (2.16) is not
exhausted by (1.2) where u = w,.
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Theorem 2.1. FEquation (1.2) is invariant with respect to the Lie transformation
group with infinitesimal generator

Q =2w,0; + wza:yaya
where w(x, z) is a solution of (2.16) if and only if

uzww"‘@a
Wy

where f(z) is an arbitrary function.

Proof. Equation (1.2) is invariant with respect to the Lie transformation group with
infinitesimal generator @ if and only if it satisfies the infinitesimal invariance criterion
(2.6) applied to the twice prolongated operator Q)

QO (y" — uy)) — 0, (2.18)

Y=Yy =uzytuy’

where

Q = (2wzym - wzzy)ay-

The criterion (2.18) results in
1
2, U + Wyt — ngxarx =0,

by (2.13). We have to construct the general solution of linear nonhomogeneous ordinary

differential equation

wZI waL’Cl)Zl)
U= —-

W, 2w,

Uy — 2
to find the general form of u. Since w is a solution of (2.16), we have

Hence

Wea, 2Wzp Wy + Wy Wy

Uy — 2 (2.19)

W Wy

By using the method of variation of a constant we find the general solution of (2.19)

in the form o
O S
wZ wZ

where f(z) is an arbitrary function. O
It is obvious that the linear homogeneous equation

Yoz — (wx + f;’?) y=0 (2.20)

z



On classical symmetries of ordinary differential equations. . . 691

is also invariant with respect to one-parameter Lie group with generator
X 1= yay

Thus, we know at least two-dimensional Lie algebra with basic elements Q and X;
and commutator relation

[Q,X1]=0

admissible by equation (2.20). Therefore equation (2.20) is integrable by quadratures
[6]. Next we give the symmetry integration method for (2.20). We use the property
of straightening of vector field also known as a method of canonical variables. Let
introduce new variables

t:/ dx’ Yy = Jw, ¥

2w,
satisfying the conditions . .
Qt)=1, Q¥)=0,
where U = ¥(¢). Changing to these variables reduces (2.20) to the form

1 1 1
Z\Ijtt + <2wzwzm — fwfr - wzwﬁ + f(z)) ¥ = 0. (2.21)

4

In the (t,1)-coordinates the symmetry generator Q has the simple translational form
Q — Q' = 9,. Thus equation (2.21) must be independent of ¢. It is easy to check that

d
dx

1 1 1

by virtue of (2.16) so that

1 1
§wzwzm — zwgl — wwwg = K(2),

where K(z) is an arbitrary function of z only. Therefore the resulting equation
Uy +4(K(z)+ f(2) =0

does not contain the independent variable ¢ and is integrable. Hence, we can easily
construct its general solution

y x/wT[Cl( )exp( F/ dz>+02( )P (F/Qwﬂ
if 6(z) = K(2)+ f(2) <

e (8] ) a1 )

i §(2) = K(2) + f(2) >0,
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y= v |Cole) [ o

where C4(z), Ca(z), C3(2), Ca(2), Cs(2), Cs(2) are arbitrary functions.

By using differential invariants we can generalize the family of invariant equations
(2.20). Taking into account (2.4), (2.14) we obtain the infinitesimal generator of Lie
group of point transformations in the form

+ 06(;2)} it 0(z)=K(2)+ f(z) =0,

z

Q1 = 200, + ayd, (2.22)

where @1 = —2X. Next we construct the second prolongation of @ [7]

52) =01+ olayz + 02<9ym,

where

ot = Dz(azy) - Qysz(amy) = QgzzlY — OzlYz,

02 = Dw(azmy - aacyz) - 2yszr(a) = Qgzz¥ — 30zYg.
We find invariants of the Lie group with infinitesimal generator (2.22)
2 /

Y azyY
=< = y — — 2.23
w a’ w; = Vay, 2/a ( )

satisfying conditions
Q1w =0, (Ql + 0’16:%)&)1 =0.

w1 is called the differential invariant of the first order. We also constructed the
differential invariant of the second order

w2 = (Yoo — uy) y° (2.24)

which satisfies the condition Q®®wy = 0 provided that «,u satisfy equation (2.13).
One can construct differential invariants of higher order by using operator of invariant
differentiation which has the form

§-8=aD,, (2.25)

where D, = 0; + yn110,,, n € N, 9, = 0/0x, 8, = 0/0yk, yr = OFy/dx" in this
case. (See [7] for more details). We assume summation over repeated indices. Recall
that the operator (2.25) is said to be an operator of invariant differentiation if for
any differential invariant € the mapping (J - 9) is also a differential invariant of this
group. Hence we have

WE = ((5 . 8)wk,1,

where k > 3, wy and wi_; are differential invariants of k-th and (k — 1)-th order,
respectively. Our next claim is that the (k + 2)-th order ordinary differential equation

(6-0)fwy = F(w,w1, -+ ,whs1), (2.26)
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where F' is a smooth function is obviously invariant with respect to the Lie
group with infinitesimal generator (2.22) provided condition (2.13) holds. Hence
it follows that the (k + 2)-th order differential equation (2.26) reduces to
a (k + 1)-th ordinary differential equation plus a quadrature. For the proofs we
refer the reader to [6]. We clarify the statement with an example of a second order
ordinary differential equation. Let us consider the special case of (2.26)

wy = wH(w,w), (2.27)

where H is a smooth function of two variables. Substituting (2.23), (2.24) into (2.27)
we have

2 /
Y Y QY
Yoz — UY = ?H (oz’ Vo, — 2%) ) (2.28)
According to the symmetry integration method we introduce new variables
d
s= | 2 4= \ag (2.29)
2a

satisfying the conditions
@i(s) =1, Qi(q) =0,

where g = ¢(s). In terms of canonical variables s(z.y), ¢(z, y) equation (2.28) is written

in the form ) ) . )
Zq:ss + <2aaxm - 1043, - O‘QU) qg=qH <q27 2Qs> .

d (1 L2 02,) =
In 2aam 40zx a“u | =

by virtue of (2.13), it follows that

Since

1 1
qus + Clq = qH (QQ, 2(]9) ’ Cl € R. (230)

We see that equation (2.30) does not contain independent variable s and therefore its
order can be lowered by one. Moreover choosing H (w,w;) = g(w), where g is a smooth
function of one independent variable, we have differential equation

2
y (v
o —uy = =g [ = 2.31
Yo — UY a29<a) (2.31)

which can be written in terms of canonical variables s, q

1
105+ Cra=qH (@), CieR,

and its solution reduces to quadratures
/ -
\/f(H(QQ) — Cig)dg + Co

= 2\/§S + Cs.
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In particular, we get the Ermakov equation
b

" beR (2.32)

Ygx —UY =

b
from (2.31) in the case when g(w) = —. Taking H(w,w1) = p (%), where p is
w

a smooth function, yields

Y Yo 1
Yox = Uy = 5P <ay — 20@) . (2.33)

Introducing variables (2.29) we can rewrite (2.33) as
Gos +4C1q = qg (g‘;) , CleR (2.34)

Equation (2.34) admits the two-parameter Lie transformation group with generators
Q) = 0s,Q%5 = g9, and therefore is integrable by quadratures. Hence we obtained
the two classes of nonlinear second order ordinary differential equations which are
integrable by quadratures via the symmetry group method.

Assume a = R, [u], where the differential polynomial R,,[u] is chosen that

Dy(Rilu]) = Kpiga[u] =0

gives the (m+1)-th order stationary KdV equation. Then (2.13) is written as a hierarchy
of higher order stationary KdV equations

1
Rom (u)ty + 2Dy (Rom (u))u — §D§(Rzm(u)) =0, m=0,1,2,...

constructed by virtue of recursion operator [6]. Since the set of infinitesimal generators
form a Lie algebra, we see that « can be chosen as a linear combination of Ry, R, ..., R,
with arbitrary constant coefficients C1,...,C, € R

p
o = Z CzRZ [u]
i=1

It is easy to see that the same conclusion can be drawn for hierarchie of the
Harry-Dym equations. Take for example o = Ry[u] = v and a = Hyu] = v~ /2.
We then obtain the stationary KdV equation

Ugzrr — OUU, = 0

and the Harry—Dym equation
(u_1/2)93xz =0

respectively from (2.13). From this it follows that if u(x) is a solution of an equation
of the KdV hierarchy of the form

P
Z C'ngj_H[u] =0, Oj €ER,j=0,...,p, (235)
=1
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then equation (2.26) is invariant with respect to the Lie transformation group with
infinitesimal generator (2.22). This property of invariance of (2.26) is also fulfilled for
u(z) satisfying the stationary Harry—Dym equation

l
> CiHyjalul =0, C;€R,j=0,...,1 (2.36)
=1

Therefore the order of equation (2.26) can be lowered by one via symmetry method.
Moreover, equations (2.31) and (2.33) are integrable by quadratures in this case.

3. SYMMETRY OF GENERALIZED RICCATI EQUATIONS

Generalized Riccati differential equations are obtained from standard Riccati equations
by adding a nonlinear term that preserves the symmetry of the equation. We study
the invariance of Riccati equation

Yo —y° +v(x) =0, (3.1)

where y = y(z) with respect to the Lie group with infinitesimal generator
X = a(@)d, + [b(z)y + ()]0, (3.2)
where a(x), b(z), v(x) are smooth functions. We find a(z), b(x), v(z) so that the

one-parameter Lie group with infinitesimal generator (3.2) is a symmetry group of
(3.1). In this case the infinitesimal criterion of invariance [6,7] takes the form

XU (y, —y? +o(z)) =0, (3.3)
Ya=y>—v(x)
where X1 is given by formulae
XW =X +979,,, (3.4)
and
n" = Dy (b(z)y +7(2)) — y2 Dz(a(z)) = bry + byz + Yo — AzYa- (3.5)
From (3.3) we have
(n* = 2y(b(z)y + v(x)) + a(z)v,) () 0. (3.6)

Condition (3.6) now leads to

boy + (b= az)(y* —v) + v — 2y(by +7) + av, =0 (3.7)
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Since a, b, v, v depend only on x, (3.7) decomposes into three equations

b—a; —2b=0, (3.8)
by — 27 =0, (3.9)
—bv + azv + v, + av, = 0. (3.10)

This follows by the same method as in Section 2.
From (3.8), (3.9), (3.10) it follows that

1
avg + 2a,v — iaxm =0, (3.11)
b= —Ag,
1
Y= _gamc-

From this we obtain the infinitesimal generator
X =2a(z)0y — [2a,Y + G35]0y (3.12)

of the Lie transformation group, which is a symmetry group of equation (3.1), where
a(x), v(z) satisfy (3.11).
Let us consider the generalised Riccati equation

Yo —y* +v(@) = F(z,y), (3.13)

where F(x,y) is a smooth function. The following is an application of the Lie method
to equation (3.13).

Theorem 3.1. Equation (3.13) is invariant with respect to the Lie transforma-
tion group with infinitesimal generator (3.12), where v is a solution of (3.11)
if and only if

1

where w = 2ay + a,, a # 0, h(w) is a smooth function.

Proof. Equation (3.13) is invariant with respect to the Lie transformation group with
infinitesimal generator X (3.12) if and only if

XM (y, — 2 4 u(z) — F(x, =0. 3.14
(v — v* +v(x) = F(z,y)) () o) (3.14)

From (3.4), (3.5), (3.12) we have
x1 = 2a(x)0y — [2a2Y + a22]0y — (s + 2022y + 4a3Y5)0y, . (3.15)

(3.14) now becomes

— Qpez — 2022y — 4ay (y2 — v+ F) =+ Qy(awc + 2a$y) + 2av,

3.16
= 2aF, — (azz + 2azy)Fé. ( )
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From this we obtain
—4a, F = 2aF, — (422 + 2a,y)F, (3.17)

taking into account (3.11). The general solution of (3.17) can be obtain by integrating
characteristic system of ordinary differential equations

dx dy dF

20 —gy — 205y  —day (3.18)
The general solution of (3.18) can be written in the form
F = ~h(w(z,y)),
where w = 2ay + a;, h(w) is a smooth function. O
Therefore this proves that the equation
Yo =9+ 0(z) = h(w(z.9)) (319)

where h is an arbitrary smooth function is invariant under one-parameter Lie group of
transformations with infinitesimal generator (3.12). It is well known that if the first
order ordinary differential equation is invariant with respect to one-parameter Lie
group, then it can be integrated by quadrature [6]. By using the symmetry integration
method we introduce new variables

dx

t= /m, v = 2a(x)y + ay(x) (3.20)

satisfying the conditions
X(t) =1, X(p) =0,

where ¢ = ¢(t). We next find y from (3.20)

1 az(x)
= t) — 21
Y@) = o e0) ~ g (321)
and calculate
Ay 1 Ay a?

_r p oy, = G Ga 3.22
527 T 12 T 9q T 92 (3.22)

Substituting (3.21), (3.22) into (3.19) yields

Yo =

o1 — 0 + a2 — 2aa,, + 4a*v = h(p).

Note that

d

T (a?C — 2005, + 4@211) = 20,050 — 20202y — 20030y + 8aa,0 + 4av

= 2a(—Gggz + 4a,v + 2av;) = 0,
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by (3.11). Therefore
ai — 2004, + 4a%v = M, M € R.

This gives
ot — 0 + M = h(yp).

This equation is integrable by quadratures, with

dp
¥ _i4icC
/M@+W—M' o

for some constant C;. Analysis similar to that in solving equation (2.20) shows that if
c(x) satisfies partial differential equation (2.16), where v(z) = ¢, or if v(x) satisfies
ordinary differential equations (2.35) or (2.36), then equation (3.19) is integrable by
quadratures. One can also obtain higher order differential equations from (3.19)
by using operator of invariant differentiation just as in the case of equation (2.26).
Moreover, the method of lowering of the order of differential equations is also applicable
in this case.

4. CONCLUSIONS

We used the symmetry method for finding functions u or v for which equation
(2.20), (2.31), (2.33), and (3.19) are integrable by quadratures. We proved that if we
can determine solutions u or v of stationary partial differential equation (2.16) or
(2.35), (2.36) integrable by inverse scattering transform method explicitly, then the
computation of solutions to differential equations (2.20), (2.31), (2.33), and (3.19)
reduces to quadratures. In particular, we have obtained integrable Ermakov equation
(2.32). We believe that these results are novel.

Note that choosing f(z) = A = const in (2.20) we obtain the equation with arbitrary
parameter \. We also present the symmetry integration method for these equations and
obtain the general solutions in explicit form. Note that if we construct the solution of
equation in the form w = ¢(x + z), then we obtain the solutions for which w, satisfies
the stationary KdV equation. By using operator of invariant differentiation we have
also constructed higher order differential equations (2.26) admitting one-parameter Lie
group. Therefore their order can be lowered by one. In the framework of the approach
we obtained the similar results for generalized Riccati equations.

A wide class of the second-order linear ordinary differential equations which appear
in the Mathematical Physics problems in nonhomogeneous media can be reduced to
the form (1.2). Therefore, our results can be used in solving these equations. Moreover,
equations of the form (2.20) are used for constructing the Lax pairs for integrable
nonlinear partial differential equations.
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