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Abstract. In this paper, we consider a weakly dissipative viscoelastic equation with
a nonlinear damping. A general decay rate is proved for a wide class of relaxation functions.
To support our theoretical findings, some numerical results are provided.
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1. INTRODUCTION

The modeling of a generalized Kirchhoff viscoelastic plate, where a bending moment
relation with memory is considered, can be described by the following nonlinear weakly
dissipative viscoelastic equation; for a given non-negative relaxation function g,

t
u” + A%y + /g(t —8)Au(s)ds + h(u') =0 in Q x (0, +00),

s (1.1)
u=Au=0, on 0f),
U(J),O) = U'O(x)7 ul(xa 0) = ul(x)a in Qy

where 2 C R™ is a bounded domain with a smooth (or piecewise smooth) boundary 942,
h is a function satisfying some conditions, see (2.4) below, and the initial data ug, u;
are given.

The main focus of this work is on investigating the decay of the energy of the
above viscoelastic problem. The presence of the weakly viscoelastic dissapative term
enforces us to deal with what so-called a modified (or second) energy to achieve our
goals. Indeed this will make the analysis more technical and also delicate. To confirm
our theoretical finding numerically, we provide graphical illustrations of the decay of
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the energy, where the solution of problem (1.1) is approximated via finite differences
in time and finite elements in space.

Over the last five decades, the asymptotic or decaying behaviour of various types of
viscoelastic equations were the subject of study of many researchers since the pioneer
work of Dafermos [5,6]. We focus on those related to our problem (1.1). In the absence
of damping term but infinite memory, Revira et al. [19] studied the energy decay of
the following problem:

u’(t) + Au(t) — /g(T)Aau(t —7)dr =0, for t>0,
0

for o € (0,1), where A is a positive definite self-adjoint operator on a Hilbert space H.
For ¢ > 0, it is assumed that ¢'(¢t) < —§ g(t) for some positive constant d.

For the case of finite memory and a more general relaxation function g (see
hypothesis (A1) for more details), Hassan and Messaoudi [9] investigated recently
the energy decay rate. In the absent of memory term, but with a nonlinear source
term, Messaoudi [14] discussed the energy decay of the model problem:

u” () + A%u(t) + o/ (6™ 2/ (t) = Ju(t)[P2u(t), for t€ (0,T), with m,p> 1.

Another recent related work by Al-Gharabli, Guesmia and Messaoudi [1] where the
energy decay rate of a viscoelastic plate equation with a logarithmic nonlinearity of
the form

u(t) + A%u(t) + u(t) — /g(t — 7)A2u(7)dT = ku(t) In|u(t)|, for t >0,
0

was investigated, assuming that ¢'(t) < —£(t)gP(t) for 1 < p < 3. For more studies
on the energy decay analysis of various types of viscoelastic equations, we refer the
readers to [3,4,7,8,11-13,20] and references therein.

The outline of the paper is the following. In the next section, we introduce some
necessary notations and assumptions, and state and prove a few technical lemmas
that will be used in the forthcoming decaying analysis. Section 3 is dedicated to show
the decay rates of the energy functional E (see (3.1)). Having a weakly dissepative
in problem (1.1) leads us to introduce a second energy functional £ (see (3.3) below)
to overcome the difficulties in proving the decay of E. For sake of illustrating the
theoretical decaying rate of E numerically, we develop a fully-discrete numerical
method in Section 4. Owing to the presence of the biharmonic operator in problem
(1.1), we use the C? Galerkin finite element method for the spatial discretization. In
the time variable and to avoid solving any nonlinear systems, our scheme is based
on an appropriate combination between backward-forward Euler and second central
differences. We show the decay of both, the numerical solution of problem (1.1) and
the approximation of E.
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2. PRELIMINARIES

Let H*(Q2) (¢ > 0) be the standard Sobolev space. For ¢ = 0, H*(Q) reduces to the
standard Lesbesgue space L?(€). On this space, (-,-) denotes the usual inner product
and || - || is the associated L?(2)-norm. For p # 2, the norm on LP(f2) is denoted
by || - ||p. We introduce the Sobolev space

H(Q) = {uec H*(Q) :u= Au =0 on 9Q}.

An application of the Poincaré inequality and by using the elliptic regularity
property, there exist two positive constants wg and w; such that

[Vw||? < wo |Aw|? and ||Aw|? < w; [|[V(Aw)|?, Yw € H(Q). (2.1)
Throughout this paper, ¢ is a generic positive constant. In the decay energy
analysis, the following hypothesis is imposed.

(A1) The relaxation function g € C!'(R™T) is assumed to be non-increasing,
g(0) >0, 1—max{wo,w;} /g(s)ds =:1>0, (2.2)
0

and there exists a C! function G : (0,00) — (0, 00) which is strictly increasing,
and strictly convex C? function on (0, g(0)], with G(0) = G’(0) = 0, such that

g'(t) < =E)G(g(t), Yt=>0, (2.3)

where € is a positive non-increasing C! function. Moreover, the function h € C(R)
is assumed to be non-decreasing,

h(0) =0, sh(s)>0 and ails| <|h(s)| < asls|, Vs € R, (2.4)

for some positive contants a; and as.

Remark 2.1. As in [16], we present the following:

(1) From assumption (A1), we deduce that lim;_, « g(t) = 0, and there exists to > 0
such that g(tg) = r, while g(t) < r for t > to. The non-increasing property of ¢g implies
that

0 < glto) < g(t) < g(0), Vi€ [0,t0]

Continuity of G on [0, 7] yields a < G(g(t)) < b on [0, tg], for some constants a,b > 0.
Consequently, for any t € [0, o], we have

g'(t) < =E(H)G(9(1) < —af(t) = ——=E(1)g(0) < ——==E(t)g(t),

and hence

é0ot) < 20y, vie ] 25)
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(2) If G is a strictly increasing and strictly convex C? function on (0,r], with
G(0) = G'(0) = 0, then there is a function G : [0, 4+00) — [0, +00) that extends G

and its properties. For instance, we can define G, for any t > r, by

G(t) = @ﬁ +(G'(r) = G"(r)r)t + (G(r) - %ﬂ — G’(r)r) :

For later use, by (2.1) and the second inequality in (2.2), we have

HAu(t)||2—/g(S)dSIIW(t)II2 >0 and IIV(Au(t))HQ—/g(S)dSIIAU(t)II2 > 0. (2.6)

For convenience, we introduce the following notations: for ¢t > 0,

t

@o@@w:/mwwmwwfw@Ww,

0
and for 0 < € < 1, we put
[ 20
S .
Ce = / ia(s)ds with  h.(t) :=eg(t) — ¢'(t).
0

The next three lemmas will be used in the forthcoming decay analysis section.
Lemma 2.2 ([10]). Assume that (A1) holds true. Then for anyve L% ([0, +00);L?(2)),

loc

t 2
/ </g(t —s)(v(t) — v(s))ds) dx < Cc(he ov)(t), for t>0. (2.7)

Q 0

Lemma 2.3 (Jensen’s inequality). Let F': [a,b] — R be a convex function. Assume
that the functions f : Q — [a,b] and h : Q@ — R are integrable such that h(zx) > 0,
for any x € Q and [, h(x)dx =k > 0. Then,

Py [rem@is | < [FO@HES.
Q

Q
Lemma 2.4 ([21]). Assume that (A1) holds true. Then for any we H* ([0, 00); L*(R2)),

t

/ﬁa—@w@»ww»w
0

[o@dslu@? - (gow)®)]| - o0lwI? + (0 w)o).

0

_ld
T 2dt
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3. DECAY

In this section, we aim to find the best possible estimate of the energy functional of
problem (1.1). First, taking the inner product of (1.1) with u’ gives

(" 'y + (A%u, ) + /g(t — s){Au(s),u'(t))ds + (h(u),u') = 0.
0

Applying Green’s formula (twice for the second term and once for the third term) and
using the fact that v’ = Au’ = 0 on 99, yield the following weak formulation of (1.1):

(W 'y + (Au, Au') — /g(t — 8){Vu(s), Vu/(t))ds + (h(u'),u") = 0.
0

Using Lemma 2.4 with w = Vu, this equation can be rewritten as
t

[’ ()1 + | Au(t)]]* /Q(S)dSHW(t)II2 + (90 Vu)(t)
0

1d

2dt
1 / 1 2 !/ /

= 59" o Vu)(t) = 5g@)[Vu®)]]” — (h(u), u').

Introducing the first energy functional

B(t) = 5 I @)1 + |du()? - / o(8)ds [ Tu(®)|? + (g0 Vu)(t)| =0, (3.1)
0

where, we used (2.6) in the last inequality. Hence,
1 1
E'(t) = 5(g' o Vu)(t) = 59@)IVu@®)]* = (h(u' (1)), v/ () < 0. (3.2)

Turning now to the second energy functional of (1.1). Taking the inner product of
problem (1.1) with —Awu’ and then, applying Green’s formula to the first, second and
fourth terms, we get

t
(V" Vu')y + (V(Au), V(AY)) — /g(t — s){Au(s), Adu/(t))ds + (Vh(u'), Vu') = 0.
0
Hence, by Lemma 2.4, the above equations can be rewritten as

53 | 1T O+ 9@~ [ g6)asldutP + (g0 duo
0

= SN AP + 5(9' o Au)(t) — (Vh(u'), Vur).



652 Khaleel Anaya and Salim A. Messaoudi

Therefore, using (2.6), the second energy functional of (1.1) is

&)= 5 [IVW @I + 1T @u@)IE - [ gds|dud)]® + (g0 du(e) | = 0.

0
(3.3)
Moreover, since (Vh(v'), Vu') = (' (v/)Vu', V') > 0,

£1(1) = — 5o Au(t)|P + 3(5' 0 Au)(t) — (W (1) Vel (1), Vel (1)) < 0. (3.4)

In the next two lemmas, assuming that (A1) holds, we estimate the time derivative
of the functionals

t

Li(t) = (u(t),u'(t)) and I(t) = — /g(t —s){u(t) — u(s),u(t))ds.

0

Lemma 3.1. Along the solution of (1.1), and for § > 0, we have
l
1) < /()2 + (8= 5 ) 18u(®)|2 + ¢ Celhe 0 Vu)(t) = cE'(1).

Proof. Differentiating I; and exploiting the differential equation in (1.1), we get

() = [l (B = (u(t), A%u(t)) — /g(t — 8)(Au(s), u(t))ds — (h(u'(1)), u(t))
0

= W' O = [ Au(®)]* + /g(t = 8)(Vu(s), Vu(t))ds — (h(u/ (1)), u(t)).
0

Young’s inequality, Lemma 2.2, and the inequalities in (2.1) imply that the third term
in the right-hand side equals

<Vu(t),jg(t—8)v(u(8) —U(t))d8> 4—/t9(r9)d5|VU(’f)||2
0 0

t

( / gt — )V (u(s) —u(t))ds) dz + / g(s)ds||Vu(t)|2

0

l 2 wo

< -
< 2w0||Vu(t)|| + 21/
Q

< 5 [Tult)]? +eCelhe 0 Va(t) + wn [ g(s)dslAu(o)]?
wo ;

l

< SIIAu@)|? + ¢ Celhe o Vu)(t) + (1 = )| Au(?) ||

2
< (1 - é) AU + ¢ C(he o Vu)(t).
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Also, the forth term is simplified using Cauchy—Schwarz, Young’s inequalities
and (2.4) as follows:

(R’ (), u(®)) < [u(®)[[[[A (' (©))]]
< cf|Au(@)][[|h(w '( I

< 8 Au(t)l* + <|h( ‘)1%,1)
< 8 Aut)|* + < (' (1)), w' (1))
< 8 Au(t)[® — cE’( )-

Combining the above results completes the proof of the lemma. O

Lemma 3.2. Along the solution of (1.1), and for § > 0, we have

t

15(t) < 8| Aul? - ( [ sts)as - 6) /1 + S(C. + 1)(he o Au)(t) - B (1)

0

Proof. Differentiating I and exploiting the differential equation in (1.1), we get

I5(t) = Io 1 (t) + o o(t) + Io3(t) + To,a(2), (3.5)

where

Ra(t) = ( / g(t — $)Au(s)ds, / gt = 9)(u(t) - u(s)ds)
Ra(t) = ( / gt = 9)(u) = uls)) ds. (1))

The current task is to estimate these four terms. By Green’s formula, Young’s inequality
and Lemma 2.2, we have

I () < [[Au(@)] /g(t = s)[IA(u(t) — u(s))[lds < gIIAu(lt)H2 + gCe(hs o Au)(t),
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~

+ /g t— 5)Vu(t)ds /tg(t—s)V(u(t) —u(s))ds>
0

t

0

< ( / o(t - 9)||Vu(t) — Vu(s >|ds) + V()] / o(t — $)||Vu(t) — Vu(s) | ds
0

<C

0

- (he o Vu)(t) + —||Vu( )Z + gCg(hE o Vu)(t).

For I 3(t), Young’s inequality gives

2

Ips(t g(t—s)( —u(s))ds| dz + < <|h( ‘()% 1).

Since

application of Hoélder’s inequality and Lemma 2.2 yield

2 ¢ 2 ¢
/ dr < ( / g(s)ds) / glt — $)|u(t) — u(s)|? ds

/ ot — 5) (u(t) — u(s)) ds
0

Q 0
< c(go Vu)(?).

By merging the above three inequalities and with the help of (2.4), we obtain

La(t) < ¢d(g o Vu)(t) + 5 (1h(w/ (1), 1)
¢d(g o Vu)(t) + =2 (h(u/ (1), /(1)

<
< c¢d(goVu)(t) — cE'(t).
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To estimate the last term I 4(t), we use again Young’s inequality, the fact that
|g'| = leg — he| < eg + he, and Lemma 2.2. So, we have

t

Ly,a(t) < dlu’ (1) + g /(69(15 = 8) + he(t = s))|[u(t) — u(s)llds
0

()2 / o(s) ds

0

< |-

g(s)ds | [lu'(6)]* + g (€*(g 0 u)(#) + (he 0 w)(t))

< (0 [ g(s)ds | Il @)I? + 5C(he 0 w)(0).

/
/

Inserting the obtained estimates of Iz 1, Iz2, I23, and Iz 4 in (3.5) will complete
the proof. O

The achieved convolution estimates in the next lemma will also be needed in
our forthcoming analysis For convenience, we introduce the following notations.
With f(t) :== [, g(s)ds, let

t

/ft—s IVu(s)|2ds and Jo(?) ::/f(t—s)||Au(s)||2ds.

0
Lemma 3.3 ([9]). Assume that (A1) holds, then fort >0,
3

T®) < 1= DVul - 5o Vu)(e) and ) < (1= D] AulP - Flgo Au))

Lemma 3.4. For ey, €5 > 0, the functional L(t) := N(E(t) +E(t)) +e111(t) +e212(t)
satisfies
L~E+E& fora sufficiently large N. (3.6)

Moreover, for any t > tg, with ty being introduced in Remark 2.1, we have

20 <~ -0 (44 5o ) Gl O + 1 au)?)

20.)0
1 /
+ 1 ((go V)t + (g0 du)(®)) — cE'(2).
Proof. The proof of (3.6) is done in [15]. To show (3.7), differentiating and get

L'(t)=N(E'(t)+E'(t)) + eI (t) + e2I5(2).
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Using (3.2), ), and Lemmas 3.1 and 3.2, yield
[; g0 Vu)(t) — 39 IVul? — (h(w (1)), (1)) — 590 Aui?
+ 50 0 du)(t) — {h ’(u’(t))Vu’(t%Vu’(t»]

+ep [||u'||2 + (5 - é) |Au|? + ¢ Culhe o Vu)(t) — cE'(t)}

+ &2

sl ul? - ( / g<s>d55>|u'||2+ £(Ce+ 1)((he 0 Auw)(1) — cE'(1)|.
0

Since the relaxation function g > 0,

L'(t) < - [(/g(s)ds - 5) g9 — €1

l
o2 = (5 - 0)er - e28) AP

(3.8)
+ g(g’ o Vu)(t) + g(g’ o Au)(t) + e1¢ Ce(he o Vu)(t)
+ %(c 1) (he 0 Au)(t) — e(er + £2)E' (1),
Using ¢'(t) := eg(t) — he(t), and noting that h. > 0, we observe
l
[(/g Yds — ) €9 — 51] |/ ||* — ((2 - 5)51 - 526) | Aul|?
0
L Ne (3.9)

(g0 Va)(t) + (g0 Au)(D)]

2
N
- {5 g(al +e9) — 205(51 + 62):| (he o Au)(t) — c(e1 + &2) E'(t).
Now choose ¢ < ggo with gy = fo s)ds. So, for
3 , _16(1—-1) 3
&1 = ggoEQ with Eg = L’T(4+ 27(.00)7

a simple calculation shows that

(go—8)es —e1 > %(1_1)(4+2—30) and (é—a)gl ey > (1_5)(4+Qi). (3.10)

wo
eg*(s)

From ) — 9 (s)

< ¢(s), and by the Lebesgue dominated convergence theorem,

o0

2

lim eC, = lim 597(8)

=0+ e—o0t ) eg(s) — g'(s)
0
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So, there exists 0 < €y < 1 such that if € < ¢, then

Ce < 1
eCg T s—
%(81 +e2)

Putting € = 55 and choosing N > max {%(51 +&2), ﬁ}, then

N
—_— E(sl +e2) >0 and e <eg.
4 6
From the above two equations,
N ¢ c N ¢ 1 N ¢
? — 5(51 +€2) — SCE(El +€2) > 5 — 5(51 +€2) — g = Z — 5(51 +€2) > 0. (311)
Finally, substituting (3.10) and (3.11) in (3.9) gives the desired result. O

We are ready now to show our energy decay result. Our subsequent analysis makes
a frequent use of the quadratic functional defined, for a purely time dependent function
¢, and for 0 <ty <ty <t,
to
Z(ovtr,ta.t)i= [ 6(s) (I9u(t) = ult = )I* + |AGult) = ult — 5))|?) s
t1
For convenience, if to = t, we let Z(¢,t1,t) := Z(p, t1,t,t).

Theorem 3.5. Putting Go(t) = tG'(t). Assume that hypothesis (A1) holds and the
initial data ug € H(Q) and uy € L?(Y). Then, there exist positive constants A1, Ao
such that the energy functional associated to problem (1.1) satisfies the estimate

_ A1
E(t) < Gyt <t> . Yit>to. (3.12)
Ji, §(s)ds
Proof. From the non-increasing property of £, and the inequalities (3.2), (3.4) and (2.5),
1 9(0) ’
7 to,t) < v to,t) < — T to,t
(9707 0, )7 §(to) (59707 0, )7 af(to) (9707 0, )
9(0)

< —ag(tO)I(g',O,t < —c(E'(t)+£&'(1)),

for any ¢ > to. Inserting this estimate in (3.7), we obtain
L'(t) < —mE(t) — c(E'(t) + E'(t)) + cL(g, to, t), V> to. (3.13)

By Lemmas 3.3 and 3.4, the functional £1(t) := £(t) + J1(t) + J2(t) is nonnegative

and satisfies
40 < 2= (44 o ) IP = (0= 1) Al ~ § (90 Vu) () < —eo (1)
1 - 2wg 4 - 0 ’
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for some ¢y > 0 and for any ¢t > ty. This estimate leads to the following bound

oo

/E(s)ds < 400. (3.14)
0

From the first inequality in (2.1), we easily see that
l l
E(t) > 5 [Au®)|? and E(t) > 5 IVu(®)|?, Vt>o0. (3.15)
0

For a positive constant vy, these last estimates together with (3.14) yield
¢
Z0vtot) <27 [ (ITu@ + [Vu(t - 9)* + [Bu(®)* + [But — 5)|?) ds
(3.16)

However, the last integral is finite (due to (3.14) and the inequality E(t) > 0), and
hence, choose 0 < v < 1 such that

(v, to,t) <1, Yt >to. (3.17)
The strict convexity of G and the fact that G(0) = 0 gives that
G(st) <sG(7), for 0<s<1 and 7€ (0,r] (3.18)

Combining this with the hypothesis (A1), Jensen’s inequality and (3.17), we obtain

_I(gl7t07t) = - I(I(’V,to,t)Ql,to,t)

I(Vvt(ht)

> WI(I('yvtOv t)fG(g)vtht)
£()

& I(V7t07t>

> €0 6 (v 2(g, 10, 1)
)

I(G(I(’thmt) g)at(bt)

Iy

A
- =2

G (vZ(g,to;t))

2|

for any ¢t > to, where G is introduced in Remark 2.1. Thus,

771.(917 tOv t)

e

>, for any t > tg,
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and with F := L 4+ ¢E + ¢£ (the constant ¢ here is the one occurred in (3.13)), (3.13)

becomes (o
= to, 1
FI(t) < —mB(t) + <61 (—7(9’0’)> Yt to. (3.19)
gl £(t)
Let 0 < r; < r, then define a functional F; by
E(t)

Fi(t) =G (rEy(t)) F(t), Vt>ty, with Ey(t) = B0)

and so,
Fi(t) = mEL(t)G" (rEo(t)) F(t) + G (ri Eo(t)) F'(1).

Then, estimate (3.19) together with the facts that Ej, <0, G’ > 0 and G” > 0 lead to

(g, to,t
_7(9»’)) —

&(t)
- - (3.20)
Let G* be the convex conjugate of G in the sense of Young (see [2, pp. 61-64]),
given by

Fi(t) < —mE)G' (riEo(t)) + %G" (r1Eo(t)) G™1 (

G (s) = s(G) \(s) - G [(é’)_l(s)} (3.21)
and satisfies the following generalized Young inequality
AB < G*(A) + G(B). (3.22)

Set A =G’ (r1Eo(t)) and B =G~ (—yZ(g',to,t)/£(t)), then it follows from a combi-
nation of (3.20) and (3.22) that

Fi(t) < —mE@#)G (rEo(t)) + ey 'G* [G' (r1Eo(t)] — ¢Z(g',to, ) /£(2)
< —m(E(0) — c¢r1)Eo(t)G' (r1Eo(t)) — ¢I(g', to, 1) /E(), Vit > to.
After fixing r1, we arrive at

Fit) < =miEo(t)G' (r1Eo(t)) — ¢Z(g', to, 1) /£(F), Vit = to,

where m; > 0. Hence, multiplying both sides by &(t), and using m Eo(t) < r
and the inequality

~ZI(¢ to, t) < —c(E'(t) + £' (1)), Vt>to, (3.23)

it follows from the definition of Z and the estimates E'(t) < 3(¢g' o Vu)(t) (by (3.2))
and &'(t) < 1(g' o Au)(t) (by (3.4)) that

E)F(t) < —miEo(t)G (r1Eo(t)) £(t) — ¢Z(g, to,t)
< —m Eo(t)G' (r1Eo(t)) £(t) — c(E'(t) + E'(t)), Vit > to.

Let Fo = EF1 + ¢(E + &), then we obtain, from the non-increasing property of &, that
miEg(£)G' (11 Eo(t)) £(t) < —Fy(t), Vit>to. (3.24)
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Since G” > 0 and by the non-increasing property of E, the map t — E(t)G’ (1 FEy(t))
is non-increasing. Consequently, an integration of (3.24) over (¢g,t) yields

1 Eo()G' (m Eo(t)) / £(s)ds < / 1 Eo(s)G (11 Eo(s)) £(5)ds

< Fa(to) — Falt) < Falto).

Since Go(r) = 7G'(7) is strictly increasing, then the desired bound follows
immediately. O
Example 3.6.

(1) Choose g(t) = ae~"" with 0 < v < 1, where a and b are positive constants such
that 1 — max{wo,w1}§ > 0 and h(s) = s so, hypothesis (A1) is satisfied. Then,
g'(t) = —£(t)G(g(t)) with G(t) = t, but £(t) = vbt*~!. By Theorem 3.5, we
conclude that E(t) < ¢(t —tg) " for a sufficiently large t.

(2) Choose g(t) = a(1 +t)7" where v > 1 and a is chosen so that hypothesis (A1)
remains valid and h(s) = s. Here, ¢'(t) = —£(t)G(g(t)) with G(t) = t'*+/¥ and
&(t) = b, where b is a fixed constant. By Theorem 3.5, E(t) < ¢(1 +t)7*/®+1) for
a sufficiently large t¢.

4. NUMERICAL STUDY

This section is devoted to illustrate numerically the achieved theoretical decaying
results in Theorem 3.5 on a sample test problem of the form (1.1). To do so, we develop
a numerical scheme for the nonlinear model problem (1.1) using finite differences for
the time discretization combined with the C? continuous bicubic Galerkin method
in space [18]. To avoid solving any nonlinear algebraic systems of equations, the
approximation of the damping term is based on an extrapolation technique.

To discretize in time, we truncate the interval (0, c0) and work instead on the finite
interval (0,7] where T is large enough. Divide [0,7] uniformly into N subintervals
with size 7 each and nodes {t, })_, that is, ¢, = n7 for 0 < n < N, where 7 = T//N.
For the grid function w™, let

S — w™ — wnfl P - ,wnJrl — 2uw™ _’_,wnfl

W = - 5 tHWw = 72 )

wn+% _ w™ _’_,wnfl ,wnJr% _ ,wn+1 +2wn _’_wnfl
2 ’ 4

Turning into the spatial discretization, choose Q2 = (a,b) x (¢,d) and then divide
both (a,b) (in the z-direction) and (¢, d) (in the y-direction) into a family of uniform
(quasi-uniform) cells. To elaborate, let 2; = i h, for 0 < i < M, with h, = (b—a)/M,
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and let y; = j hy for 0 < j < M, with h, = (d — ¢)/M,,. Then, the C*> Galerkin finite
dimensional space Sy, := S}, ® Shy, where

S, = {v e H*(a,b) : V(2 1,2, € P3 for 1 <i <N,
with v(2)|z=a b = V" (2)|z=a,p = 0},

={ve H3c,d):

V|jyi_y,2,) € P3 for 1 <@ < Ny,
with U(y>|y:ad = v//(y)|y26,d = 0},

where Ps is the space of polynomials of degree at most 3 in each direction z or y.

Usually, continuous Galerkin finite element schemes are motivated by the weak
formulation of the model problem. So, we take the inner product of (1.1) with
¢ € H(Q) then using Green’s formula. This leads to

t

(W, 6) + (Au, Ag) — / ot — $)(Vu(s), Vo) ds + (h(u), ¢) =0.  (4.1)

0

Consequently, for each ¢t > 0, the semi-discrete finite element solution uy(t) € Sj,
is defined by

t

(uy, ®) + (Aup, Ag) — /g(t —8) (Vuy(s), Vo) ds+ (h(u),),9) =0, V ¢ € S

0
Our fully-discrete numerical solution U]’ which approximates u(t,) is defined by

bl
0uUR )+ (AU 5,800~ [ gtusa—3)(TUn (), Vo)ds+ (b(5U7). 6) =0, (42
0

for all ¢ € Sh, and for 1 < n < N — 1, where the piecewise constant function
Un(s) = Uj+2 fort; <s <tjpq withl <j<N-—1.

At each time level the above scheme amounts to a square linear system (see the
matrix form below). So the existence of the approximate solution U, ,ff“ follows from
its uniqueness. For uniqueness, we need to show that if

tnit
ﬁ<Uh+1v¢> + E<AU}L+17A¢> - 5 / g(tn+1 - S) dS<VUh+1,V¢>dS = 07 ¢ S Sh7
tn

then U™ = 0. Choose ¢ = U™ and then, use the first inequality in (2.1) in addition
h h
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to the non-increasing and positivity properties of g, we observe

1 n 1 n wo n
LI0 I+ HAvEE < g0z

Hence, for a sufficiently small 7 (£2¢(0)7 < 1), we get %||UST!||> < 0 and thus
T% HU,?Jrl || = 0. This completes the proof of uniqueness, and consequently the existence,

of the numerical solution.
To write this numerical scheme in a matrix form, let

dpg = dim Spy = Ny — L and let {¢ }1

denote the basis function of S}, . We define dp, X dp, matrices:
b b b
M, = /d)qd)pdx , Gi= /qb;gb;dx , and S, = /aquSgda:

In a similar fashion, let dp, := dim Sy, = N, — 1 and let {wp}g';yl denote the basis
function of Sy, and consequently, the dp, x dp, matrices in the y-direction are:

d d d
M, = / batndy| . Gy = / Wipldy|, and S, = / Bl dy

The (dps X dpy)-dimensional column vectors b™ and F™ are the transpose of the
vectors

n n n n n
[b1’17b1,2a---7b1,dhyv--'7 dpz,10 " dhz,dhyL
and

[fln,la 1327"'>fin,dhy7'"af;hz,la"'afghx,dhyL

with f7'; := (h(6:U}}), ¢itp;), respectively.
Therefore, through tensor products of one-dimensional C? splines, the fully-discrete
scheme (4.2) has the following matrix representation:

(M@ M,)oub" + (8@ M,y +2G, © Gy + M, @ 8, )b+

+Y 00 (Go 0 M, + M, © G, )bHE = —F",
=0
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with

Alternatively, this can be rewritten as: for 1 <n < N — 1,

(4Mx®My+72(sx®My+2Gx®Gy+Mx ® Sy)

+27%90 1 (Ge @My + M, ® Gy))bn—i-l
=4M, ® M,(2b" —b" 1)
— 72 (sz ®M,+2G, ®G,+ M, Sy)(2b” + b

—2r%g0 1 (Go®@ My + M, ®G,)b"
n—1 ) ) )

— 273G, @ My + M, @ Gy) (3 gl (b7 +17)) — F,
§=0

Therefore, at each time level ¢,.1, we solve a finite square linear system, where the
unknown is the column vector b™*1.

Furthermore, from the above matrix form, it is clear that our scheme (4.2) is
a three-time level scheme. That is, the approximate solutions U, ,? and U, & need to be
determined first, and then U ,Jl for 2 < 7 < N can be computed by solving the above
linear system recursively. We choose U 2 € Sp, to be the bicubic spline polynomial that
interpolates ug at the interior nodal nodes. However, motivated by the Taylor series
expansion of u about ¢ = 0, we choose U} € S}, to be the bicubic spline polynomial
that interpolates ug + t1u; at the interior nodal nodes.

For the computer implementation of the linear system, it is important to consider
the discretization of spatial Galerkin-type integrals in the scheme. To this end, on each
cell of our two-dimensional partition, the integrals are approximated using 2-point
Gauss quadrature rule in each direction (z and y).

In our test problem, we choose 2 = (0,1) x (0,1), the time interval is (0, 80), the
initial data )
@[xy(l —1‘)(1 _y)]37 u1($7y) =0,
the relaxation function g(t) = e, and the damping function h(s) = s. The spatial
mesh consists of 400 (square) cells of equal areas, while the time domain consists of
80000 subintervals.

Figure 1 shows that the numerical solution U}, converges to zero as the time ¢ gets
far away from 0. The graphical plots of the numerical approximations of the weighted
energy in Figure 2 confirms that tE(¢) < 1 for a sufficiently large ¢. This is compatible
with the achieved theoretical results in Theorem 3.5 (see Example 3.6).

uo(z,y) =
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-0.02 1 1 =2
08 08 25
003 06 06 5
04 04
004 02 02 35
00

» & b b o N~ o
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3
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o
3
3

Fig. 1. The numerical solutions for ¢t = 5 (top-left), ¢t = 10 (top-right), ¢ = 20 (bottom-left),
and t = 30 (bottom-right)

Fig. 2. The numerical weighted energy plots against ¢ € [5,80]. The top and the bottom are
the approximations of tE(t) and ¢'-® E(t), respectively
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