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Abstract. The A-model for finite rank singular perturbations of class H_m—2 N\ H_m_1,
m € N, is considered from the perspective of boundary relations. Assuming further that the
Hilbert spaces ($n)nez admit an orthogonal decomposition $;, @ HY, with the corresponding
projections satisfying P:,Erl C P}, nontrivial extensions in the A-model are constructed for
the symmetric restrictions in the subspaces.
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1. INTRODUCTION

Consider a lower semibounded self-adjoint operator L in a Hilbert space $)g. Let
n+1 C N, n € Z, be the scale of Hilbert spaces associated with L. Let also {¢,} be
the family of linearly independent functionals of class $_,,—2 N\ $H_n—1, m € N, where
o ranges over an index set S of dimension d € N. Then, the symmetric restriction
Luin € L to the domain of f € $,,2 such that (¢,, f) = 0, for all o, is an essentially
self-adjoint operator in $y. Sequentially, traditional methods, see e.g. [2,20], for
describing nontrivial extensions of Ly, (i.e. perturbations of L) in £ are insufficient.
The classical examples of higher order singular perturbations are the point-interactions
modeled by the Dirac distribution and its derivatives.

To construct nontrivial realizations of Ly, in Hilbert or Pontryagin spaces, one
considers instead the so-called cascade (A or B) models [15-17,25,27] and the peak
model [24, 26]. In these models the Weyl (or Krein @-) function is the sum of
a Nevanlinna function associated with Ly, in $,, and a generalized Nevanlinna
function associated with a certain multiplication operator in a reproducing kernel
Pontryagin space [5, Theorem 4.10]; more on reproducing kernel spaces can be found
in [3,6,7,10]. Successively, singular perturbations are interpreted by means of the
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compression to the reference space )¢ of the resolvent of an appropriate extension in
the model space.

Here we study the cascade A-model for rank-d higher order singular perturbations.
More precisely, for a specific choice of model parameters, we extend the main results
obtained in [15] to the case of an arbitrary d € N (see Theorem 3.2). The exposition
utilizes the techniques based on the notion of boundary triples [11-14]. Then, by
assuming that the Hilbert space §3,, is expressed as the Hilbert sum $., & .V)I of its
subspaces | we examine nontrivial realizations that account for the above described
Hilbert space decomposition (Theorem 7.3). We assume that the corresponding or-
thogonal projections PE from $),, onto $; satisfy the inclusions Pni_i_1 C PF. This
further implies that the subspaces £ reduce the self-adjoint restriction to £, 1o of L
(Theorem 5.6). As a natural consequence of our hypothesis is that the Weyl function
associated with the symmetric operator Ly, in ,, is the sum of the Weyl functions
associated with the symmetric restrictions to f_)fI of Liin.-

The projection of the model to the subspaces just described has a natural application
in quantum mechanics when, for example, one wishes to account for the contribution to
the eigenvalues of antisymmetric (resp. symmetric) eigenfunctions. For instance, if one
takes L such that §),, = W2 ® C*, where W is the Sobolev space (Example 4.3), then
the projections P, and P, onto the spaces of antisymmetric spin states, W3 ®@C!, and
onto the spaces of symmetric spin states, W3 ® C3, satisfy our hypothesis. However,
a concrete application of the present model will be demonstrated elsewhere.

Another motivation for considering the A-model, as opposed to the peak model,
arises from an attempt to elude a too restrictive condition imposed on the Gram
matrix G = (Gyj0r/) € [C™?] of the peak model; namely, G must be diagonal in
Jj €{1,...,m}. Although initially contemplated as an advantageous feature [26], this
restriction is not satisfied for some operators L, for m > 1, for a simple reason that
the eigenvectors of the triplet adjoint of L, for the Hilbert triple $,, C $9 C $H_.
are not necessarily orthogonal for distinct eigenvalues (Example 3.4).

2. PRELIMINARIES

Let A be a densely defined, closed, symmetric operator in a Pontryagin space §) (see
e.g. [4, Sec. 1.9]) with an indefinite metric [+, ]s. Let A* be the adjoint in $ of A.
A triple (H,T,T'1), where H = (H, (-, -)4,) is a Hilbert space and I': f — (Fof,T'1 f)
is the operator from dom A* to H2(:= H x H), is called an ordinary boundary triple
(OBT) for A* if I' is surjective and the Green identity holds:

[f7 g]A* = [f) A*g]ﬁ - [A*f? g]ﬁ = <F0f7rlg>’,'-[ - <F1f7 Fog>’H

for all f,g € dom A*; see e.g. [8, Definition 2.1]. It is shown that an OBT for
A* in a Pontryagin space (or more generally in a Krein space) exists iff A admits
a self-adjoint extension in $ (cf. [5, Proposition 3.4], [9, p. 192]).
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If the assumption on the density of dom A is dropped off, that is, if A* is a linear
relation [18,22], then an OBT (H, Ty, T'1) for A* is defined by considering I';, i € {0, 1},
as a mapping from A* onto H. Sequentially, the Green identity reads

(9l — [f's 9l = (oS, T1G)5 — (L1 F,Tod)s,

for f = (f, 1), 9= 1(g,9") € A*. The reader may also consult [9, Definition 6], as well
as [21, Definition 2.3], [14, Definition 7.11] in the Hilbert space case. In what follows
we frequently identify operators with their graphs. Then the present definition of
an OBT reduces to the previous definition as long as A becomes densely defined.

A proper extension Ag of 4, i.e. such that A C Ag C A*, is uniquely determined
by a linear relation © in H via © = I'dg with Ag = {f € A*|T'f € O}; see
e.g. [9, Proposition 2], [21, Proposition 2.5], [14, Proposition 7.12], [8, Proposition 2.1].
In particular, a distinguished self-adjoint extension Ay := A*|kerr, corresponds
to a self-adjoint linear relation ® = {0} x H (and similarly for the transversal one,
corresponding to © = H x {0}). A self-adjoint linear relation in a Krein (or Pontryagin)
space may have an empty resolvent set (see e.g. [5, Example 3.7]). However, if there
exists at least one self-adjoint extension of A, say Z,Nwhose resolvent set res A is
nonempty, then there exists an OBT for A* such that A = Aj.

Let A be a closed symmetric operator as above. Let M, (A*) := ker(4* — z2), z € C,
denote the eigenspace of a linear relation A* (and similarly for other linear relations
and operators). Let 9, (A*) be the set of the pairs (f.,zf.) with f. € 9, (A*). Let
also m; denote the orthogonal projection in the Hilbert sum of a Hilbert space with
itself onto the first factor. Assume that the resolvent set res Ag # 0. The v-field v
and the Weyl function M corresponding to the OBT (#H,Ty,T';) for A* are bounded
operator valued functions defined by [9, Definition 7], [21, Definition 2.6]

v(z) = m7(z), F(z):=(Ty]| 5}2(,4*))_1’ M(z) :=T17(z)

for z € resAg. Then the resolvent of a closed proper extension Ag, i.e.such
that © is closed, is represented by the Krein-Naimark resolvent formula (see e.g. [9, The-
orem 4], [8, Theorem 2.1])

(Ao —2)7" = (Ao — 2) 7 +79(2)(© — M(2))"'(2)*

for z € res Ag Nres Ag. Moreover, z € res Ag iff 0 € res(© — M (z)).

Let 9 = (9,[,]s) be a Krein (or in particular Pontryagin) space, let
H = (H,(,-)y) be a Hilbert space. Consider a linear relation I" C 9% x H2.
Let Tt be its Krein space adjoint:

T = {((ho, 1), (9,9')) € H? x 97|
V((f’ f/)7 (ha h/)) el: [fv gl]f) - [f/a g]fJ = <ha hé>?—[ - <h,v h0>’f-L}'
Then T' is said to be an isometric (resp. unitary) linear relation if the inverse linear

relation T~ C 'l (resp. 71 = I‘[H). If T is unitary and additionally single-valued
(i.e. an operator identified with its graph), then by [12, Corollary 2.4(i)] Tanl’ = H?
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(the closure of the range). If, moreover, domT is closed, then also ranT is closed, and
is given by ran" = H? ([12, Corollary 2.4(iii)]).

Throughout we use quite standard notation for the domain dom A, the range ran A,
the kernel ker A, and the multivalued part mul A of a linear relation A. The resolvent
set of A is denoted by res A, the point spectrum by o,(A).

3. THE A-MODEL FOR FINITE RANK PERTURBATIONS

Let 9,41 C $y,, n € Z, be the scale of Hilbert spaces associated with a lower
semibounded self-adjoint operator L defined in the reference Hilbert space $)¢ with
domain dom L = $);. The scalar product in §),, is defined via the scalar product (-, -),
in $Ho by scaling according to

(), o= (b (D)2 b (D)Y2)y ) ba(L) := (L — 21)™.

The number z; € resL N R is fixed and referred to as the model parameter. Let
us mention that the above definition of the $,-scalar product allows us to avoid
extra technicalities arising when, for example, one chooses b, (L) as the product of
(L — z;) for j € {1,...,n} for not necessarily identical model parameters z;, as is
done in [15] (where z; = —a;), or when, on top of that, one assumes L not necessarily
semibounded, in which case one should put |L]| in b, (L) instead of L. On the other
hand, our definition of the scalar product predefines the inner structure of the model
space (to be defined later); namely, it is shown in [15, Theorem 3.2(iii)] for d = 1
that the present choice of the model parameters (i.e. a; = —z; for all j) leads to an
indefinite inner product space, as the model space. Let us moreover advertise that the
current definition of the unitary operator by, (L)*/? (from $,, to £) is not allowed in
the peak model [26], which is a purely Hilbert space model (cf. [15, Theorem 3.2(ii)]).

To L = Lo one associates an operator L, := L | g, ., in $,. Then L, is self-adjoint
in $,, and moreover L,,11 C L, and res L,, = res L (cf. Section 5). For notational
simplicity we drop-off the subscript when no confusion can arise.

Let us fix m € N. Let Lyax denote the triplet adjoint of Ly, for the Hilbert triple
Hm C Ho C H_m; see also [15, Theorem 2.1], [26, Definition 3.1], [24, Proposition 4.2].
The operator L.y extends L_,, 2 to (the direct sum)

dom(Lmax) = H—mi2 + Mo (Lmax), 2z € resL.

M. (Lmax) is the linear span of the singular elements {g,(2) € H_m \ H_m+1}, each
being defined so that bm(L)*lgg(z) € Hm \Hm+1 is a deficiency element of the adjoint
L., in $,, of a densely defined, closed, symmetric operator Ly, in $,, with defect
numbers (d, d). Let us recall that the domain of L, is parametrized via the family
of linearly independent functionals {¢, € H_m—2 \ H_m_1} according to (¢,, f) =0
for f € $.,12; the duality pairing (-,-) between $_,,,_o and $,,12 is defined via the
$Ho-scalar product in a usual way (cf. [2, Eq. (1.17)]). In the sequel we also use the
vector notation (¢, ) = ((¢s,)): Hmre — C¢, and similarly for other duality pairings.
In terms of the functionals {¢,} the eigenvectors of L., are then given (in the
generalized sense) by g, (2) := (L — 2) " 1p,.
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As the space $_,, in which Ly acts is too large, following the lines of [15]
one further considers L.« in a finite-dimensional extension of §,,, referred to as an
intermediate (or model) space. We now discuss the construction of the space in more
detail.

Consider an md-dimensional linear space

Ra i=span{hy |a = (0,j) € S x J}, J:={1,2,...,m}
(S is an index set of dimension d) spanned by the elements
hoj = (L —21) 705 € H_m_212; ~ Dm—_1+25-

Note that hy1 = go(21) € M., (Lmax)- An element k € K4 C H_,, is thus of the form

k=Y da(k)ha, dalk)€C.

Since the system {h,} is linearly independent, the Gram matrix
Ga = ([Galao) € €™, [Galaor = (hashar)_y,
is positive definite, and one establishes a bijective correspondence
A 3k e d(k) = (do(k)) € C™,

Observe that £o N H,,,—1 = {0}.
Define a linear space
7-[A = (f)m + ﬁAa [’7 ]A)

with an indefinite metric
f+E f K a = (f, f),, + (d(k), Gad(E")) cma

for f, f' € 9.m; k, k' € Ra. An Hermitian matrix Ga = ([Ga]aa) € [C™] is referred to
as the Gram matrix of the A-model. The model space Ha is a Hilbert space if G > 0
and a Pontryagin space otherwise. Let also

Hﬁx = (ﬁm @ Cmdﬂ ['7 MX)
with an indefinite metric

(£, (F €N = (i [ ) + (6, GAE ) gma

for (f,€), (f',€¢') € $H, ® C™?. The isometric isomorphism (unitary operator) from
Ha onto H', realized via the above established bijective correspondence fa cmd,
is denoted by Ujy.

The construction of nontrivial extensions to Ha of Ly, relies upon the following
lemma; cf. [15, Eq. (2.3)].
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Lemma 3.1. The restriction to Ha of Luax is the operator Apnax given by

dom A = { /7 4+ hns1 () + | [ € Buias k€ Ra s honsa (€) 1= D cohmmet,
c= (CO') S (Cd7 ha,erl = bm+1(L)_1§00 S fjm AN ﬁerl}a

Aumas(F# + huns1(e) + k) = LF* + 21hnia (¢) + &, k€ Ra,
d(k) == Mad(k) +n(c), 1(c) = (§jmcq) € C™,
where the matrizc My =M S ... &M (d times) is the matric direct sum of d matrices
M = (M;7) € [C™] defined by
M0 = 5jj/21 + (5j+1’j/7 jed~ {m},j' eJ
and Myyjr = 0jrm 21, j' € J. Form =1, one puts M := 21.

Proof. By definition, the action of Lyax on f+k € 9, + 84 is given (in the generalized
sense) by

Liax(f + k) = Lf + Y z1do1(k)hor + > > doj(K)L(L — 21) Vo,

o j=2

m—1
=Lf+zk+Y Y doji1(k)he;.

o j=1

Now Lf € $,,_2, thus the range restriction Ly (f + k) € ., + Ka implies that
f is of the form f# + g for some f# € §,,12 and g € $,, such that Lg € Ha. By
noting that Lhp,41(c) = 21hmy1(¢)+hm(c) (hm(c) € Ka is defined similar to hp,41(c))
for an arbitrary ¢ € C%, one concludes that g = h,,;1(c), and the required result
follows. O

Now we state the main realization theorem in the A-model.

Theorem 3.2. Assume that an invertible Hermitian matriz Ga satisfies the commu-
tation relation
GaMyg = MGa. (3.1)

Then the triple (C*, T§,T4), where TA: f s (D5 f, T f) from dom Apay to C? x C?
is defined by
Lo (f + iy (c) + k) i=c,
L2 (f# + b () + ) = (o, f7) = [Gad(R)]m
with
[Gad(k)]m = ((Gad(k)]om) € C
and f#* € Hmq2, k € Ra, ¢ € C, is an OBT for the adjoint A%, = Amax of a densely

min

defined, closed, symmetric operator Amin = Amax | kerra 0 Ha-
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Moreover, for a (closed) linear relation © in C?, a proper estension Ae of
Amin is the restriction of Amax to the set of f € dom Amax such that TAf € O.
The Krein—Naimark resolvent formula reads

(Ao —2)7" = (Ao — 2) " +7a(2)(0 — Ma(2)) '7a(2)"

for z € resAg Nres Ag. The resolvent of a distinguished self-adjoint extension
Ao := Afoyxca is given by

(Ao —2) "' =UR[(L —2) 7' & (Mg —2)"'|Ua

for z € res Ag = res L~ {z1}. The y-field yao and the Weyl function Ma corresponding
to (C4, T8, TY) are given by

9o (2)

(z —21)™

A (2)C = N, (Apmax Z{ch " |CJ€(C} Fy(z2) =

and
Ma(2) = q(z) +r(z) on C¢
for z € res Ag. The Krein Q-function q of Ly is defined by
4(2) = ([a(2)]oor) € [CY),  [a(2)]oor := (2 = 21) {0, (L = 2) " gt 1)

for z € res L, and the generalized Nevanlinna function r is defined by

r(2) = ([r(2)]oor) € [CY,  [r(2)]oor i= — [Galomors

(z — z)m—i+l

for z € C~ {z}.
Proof. By Lemma 3.1, the boundary form of Ay, is given by
£ 9 A = {d(R), (Gom — Gi)d(K ) cma + (TG £, TR 9)ca — (T2 £, TG 9)ca

with Gon 1= GaMy, where f = f#+h,,11(c)+k € dom Apax, g = 97 +hma1(c)+k €
dom Ay, f7, 97 € Himaa, ¢, € C4 k, k' € R, Assuming that

kerGa = {0} and S)JIZQA(Cmd CranGp
the adjoint Amin := A« in Ha is given by
dom A, = ker FA,
Amin(f# + k) = Lf#* + > (G MG ad(k)]aha

and hence the boundary form of A, reads

12 9) A = (d(E), (Gin — Gom)d(E")) crma
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with f = f# 4+ k € dom A, and g = g% + k' € dom Ay, as above. One verifies that

the adjoint A%, = Amax, and hence Anax is closed in Ha.
If (3.1) holds, the boundary form of A% satisfies an abstract Green identity. Thus,

since T'* is single-valued and surjective, the triple (C?, T8, T'}) is an OBT for A%, .
The eigenvalue equation for Ap.x yields

f* = (2= 2)(L = 2) hnpa(e),  d(k) = —(Ma — 2)~n(c) (3.2)

for f# 4+ hpo1(c) + k € dom Apay as above. Now

(Mg = 2) " 0(Doj = D_[(Ma = 2) ojormeor

o’

with ¢ = (¢,) € C? and with
(D4 = 2) ojorm = 0o [(M = 2) " jm, (M= 2) " jm =
Thus, by noting that

(L—2) "M (L—z)"+ Z(L —2a) T (e—a) T = (L) T (e )T

one concludes that the eigenvector f# + hp,11(c) +k € M. (Amax) is given as stated
in the theorem.
Finally, the Weyl function

Ma(2)e = (g, f*) — [Gad(k)]m

for f# and k as in (3.2). The first term on the right-hand side defines ¢(z)c and
the second term defines r(z)c. O

Let us mention that the Q-function ¢ is actually the Weyl function associated with
a certain boundary triple for the adjoint L}, in $,,; see Corollary 7.4 below. While ¢
is a Nevanlinna function, r is a generalized Nevanlinna function, and the Nevanlinna
class [3,7] depends on the particular choice of the Gram matrix Gy .

The matrix Gop := Ga9MN, is Hermitian iff
GAlojorir =0, [GAlsj.orm = [Galorm.oj = [Galej+1:07,m—1 (3.3)

for j e I {m}, j € {1,...,m —j} and m > 2. For m = 1, however, the matrix
Gon = 21Ga is automatically Hermitian.

Due to (3.3), several remarks are in order. First one verifies that r is symmetric
with respect to the real axis, that is, 7(z)* = r(z), because [Galom,o'j = [GA]sj,0'm
(j € J) by (3.3). Note that q(z)* = ¢(Z) is clear from the definition. Next, one observes
that the Gram matrix §A does not satisfy (3.1) for m > 2, because [C;A]Ul,gl > 0. This
shows that, in order use Theorem 3.2 for m > 2, one cannot define the Gram matrix
of the A-model in a way that is done in the peak model.
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Remark 3.3. Let us recall that in the peak model the parameters {a;} are all
necessarily distinct. However, putting a; = —z1 + ;-1 for §; # 0 and j € J \ {1}
and m > 2, and formally taking the limits §; — d,_1, as well as §; — 0, one can
show by induction that the Q-function associated with the Gram matrix G of the
peak model approaches r, up to O(61), with [Galom,o/j = [GA]om,o’j- Notice that
[(jA]gm,a/j, with m > 2, satisfies the second relation in (3.3). On the other hand,
taking the above described limits, the matrix element Gy1 72 = [gA]ngq + O(01),
so the requirement that G must be diagonal in j — which is essential in applying
the extension theory of symmetric operators in the peak model — fails for m > 2.
For m = 1, both models produce the same Nevanlinna function r(z) = Ga /(21 — 2),
provided that Gy = Ga (€ [C4)).

Example 3.4. We briefly demonstrate by a concrete example the case when the
eigenvectors {g,(2z)} of Lmax are not orthogonal for distinct z, that is, the exam-
ple when the peak model cannot be applied. We consider the two-particle Rashba
spin-orbit-coupled operator L in $, = L2(R%) ® C* with point-interaction between
the two cold atoms [23]. The operator is nonseparable in the center-of-mass coor-
dinate system (z,X) € R3 x R? (z is the distance between the two atoms, X is
the center-of-mass coordinate) for a nonzero spin-orbit-coupling strength e. The
interaction is modeled by the Dirac distribution ¢, € $_4 \ H_3 concentrated at
z = 0: (po, f) = Nof-(0,X), f =3, fo ®|0) € Ha, No > 0 is the normalization
constant, {|o)} is an orthonormal basis of C*. Thus we have m = 2 and d = 4.
For simplicity, we assume that ¢ is negligibly small. In this regime L approximates, up
to O(g), the operator (—2A, — Ax) ® Ica (cf. [1, Eq. (8)]), where A, (resp. Ax)
is the Laplacian in # € R? (resp. X € R3). Then the distribution g,(2) € $_2 \ H_1
admits a relatively simple form

Ny zKs(| = Wolv=2)
90(2) = (2m)3 |- — Wol?

®@|o), Wo=(0,X), z€C\][0,00]

where K5 is the Macdonald function of second order. Because m = 2, it suffices to
have in the (peak) model two distinct model parameters z1, zo < 0 (or else a, ag > 0).
Because now be(L) = (L — 21)(L — 22), the Gram matrix element Go1 o2 reads

Go1,02 = (95(21), 9o (22)) 5 = (9o (21),b2(L) g0 (22)),

(
=0, (B = 2~ 2220 ) = (0, s (L~ )~ )] 32
(

9? 9o (u) — g5 (v) | > o

NP7 Buau u—v V=25

N2 1 9% uKs(ry—u) — vKs(ry/—v)
77(27)3r1—>0r728u8v u—v |:§:g;
N2 2ajazlog(ay/as) —af + a3

_(27'(')324 (G,g — a1)3

up to O(e?) (a more accurate computation of G,1 »2 shows that the term O(e) vanishes).
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4. PROJECTIONS
In the remaining part of the present paper we develop the A-model in the subspaces
,H;( = (f)r_n D (Cmdv ['7 ]fA)7 ’er = (57—; ® (Cmd7 ['7 ]Z%)

of H'y, by assuming that the Hilbert space $,, = £,, ® 9, is the Hilbert (orthogonal)
sum of its subspaces §;-. The analogue of Theorem 3.2, in the case when $ 1 CHE
(Vn € Z) densely, is stated in Theorem 7.3. First we discuss the properties of the
projections that we use later on, then we consider the restrictions to $F of L,,, and
then finally we describe the min-max operators defined in ”Hﬁf. The principal difference
between the case of the minimal operator A, considered in Ha and its analogue
A, (resp. Al ) considered in H\~ (resp. H\') is that A, (resp. A, ) becomes
nondensely defined in general, that is, the corresponding maximal operator A .
(resp. Af..) is a linear relation.

Let P, be an orthogonal projection in §),, onto a subspace £, C §, and let
P :=1I4, — P;, an orthogonal projection in §),, onto ;" := (H.)2». Here and

elsewhere the subscript in L, indicates with respect to which Hilbert space one takes
the orthogonal complement.

Lemma 4.1. P, is an orthogonal projection in $), onto a subspace §,, iff
Py (n) := bu(L)2P; by (L)/?
is an orthogonal projection in Hy onto a subspace
95 (n) == Py (n)$o = ba(L)'/20;,.

If this is the case, then

Py (n) = I, — Py (n) = ba (L) P10, (L) ~1/?
is an orthogonal projection in £ onto a subspace

55 (n) = 9 (n)20 = B ()90 = ba(L)"2557.

Proof. Because
Py (n)* = bu(L)V2(P)?ba(L) /2

Py (n) is a projection iff so is P, .
We show that the adjoint Py (n)* of Py (n) in £)g is given by

Py (n)* = b,(L)Y2P; *b, (L)~ /2 (4.1)

on £, where P, * is the adjoint of P, in $,,; then it follows that Py (n) is self-adjoint
in o iff so is P, in $,,: The graph of the adjoint Py (n)* in £ consists of (y,x) € HZ

such that (Yu € $g)
<uvx>0 = <P6(n)u7y>0'
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Every u is of the form u = b, (L)*/? f with some f € $),,. Then

(u, x>0 = (f, bn(L)71/2x>n

and
(Py (musy)o = (P £,0u(L)72y),, = (f. Py "ba(L)"2y),

from which the claim follows. The remaining statements are verified straightfor-
wardly. O

The present lemma allows us to freely transfer between the §),,-space representation
and the $)o-space representation. In particular £, (0) = £ , but in general H (n) # Hg
for n # 0. The equality holds for all n iff

Py =b,(L)"Y2Py b, (L)'/? (4.2)

on $),; in this case one would have ), , = bi(L)~1/2%;, for | € Ny (cf. Example 4.5).
Moreover, Pojt(n)PojF (n+1) # 0 in general. However, the product of projections vanishes
for | € 2Z, provided that P, C P, ; see Lemma 4.4 below.

Let n € Z, | € Ny as above and let

‘FJT_L,Z = Pn_f)n—i-l .
Throughout we assume that
ﬁ;’l C f.)n-i—l .
Then
ﬁ;,l = S’:),; N SjnJrl .

The latter equality follows from the following observations. The set £, N $),4; consists
of f € §, such that f € $,4;. Then P, f = f € 55;7” and therefore §; N .,
is the set of f € $,, such that f € $,4;. By the above assumption this yields

N N1 = Hy -
Using the definition of the projection Py (n) it follows that

9,0 = ba(L) 720, (n), 9, (n) := Py (n)Hi = Hy (n) N 9y
and hence $; (n) is a subset of §;. Similarly, one defines fj;l = Pr$,4 and
ﬁf(n) = ng (n)$;, with the assumption 53;1 C Hnai- We note that

P3(n)P{ (n') = B{ (n)P{(n), s,8¢€{—,+}, nn cZ

and that
Hi(n) N H; (n') = H (n) N H; (n)
for [ € Np.
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In general ,6;71 #9, e but the following holds.

Lemma 4.2. Letn € Z, | € Ng. 9, , (resp. ; (n)) is dense in $;, (resp. $H, (n)).
Moreover $, , = 9, if 9,,, is dense in §,, or equivalently, iff P, , C P,
(in fact, if 9, ., € 9, densely, then .V)j;_,’_l C 9, densely and Pj:_l C PF; conversely,

if P, € P, , then P;’H C Pf and ﬁf—&-l C HF densely); if this is the case then

Py (n+1) € bi(L)/* Py (n)by(L) ™1/
and hence $y (n +1) = by(L)Y29; (n) (and similarly for Py (n+1) and H (n +1)).
Proof. The orthogonal complement (53;7[)1-% in 9, of 5’);71 consists of all g € §),, such
that (Vf € $n41)
0=(P, f,9), = ([, Py g),
Because $),4; is dense in $),,, this implies P, g = 0; hence (5'9;[)1-% = H}. This
shows that §, , C $, densely in [|-[|,-norm. Similarly, the orthogonal complement

$; (n)+o0 in Hy of H; (n) consists of all v € Hy such that (Vu™ € H; (n)) 0 = (u™,v),.
Now ™~ is of the form u™ = b, (L)'/2P; f with some f € $,,1, s0

(u,v)g = (ba (D)2 Py f0)g = (B f.bn (L)), = (f, Py bn(L) " 20),,
This implies P b, (L)~'/?v = 0, and hence
O ()70 = ba(L)'2597 = 97 (n).

One concludes that $; (n) C H; (n) densely in |-||o-norm.
Next one shows that 53;“ C %, densely ift P, C P . The orthogonal com-

n+l
plement (ﬁ;H)L:)n in 9, of 9, ,; is the set of all+g € $, such that (Vf € $Hp41)
0= (P, ,f g)n. If P, C P, then one arrives at the previously considered case,
namely, (§,,,)"" = (.VJT_LJ)J"'J"; hence §,,, C 9, densely. Moreover, P, C P,
implies that also $7,, C ;" densely: (9;,,)o» is the set of all g € §, such that
(Vf € ﬁn—&-l)
0= <Pi+lfa 9>n = <f79>n - <P;+lfa 9>n;
but
(Pofog), =By fi9), =, Prg),.
SO
0=(Pf.9),=(fPlg),
This shows (§,,,)*» = $,,. Conversely, ()" = §,} implies that (Vf € H,4:)
(Vg € $5)
0= <Pn_+lf7pn+g>n = <PYTP7L_+lfag>n
hence P,FP ., = 0. On the other hand, (ﬁgﬂ)L’?n = $ also implies that
(5Z+I)Lﬁn =9, (ﬁZH)L% is the set of all g € §),, such that (Vf € $,11)

0= <P:+lf’ g>n = <fvg>n - <P7;+lfa g>n .
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Now
<Pn_+zfa g>n = <Pn_+lfa P;g>n + <Pn_+lfa Pn+g>n
and
<P7:+zf,Pjg>n = <P7J[P,:+lf,g>n =0,
SO

0= <P7j_+[fvg>n =(f,9), — <Pr:+lfaPr?g>n = <Pn_+lf,g> - <Pn_+lfaPr:g>n'
As aresult (9,7, ,)4on is the set of all g € $,, such that (Vf~ € H.,,) 0= (f", P g),.
Because by hypothesis $), ,; is dense in $),,, this shows (.F_):H)lrm = 9., as claimed.
Sequentially, (Vf € $,41 Vg € H5)
0= <P:+lfapn_g>n = <P’I’L_P7j_+lf7g>n

and hence P;P;Zrl = 0. This together with P,TP;H = 0 implies that PniH C Pt
It P, € P, then §,, = %, by definition. Assuming the converse, again by

n+l
definition one gets that P, 9,41 = P, 941, i-e. Py | g,,, = P,;- This shows that

n+l°
573;,1 = ﬁ;rl iff ,S'j;rl is dense in §,,, or equivalently, iff Pn_+l C P .

Using P7:+l C P, foruefH
Py (n+ Du = buga (D) Py b (L)
= b (D)2 Py bpya (L)
= (L)' Py (n)bi(L)"?u

and this completes the proof of the lemma. O

Example 4.3. Let H* = W} (R"), v € N, be the Sobolev space. Then we have
L2 =L*R") = H° Let L be such that

Np =, (L) V2120 CH=H"®CY nciZ
and

P, (H"®CH=H"®C'=9,, PFfH"2CH=H"aC*=4,.

Then P, C P, , and similarly for Prfn The subspaces
9y (n) = by (L)V2H" @ CY),  H5 (n) = by(L)/*(H" @ C3).
For | € Ny, the subset
9, = (HCHn(HH o CY =H™M o C' =5,

, =971, CH. Likewise, the subset

is dense in $,,; and similarly for Hr il

H; (n) = [b,(L)/*(H" @ CH| N (H' ® C*)
— bn(L)l/Z[(Hn ® (Cl) N (Hn-i-l ® (C4)]
= b, (D)2 @ C') = by(L) 29, (n +1)

is dense in ), (n), and similarly for $,"(n) C 97 (n).
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Due to the dense inclusion $,11 C $,, one also has the following result.

Lemma 4.4. Assume that P, ., C P, for alln € Z. Then
95 =9 (2n), 55 (1) =95 (2n+1).

Proof. We show that 91 (n) = 7 (n — 21) for n € Z, | € Ny; by relabeling n — 21
by n, the result extends to all [ € Z. Taking the orthogonal complements one deduces
an analogous result for 5 (n).

We use two facts: that $7 (n) = ker Py (n) and that $; C o densely for I € N.
The kernel of Py (n) consists of u € £ such that P, (n)u = 0; this is equivalent to
saying that (Vv € ) (v, Py (n)u), = 0. By Lemma 4.2,

Py (n)u = b (L)Y2Py (n — )by (L)"Y?u = Py (n — 1)by(L)"Y?u = 0.
Thus for all v € $g
0= (v, Py (n)u), = (v, Py (n — l)bl(L)_l/Qu)O
= <bl(L)71/2P07(n — v, u),
= (Py (n—20)by (L)~ 2, u), (by Lemma 4.2).
Since every v is of the form v = bj(L)'/?w with some w € $;, it follows that (Yw € §);)
0= (P (n—20)w,u), = (w, Py (n —2l)u), .
Since $); C $o densely, the latter implies that P, (n — 2l)u = 0; hence
95 (n) = ker Py (n) = ker Py (n — 21) = $Hg (n — 21)
as claimed. O

Thus, if the hypothesis of Lemma 4.4 holds, then the projections Py (n), n € Z, are
in fact characterized by only two projections: P, = Py (2n) and Py (1) = Py (2n+1);
in this case P, is as in (4.2) for n € 2Z, and

P =b,(L)"Y2 Py (1)b, (L)Y/?

n
for n € 2Z + 1. But the converse is not necessarily true in general.

Example 4.5. Let P, be as in (4.2). Then P, (n) = Py for all n € Z. Let | € Ny;
then
N1 =Py O = b (L) 2Py by (L) 29,1 = bn(L)fl/zﬁ&l

while
=P Oy = ba(L) 729
Thus fj;l =90 iff
No.(=Fy ) =9, (=P )

or what is the same, iff P, D P.
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5. PROJECTED OPERATORS
Let n € Z. By scaling every self-adjoint operator L,, in $),, admits the form
Ly, = b (L)"Y2Lb,(L)Y?, L = Lo (5.1)

on dom L,, = $),,4+2. To every L,, one associates densely defined (Lemma 4.2) projected
operators
L, =P L, \5;2, L} =PrrL, |ﬁ:2

in 9, and ), respectively. In analogy to (5.1), every operator L, admits the form

n’

Ly = ba(L) 2Ly (mba(L)?, Ly (n) = Py (n)L| 5,

and similarly for L. The operators L (n) are considered in $T (n), and hence they
are densely defined.
Using ), (n) := Py (n)$Ho and Ho = (L — 21)92, Hy (n) is the sum of sets

9y (n) =ran(Lg (n) — 21) + By (n)L$H3 (n). (5.2)

Thus in general the operator Ly (n) — 21 is not surjective (unlike L — z1). But the
following holds.

Theorem 5.1. Under hypothesis of Lemma 4.4 the operator Ly (n) — z1, n € Z,
s surjective.

Proof. By Lemma 4.2,
ran(Lg (n) = z1) = By (n)b1(L)93 (n) = By (n)Hg (n + 2).
Now apply Lemma 4.4. O

The statement of the theorem is therefore equivalent to the statement
Py (n)L$H3 (n) = {0}. (5.3)
Indeed, by Lemmas 4.2 and 4.4,
Py (n)L$3 (n) = Py (n)b1(L)H3 (n) = Py () (n +2) = Py (n)Hg (n) = {0},

so the sum in (5.2) implies that the operator L, (n) — z; is surjective, and vice verse.
In this case the operators L, (n) satisfy L, = Ly (2n) and Ly (1) = Ly (2n + 1).
Analogous results hold for L (n) and L.

If L, * is the adjoint in $),; of L;, and if Ly (n)* is the adjoint in H (n) of Ly (n),
then the following result holds.

Lemma 5.2. L;* = b, (L)~ Y%Ly (n)*b,(L)/?.
Proof. The basic arguments are as in the proof of (4.1). O



584 Rytis Jursénas

Theorem 5.3. Under hypothesis of Lemma 4.4 the operator Ly (n), n € Z, is
self-adjoint in $Hj (n).

Proof. Consider the adjoint Ly (n)* as a linear relation in $); (n). Then L; (n)* consists
of (y=,x27) € Hy (n)? such that (Vw™ € H; (n))

(w=,27)o = (Lo (Mw™,y™ )y

Every w™ € 5 (n) is of the form w™ = P; (n)by (L)~ 'v with some v € £¢. Then

|
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By applying Lemma 4.2
(b1 (L)Py (n)bi(L) Mo,y )y = (Py (n+2)v,y7 )y = (v, Py (n+2)y ™), -
On the other hand,
(w™,27)y = <b1(L)71v,z7>0 = (v,bl(L)71x7>O.
Therefore (y~,27) € £, (n)? such that
bi(L) 2™ =Py (n+2)y” +b1(L) 21y~

Because y~ = u~ +u is the sum of disjoint elements u* € Pif(n+2)$; (n), it follows
from the above that

bi(L) re” =u + by (L) e (u +u).
Because b1 (L)1, (n) = $; (n — 2) by Lemma 4.2, from here one concludes that
u” €95 (n—2)NPy(n+2)H, (n) =H5 (n—2)NH35 (n) NH; (n+2).

Sequentially

27 =bi(L)u” +z1(u” +u) =Py (n)bi(L)u™ +z1(u” +u) =Ly (n)u™ + zu™.
Finally, by applying Lemma 4.4 one gets that u~ € $; (n) and u™ = 0. O
Corollary 5.4. z; € resL; (n).

Proof. This follows from Theorems 5.1 and 5.3. O

Under hypothesis of Lemma 4.4 and applying Lemma 5.2, the operator L, is
therefore self-adjoint in $,,. Moreover, z; € res L, =res L, (n) or, what is equivalent,
P L%, ={0}. Similar conclusions apply to operators L{ (n) and L.



On some extensions of the A-model 585

Lemma 5.5. Under hypothesis of Lemma 4.4 the resolvent
(Lg(n) = 2)"' = Py (n)(L— )Py (1) on %7 (n)
for z € res L C res Ly (n) (and similarly for L (n)).
Proof. First we derive the resolvent formula for z € res LNres Ly (n) and then we show
that res L C res Ly (n). Consider an arbitrary v € $)o. Then, for z € res L, (Ju € $2)
v = (L — z)u. Projecting the latter onto $); (n) and applying (5.3) yields
Py (njv = (Lg (n) — )Py (n)u

and the resolvent formula follows for z € res L Nres Ly (n).

The eigenspace

N.(Ly (n) = {u~ € 5 ()| Py (n)(L — 2)u" = 0}
is nontrivial for some z € R (cf. Theorem 5.3). From here and (5.3) one gets that
(L —2)u™ =P (n)(L—2)u” =0;
hence
N.(Lg (n)) = H3 (n) NN(L).

If 2 ¢ 0,(L) then also z ¢ o,(Ly (n)), but the converse z ¢ 0,(L, (n)) implies only
that M, (L) = H3 (n) NM,(L) in this case. Therefore o,(Ly (n)) C o,(L).

Now let z € res L, that is, z ¢ 0,(L) and ran(L — z) = $)o. Because by (5.3)

ran(L — 2) = ran(Ly (n) — z) + ran(L$ (n) — 2)
it follows that
ran(Ly (n) — 2) = 5 (n), xan(L{ (n) — 2) = 5 (n)

so z € res Ly (n). O

Under the same hypothesis the resolvent of L, is given by

(L, — z)*l =P (L, — z)*an* on 9,

n

for z € res L,, = res L (and similarly for L;}).
We summarize the main results obtained so far in the following theorem.

Theorem 5.6. Let H,11 C 9, be the scale of Hilbert spaces associated with
a self-adjoint operator L in $o. For each n € Z, let P, be an orthogonal projection in
Hn onto a subspace H,, C Hy; 5"),"{ is the orthogonal complement in $, of H,, . Assume

that P, C P, . Then the projections (P, )ncz are characterized, by scaling, by any

n
two adjacent projections, say By and P, according to

Py, = b, (L) ' Py by (L), Psiq =bo(L) P by(L).
For each n, the subspace $),, (resp. $,7) is therefore a reducing subspace for the

restriction L, to $pi2 of L. The part of Ly, in £, (resp. ) is a self-adjoint
operator.

Proof. This follows from Lemmas 4.4, 5.2, and Theorem 5.3. O
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6. MIN-MAX OPERATORS IN A SUBSPACE

In the present and subsequent paragraphs 9Ga = GaMy, as in (3.1), for an invertible
Hermitian Ga, and P, C P, , n € Z, as in Theorem 5.6. Let

n+1
Asin = UnAmin Uy
= {((f*, &), (LF*, M) | f* € Hmi2, £ € C™, (o, f#) = [Ga&lm}.
Then A/ ;, is a closed, densely defined, symmetric operator in H’,, whose adjoint A.%
is given by
Al = Al = U Amax U !

- {((f# + hm+1(c)7£)a (Lf# + Zlhm+1(c)’md§ + 77(0))) ‘ f# € N2,
ceC?, ¢ eCmiy,

If (C4,T4,T4) is an OBT for Apay then the triple (C?, Ty, T14), with T/A .= TAUL Y,
i €{0,1}, is an OBT for 4] ..
Let
* .= PE @ Icma  in H,, & C™

Then II~ (resp. IT*) is an orthogonal (with respect to the $),, ® C™%-metric) projection
onto a subspace $,, & C™? (resp. $;, @ C™?). Note that

I £0, IV #0, T +T7 # Iy gema.

However, given II~, the above inequalities become the equalities with II* replaced by
the orthogonal projection II' " := Iy ocma — II™ onto

(9, & C™ ) Fomoemt = Gt & {0},

Likewise, given I, the above inequalities become the equalities with I~ replaced by
the orthogonal projection II' ™ := Iy ocma — IIT onto

(ﬁ;:, @ Cmd)J‘ﬁm@cmd — ~6,r_n @ {0}

By Theorem 5.6, A, .. maps

min

!
dom A ;.

N (6, ®C™) =T~ dom A/

min

into H;, ® C™?; therefore §,, ® C™¢ is an invariant ([28, Definition 1.7]) subspace
for Al ... Let A_. denote the part of A/ ; in §, & C™4 that is

min

— . / _ — li
Amin T Amin | II-domA, . — 1 Amin | II- dom A/

min

= {((F# 7,8, (Lo f* =, M) | f# 7 € 425 £ € C™ o, f#7) = [Gallm}-

in 1 @ C™e. Because $H @ {0}
! ., the operator A/ . is represented

min» min

Similarly one defines the part At of A’

min min

(resp. 9, ®{0}) is also an invariant subspace for A
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by the orthogonal sum of its part A—. in §, @ C™ (resp. AT. in H @ C™) and

min min
its part L. @0 in H; @ {0} (resp. L, ©0in H;, @ {0}), where the operator

+ 7t - T .

Lain = L prent  1torn=oy - (0P L 3= Lo | e 1o, p)=0y)

symbolically ([&] indicates both $),,, & C™?-orthogonal and H/,-orthogonal sum)
Abin = A;in[@](L;;in ©0) = (Liin ® 0)[@]14;:1111' (6.1)

Let ¢~ (resp. 1) denote the vector valued functional whose components ¢,
(resp. pF) are defined by

05 = bms2(L) 2Py (M)bmia(L) %00 € buia(L)/?(H5 N H7)
(resp. of = byng2 (D)2 Py (m)bmy2(L) " %05 € bya(L)/2(05 ~ HT)).

The duality pairing (p-,-) (resp. (pF,-)) is defined via the $)o-scalar product in
a usual way. (p~,) = ({¢5,")): 9,5 — C? denotes the action of the vector valued
functional ¢, and similarly for ¢™.

Lemma 6.1. For f#~ € §, .,
(o, [ 7) =™ f77) = (B (L = 20) 7 7).,
and similarly for the action of ¢ on 5’3;”.
Proof. By the definition of the duality pairing and that of ¢,
(P s F#7) = (bmra(L) 7207 binga (D)2 £ 7),

=(Fy (m)bm+2(L>_1/2@m bm+2(L>1/2f# "o

= (bm2(L) 205, Py (m)bm42(L)/2 7 7).
But

bmy2 (D)2 f# 7 € bya(D)29,, 15 = bimya (D) PPy 992 = $H5 (m + 2)

and hence by Lemma 4.4 b,,2(L)Y2f#~ € $; (m); therefore

<bm+2(L)_1/2300> Py (m)bm+2(L)1/2f# _>o = <bm+2(L)_1/2‘Pm bm+2(L)1/2f# _>0
= <<poa f# _> .

This proves the first equality. Using that b, o(L)Y2f#~ € £, (m), the second equality
is due to

(P mrrs (L — z) f* _>m = (Mg mi1,b1 (L) f* _>m

b (L) 2 P b1, b2 (D)2 % 7)

By (m)bm2(L) 00, bnta (L) /2 1#7),
bm+2(L)71/290m bm+2(L)l/2f#7>0 = (Yo, f#7> .

The proof of (p,-) on £, is analogous. O
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By the lemma the boundary conditions defining the operators LE,

reduced to (pF, f£) =0, f* € H,,12, where ¢~ + T = . Explicitly

are therefore

T + 7+
Liin = Lol {5y 1to-f=0y Lmin = Lo L (vt 1 (o, 54y =0}

Just like the functionals ¢, define the elements hy; := b;(L) ‘¢, j € J, that
generate the linear space £4, the functionals ¢ define the elements

h;tj = bj(L)_lsﬂf = Pitm_z_g_thaj (62)

that generate (span) the linear subspaces ﬁjA[ of Ra; that is, R = R, + RX. The
proof of the second equality in (6.2) uses the definition of Pi(-) and then Lemma 4.4,
in the same spirit as in the proof of Lemma 6.1.

Unlike the case of Al ;,, the operator Al .. does not commute with the projection

min>
I~ (resp. II7). The reason is that now the projection of h,,1(c) onto $,, affects the
value of the extra term 7(c) € C™?. This seems to be better seen in the representation
of the operator A/ . in the space §,, + £, i.e. in analyzing the operator Apax.

max

Thus we have by Lemma 3.1 (here k € R4)

Amax(f# + hm+1(c) + k) - Lm72(f# + herl(c)) + k/7
K e R, dk') =Mad(k)

and
Ly—2hmy1(c) = z1hmi1(c) + hm(c),

where

h(€) = by (L)hmia(c) =Y [0(0)]laha =D cohom € Ra.

(e

Now projecting f# + h,,41(c) + k onto ), + & one gets that
AmanglniUA(f# + hinta(c) + k) = Lr_n—2(f# Tt hpga(0) + k'
= Lo /#7211 (0) + 1+ iy (o)

with

ho(€) == b1(L)h 1 (0) = > [0(0)]ahg =Y cohg,, € Ky

[e3

(it is precisely for this reason why n(c) changes to n~(¢) # n(c); see below), while

U ' T Ua Amasx (f# + hins1(c) + k) = Ly f# 7 + z1hy, 1 (¢) + K + hin(c)
= AmaxUx "I UA(f + hins1(c) + k) + b (c)

with h(c) € &) defined similarly as h;,(c). Because h(c) € &1 and &% C Ra,

it follows that
him(e) =Y _n(O]ahy = I (0)laha

[0 [e3%
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for n*(c) € C™¢ given by
1 (e) = Gat (hy k(€)= Ga 1Gin(e)

with the matrix B _ _
g:At = ([gi]aa’)v [gi]aa’ = <hoc>h§'>fm~

With this notation, and going back to the representation of A.x in $,, & cme,
one gets that

Ao I (FF 4 hing1(€),6) = (Lo f# 7 4 21hiy 1 (), Mg + 17 (€))

while
HiA;nax(f# + hm+1(C), f) = (L:nf# -+ Zlhr_rz+1(c)7 mdf + 77(‘3))

Similarly, projecting (f# + hm11(c), &) onto H;5 @ {0} gives
Ao 1T (f7 4 B (0),€) = (LLF#F + zahef, 41 (0), 07 (0)

while
HI+A;nax(f# + herl(c)’ 5) = (Ljr_zf#—i_ + Zlh;-‘rl(c)? O)

From these formulas one observes that one still is able to represent the extension of the
operator A/ (but not the operator A/ itself) as the orthogonal sum of its parts
in subspaces 9, ® C™? (resp. H;5 @ C™?) and H @ {0} (resp. H;, ® {0}), similarly
as in (6.1), by moving an element (0,77 (c)) from A!  IU'* to A/, II".

To make this precise, one therefore introduces the linear relation

AI;IELX = {((f#i + h:nJrl(C)ag)v (ngf#i + Zlh;z+1(c)amd€ +77(C))) |
AT e, ., ceCl ceCm

in $;, & C™? with the multivalued part
mul A, ={0} xnt(Z7), U7 := {c € C? Zc,,cp; = 0}

(the multivalued part is exactly the orthogonal complement in H',~ of dom A, ) and
the operator

— I — Al
Lmax ®©0=1I Amax | I’ — dom A/

in $,, ® {0} with
Liax 3:{(]0#7 + hyppa(0), L:nf#i + z1h,1(0)) | f* e Amt2r CE Cd}-

Analogously one defines the linear relation At in $F @& C™? with the multivalued

part {0} x7n~(X7T), and the operator L. in ;! . Note that the domain of the operator

max
L. in H,,, can be also written thus

dom L. = 9y0 + N (Lnax), 2z €resL,,
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with the eigenspace

N (Lmax) = (Lo — 21) (L — 2) "y (CY)

max)

+ . should not be confused with the triplet

is the adjoint in $., of L_. , and similarly

min»

and similarly for L. . (The operators L
adjoint Lpax; as we show below, L_
for Lt ...)

It follows from the above constructions that the orthogonal (both in
Ny ® C™metric and in H/y-metric) componentwise sum of linear relations (cf. [18,

19,22] for the notation)
Ao B Lifax ©0) = (Lipax © 0)[ 8] A (6.3)

is an extension in $),, ® C™? of the operator A’ . . By comparing (6.1) with (6.3)
one concludes that A, C A and L, C L..., and similarly for Af, and L}

max’ min*
In fact, one can say more.

Theorem 6.2. The linear relation Ay, = Ay is the adjoint in H'\~ of a nondensely

max min

defined (in general ), closed, symmetric operator A

Proof. The main arguments are as in the proof of the self-adjointness of L, (Theo-
rem 5.3) by using in addition that the boundary condition for (f# &) € dom A,
implies that (Ve € C%)

(w, b (L) 2l 1(0)g = (€ Gan(Q))gma s f#7 = bmia(L) 72 Py (m)w,  (6.4)

w € Ho; note that

bm(L)l/Qhr_n+1(c) = b7n+2(L)71/2 Z CoPy

and the representation of f# ~ is shown in the proof of Lemma 6.1. The duality pairing
then reads

<<)077 f# 7> = <bm+2(L)71/2<p77 bm+2(L)1/2f# 7>0
= (bma2(L) %07, By (m)w),
but by,42(L) /20~ € H; (m), so the boundary condition reads

(=, f*7) = <bm+2(L)71/2§077w>0 = [Ga€]lm
from which (6.4) follows.

— %

Now one computes A7 ; as a linear relation, it is the set of ((y~,&,), (7, &) €

min’

(5, ® C™)?2 such that (V(f# ~,€) € dom A,

min)
(77 27),, + (6 Gaadoma = (Lo f7 7,07 ) + (Mal, Galy)oma - (65)
Applying the representation
2™ = b (L) 2T, uT € 5y (m),
Yy~ = b (L)Y, v € Hy(m)
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and using that by (L)™1H7 (m) = $H5 (m) one gets that
(FF a7y, = (w,bi(L) 'u),
and
(Lo 7y ) = 00DV 7y ), + (7 21y ),
= (w,v7)g + (W, by (L)~ 2107,
Therefore (6.5) reads

(w,v™ = b (L) (™ = 2107))g = (€, Gal€e — May)) cma -
Comparing the latter with (6.4) yields
v =bi(L) T T = 2107) =bu(L) Py, (),
€ =Ma&y + n(c).
The first equation above implies that
v = b (L) PRy 41 (€) € bi(L) 19 (m) = $5 (m),

that is,

Yy =" Fhya(e), fT €N,

Then
T =21y 0 (L) fT =L, f +z1hy, 4 (c).

This proves A_* = A___. It remains to verify that A_. is closed. The adjoint A *

consists of ((;_H,lfy), (I?_X,gx)) € (9;, ® C™)2 such that (Vf#~ € 9,4, Ve Gm(éﬁ
Ve € Cmd)
<f#7 + hr_n+1(c)a -T7>m + (& gA§x>Cmd = <L:nf# 4+ Zlh;z+1(c)a y7>m
+ <md£ + 77(C)a gA£y>C7nd .

Using the representation of f# ~, 27, y~ as above, and noting that
(i1 () 27),, = (6 (g, 27) ) ea s (0(0), Gaby)ema = (¢ [Gadylm) ca
one gets that
0= (w,v™ = b (L) (u™ = 2107))g + (e, (1, 21y~ — 27),, + [Ga&ylm)ca
+ (€, Ga(May — &) ema
and from which one concludes that
vT=bi(L) T uT —awT) €9y (m) =T = Loy, Y €95,

and
<hr_n+1’x7 - 21y7>m = <h7_n+1? (L:n - zl)yi>m =(p,y7) = [gAgy]m
(cf. Lemma 6.1) and &, = Ma&,. Thus A, is closed, and this completes the proof. [J
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The above proof also shows that:

Corollary 6.3. The operator L, = L is the adjoint in $),, of a densely defined,
closed, symmetric operator L, .

From here one concludes that L_; (resp. L. ) is an essentially self-adjoint operator
in $; (resp. HF). Since A, extends L., to H'y just like Apin extends Ly to

Ha it is therefore a subject of interest to formulate a similar realization theorem in
the A-model for the symmetric operator L, . This is done in the next (the last)
paragraph.

7. REALIZATION THEOREM IN A SUBSPACE

By a straightforward computation and applying Lemma 6.1, the boundary form
of the linear relation A_ . is given by

X

[(f* 7+ hpy1(€),€), (Ling™ ™ + 21hiy iy (¢), Mag’ + n(c)]y
- [(L'r_nf# B + Zlh;L+1(c)7 md& + 77(0))> (g# B + h;L—i-l(c/)?fl)]iA
= (e, {797 7) = 192 lm)ca — ({7, F#7) = [Gallm, ¢ )ea

for f#=, g%~ € 9,5 ¢, € C% ¢ € C™. By introducing the mappings
from A, to C? by

Th = =c, T :=(p, /%)~ [Gallm, (7.1)

fo= ((f#_ + g1 (0),6), (L f* ™+ z1ho, 1 (), M€ +1(c))) € Apax

the above boundary form simplifies thus

70 T =1 g T =05 7T 7 hea = (02721070 ews
f_:(f_af/_)eA;lax7 /g\_:(g_ag/_)eAr:lax
and it therefore represents the Green identity. Consider T'A ~: ff — (Fé _f*, Ff _ff)
from A, to C¢ x C? as an (isometric) linear relation from (H/y)? to C¢ x C¢. Thus
by definition domT'A~ = A, and kerT'A~ = A_. . Moreover, the multivalued part
mul T ~ consists of (c,0) such that ¢ € ¥~ N X* = {0}; hence I'* ~ is an operator.
Below we show that I'A ~ is a unitary relation from (#/, )2 to C?x C? (by the above, it
would actually suffice to show that dom(T'* =)[*] = ran ' ). By [12, Corollary 2.4(iii)]
this would imply that T'* ~ is surjective, and that therefore the triple (C?, 1"6*7, F?f)
is an OBT for A,

Lemma 7.1. (C%, T8 =, T4 7) is an OBT for A,

max -’

Proof. By definition, the Krein space adjoint (I'* ~)[*] is a linear relation consisting of

(06X, (726, (27, &))) € C* x (99, @ C™9)?



On some extensions of the A-model 593

such that (Vf#~ € 67, ,, Ve € CIVe € Cmd)
<f# T+ h’v_n—i-l(c)a .137>m + <§7 gA§$>Cmd

(Lo f* 7+ 2thy 1 (€),y7),, — (M€ +1(0), Galy) oma
= (e, X/>(cd - <<h;1+1a (Ly, — Zl)f#7>m - [gAg]m7X>(cd :

The above equation splits into three equations
(VF*7) (72 = 2t 00),, = Lof ™ 70y = b (X)), »

(VC) 0= <Cv <h771+17$_ - Zly—>m - [gAgy]m - X/>(Cd )
(V{) 0= <£7 gA(gz - mdfy - 77(X))>Cmd .
Because L., is self-adjoint in $),,, the first equation gives
Yo =f b (), T €Dy @ =L fT 21k, ()

Then the second equation yields

X =(p7, f7) —[Ga&ylm (Lemma 6.1).

Finally, by the third equation

§e = May +1(x)-
As a result (DA ) = (TA )1, O
Let

Ly (F# 7+ hopgr () ==, TL(fF 7+ by (0) = (o™, f77) (7.2)
for f#~ +h,,.,(c) € dom L,,,. The above proof also shows that:
Corollary 7.2. (C4,T'y,T) is an OBT for L.

We are now ready to state the main realization theorem in the A-model for
the symmetric operator L by assuming (3.1) and P, ; C P, n € Z.

min?
Theorem 7.3. The extensions to ’H;( of a densely defined, closed, symmetric operator
L, = Liin N (9,,)? in $,,, which has defect numbers (d,d) and which is essentially
self-adjoint in $g , are described by the proper extensions in H'\~ of a nondensely

defined (in general), closed, symmetric operator A = Al N (9, ®CH)2. A proper
extension Ag is characterized by restricting the adjoint linear relation Ay, = A

in H'\~ to the set of ]?_ € Az, such that the pair (Fé_f_,Ff_f_) is an ele-

max
ment of a linear relation © in C?; an OBT (C% Ty ~, T} 7) for A5, is as in (7.1).

max
The Krein-Naimark resolvent formula for a (closed) proper extension Ag reads

(A —2) 7" =(Ag —2)7 ' +7x(2)(0 = My (2)) 15 (3)"
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min

for z e res Ay Nres Ag. A distinguished self-adjoint extension Ay of A
-adjoint operator Ay = A{_O}X(Cd whose resolvent is given by

is a self-

(Ag —2) 7' =Ly —2) 7 @ (Mg — 2)7"

for z € res Ay =res L, ~{z1}. The vy-field v, and the Weyl function M, correspond-
ing to ((Cd,I‘éf7 I‘ff) are described by

Ya(2) = (L — 20)(Ley = 2) " hi 1 (), =(Ma — 2)7'n(1))  on C,

My() =q () +7(z) on C*

for z € res Ay . The matriz valued function ¢~ given by

¢ (2) =(la” ())ow) € [CY], 2z E€resLy,
™ (oo =z = 21) (05, (L = 2) " g ia)

is the Weyl function which corresponds to the OBT (C4, Ty ,T'y), (7.2), for the adjoint
operator L. = L_* in 9, .

min

Proof. In view of what has been achieved so far, it remains to compute the -field and
the Weyl function. But these functions follow straightforwardly from their definitions
as long as one notices that the eigenspace of A for the eigenvalue z € res L, \ {21}
consists of (f#~ + h,,,1(c),€) € dom Ag, such that

max

A7 == a) Ly =) (o), €= —(Ma = 2)""n(e).

Because Ly, = Aq. N (9, @ {0})?, the results for L, are derived analogously. [

max

In particular, putting P, = Iy, (hence P,” =0), n € Z, the part of the theorem
concerning the Weyl function ¢~ yields the following:

Corollary 7.4. The Krein Q-function q is the Weyl function associated with the OBT
((Cd7 FO; Fl)}

Lo(f# 4 hms1(c)) :==c¢, T1(f# + hmia(c)) := (o, f7)

(f* € 9o, c € CY), for the adjoint L%, of Liin in Hr. The domain dom L¥, =

A2 F N (L), where the eigenspace N, (LY ;) = (L —2)"th,,(C?), z €res L. O

An analogous theorem can be formulated for L. as well, where the corresponding

Weyl function M} = ¢* + r is the sum of the Weyl function ¢+ of L}, and the
generalized Nevanlinna function 7.
Let R
he = bm+2(L)_1/2QPJ € Ho \ H1.

Using this definition and the operator identity

(L—z)(L—2)" =I5+ (z—2)(L—2)"
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the Weyl function ¢ is rewritten in terms of the initial operator L and the reference
$Ho-scalar product according to

[4(D)oor = (2 = 21) (hos hor)g + (2 — 21)? (hoy (L — 2) Vgt

z € res L. Using in addition (5.3) and applying [28, Proposition 5.26] and Lemma 5.5,
the Weyl function ¢~ admits the form

[q_(z)}aa’ = (Z - Zl) @07 Py (mﬁia’)o + (Z - 21)2 @07 PO_(m)(L - Z)_l/ﬁo’>o )

z € res L, and similarly for ¢*. Thus the Weyl function ¢ = ¢~ + ¢™ of the symmetric
operator L, is the sum of the Weyl functions g% of the corresponding symmet-
ric restrictions Liin. The latter property of additivity is clearly a consequence of
the initial hypothesis that the subspaces 53? reduce the operator L (Theorem 5.6).
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