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Abstract. In this paper, sufficient conditions for H-oscillation of solutions of a time fractional
vector diffusion-wave equation with forced and fractional damping terms subject to the
Neumann boundary condition are established by employing certain fractional differential
inequality, where H is a unit vector in R"™. The examples are given to illustrate the main
results.
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1. INTRODUCTION

Interest on the study of fractional differential equation is on the rise because of its utility
in the fields of science and engineering such as neural networks, population dynamics,
electrical and mechanical engineering. In recent years, there has been a significant
development in fractional order ordinary and partial differential equations, for example
Kilbas et al.[6]. In particular, the oscillation theory of fractional differential equations
attracted by many authors [1,2,5,7,8,10,15-17].

The H-oscillation for vector differential equation was introduced by Domshlak [3]
in 1970. Few authors [9,11-13] have discussed H-oscillation of vector partial differential
equations. Prakash and Harikrishnan [14] have established criteria for H-oscillation of
solutions of impulsive vector hyperbolic differential equations with delays. However,
the concept of H-oscillation of vector partial differential equation studied for integer
order only. In this paper, we establish sufficient conditions for H-oscillation of a class
of time fractional vector diffusion-wave equation with forced and fractional damping
terms subject to the Neumann boundary condition by using differential inequality
method.
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We establish the oscillation criteria for the time fractional vector diffusion-wave
equation with forced and fractional damping terms of the form

D¢ U (x, t)—l—p(t)DitU(sc7 t)+q(x, t)U(x,t) = a(t)AU (z,t)+ F(z,t), (z,t) € G, (E)
with the Neumann boundary condition

AU (z, 1)

ST =0, (@) €9 xRy, (B)

where o € (1,2) and 8 = a — 1 are constants, G := Q x Ry, D¢ ,U is the
Riemann-Liouville fractional derivative of order a of U with respect to ¢, Q2
is a bounded domain in R with piecewise smooth boundary 9, Ry = [0,0c0),
A is the Laplacian operator and N is the unit exterior normal vector to 0f2.

By a solution of (F), we mean a function U(x,t) : Q x Ry — R™ such that U(z,t),
D% ,U(x,t), DitU(as,t)7 0,U(z,t), and 92,U(x,t) are continuous on Q x Ry — R".
Also the solution needs to satisfy (E) along with the boundary condition (B).

Throughout this paper, we assume that the following conditions hold:

(A1) a(t),p(t) € C(Ry;Ry), F e (G,RY);
(A2) q(z,t) € (G,R4), q(t) = ming(z,1).

This article is organized as follows. Section 2 gives the basic definitions and lemmas.
In Section 3, we prove the main results. In Section 4, we present examples to illustrate
the main results.

2. PRELIMINARIES

In this section, we present definitions of fractional derivatives, known lemmas and
notations which are used in this paper.

Definition 2.1 ([6]). The Riemann-Liouville fractional partial derivative of order «
where 0 < o < 1 with respect to ¢ of a continuous function u(z,t) in ¢ is given by

(DS pu)(z,t) == 88“1(11_0[) /(t —8) " Yu(z, s)ds,

0
where I' is the gamma function.

Definition 2.2 ([6]). The left-sided Riemann—Liouville fractional integral of order
a > 0 of an integrable function y : Ry — R on the half-axis R is given by

(I$y)(t) == ﬁ /(t —8)* Ly(s)ds, for t>0.

0
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Definition 2.3 ([6]). The left-sided Riemann-Liouville fractional derivative of order
a > 0 of a function y : Ry — R of class C* is given by

[o]
(D)) = o (1717 )

1 dle] e
" T([a] — ) dtfe] /(t — s)le1=o=1y(s)ds, for t > 0,
0

where [a] is the ceiling function of a.

Definition 2.4. The function v(z,t), (z,t) € G is called eventually positive (negative),
if there exists a number p > 0 such that v(x,t) > 0(v(z,t) <0) for (z,t) € Q x [, 00).
The function v(t) is called eventually positive (negative), if there exists a number
i > 0 such that v(t) > 0 (v(t) <0) for t > p.

Definition 2.5. Let H be a fixed unit vector in R™. Then the vector solution U (z,t)
of (E), (B) is H-oscillatory in the domain G, if the inner product (U(z,t), H) has
a zero in  x [u,00) for any p > 0. Otherwise, the solution U(z,t) is said to be
H-nonoscillatory.

Definition 2.6. Let H be an arbitrary unit vector in R™. Then the vector solution
U(z,t) of (F), (B) is strongly H-oscillatory in the domain G, if the inner product
(U(z,t), H) has a zero in  x [u, 00) for any p > 0.

Lemma 2.7 ([16]). Let
¢

G(t)i= [ (t=v)  yw)ar,
0
for a continuous function y(t), o € (0,1) and t > 0. Then

G'(t) =T(1 - a)(DIy)(®).

For convenience, we use the following notations:
ug(x,t) = (U(z,t), H), [fu(z,t)=(F(z,t),H),

V(t) = /UH(ff t)de, /fH (z,t)dx, R(t) = /tp(S)ds.
0

Q

3. OSCILLATION CRITERIA FOR (E), (B)

Case (i). fu(x,t) is non zero, where H is a fixed unit vector.
For this case, we assume the following condition hold:

(A3) For T >0, there exists T < a < b < a < b such that

FH(t):{SO, te[a,lg], hm/

> Oa le [a‘v ] =00

/ R(”)FH )dvds = 0.
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Lemma 3.1. Let U(x,t) be a solution of (E). Then ug(x,t) satisfies the following
scalar time fractional partial differential inequalities:

D¢ jup(w,t) —l—p(t)DituH(x, t)+qt)up(z,t) < a(t)Aug(z,t) + fu(z,t)  (3.1)
if ug(x,t) is eventually positive, and
D¢ jup(z,t) —|—p(t)DituH(z, )+ qt)ug(x,t) > a(t)Aug(z,t) + fu(z,t) (3.2)

if ugr(z,t) is eventually negative.

Proof. Let ug(z,t) be eventually positive. Then from the inner product of (E) and H,
we obtain

Df‘(_,tuH(J;, t) —|—p(t)Df_)tuH(J:, t)+ q(x, thup(x,t) = a(t) Aug (x,t) + fu(x,t).

Using the condition (Asz), we have
DitUH(l’,t) +p(t)Df_7tuH(x,t) +q(t)ug(z,t) < a(t)Aug(z,t) + fu(z,t).
Similarly, by letting ug (z,t) to be eventually negative, we easily obtain (3.2). O
From the inner product of boundary condition (B) with H, we have the following

boundary condition:

%UH(Q:J) =0, (z,t) €N x][0,00). (B1)

Theorem 3.2. If the inequalities (3.1) and (3.2) have no eventually positive and
eventually negative solutions, respectively, and that satisfies the boundary condition
(B1), then every solution U(x,t) of the problem (E), (B) is H-oscillatory in G.

Proof. Assume that the solution U(z,t) of (E), (B) is a H-nonoscillatory, then by
definition, the inner product ug (x,t) is eventually positive or eventually negative.
Suppose that ug(z,t) is eventually positive. Then by Lemma 3.1, ug (x, t) satisfies
(3.1) and (By), which is a contradiction.
Similarly, we get a contradiction if ugy (z,t) is eventually negative. The proof is
complete. O

Theorem 3.3. If the fractional differential inequalities

DYV (t) +p(t) DYV () +a()V (1) < Fr(t) (33)
and

DSV () +p(t) DLV () + q()V () > Fi(t) (3.4)

have mno eventually positive and mo eventually negative solutions, respectively,
then every solution U(z,t) of (E), (B) is H-oscillatory in G.
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Proof. Let ug(x,t) be an eventually positive solution of the inequality (3.1) satisfying
the boundary condition (B;) for (z,t) € X [tg,00), to > 0. Then by Theorem 3.2
and assumptions, it is enough to prove that (3.1) has no eventually positive solution
satisfying (B1).

Integrating the inequality in (3.1) with respect to = over the domain €2, we have

D2 / wr (@, t)de | + p(t)D° / w(z,)dz | + q(t) Q/ wir (x, 8)dz

) Q
<a(t) | Aug(z,t)de+ | fu(x,t)dz.
[t

Using Green’s formula and (Bj), we have

[ Oug(z,t)
Q o0

which implies that
DIV (t) + p(t) DLV (1) + gV (1) < Fi(t).

Therefore, V(t) is a positive solution of (3.3), which is a contradiction.
Similarly, suppose that ug (z,t) < 0 is a solution of (3.2) satisfying (B;). Using
the above procedure, we obtain a contradiction. O

Theorem 3.4. Suppose that the conditions (A1)—(As) hold and additionally

o0

1
/mds = o0,
to
¢
litrginf/FH(s)ds = —00 forty > to. (3.5)
t1
and
¢
limsup/FH(s)ds = oo forty > to. (3.6)
t—oo
ty

Then each solution of (E), (B) oscillates in G.

Proof. To prove this theorem, it suffices to prove that either (3.3) has no eventually
positive solutions or (3.4) has no eventually negative solutions.
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Suppose that V' is an eventually positive solution of (3.3). Then there exists
to < a < b such that V(t) > 0 on [tg,00), Fu(t) <0 on [a,b] and we have
D [eR“)DﬁV(t) = RO DIV (1) + " Op(t) DIV (1)
= MDDV () + p(t) DIV (1)}
= —fOqt)V(t) + RO Fy(t) <.
Then eR(t)DiV(t) is strictly decreasing on [a,b] and thus DfV(t) is eventually of

one sign. We claim DﬁV(t) > 0 on [t1,b], where a < t; < b. Otherwise, assume there

exists t1 < T < b such that DV (t) < 0 on [T,b]. Then for ¢ € [T,b], by Lemma 2.7,
we have

G'(1)
INCEE)

Integrating the above inequality from 7" to t, we have

R DIV (T)

— DB
= DIV(t) < ——5

1
eR(S)ds.

G(t) < G(T) +T(1 = B)eR D DOV (T) /
T

Letting ¢ — oo, we get lim;_, o G(t) < —oo which is a contradiction since G(t) > 0
if V(t) > 0. Hence DJBFV(t) > 0 on [t1, b]. Therefore,

D eR(t)DﬁV(t)} < ROy (1),
t
FODIV () < lIDIV (1)) + / e Fy (1),
t1
Thus, we get a contradiction to (3.5) since eR(t)DiV(t) is eventually positive.
Assume that V' is an eventually negative solution of (3.4). Then there exists
to < a < b such that V(t) < 0 on [tg,00), Fi(t) > 0 on [a,b] and we have
D [eR“)DﬁV(t) = RODIV(t) + e Opt) DIV (1)
= "DV (t) + p(t) D]V (t)}
= Oty V(t) + RO Fy(t) > 0.
Then eR(t)Df_V(t) is strictly increasing on [, b] and thus D;BLV(L‘) is eventually of one

sign. We claim DiV(t) < 0on [ty,b], where @ < t; < b. Otherwise, assume there exists
t; < T < bsuch that D_/iV(t) > 0 on [T, b]. Then for t € [T,b], by Lemma 2.7, we have

G/(t) 8 T DIV (T)
— 2 —DV(t) > —
L(1-p5) + - ef(®)
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Integrating the above inequality from 7" to ¢, we have

t

G(t)ZG(T)+F(1—5)6R(T)D§V(T)/£d

T

Letting t — oo, we get lim;_, o, G(t) > oo which is a contradiction since G(t) < 0 if
V(t) < 0. Hence, Df_V(t) > 0 on [t1,b]. Therefore,

D eR“)DﬁV(t)] > RO (1),

t
FODIV (1) > LDy +/ RO Fy(t)

Thus, we get a contradiction to (3.6) since eR(t)DiV(t) is eventually negative. O

Theorem 3.5. Suppose that the conditions (A1)—(As) hold and additionally

o0 oo S

1 1 R(v) _
/ ") ——ds < 00, /eR(s) /e q(v)dvds = oo
to to to
t
lim inf/FH(s)ds = —00 fort; > to. (3.7)
t—o00
ty
and
limsup/FH(s)ds = oo for ty > ty. (3.8)
t—o00

Then each solution of (E), (B) oscillates in G.
Proof. To prove this theorem, it suffices to prove that either (3.3) has no eventually
positive solutions or (3.4) has no eventually negative solutions.
Suppose that V' is an eventually positive solution of (3.3). Then there exists
to < a < b such that V(¢) > 0 on [ty,o0), F(t) <0 on [a,b] and we have
D [eR@)DﬁV(t) = RO DIV (1) + O p(t) DOV (1)
= "O{DIV () + p(t) DIV (1)}
= —eBOqt)V(t) + PV Fy(t) < 0.
Then eR(t)DiV(t) is strictly decreasing on [a,b] and thus DﬁV(t) is eventually of
one sign. We claim DﬁV(t) > 0 on [t1,b], where a < t; < b. Otherwise, assume there
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exists t7 < T' < b such that DiV(t) < 0 on [T,b]. Then there exists a constant K > 0
such that V() < K, T <t < b. Consequently, we have

D [eR(t)DﬁV(t)} = —efWqt)V (t) + O Fy (1),

t t
FODIV () = DDV (T )f/eR(S)q(s)V(s)der/eR(S)FH(s)dS
T T
t t
< K/eR(S)q(s)der/eR(S)FH(s)ds
T T

¢
-K 1
Df_V(t) < /eR(S)q(s)ds + 0] /eR(S)FH(s)ds.

= R
T T
By Lemma 2.7, we have
(1) / 1
t
B R(s)

i =DV < eR(t o(s)ds + R(t)/e Fu(s)ds.

T T

Integrating the above inequality from T to ¢, we have

K T/ ~ / V) q(v)dvds

S

1
*/ oRGY / B0 By (v >duds]

T T

G(t) < G(T)+T(1-8

Letting ¢ — oo, we get lim; o, G(t) < —oo which is a contradiction since G(¢) > 0 if
V (t) > 0. Hence DYV (t) > 0 on [t1,b]. Therefore,

D eR(t)DfiV(t)} < RO Py (t),
t

FODIV () < FIDEV(#)) + / e Fy(1).

t1

Thus, we get a contradiction to (3.7) since eB(®) D” LV (t) is eventually positive.
Assume that V' is an eventually negative solutlon of (3.3). Then there exists
to < a < b such that V(t) < 0 on [tg,0), Fg(t) > 0 on [a,b] and we have

D [eR(”DiV ()] = "DV (t) + " Op(t) DIV (1)

= e"O{DLV () + p(t) DLV (1)}
—eBO )V () + RO Fy(t) > 0.
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Then eR(t)D_ﬁV(t) is strictly increasing on [d, b] and thus Df_V(t) is eventually of one
sign. We claim DiV(t) < 0on [t1,b], where @ < t; < b. Otherwise, assume there exists
t; < T < b such that DfiV(t) > 0 on [T, b]. Then there exists a constant K < 0 such

that V(t) > K, T <t < b. Consequently, we have

D [eR@)DﬁV(t)} = —eRWg)V (t) + PO Fy (1),
t t
LODOV (1) = LD DIV (T) — / R g(s)V (s)ds + / ') Fyy (s)ds
T T

\%

t t
> —K/eR(S)q(s)ds—F/eR(S)FH(s)ds,
T T

t

¢

—-K s 1 s

RO /eR( )q(s)ds + R /eR( )Fy(s)ds.
T T

Div(t) >

By Lemma 2.7, we have

¢ t
-K 1
_ b R(s) R(s)
=D V(t) > RO /e q(s)ds + R0 /e Fy(s)ds
T T

G'(1)
I'(1-p)

Integrating the above inequality from T to ¢, we have

G(t) 2 G(T) +T(1 - §) l K [ [ atw)avas

Letting ¢ — oo, we get lim;_,o, G(t) > oo which is a contradiction since G(t) <

if V(t) < 0. Hence DJﬂrV(t) < 0 on [t,b]. Therefore,

D eR“)DﬁV(t)} > RO (1),
t
FODIV () > LI DIV (1) + /eR(t)FH(t).

t1

Thus, we get a contradiction to (3.8) since eR(t)DiV(t) is eventually negative.

0

O
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Case (ii). fu(x,t) is zero, where H is a fixved unit vector.

Lemma 3.6. Let U(z,t) be a solution of (E). Then ug(x,t) satisfies

DS yug(x,t) + p(t) DY jup (x,t) + q(t)up(z,t) < a(t)Aug(z,t)
if ugr(x,t) is eventually positive, and
DY yup(z,t) —I—p(t)DituH(az,t) +qt)ug(x,t) > a(t)Aug(z,t)
if ugr(x,t) is eventually negative.
Proof. The proof of this lemma is similar to that of Lemma 3.1. O

Theorem 3.7. If the fractional differential inequality

DSV () +p(t) DIV () + q(t)V () <0 (3.9)
has no eventually positive solutions and the fractional differential inequality

DEV(t) + pO)DEV(E) + a)V (1) = 0 (3.10)

has no eventually negative solutions, then every solution U(x,t) of the problem (E),
(B) is H-oscillatory in G.

Proof. The proof of this theorem is similar to that of Theorem 3.3. O
Theorem 3.8. Suppose that the conditions (A1)—(Az) hold and additionally

T
/mds = 00,
to
and
t
limsup/P(V)dV >1, fort >1T1 >0, (3.11)
t—00
T

where P(t) = 0tq(t). Then each solution of (E), (B) oscillates in G.
Proof. To prove this theorem, it suffices to prove that either (3.9) has no eventually
positive solutions or (3.10) has no eventually negative solutions. Suppose that V is
an eventually positive solution of (3.9). Then there exists g such that V(¢) > 0 on
[to, 00) and we have

D [eR“)DﬁV(t) = RO DIV (1) + " Op(t) DIV (1)

= "Wyt V (1) <.

Then eR(t)DiV(t) is strictly decreasing on [tg, 00), and thus DﬁV(t) is eventually of
one sign. We claim Dﬁ’iV(t) > 0 on [t1,00), where ¢; > to. Otherwise, assume there
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exists T' > t; such that DfiV(t) < 0 on [T,00). Then for t € [T, ), by Lemma 2.7,
we have

G (DV(D) < M DLV (T)

T(1-5) S TR

Integrating the above inequality from 7" to t, we have

1

eR(S)ds.

G(t) < G(T) + T(1 - B)RD DI V(T) /

Letting t — oo, we get lim;_, oo G(t) < —oo which is a contradiction. Hence DiV(t) >0
for t > T holds.

Therefore, there exists a £ such that V(t) — V(T) = Df_V(f)(t —-T), £ € (T,1).
Thus, we have

V(t)> (t—T)DIV(€) > (t — T)DV (t), for t > T. (3.12)

FOI'GE(O,l),Weput'uzl%e>1.Then9:1_iand

t 1
t_TZt_,u:t<1_,u>:9t’ fort > pl' =1Ty. (3.13)

Hence, from (3.12) and (3.13), we have
V(t) > 0tDV (1), for t > T1. (3.14)
It follows from (3.9) and (3.14) that
DSV (t) + p(t) DIV (t) + 0tq(t) DIV (1) < 0.
Let w(t) = RO DIV (t). Then
Dilw(t)] + Otq(t)w(t) < 0.

Integrating the above inequality from 77 to t we obtain

t

w(t) — w(Ty) +/95q(s)w(s)ds <0,

T

¢
/qu(s)ds <1
T

Taking limsup as t — oo we get a contradiction to (3.11). O
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Theorem 3.9. Suppose that the conditions (A1)—(As) hold and additionally

oo 1 oo 1 S R(V) -
/mds < 00, /eR(s) /e q(v)dvds = 0o
to to to
and
¢
lim sup/P(u)dV >1, fort>s>0, (3.15)
t—o0

S

where P(t) = 0tq(t). Then each solution of (E), (B) oscillates in G.

Proof. To prove this theorem, it suffices to prove that (3.9) has no eventually positive
solution. Suppose that V' is an eventually positive solution of (3.9). Then there exists
to such that V'(¢) > 0 on [tg, c0) and we have

D [eR“)DﬁV(t) = eRODLV(t) + e Dp(t) DV (t)
= -yt (t) <o.

Then eR(t)DﬁV(t) is strictly decreasing on [tg, 00), and thus D;BLV(t) is eventually of
one sign. We claim Df_V(t) > 0 on [t1,00), where t; > ty. Otherwise, assume there

exists T > t; such that DiV(t) < 0 on [T,00). Then there exists a constant K > 0
such that V(¢t) < K, t > T. Consequently, we have

D eRU)Dﬁva)} — — ROV (1),

¢
eR(t)DﬁV(t) = eR(T)DiV(T) - /eR(s)q(s)V(s)ds,
T

K R
DEV() < / e q(s)ds.
T

By Lemma 2.7, we have

Gt K .

Integrating the above inequality from T to ¢, we have

Gt < G(T) - KT = B) [ s [ " q(w)dvds,
T T
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Letting t — oo, we get lim;_, o, G(t) < —oo which is a contradiction. Hence DﬁV(t) >0
for t > T holds. Further, we proceed the proof as that of Theorem 3.8, we get
a contradiction to (3.15). O

Remark 3.10. In the above results, if we take H to be an arbitrary unit vector
in R™ instead of a fixed unit vector in R™, then we obtain the results for strongly
H-oscillatory in G.

4. EXAMPLES

In this section, we give two examples to illustrate the results.

Example 4.1. Consider the time fractional vector diffusion-wave equation with forced
and fractional damping terms

DY, U(x,t) + DY ,U(x,t) + U(x,t) = AU(z,t) + F(a,t), (z,t) € Qx Ry, (4.1)
where

(cost — t?sint) cos x
(sint + t2 cost) sinx

Flz,t) = (

with the boundary condition

U, (0,8) = Uy (m,1) = (g)

Here Q = (0,7), p(t) = t2, a(t) = 1, q(x,t) = 1.

Letting H = (), we have fy(z,t) = (sint + t*>cost)sinz and Fy(t) = 2sint +
2t2 cost. It is easy to see that all the conditions of Theorem 3.4 are satisfied. Hence,
every solution of (4.1) is H-oscillatory in domain (0, 7) x [0, c0).

Example 4.2. Consider the time fractional vector diffusion-wave equation with forced
and fractional damping terms

DS, U(x,t) +tD] U(x,t) + e'U(x,t) = AU (z,t) + F(x,1), (z,t) € Qx Ry, (4.2)
where

P = (

with the boundary condition

(14+t)costcosz
(t+ e!)sintsinz

Uo(0,8) = Uy (m, 1) = (g)

Here Q = (0,7), p(t) =1, a(t) =1, q(z,t) = €’

Letting H = ((1)), we have fp(z,t) = (1+1t)costcosz and Fi(t) = 0. It is easy to
see that all the conditions of Theorem 3.8 are satisfied. Hence every solution of (4.2)
is H-oscillatory in domain (0,7) x [0, 00).
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