Opuscula Math. 39, no. 5 (2019), 645-673
https: //doi.org/10.7494/OpMath.2019.39.5.645 OPUSCULA MATHEMATICA

DIRECT AND INVERSE SPECTRAL PROBLEMS
FOR DIRAC SYSTEMS
WITH NONLOCAL POTENTIALS

Kamila Debowska and Leonid P. Nizhnik

Communicated by Alexander Gomilko

Abstract. The main purposes of this paper are to study the direct and inverse spectral
problems of the one-dimensional Dirac operators with nonlocal potentials. Based on informa-
tions about the spectrum of the operator, we find the potential and recover the form of the
Dirac system. The methods used allow us to reduce the situation to the one-dimensional case.
In accordance with the given assumptions and conditions we consider problems in a specific
way. We describe the spectrum, the resolvent, the characteristic function etc. Illustrative
examples are also given.
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1. INTRODUCTION

Spectral theory of differential operators, both ordinary equations and elliptic partial
derivatives ones, is currently well developed in [5,10,11,13,14,19], and by others.
There is an extensive literature on exactly solvable models of quantum mechanical
operators, where the potentials are the Dirac §-functions [4]. These models describe
point interactions and allow one to present various spectral characteristics such as
resolvent, spectrum, scattering operator etc. in explicit form. The papers [1,2] provide
a new class of exactly solvable models of quantum-mechanical operators with nonlocal
potentials. These models contain the numerical parameters and functional parameters
specified by the intensity of point interactions and by the nonlocal potentials, respec-
tively. The above fact extends the applicability of such models in concrete problems.
Several results have been obtained for quantum mechanical operators with nonlocal
potentials. Besides [1,2], we cite [3] and also [12,13,15-17]. In particular, the algorithm
for solving the inverse spectral problem of reconstructing a nonlocal potential by the set
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of all eigenvalues does not use the Gelfand-Levitan—-Marchenko integral equation. The
Fourier coefficients of the nonlocal potential are found directly from the characteristic
function which, in turn, is constructed as an infinite product with using eigenvalues.

The idea of constructing models with nonlocal potentials can be illustrated
by the example of the one-dimensional Schrédinger operator. Let the potential v

in the Schrodinger operator
2

d
L= o + v(x)

describe the interaction in a neighborhood of the point x = x( of small radius. In other
words, the function v can be defined in a neighborhood of the point zy. Moreover,
v possess a certain singularity at this point. Therefore, it can be approximated as
v(z) = ad(x — x9) + B’ (x — x9) as * — xp, where § is the Dirac function (this
corresponds to the model with point interaction). In this case, the eigenfunctions
¥(x, \) by themselves or their derivatives ¢'(x, A) are discontinuous functions at the
point x = xy.

The argumentation above gives us that, in the model with nonlocal potentials, the
expression v(x)y(x) for z > ¢ is replaced by v(z) (' (zg + 0) + (x — x)Y(zo + 0))
while for z < z is replaced by v(z) (¥(z¢ — 0) + (z — z¢)Y’(xo — 0)). This leads to
the following expression for the Schrodinger operator with nonlocal potentials v;
(j =1,2,3, 4)

L= ——3 +u(@)dr(z0) +v2(2)¥s(20) + v3(x)y (x0) + va(x)g(20),

for a discontinuous function f at the point x = x¢. For this particular point, f,, fs
can be taken as

(f(zo +0) = f(x0 —0)),

N |

Fuleo) = 5 (Flao +0) + flzo —0)) and (o) =

respectively. The above differential expression generates a self-adjoint Schrodinger
operator with nonlocal potentials [2] on suitable functions.
In this paper we consider the inverse spectral problem for the Dirac operator

d¥(x)

(AT) () = B

+ V(z)¥T,

where

(i ) v (). v () v -(2)

with the domain
D(A)

A | $1(0) = v2(0),
{W<£)GW““”@W%Q“mmm—www@«mﬂ3+wmw»=&}
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and )
V1,02 € L2(07 b)7 /(/)+ = 5 (djl(b) + ¢2(b)) .

We propose a method due to each of the direct and inverse spectral problem for
the Dirac system can be reduced to the study of an ordinary differential operator.
In terms of those operators there are described spectral properties of these operators
and algorithm for the inverse problem is given.

The structure of this paper is as follows. Section 2 contains the study of the
momentum operator id/dx perturbed by a single nonlocal potential. We give a complete
description of the spectrum of such an operator on a finite interval with the help of
the characteristic function. In Section 3, the inverse eigenvalue problem for the first
order differential operator is considered. We provide the algorithm for solving this
problem and illustrate it with an example. Until now we rely on ideas borrowed from
[16] and present the detailed arguments for the sake of completeness. Our main results
are to be found in Section 4, where we describe the method which reduces the spectral
problem for the Dirac system to the one-dimensional case discussed in Section 2. Here
we propose the algorithm, which enables us to solve the inverse problem for the Dirac
system, together with a corresponding example.

2. DIFFERENTIAL OPERATORS OF THE FIRST ORDER
WITH NONLOCAL POTENTIALS. SPECTRAL ANALYSIS

In this section, we are concerned with the study of direct spectral problems for the
first order differential operators with nonlocal potentials on the finite interval. Related
results were obtained in [16]. We shall prove self-adjointness of such operators, describe
their spectra in terms of the characteristic function. Formulas for the resolvents will
be also given. All these facts will be necessary for the study of the Dirac operator
undertaken in Section 4 below.

2.1. SELF-ADJOINTNESS

Consider the following eigenvalue problem

Ly :=i%+v(w)w+:)\w, 0<z<li, (0<l<o0), (2.1)

with the boundary condition

where
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and (the nonlocal potential) v is a given function from the class L2(0,1) and
(the spectral parameter) X is a fixed complex number.

In what follows, A denotes the operator generated in the space L3(0,1) by
the problem (2.1)—(2.2), that is, Ay = A. The operator A is defined by

(Ap)(@) = 152 +u(apy, 0<a<l, (2.3)

on the domain
l
D) = {0 € WH0.0): v +i [ wlaolords =0}, (2.4)
0

where W3 (0,1) is the Sobolev space.

Next, let A4z denote the maximal operator associated with the differential
expression L, that is, A4, is the linear operator defined on the Sobolev space W4 (0,1)
by

Amamd) = L?/J, 7/} € W21 (07 l)

Note that the range of the operator A,,,, is equal to the whole space L3(0,1). Indeed,
for every function h € Ly(0,1) there exists a function n € W3 (0,1), namely,

l

n(x) = i/h(s)ds -

x

N | .

1
/h(s)ds, (2.5)
0

such that A,,q.n = h.
The formula for integration by parts yields

(Amasths @) = (6, Amaa@) = i (- +iW, ) B + 91 (om T ilp,0))),  (26)

for ¢, € D(Amaz). In (2.6) the symbol (-,-) designates the scalar product of
the Hilbert space Lo (0,1). Noting by I'g and I'y the functionals defined on W3 (0,1) by

I‘Ow = d}* + i<w,v>v Fﬂ/’ = i’lera
the formula (2.6) is rewritten as
<Amamwv 90> - <1/)7 Amam@> =T m —TLoy m (27)

The minimal operator Ag := A,y is the restriction of A to the domain
D(Ay) = { € W3(0,1) : Toy = Ty = 0}.

It is given by
d
Ao’(l) = Z%, P € D(Ao)
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Lemma 2.1. Ag is a densely defined symmetric operator on Lo(0,1).

Proof. We shall prove that for every function h € Ly(0,1) and for € > 0 there exists
a function 9. € D(Ay) such that ||h — | < e.

Since the set C§°(0,1) of all infinitely differentiable (complex-valued) functions
with compact support is everywhere dense in Ly (0, 1), for a given function h in L2(0,1)
and € > 0 there exists ¢ in C§°(0,1) such that

€
h — =.
Ih -l < 5

The support of ¢ is contained in (0,1), then there exists § > 0 such that
supp ¢ C [0,1 — ¢]. Now we want to extend the function ¢, for which ¢(x) = 0,
x €10,0]U[l —9d,l] =: Is, to the whole interval [0,!] so as to an extension . belongs
to D(Ap) and

l
[10ue) = ela)ds = [ wPe < (5) (28)
0 Is

Choosing %, in D(Ap) satisfying

e = ell < 5,
we get
1= tell < [ = oll + llp — vell <.
Consider a function esq € W3(0,1) such that e;4(0) = 1, esqa(l) = —1 and

suppesq C I5 also ||esql| = d. A function es 4 exists for all § > 0 and d > 0. As an
extension ¥, € D(Ap) we can take the function in the following form

Ye(x) = Ces q(x) + ().

The boundary condition I'y1. = 0 holds with any value of constant C. The boundary
condition I'g1pe = 0 holds with

) 1
e P 2L NN R .
2 —i(es,a,v) 214 |lellllvll + vl

(2.9)

Since |C| < ||¢|[||v]], then the extension . € D(Ay) satisfies inequality (2.8). In this
way D(Ap) is dense in L2(0,1).

Now, take ¥, € D(Ap), i.e., ¥, € W4(0,1) such that Tgyp = I';yp = 0 and
Top =T1¢ = 0. Then the right hand side of (2.7) vanishes and, thus, the operator Ag
is symmetric. O

Indeed, Ay is the minimal operator associated with L, because Ay and A, satisfy
the following relation.
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Lemma 2.2. A§ = Aa0-

Proof. Assume that ¢ € D(Ap) and ¢ € D(Apaz)- From (2.7) we obtain the equality
<A0wa S0> = <{¢)7 Amal’¢>‘ Thereforev Ama:v - AS

To prove the converse inclusion Af C Apqq, let f € D(AY) and set h = Aff.
Then for the function n given by (2.5) we have

(Ao, f —m) =0 forall o € D(Ay).
Hence f —nL1R(Ap) which is equivalent to

l l

/v(s)ds+i/v(s)ds ,

0 T

(f=—n)@)=C| -1~

N | .

where C' is an arbitrary constant. In this way we obtain that

f—=newy(0,1)
and Apar(f —n) = 0. Then Ay, f = h and f € D(Apas). Therefore A C A,qs.
We conclude that Aj = Apqq. O

Lemma 2.3. The mapping
(To,T1): W3 (0,0) 29 — (Toyp, T1yp) € C? (2.10)
s surjective.

Proof. For any pair (a,b) € C2, there exists a function ¢ in W4 (0,1), which can be
taken to be linear, such that

A 1

bo = B0 =90 =a, s =5 (V) + () = —ib.

In the trivial case when v = 0, we have 1"0121 = 1/AJ, and, since I‘liﬁ = i?/AJJr = b, it follows
that (Tpe,T'19) = (a,b). In the case when v # 0, for any € > 0 it can be chosen
a function ¢ in C§°(0,1), such that

1 — el < elloll =

Letting
w = ¢ — ¥,
we have 1_ = ¢)_ and Yy = 1/3+. Thus
FM/’ = 1/}— + Z<¢7U> =a+ i<wvv>a
so that
Toyp —al = [{¥,v)| < [[¥[l][v]l <e,

and, since I'1¢ = b, we conclude the surjectivity property for the mapping given
by (2.10). O
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Proposition 2.4. The operator A is self-adjoint.

Proof. Since, by Lemma 2.1, Ay is a densely defined symmetric operator and, by
Lemma 2.2, we have Af = Apq, it follows from (2.6) that (C,T'g,I'1) is a boundary
triplet for Af (see, for instance, [18, Def. 14.2]). Secondly, the mapping (2.10) is surjec-
tive due to Lemma 2.3. According to the general theory of boundary triplets [7-9,18],
the restriction of Aj to

D(A%) := {¢ € W5(0,1): €"*(Ty +iTo)y = (T —ilo)yp}, 0<a<2m,
is a self-adjoint operator. In particular, for a = 0, we have

D(A°) = {¢ € W3 (0,1): (T +iTq)¢p = (Ty — iTo)e)}
= {¢ € W3(0,1): Tg¢p = 0} = D(A).

As a consequence, A is a self-adjoint operator on the space Lo (0,1). O

2.2. THE RESOLVENT

In this subsection, a formula for the resolvent of the operator A will be given. To this
end, it will be convenient to introduce two operators A_ and A, related to the problem
(2.1)—(2.2). In fact, the operators A_ and A, are nothing than the differentiation
operator id/dx defined on Ly(0,1) on the domains

D(A-) ={v e W5 (0,0) : - =0}, D(Ay) ={p € W5(0,) : o =0},

respectively. Clearly, both these operators are self-adjoint and have only discrete
spectra. The eigenvalues of A_ are

)\;:271%, nez

and of A are

A= (2n—1)

?, nez

with the corresponding eigenfunctions ¢, (r) = e~ and ¥, (z) = e‘i’\z’”, respec-
tively. Since the set of eigenfunctions {t;' : n € Z} forms a complete orthogonal system
in L5(0,1) and it is assumed that v € L5(0,1), we can be represent v by the Fourier
series expansion

v(z) = Z Upe AT (2.11)

where l
/v(m)ei)‘:wdx, n € 2. (2.12)

0

1
Un =7
The summation in (2.11), and also in the further part of the paper, is taken over all
the integers n.

In turns out that the operators A, A_ and A, are related to each other, according
to the following statement.
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Proposition 2.5. A is a rank two perturbation of A_ and a rank one perturbation
Of A+ .

Proof. First of all, we observe that the resolvents (A_ — 2I)~!, (A4 — 2I)~! of the
operators A_, A, are bounded integral operators with kernels

e iz(@=s) 1 for s < x,
e

—(z,852) =t—7—— - j
g ( )9 ) efzzl_]_ —izl for s>,

Q+(x,s; Z) =

Z,e*iz(m*s) -1 for s<u,
e—izl 11 e ¥ for s> x,

respectively, i.e.,

(Ao = zI)"Yo(x)

S O _

G_(z,s;2)p(s)ds,

(A —2D)"'p(z) = [ Gy(x,512)¢(s)ds,

where ¢ € L2(0,1).

By straightforward computation, it can be stated that the resolvent (A — zI)~! of
the operator A is also an integral operator, the kernel G(z, s; z) of which is expressed
by the formula

cos Fp(x; 2)P(s; 2)

G(x,82) = Gy (x, 8 2) =

2x(2)
where
, l
(052) = = — [ G, si2)0(s)d
T2) = ——— — x,s;2)v(s)ds
©(T; B_lZI—Fl + y 9y )
0
and
B i eizl _ e*izl
x(z) = 2 ¢izl/2 | o—izl/2

. l l
2

— (eizz/2 + e‘izz/z) /G+(O,s;z)v(s)ds - /G+(s,0;z)v(s)ds

2
0 0
. 11
~ 1 (eizz/2 + e_m/z) //G+(x,s;z)v(s)v(m)dsdac.
00

As is easily seen, the kernel G(z, s; z) differs from G, (z, s; z) by a degenerate kernel of
rank 1, and since
2ie—i2l —1i2T 128

G_(x,82) — Gy(w,872) = e—zizl _1°¢ ¢ >
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it follows that the operator A is a rank one perturbation of A, and a rank two
perturbation of A_. O

Remark 2.6. The function y, as will be shown in Subsection 2.4, is equal to the
characteristic function of the operator A.

2.3. THE SPECTRUM OF THE OPERATOR A

Our next aim is to describe the spectrum of the operator A. It was already noted that
the operator A is self-adjoint and, due to Proposition 2.5, its spectrum is discrete,
hence it consists of isolated eigenvalues that are located on the real axis. If a point
is an eigenvalue of A, , then in its sufficiently small neighborhood there are at most
two distinct simple eigenvalues or one double eigenvalue ([6, Thm. 9.3.3]). However, it
may happen that one of the eigenvalues of A, is an eigenvalue of A as well. Actually,
we have the following result.

Theorem 2.7.

1) The eigenvalues of the operator A are of multiplicity at most equal to 2.
2) An eigenvalue N} = (2n — 1)T of the operator A, is also an eigenvalue of the

operator A if and only if

Up =

~| =

l
/v(x)e”tzdx = TZ (2.13)
0

In this case N is of multiplicity 2 provided that

1 1
Z ﬂ <U}<; — VU — 21|vk|2> =0. (214)
k#n 7k n

3) All eigenvalues of the operator A different from A} (n € Z) are simple.

Proof. 1) As was already mentioned, A may be viewed as a perturbation of A, with
one-dimensional operator. Since the eigenvalues of the operator A, are simple, the
assertion immediately follows from the general principles concerning finite-dimensional
perturbations of self-adjoint operators ([6, Thm. 9.3.3]).

For the operator A, the information that its eigenvalues are of multiplicity at most
equal to 2 is also due to the fact that the homogeneous problem (2.1) can have only
two linearly independent solutions (for ¢y = 0 and ¢ # 0).

2) Let A\ be an eigenvalue of A. It is clear that the eigenfunctions ¢ € D(A) are
solutions of the differential equation

dip

i H @)Yy = At (2.15)

The general solutions of (2.15) are given by
x

Y(x) = ce~ T 4 um /e*“‘i(mft)v(t)dt,
0

where ¢ is a constant.
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Since 9(0) = ¢ and

’(/)(l) _ L)\nl_’_“/} / —iXF (- t) dt

=—c—1iy /e’)‘ntv = —c—itpyluy,,

it follows that
2py = —ity lvn,
which yields ¢y =0 or v, = % If ¢ = 0, then to the eigenvalue \;l there corresponds

the eigenfunction t(z) = e~**+*. This function satisfies the boundary condition (2.2),
S0

!
P +z/e Ty x =0,
0

or, what is the same,
Y +ilv, = 0. (2.16)

Since ¢¥_ = ¢(I) — ¢ (0) = —2, from (2.16) we derive (2.13).

Conversely, let (2.13) be fulfilled. Then the function ¢ (z) = e~ AT satisfies (2.2)
and, since for this function ¢y = 0, it follows that 1 is an eigenfunction corresponding
to the eigenvalue A

Now, let A} be a double eigenvalue for the operator A. Then ¥ (z) = e
is an eigenfunction for which ¢y = 0. We choose another eigenfunction ¢, linearly
independent to 1, for which ¢4 # 0. Without loss of generality, we consider ¢4 = 1.
We shall look for ¢ in the form of a sum of solutions ¢y, of the differential equation

—i/\iz

d
Z: Ao = —vpe ”‘:I, keZ, (2.17)
vy, being the Fourier coefficients in the expansion (2.11) of v. The solutions vy can be
chosen as

Vg —iA+

¢ °
A

i) = for k#mn,

and

2 .
on(z) = —Zxem™MT for k=n.

l

The last function satisfies the equation (2.17) for k = n, due to the condition (2.13).
Thus, we can take

1+ —7,+
p(z) =xe™ " 4 2 Z)\Jr >\+ ’
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It is easily seen that the function ¢ is of the Sobolev class W4(0,1) and satisfies
equation (2.15). Substituting ¢ into the boundary condition (2.2), we get

Vi . o .7l2 il |Uk‘2
—1—1 — +1 - t W, + = —1=0,
g;LA;j—Aj{ ,;m;—m) 2 2N -
which, taking into account the relationships (2.13) and (2.14), becomes an identity.
3) Let X be an eigenvalue of the operator A such that A # \,, (n € Z). Suppose, if
possible, that A is a double eigenvalue for A. Then there exist linearly independent
eigenfunction v; (j = 1,2) corresponding to A. Their linear combination

P = c191 + catha,

where c1, ¢ are constants, is also an eigenfunction of A corresponding to A. In particular,
we can choose ¢ = (¥2), and ¢ = — (¢1) .. Then

Yy =c ("/’1>+ +c2 (¢2)+ = (¢2)+ ("/’1>+ - ("/}1)+ (¢2)+ =0.

In this way, we find a non-zero function v, that is, an eigenfunction of A corresponding
to A and satisfying 1, = 0. Then, as follows from (2.1), ¥(z) = e~ ***. Moreover,
due to 14 = 0, X must be among \}’s, a contradiction. O

2.4. THE CHARACTERISTIC FUNCTION

In this subsection we introduce a function depending on the spectral parameter
A € C, which, according to its properties, can be called the characteristic function
of the operator A. So, let A be the differential operator generated by the spectral
problem (2.1)—(2.2) under the assumption that the potential v is an element of the
space L3(0,1). Let A be a complex number and denote 1 (x,\) the solution of (2.1)
satisfying (2.2). In order to determine v (x, A) we shall proceed as in the previous
subsection taking into account the Fourier expansion (2.11) of v with respect to the
system of the eigenfunctions e~iAne (n € Z), correspondings to the eigenvalues A\ of the
operator A,. We seek for a particular solution of the equation (2.1) in the form

sz(x’ )\) _ Z Cnefi)\nac7
n
where ¢,, are constants. Substituting this function into (2.1), we obtain, by comparison
of coefficients, the following relations
A = New = —Yiv,, nez. (2.18)

Having the coefficients ¢,, determined from the obtained relations (2.18), the general
solution 1 (z, A) of (2.1) can be written as follows

+

U(x, \) = ce” ™ 4 Z cne”An® (2.19)

c being an arbitrary constant.
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Accordingly, the value of ¢4 is equal to

1 1 ; 1 _
Y =5 WA +9(0,0) = 5 (ce™™ 1 ¢) = 56(1“_”1),
ie.,
1 .
by = ge(+e™). (2.20)
We derive from (2.18) that
Cn = ;/}_“’AT; for A# A% (2.21)

and, since

1
by = Sile(h = X§) + oA = X),

we can take

1
Cn = iilcvn for A=\l (2.22)

Further, the function ¢ (z, A) must satisfy the boundary condition (2.2). Substituting
into (2.2) the solution ¢ (z, A) given by (2.19) with the coefficients ¢,, determined by
(2.21) and (2.22), we get

¢ (e - Z ¢+ Un 1+6—l,\1)z)\ - n lz ¢+\vn| —0 (2.23)

for A # AF, and
1
—2¢ — ilvpe + ilTpc — 5012|vn|2 =0 (2.24)
for A = \}. Taking into account (2.20) and that ¢ is an arbitrary constant and
multiplying (2.23), (2.24) (for the sake of symmetry) by f%ie%, we arrive at the

equation
X =0, (2.25)

where x is a function on A defined by

X(/\):—smg—&—cosﬁz)\wn)\;t for A # A, (2.26)
and
x(A) = (=1)" (1 + ;wn> for A=A}, (2.27)
where w,, is equal to
Wy, = iy — Ty + £|vn|2. (2.28)

2
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Remark 2.8. Along with the formula (2.27) of the characteristic function x it follows

the equality
2

X(A) = (~1)" |1+ g

The function x thus introduced can be called the characteristic function of the
operator A or, also, of the spectral problem (2.1)—(2.2). We refer to the equation (2.25)
as the characteristic equation of A or, respectively, of the problem (2.1)—(2.2). It is
seen that x is an entire function of A.

The following theorem describes the relationship between the eigenvalues of the
operator A and the characteristic function x. It is analogous to Theorem 2.7, but
the spectrum of A is described in terms of characteristic functions.

Theorem 2.9.

(2.29)

1) X is an eigenvalue of the operator A if and only if X is a zero of the characteristic
function x.

2) All zeros A # X} of the characteristic function are simple.

3) The characteristic function does not have zeros of multiplicities greater than 2.

4) X is an eigenvalue of the operator A of multiplicity 2 if and only if it is a zero of
multiplicity 2 of x.

Proof. 1) From the construction of x, presented above, it follows that if A is an
eigenvalue of the spectral problem (2.1)—(2.2), that is, the eigenvalue of A, then X is
also a zero of the characteristic function x.

Conversely, if A is a zero of the characteristic function y, we construct the function
¥(z, A) like in (2.19), where ¢ is an arbitrary constant and ¢, (n € Z) are given
by the formulas (2.21)—(2.22). With appropriate values of constants this function
satisfies the boundary condition (2.2), because x(A) = 0. It means that ¢ (z, A) is
the solution of the spectral problem (2.1)—(2.2), i.e., A is the eigenvalue of the opera-
tor A.

2) From 1) all zeros of the characteristic function are eigenvalues of the operator A.
Hence, using 3) from Theorem 2.7 we obtain the desired assertion.

3) The fact that the characteristic function x does not have zeros of multiplicities
greater than 2, based on 1), is equivalent to 1) from Theorem 2.7. It follows also
immediately from vanishing of the second derivative of the characteristic function.

4) Let A be an eigenvalue of the operator A of multiplicity 2. From 2) we have A = A;}.
As results from Theorem 2.7, the number A is an eigenvalue of A of multiplicity 2 if
and only if (2.13) and (2.14) hold. From (2.29) we know that x (\}) = 0 if and only
if v, = 21, which is equivalent to (2.13). Since the first derivative of x at the point A}
has the following form

dx
d\

l Wi
— () S (2.30)
A=AT 2 ;l M=

we see that Z—’/\‘ . = 0 which is equivalent to (2.14). Moreover, from 3) we get A is
A=2

of multiplicity eq:laﬁ to 2.
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On the other hand, if A is a zero of multiplicity 2 of x, then from 2) we have
A = A, which ends the proof of 4). O

Remark 2.10. A =0 is an eigenvalue of the operator A if and only if x(0) =0, i.e.,

n
and the corresponding eigenfunction admits the extension

e—i)\ix

MRS S

Ab

Proposition 2.11. There exists at least one eigenvalue of the operator A in every
interval I, = [\f, A}, 1], n € Z.

Proof. If x(A\}) = 0, then according to Theorem 2.9 Al is an eigenvalue of A, and
similarly for A7 . If x(A}) # 0 and x (A}, ;) # 0, then according to (2.29) the function
x takes values of different signs in A = A7 and A = )‘I 1. Since the function x is
continuous, then it is equal to zero in some point p € I,,. This value p is an eigenvalue
of the operator A. O

2.5. THE DISTRIBUTION OF THE EIGENVALUES

Our next result concerns numeration and asymptotics of eigenvalues of the operator
A as zeros of the characteristic function y given by (2.26).

Proposition 2.12. The sequence of eigenvalues of the operator A (counting multi-
plicities) can be numbered as

S Ay <A <A <M< <A< (2.31)

listed in an increasing order satisfies the asymptotic distribution,

2
An = Tﬂ-n +Bn, neZ, (2'32)

where 3, are real values such that |8, < T and

> B2 < oo (2.33)

Proof. Assume that A} (n € Z) are not eigenvalues of the operator A. Then from
Theorem 2.7 all Fourier coefficients v,, of v are different from % All eigenvalues of the
operator A are zeros of the characteristic function y based on Theorem 2.9. Observe
from the Rouché theorem that the entire function y and sin % have the same number
of zeros, counting multiplicities, equal to m+n+1, in the interval I_,, ,,, = A, A;H],
where m,n are large enough. We deduce from Proposition 2.11 that there exists at least

one eigenvalue in each interval I, = (A, A 41)- Hence there is only one eigenvalue
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in each interval I,,, which we number as ),,. Under given assumptions, we get sharp
equalities in (2.31) and |3,| < T in (2.32).

Now, let A} (n € Z) be eigenvalues of A. Then v, = 2. This case is only for the
finite number of eigenvalues, because v,, are Fourier coeflicients of v € Ly(0,1). Let us
change the potential v to ¥ in order to change the coefficients v, to v,, # % and all
eigenvalues which were in intervals I, stay in them. An eigenvalue, which was at the
end of interval, goes into this interval where there was no eigenvalues of A. With such
a change of the potential numbering of eigenvalues does not change. If A} is a double
eigenvalue, then one goes to the left and the other to the right intervals. We number
eigenvalues of A based on the information about the position of perturbed eigenvalues.
If a perturbed eigenvalue is in the interval jn, then we number the initial eigenvalue
as \,. We get numbering in an increasing order of eigenvalues with respect to their
multiplicity (2.31) and [8,] < 7.

We shall get an estimate (2.33) for ,, using the fact that A, given by (2.32) are
zeros of the characteristic function x(\) with |3,| < 7. Let w, (n € Z), given by
(2.28), be the Fourier coefficients of the function w € L5(0,1), that is,

w(zx) = Z wne*M:w,
n

where

D lwa* < 0. (2.34)

n

Then the characteristic function x, according to (2.26), has the following representation

!

Al ,

X(A) = —sin 5 %/GZA(Ifé)w(as)dz. (2.35)
0

Denote by p the function

l
p(\) = —% / e 2)yp(2)d. (2.36)
0

Because x(\,) = 0, using (2.35) and (2.36), we get the following equation

sin % =p(An). (2.37)

Since p in (2.36) is the Fourier transform of the function w € Ls(0,1), then p is
an analytic function of A\. Thus, the derivative of p exists and we can write

p(An) =p\)) + [ P'(N)dX for A, € [NFAE] (2.38)

An
+

A
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Now, from straightforward computation, we get

l

p(A) = (=D)"5

5n (2.39)

and

P = _;’/leu(x—éu (x _ é) w(z)dz. (2.40)
0

The function p’ given by (2.40) is the Fourier transform of the function

z — Dw(z) € Ly(0,1). Hence p’ € Ly(R), so
2

/ P’ (V)]?d\ < . (2.41)
Let )
)\;t+1 2
poi= | [ WP
AL
then, from (2.41), we have
> ph < oo (2.42)

We get the following estimation

An A:+1
27

[rom|< | |p'<A>dAs<l)%pn. (2.43)

AL A
From (2.38), (2.39) and (2.43) we have

l or\ 2
O] < glonl + (57)

Therefore, based on (2.34) and (2.42), we obtain

> Pl < 0. (2.44)

Hence
p(An) =0 as n— oo. (2.45)

For A, given by (2.32), from the equation (2.37) we have

(1 sin 22— pn,).
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Bnl

We know that |3, < 7. Then |55

< %, and according to (2.45)

. Bal  Bal
sin — =

5 5 (I+0(1)) as n— .

Further,
2
5l < 2O+ 0(1)) a5 7 ox.
Then from (2.44) we have
D 1Bal? < oe.
O

Remark 2.13. From the proof of Proposition 2.12, the asymptotic for eigenvalues
An = MT” + B, of the operator A, as n — oo, can be noticed in the following form

Bn = (—1)"%]) (271) (I4+0(1)) = <7lr Z 77,111:;1) (L+0(1)). (2.46)
k 2

The coefficients wy, are expressed by the Fourier coefficients of the nonlocal potential
by the formula (2.28).
For the proof instead of (2.38) we can take

24 B,

2mn 2mn , (2™ l 2mn 1

2nmn
[

v (5) =t

+
/\n+1

/ B (V] dA = o(1)

b

(2.47)
Using estimates

and

we obtain (2.46).

We further use the numbering of eigenvalues of the operator A from Proposi-
tion 2.12.

We can express the entire function y as an infinite product depending on its
zeros A, (see [19]), as follows:

1(2) = (s =) [T Lo e

n=1

(2.48)

Now using [13, Lemma 3.4.2] we get the following result.
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Proposition 2.14. The characteristic function x given by (2.48) can be expressed by
the product

s YA =A_p)
X = =5 (A=) H QM) : (2.49)
n=1 1
Proof. Using (2.48) we get the characteristic function in the following form
Al O N[O W
x(A) = —05()\ o) H ) (2.50)

where

c

I

|

Q
~| N
3
11—
>
3
IC
3

The above infinite product is convergent, because A, (n € Z) are given by (2.32)
and (2.33). From the explicit formula (2.26) of the characteristic function it is seen
that for A = iy we have

lim L‘y)l =1 (2.51)
Y00 —gin 4°
Now, using the formulas
M N dnn® _ )2
9 4n2n2
2 2 n=1 12
and (2.50) we obtain
X()\) - JA=An)
— U Wﬂz — (2.52)

Putting A\ = iy and passing with y to the infinity in (2.52) we get

1:IimL—ChmH zy (iy = A~ ):C‘
y—o0 —gin ¥ 5 Yoo i n — i%y?
Since C' =1 and (2.50), we conclude (2.49). O

3. INVERSE EIGENVALUE PROBLEM

This section is devoted to the inverse problem for the first order differential operators
with nonlocal potentials and nonlocal boundary conditions. At the beginning, algorithm
for solving the inverse problem will be given. Next, appropriate example will be shown.
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3.1. ALGORITHM

Inverse spectral problems involve recovering an operator from its spectrum. In general,
this operator is not unique. There is a set of isospectral operators, and therefore exists
a set of isospectral potentials. The proposed algorithm makes it possible to effectively
determine all isospectral potentials.

Let us assume that we know all eigenvalues A, (n € Z) of the operator A. We find
the nonlocal potential v € Ly(0,1).

Step 1. We construct the characteristic function y via (2.49)

X()\) = _é()\ — )\0) H (>\n _()\2)71(:‘)5 )‘fn) )
n=1 N

Step 2. We calculate the values x (X)) for all n € Z, where A} = (2n —1)7.
Step 3. We solve the quadratic equation of (2.29) for v,,:

2

l
1+i-v,

X (W) = (=1)" |1+ 45

This equation can have several different solutions leading to different isospectral
potentials.
Step 4. We write the potential v(z) =5 vnefmiz.

Now, we consider an example for solving the inverse problem.

Example 3.1. Let \; = % and A\, = n for n # 1 be the eigenvalues of the operator

(2.3) and let I = 27. Under this assumptions we find the potential v in the problem
(2.1)—(2.2). The characteristic function y, in this case, is the following

- n? 12
Aﬁ 2\ 1 E-NA+1)
= —7r .
ol n2 1=XMA+1) 1
S22 1
:_W)\H n? 1-X
n=1

It can be checked that
n2 _ )\2
n2

sin (w\) = A H

n=1

)
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SO
1

Y(\) = — i: f sin (7).

For A\ = n — 3, we calculate the values x(),}) as follows

1 n—-1-1 1 nn-l
x(AI)—X(“g) —n_z_ism<("2)ﬂ> B

We solve the quadratic equation

(=)™ 1 + imvp |

I
—~
|
—
~—

w

which is equivalent to

11+ imv,|* =

from which we compute the Fourier coefficients of the potential v:

i -1
Un = o (\n —3/2|+/(n—1) (n— 3/2)) .

It is worth mentioning that the asymptotic behavior of Fourier coefficients v,, being
Vp ~ —5—, which results immediately from the formula obtained above for v,,. Finally,
we obtain the potential v(z) =" Upe AT,

4. DIRAC SYSTEMS

This section is devoted to the spectral theory of the one-dimensional Dirac operator.
We study the direct and inverse problem for the Dirac system with nonlocal potential.
The above considerations will be carried out in the case that the interval is finite. We
describe the method of reducing the spectral problem for the Dirac system to the
one-dimensional case from Section 2.

4.1. GENERAL CASE

In the literature Dirac operators with local potential are considered. For more details
about the Dirac systems we refer to the book [12]. Now we present the Dirac systems
in the usual case.
Consider the following eigenvalue problem for the Dirac system
dy(x)

BW +V(z)(z) = Mp(x), 0<z<b, (4.1)

where
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and (the potentials) p, ¢ are given functions from the class L2(0,b) (0 < b < 00) and
(the spectral parameter) A is a fixed complex number. We consider the equation (4.1)
with functions 1, 19 which are defined on the Sobolev space W3 (0,b). The above
equation is equivalent to the system of two first order ordinary differential equations

{ d¢2 dipa(x) +p( )1/)1(1‘) + Q(iﬂ)ﬂlg(x) = )\1/;1(1;)’
dwdlgg +q(x)1(x) — p(a)ha(x) = Mpy ().

=5 a)

(i 0
UBU _<0 _l.).

We obtain an equivalent system

Let

Then

Bdif) FV(@)(x) = Mi(z), 0<z<b, (4.2)
T a2 e ) 0= ()
and

() = —(q(@) +ip(z)), V1(@) =11(z) —ita(z), V2(z) = —tha(z) + it ().

We rewrite (4.2) as the following system of the first order ordinary differential equations

2(x) = M (2),

~

{ dwl( + ()
dwz(w) + 0(x)n () = Mo ().

In order for the corresponding operator to be self-adjoint we impose the following
boundary conditions:
1(0)

¥1(b)

¥2(0),
o (D).

=

4.2. REDUCING PROCEDURE. SELF-ADJOINTNESS

Now we present a method how to reduce the spectral problem for the Dirac system to
the one-dimensional case.
Consider the spectral problem

{ d?/H(l’) + vy ( )1/)+ = /\wl(Q?)7

dwjf) +ua(@)t = Mo (2), 0<z<b, (0<b<o0), (4.3)
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where
¢15¢2 €W21(07b)a U1, V2 ELQ(Ovb)v

and

U = 5 (W (0) + al0)

with the boundary condition

$1(0) = ¢2(0), (4.4)
and the nonlocal boundary condition
P1(b) — 1h2(b) + i ((Y1,v1) + (b2, v2)) = 0. (4.5)
The corresponding operator A is defined by
dv
(AV) (z) = B dix) + V()T 0<z<b, (4.6)

= %) vo=(ut ) 0= (G0 =)

on the domain D(A) contains the functions 1,2 € W4(0,b) satisfying conditions
(4.4)—(4.5).

The system (4.3) is decoupled and the equations interact with each other only
through the boundary conditions (4.4)—(4.5) at points = 0 and x = b. Therefore,
we consider the problem (4.3)—(4.5) on the interval [0, 2b] illustrated in Figure 1.

Pa(b— ) Yi(z—b)

— e
0 b 2b

Fig. 1. Reduction procedure on the interval [0, 2b].
We define the functions

_Jt(z—b), b<z <20,

and

o) = {vl(m -b), b ix i2é, (4.8)

Then
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which is equal to ¢4 = 3 (¢(1) + 1(0)) for I = 2b. In fact, we write the Dirac system
with nonlocal potentials (4.3)—(4.5) as the eigenvalue problem for the first order
differential operator, substituting [ = 2b, as follows

ﬂﬁf)+m@¢+:x¢@% 0<z<l (4.9)
with the nonlocal boundary condition
¥(1) = (0) + i, v) = 0. (4.10)

We considered such a problem in Section 2. The operator A given by (4.6) has
the same form as the operator A in (2.3)—(2.4).

Observe that the spectral problem (4.3)—(4.5) is equivalent to the problem
(2.1)—(2.2). This implies that the operator A is self-adjoint.

4.3. SPECTRAL PROPERTIES

The aim of this subsection is describe the spectrum and the characteristic function
of the operator A. We use the fact that the problem (4.3)—(4.5) is equivalent to the
problem (2.1)—(2.2). For ¥4 = 0, the system of equations (4.3) has the form

(@)
T Vi), 0<z<b (0<b<o0),
—i == = My (x),

and the corresponding operator A is defined by

d¥(x)
dr ’

(A40) () = B

where

on the domain

e 01(0) = 4a(0),
D) ={w=(11) e movendon: G 0L

The numbers A} = (n— 1) 7 are eigenvalues of the operator A, and corresponding
eigenfunctions are given by 1 (z) = e~An and 1y (z) = ¢+ @ Each of these families
forms a complete orthogonal system in Lo (0, b). Hence, the nonlocal potentials v; and
v9 can be represented by the Fourier series

vi(z) = Zv,(f)wj(x), 0<z<b, j=1,2,

and, respectively,

|

b
. 1
vff) = /vj(x)wj(x)dx, ji=1,2.
0
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In what follows, using the reducing procedure (4.7)—(4.8), we transfer the results
obtained for the operator A to the case of the operator A. Doing this, we substitute

[ =2b.

We start by formulating a counterpart of Theorem 2.7 for the Dirac system.

Theorem 4.1.

1) The eigenvalues of the operator A are of multiplicity at most equal to 2.
2) An eigenvalue A} = (n — %)% of the operator Ay is also an eigenvalue of the

operator A if and only if

o) 4o = 2 (1)),

In this case N} is of multiplicity 2 provided that

Z o s ((—1)’““ (o +02) + 04 (o) 4 02) — o

:0,

3) All eigenvalues of the operator A different from \} are simple.

Proof. 1) and 3) follow immediately from Theorem 2.7 and (4.7)—(4.8).

2) Using (2.13) and (4.8) we get

. 2b
Up = Q—b/v(x)e”‘mdx

b
o/
1 / 1 /
L mn =g 4 — z)\+ (t+0) g4
2 / Be b/
0 0
1

= ,(U(l) + U(2))6Mnl = (=) ) 40Py = -
2 n n 2 n n

which yields (4.11).
Substituting vy = £(—1)*"! (v, ) 4 v,(C )) into (2.14), we obtain

(4.11)

2
vt

(4.12)

S (s (0 ) - For ()

(-1

7
— bl
15

2
’vlg +v(2)’ >:0,
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which implies

1 i @), i = @) _ b)), o)
Z _ <2(1)’“Jrl ('U,(C ) +v,(€ )> + 5(71)’“r1 (vgC ) +U](€ )) - ‘v,(g ) Jrv,(g )‘ )

T\

= AL — A

=0.

Dividing this equation by £ we get (4.12). O

The characteristic function of the operator A corresponding to the problem
(4.3)—(4.5) has the form

x(A) = —sin(Ab) + cos(Ab) zn: T for X # A\ (4.13)
and )
b
X = (D) S0 (D +o@) 1 for A=AL (414)
where
1 n (1) (2) 1 n (=(1) 4 =(2) b1 @ @]
Wn = 5(71) (vn +vn )+§(71) (vn +’U" >+Z Un +1)n (415)
Theorem 4.2.

1) X is an eigenvalue of the operator A if and only if X is a zero of the characteristic
function x.

2) X is an eigenvalue of the operatorA of multiplicity 2 if and only if it is a zero of
multiplicity 2 of x.

3) All zeros A # A} of the characteristic function are simple.

4) The characteristic function does not have zeros of multiplicities greater than 2.

The proof of Theorem 4.2 is analogous to that of Theorem 2.9.
Next, repeating the same steps as in the proof of Proposition 2.14, we obtain
the following result.

Proposition 4.3. The characteristic function x given by (4.13) can be expressed by
the product

X(A) = =b(A =) [ G = ?35:\)2_ An), (4.16)
n=1 b

Furthermore, we can also easily obtain the ensuing counterpart of Proposition 2.14.

Proposition 4.4. The sequence of eigenvalues of the operator A (counting multiplic-
ities) can be numbered as

i SA < <A< << <<

listed in an increasing order satisfies the asymptotic distribution,

An:%n+6na TLGZ,
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where 3, are real values such that |3,| < 35 and
Z B2 < oo.
n

Now we find a solution of the direct problem for an exemplary Dirac system.

Example 4.5. Consider the problem (4.3)—(4.5) with nonlocal potentials
v1(z) = —sin § and vy(x) = sin §. Let b = 7 and assume that ¢, = 1. We calculate
the Fourier coefficients of the potentials v; and vs as follows:

vél) = v(()2) = %, v§1) = 1);2) = —%7 and o =0 =0, nez\{0,1}.
From (4.13)—(4.15) we infer that

27\
X(A) = —sin At + TR cos AT

402 —1
The numbers satisfying the equation
2T
tan \r = ———
AT e

are the eigenvalues of the operator generated by the considered problem.

4.4. INVERSE PROBLEM

We are in a position to give the algorithm for solving the inverse eigenvalue problem
(4.3)—(4.5). Let us assume that all eigenvalues of the operator generated by this
problem are known. Then, we find the nonlocal potentials v, vs € La(0,1) proceeding
as follows.

Step 1. We construct the characteristic function y via (4.16)
MNA=A)

nm 2 ’
(%)

Step 2. We calculate the values x(A}) for all n € Z, where A\ = (n — 1)%.
Step 3. We solve the quadratic equation for v,,:

) = —b(n— 2g) [ P2

X (AF) = (=D)™ 1+ ibu, |2

Step 4. Using potential v, we find the potentials v1, vo by the reduction procedure
(4.8).

v(x) = Z’uneﬂ'(”fé)%x, 0 <z <20,

vi(z) =v(x +b), wva(x)=vb—-—2), 0<x<h
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Example 4.6. Let \; = % and A\, = n for n # 1 be the eigenvalues of the operator
generated by the problem (4.3)—(4.5) and let b = w. The characteristic function Yy,
this case, is the following

X(A) = =b(A = Ao)

2 n? 12
\ ﬁ n? — \? 1 A -NA+1)
= —7T .
2 _
ot 1-=XN(A+1) 1
°n? — )2 %—)\
:770\1_[ n? 1-X
n=1

n=1

Since

oo

n? — A2
sin (w\) = A H ,
n2

n=1

one has

For A\ =n — 3, we calculate the values x(\;}) as follows:

R R (O = =R

Solving the quadratic equation

(—1)" 1 +imo|? = (~1) 2
n—3
we get )
o= (=321 + V- D n 3/2))_1 .
Therefore,

w9 = % (In=3/21 + v/ = D)(n = 3/2))71, j=1,2.

It remains to apply the above Step 4 to obtain explicit formulae for the potentials
v1 and vs.
vj(z) = ng)%(a?% J=12 0<z<hb.
n
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