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Abstract. Linear delay or advanced differential equations with variable coefficients and several
not necessarily monotone arguments are considered, and some new oscillation criteria are
given. More precisely, sufficient conditions, involving lim sup and lim inf, are obtained, which
essentially improve several known criteria existing in the literature. Examples illustrating
the results are also given, numerically solved in MATLAB.

Keywords: differential equation, non-monotone argument, oscillatory solution, nonoscillatory
solution.

Mathematics Subject Classification: 34K11, 34K06.

1. INTRODUCTION

Consider the first-order linear differential equation with several variable deviating
arguments of either delay (DDE)

2 () + ) pit)z (ri(t) =0, t>to, (E)
=1

or advanced type (ADE)

m

xl(t) - Zqi(t)m (Ui(t)) =0, t=to, (E/)

i=1

where p;, ¢;, 1 < i < m, are functions of nonnegative real numbers, and 7;, o;,
1 <i < m, are functions of positive real numbers such that

T(t)<t, t>ty and lim 7(t) =00, 1<i<m (1.1)
t—o00
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and
oi(t) >t, t>ty, 1<i<m, (1.2)

respectively.

A solution of (E) is an absolutely continuous on [tg, 00) function satisfying (E) for
almost all ¢ > ty. By a solution of (E’) we mean an absolutely continuous on [tg, 00)
function satisfying (E’) for almost all ¢ > t.

A solution of (E) or (E') is oscillatory, if it is neither eventually positive nor
eventually negative. If there exists an eventually positive or an eventually negative
solution, the equation is nonoscillatory. An equation is oscillatory if all its solutions
oscillate.

The problem of establishing sufficient conditions for the oscillation of all solutions of
equations (E) or (E’) has been the subject of many investigations. The reader is referred
to [1—26] and the references cited therein. Most of these papers concern the special
case where the arguments are nondecreasing, while a small number of these papers
are dealing with the general case where the arguments are not necessarily monotone.
See, for example, [1—6, 10, 15] and the references cited therein. The consideration of
non-monotone arguments other than the pure mathematical interest, it approximates
the natural phenomena described by equation of the type (E) or (E’). That is because
there are always natural disturbances (e.g. noise in communication systems) that affect
all the parameters of the equation and therefore the fair (from a mathematical point
of view) monotone arguments become non-monotone almost always.

Throughout this paper, we are going to use the following notation:

o := liminf / Zpi(s)ds, B3 := liminf / Zqi(s)ds
i Y =1

t—o0 t—o0
=1

7(t)

b

and
D(w) 0, ifw>1/e,
w) = 3
lw—V1-2w—w? \/12*2w*w if we[0,1/e].

1.1. DDES

By Remark 2.7.3 in [21], it is clear that if 7;(¢), 1 < ¢ < m are nondecreasing and

t m
h?i)igp / ;pl(s)ds > 1, (1.3)
®)
where 7(t) = maxi<;,<m{7i(t)}, then all solutions of (E) oscillate. This result is
similar to Theorem 2.1.3 [21] which is a special case of Ladas, Lakshmikantham and
Papadakis’s result [18].
In 1978 Ladde [20] and in 1982 Ladas and Stavroulakis [19] proved that if

¢

o - 1

htrgg.}f / ;pi(s)ds > (1.4)
(1) T

then all solutions of (E) oscillate.
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In 1984, Hunt and Yorke [11] proved that if t — 7;(t) < 79, 1 <i < m, and

timinf " pi(t) (¢ 7i(0)) > - (15)

: e
=1

then all solutions of (E) oscillate.
Assume that 7;(¢), 1 <4 < m are not necessarily monotone. Set

hi(t) = sup 7(s), t>ty and h(t) = max hi(t), t>to (1.6)
to<s<t 1<i<m

and

arlt.s) = exp § / épxc)dc},

trar(t15) = cxp { / ipxc)mc,n(o)dc}.

Clearly, h;(t), h(t) are nondecreasing and 7;(t) < h;(t) < h(t) < ¢ for all ¢ > t,.
In 2016, Braverman, Chatzarakis and Stavroulakis [1] proved that if for some r € N

timsup |3 pilC)an (1), 7(O)C > 1 (19)
o hit) =1
iimsup |3 pi(ar(h(0), m(0))dg > 1 - D), (19)
ht) =1
timint [ S pi(Oar (h(0), m(0))dg > - (1.10)
ne) =1

then all solutions of (E) oscillate.
In 2017, Chatzarakis and Péics [3] proved that if

limsup / > plQan (1), ()G > % - D(a), (1.11)

t—o0 —1
h(t) '

where \g is the smaller root of the transcendental equation e®* = X, then all solutions
of (E) oscillate.
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In the same year, Chatzarakis [4] proved that if

t t u
P;(t) = P(t) 1+/P(s)exp /P(u)exp /Pj,l(g)df du | ds| ,
(t) 7(s) 7(u)

with Py(t) = P(t) = Y.~ pi(t), then for some j € N either one of the conditions

t h(t)
limsup [ P(s)exp /Pj(u)du ds > 1, (1.12)
t—o0
h(t) (s)
[ h(t)
lim sup / P(s)exp / Pj(u)du | ds > 1 — D(), (1.13)
t—o0
h(t) (s)
/ " 1+1InA
lim sup / P(s)exp / Pj(u)du | ds > e D(w), (1.14)
t—o0 0
h(t) 7(s)
¢ ¢ )
lim su P(s)ex Pi(u)du | ds > —— 1.15
wswp [ Pls)exp | [ Py Bia] (1.15)
h(t) (s)
and
t h(s) .
litminf P(s)exp /Pj(u)du ds > —, (1.16)
— 00 e

h(t) 7(s)

implies that all solutions of (E) are oscillatory.
Several improvements were made to the above condition, see [5, 6] to arrive at the
recent form [5]

t h(t) u
hmsup/P(s)exp /P(u)exp /Gg(f)dé du | ds > 1, (1.17)
t—o0
h(t) (s) 7 (u)
t h(t) u
limsup/P(s)eXp /P(u)exp /Gg(g)dg du|ds>1—D(a), (1.18)
t—o0
h(t) 7(s) 7(u)

t

t u
1
limsup [ P(s)exp / P(u) exp / Ge(&)dE | du | ds > —— —1, (1.19)
t—o0 «
h(t) (s) (w)
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t h(S) u
1+1InA
limsup/P(s)exp /P(u)exp /Gg(f)d{ du ds>¥fD( ),
t—o0 0
h(t) 7(s) 7 (u)
(1.20)
t h(s) w )
litminf P(s)exp /P(u)exp /Gg(f)dg du | ds > —, (1.21)
— 00 e
h(t) 7(s) 7(u)
where

t t u

Gy(t) = P(t) 1+/P(s)exp /P(u)exp /Gg_l(f)df du | ds

7(t) 7(s) 7(u)

and

1.2. ADES
For Eq. (E’), the dual condition of (1.3) is

o(t) m

limsup/Zqi(s)ds>17 (1.22)
Y =1

t—o0

where 0;(t), 1 < i < m are nondecreasing and o(t) = minj<;<m,{0:(t)} (see [21, § 2.7]).
In 1978, Ladde [21] and in 1982 Ladas and Stavroulakis [19] proved that if
o(t) 1
lim inf J(s)ds > =, 1.23
imin /2q(s)s>e (1.23)
t =

t—o0

then all solutions of (E’) oscillate.
In 1990, Zhou [26] proved that if o;(t) —t < g, 1 <14 < m, and

lin inf > qi(t) (oi(t) — ) > é (1.24)
i=1

then all solutions of (E’) oscillate (see also [7, Corollary 2.6.12]).
Assume that 0;(t), 1 <i < m are not necessarily monotone. Set

(t) = inf 0, > — min p; > )
pi(t) ;gftal(s), t>t and  p(t) 1ISI?Snmpz(t)’ t >t (1.25)
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and

(1.26)
> a0t GO .

Clearly, p;(t), p(t) are nondecreasing and o;(t) > p;(t) > p(t) > ¢ for all t > &,.
In 2016, Braverman, Chatzarakis and Stavroulakis [1] proved that if for some r € N

p(t) .
imsup [ D 6:(Ob(p(t). () dC > 1 (1.27)
T =l
or
p(t) .,
timsup [ 3" as(Q)b(p(0). (0 dC > 1~ D(B). (1.28)
—00 /i
. p(t) . )
imin [ 3" ai(C)brlo(0).03(O) 6 > . (1.29)
=1

t
then all solutions of (E') oscillate.
In 2017, Chatzarakis [4] proved that if
a(t) ) o(u)
Q=0 1+ [ ewew| [Quen| [ @i i@d|du|as|,
t t

u

o(s

with Qo(t) = Q(t) = >_I", ¢i(t), then, for some j € N either one of the conditions

p(t) a(s)
limsup/Q(s)eXp /Qj(u)du ds > 1, (1.30)
t—o0
t p(t)
p(t) o(s)
lim sup / Q(s) exp / Qj(u)du | ds >1— D(B), (1.31)
t—o0
t (t)

p(t) o(s)

1i§r_1,solip/Q(s) exp /Qj(u)du ds > %, (1.32)
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and

lim sup
t—o0

p(t) o(s)
1 In A
/Q $) exp /QJ Ydu | ds +A“ 0 _ p(p) (1.33)
0
p(s)
o(s)
litrginf/Q s) exp /QJ Ydu ds>f (1.34)
p(s)

implies that all solutions of (E’) are oscillatory.
Several improvements were made to the above condition, see [5, 6] to arrive at the

recent form [5]

lim sup

lim sup

lim sup

lim sup
t—o0

t—o0

t—o0

t—o00

o(s) o(u)

/Q s) exp /Q u) exp /Rg(f)df du | ds > 1, (1.35)

p(t) u

o(s) o(u)

p(t)
/Q(s)exp /Q u) exp /R(g(ﬁ)dﬁ du) ds>1—D(B), (1.36)

p(t)

p(t)

7t 1
/Q exp /Q wew | [ R du)d %—D(ﬁ),

lim inf
t—o00

where

and

f%z(t)

p(t) u

o(s) U(u)

t u

/Q(S)eXp /Q(u)exp Ry(& du) ds > 5 =1, (1.37)

o)

u

(1.38)
o(s) o(u)

s) exp /Q(u)exp Re(€)d€ | du ds>é, (1.39)

p(s)

a(t) o(s) o(u)

= Q(t) l—l—/P(s)exp /Q(u)exp /Refl(g)dg du | ds

t t u

o(t) o(s)

Ro(t) = Q1) 1+/Q(s)exp )\O/Q(u)du ds

The purpose of this paper is to derive sufficient conditions for all solutions of (E)
and (E’) to be oscillatory when the arguments are not necessarily monotone. Our
results essentially improve several known criteria existing in the literature.
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2. MAIN RESULTS

2.1. DDES

Based on an iterative technique, we further study (E) and derive new sufficient
oscillation conditions, involving lim sup and lim inf, which essentially improve several
results in the literature.

We now cite three lemmas which will be used in the proof of our next results.
The proofs of their are similar to the proofs of Lemmas 2.1.1, 2.1.3 and 2.1.2 in [7],
respectively.

Lemma 2.1. Assume that h(t) is defined by (1.6). Then
t m ¢ m
llggf / Zpi(s)ds :htrggclf / Zpi(s)ds. (2.1)
(v ! m
Lemma 2.2. Assume that x is an eventually positive solution of (E) and h(t) is
defined by (1.6). Then

e w(t)

htrggclf 2(h() > D(a). (2.2)
Lemma 2.3. Assume that x is an eventually positive solution of (E) and h(t) is
defined by (1.6). Then

.. X
hggl;}f o) =

), o

where \g is the smaller root of the transcendental equation A = e®>.

Based on the above lemmas, we establish the following theorems.
Theorem 2.4. Assume that h(t) is defined by (1.6) and for some £ € N
t h(t) u
lim sup / P(s)exp / P(u) exp / Wi(€)d¢ | du | ds > 1, (2.4)
T (s) ()
where

t t u
Wy(t) = P(t) 1+/P(s)exp /P(u)exp /Wg,l(g)df du | ds (2.5)
T(t) 7(s) 7(u)
with
[ | [ e |
Wo(t)=P(t) |1+ [ P(s)exp P(w)exp | Ao P(u)du | dw | ds
7(t) 7(s) 7(w)

w

and A is the smaller root of the transcendental equation \ = e**. Then all solutions
of (E) are oscillatory.
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Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory solution
x(t) of (E). Since —x(t) is also a solution of (E), we can confine our discussion only
to the case where the solution z(t) is eventually positive. Then there exists a t1 > 1o
such that x(t) and x (7;(¢)) > 0 for all ¢ > ¢;. Thus, from (E) we have

sz ) <0 forallt>t,

which means that x(¢) is an eventually nonincreasing function of positive numbers.
Now we divide (E) by z (¢) > 0 and integrate on [7(¢),], so

[ S /zpz R

(t) () "

[ () 2T,
(/) w() = (/) (Z ) e
or . .
Y, [ )
/x(u)dug /P() (00 du.
7(t) 7(t)
Therefore .
W) | o),
e / Pl =y

2(r(t)) > z(t) exp / ”J;T(S)‘ du | . (2.6)
7(t)
Combining (E) and (2.6), we have

0=2a'(t) + Zpi(t)ﬂ? (ri(t)) = 2'(t) + P(t)z (7(t))
- t (2.7)
> 2/ (t) + P(t)z(t) exp 4 P(u)Wdu

Now we divide (2.7) by z (t) > 0 and integrate on [7(s),¢], so

/x :J dw <—/P W) exp /wp(u)xg(s;))du dw,

7(s) 7(w)
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or

z(7(s)) > x(t) exp ( / P(w) exp ( / P(U)Wdu) dw) . (2.8)
7(w)

7(s)
Integrating (E) from 7(¢) to ¢, we have

x(t) — z(7(t)) + / Zpl(s)m (r:(s))ds =0
7(t) i=1

or
t

z(t) —x(r(t)) + / P(s)x (7(s))ds <0. (2.9)
(%)
Combining (2.8) and (2.9), we have

x(t)—x(r(t))+2(t) / P(s)exp ( / P(w)exp ( / P<U)$S(S;>>du) dw) ds < 0.
7(s) T

7(t) (w)
Multiplying the last inequality by P(t), we take
P(t)xz(t) — P(t)z(7(t))

+ P(t)x(t) / P(s)exp ( / P(w) exp ( / P(u)ng))du) dw) ds <0.

7(t) 7(s) 7(w)

(2.10)

Furthermore,

m

'(t) = — Zpi(t)x (ri(t)) < =z (7(1)) Zpi(t) = —P(t)z (7(t)). (2.11)

Combining the inequalities (2.10) and (2.11), we have
o' (t) + P(t)z(t)

+ P(t)x(t) / P(s)exp ( / P(w) exp ( / P(u)x;il;))du) dw) ds <0.

7(t) 7(s) (w)

Since 7(u) < h(u), clearly
z'(t) + P(t)x(t)

+ P(t)x(t) / P(s)exp ( / P(w) exp ( P(u)m(;zfg))du) dw) ds < 0.
7(s) T

(1) (w)
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Taking into account the fact that (2.3) of Lemma 2.3 is satisfied, the last inequality
becomes

' (t) + P(t)z(t)

+P(t)x(t)/P(s)exp /P(w)exp (Mo —€) / P(u)du | dw | ds < 0.
7(t) 7(s) 7(w)
Thus
2'(t)

or

with

Wo(t,e) = P(t) 1—|—/P exp /P w) exp )\o—e)/P(u)du dw | ds
7(t) 7(

Applying the Gréonwall inequality in (2.12), we obtain

x(s) > xz(t) exp (/Wo(f,e)df) , t>s.

Thus

o(rw) = s(wyexp | [ Wl€epde | (2.13)

7(u)

Now we divide (E) by z () > 0 and integrate on [s, ], so

/ du_/zp, Ig(f;; >du>/tp(u>x;?g;>>du,

or

t
IH@Z/P(u)x(T(U du >/P u) exp /Wo £, €)d¢ | du.
/ (u)
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- exp(/p exp(/wo ) ) o1
(u)

Setting s = 7 (s) in (2.14) we take

P exp(/p exp</wo ) ) o)
(s) (w)

Combining (2.9) and (2.15) we obtain

x(t) — x(7(t)) + x(t) / P(s)exp ( / P(u) exp ( / Wo(f,e)df) du) ds <0.

(t) 7(s) 7(w)

or

Multiplying the last inequality by P(t), we find

P(t)z(t) — P(t)z(r(t))

+ P(t)x( / exp(/P exp( /WO )du)d5<0,

7(u)

which, in view of (2.11), becomes

a'(t)+P(t) /P exp( / )eXp( /u Wo(g,e)dg) du) ds < 0.

7(t) 7(s) 7(u)

Hence, for sufficiently large ¢

14 ] P(s)exp( j P(u) exp( /u Wo(g,e)dg) du) ds] (t) <0,
T 7(u)

(t) (s)

Z'(t) + P(t)

2/ (t) + Wi(t,e)z(t) <0, (2.16)

ol o fron( )]

where
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It becomes apparent, now, that by repeating the above steps, we can build inequalities
on z'(t) with progressively higher indices Wy(t), ¢ € N. In general, for sufficiently
large t, the positive solution z(t) satisfies the inequality

z'(t) + We(t,e)x(t) <0 (£ €N),

where

t ¢ u
Wy(t,e)=P(t) |1+ |1+ / P(s)exp / P(u) exp / Wi_1(&,€)d | du | ds
(t) 7(s) 7(u)
and
h(t) u
z(7(s)) > z(h(t)) exp / P(u) exp / W€, e)dE | du | . (2.17)
(s) (u)
Integrating (E) from h(t) to ¢, and using (2.11) and (2.17) we have

m

0=uax(t) —z(h(t)) + / Zpi(s)x(n (s))ds > z(t) — z(h(t)) + / P(s)x(T (s))ds

n(t) =1 h(t)
or

t h(t)

z(t) — x(h(t)) + z(h(t)) / P(s)exp / P(u) exp / Wi(€,€e)dé | du | ds < 0.
h(t) 7(s) 7(u)
(2.18)
The inequality is valid if we omit x(¢) > 0 in the left-hand side. Therefore

t h(t) n
x(h(t)) /P(s) exp /P(u) exp / W&, €)dE | du | ds—1| <0,
h(t) 7(s) 7(u)

which means that

h(t)

t u
limsup/P(s)exp /P(u)exp /Wg({,e)d{ du | ds <1.

t—o0

h(t) 7(s) 7(u)

Since € may be taken arbitrarily small, this inequality contradicts (2.4).
The proof of the theorem is complete. O]
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Theorem 2.5. Assume that h(t) is defined by (1.6) and for some ¢ € N

t h(t) m
limsup/P(s)exp /P(u)exp /Wg({“)df du|ds>1—D(a), (2.19)

t—ro0
h(t) 7(s) 7(u)
where Wy is defined by (2.5). Then all solutions of (E) are oscillatory.

Proof. Let z be an eventually positive solution of (E). Then, as in the proof
of Theorem 2.4, (2.18) is satisfied, i.e.,

t h(t)

x(t)f:c(h(t))Jr:c(h(t))/P(s)exp /P(u)exp /Wg(ﬁ,e)dﬁ du | ds <0.

h(t) 7(s) 7(u)

That is,
t h(t) u
/P()e /P()e /W(g Ve | du | ds <1 - =0
s) exp u) exp (&€ ulds<1-— ,
z(h(t))
h(t) 7(s) 7(u)
which gives
t h(t) n
limsup [ P(s)exp /P(u)exp /Wg(&,e)dg du | ds
t—o0
h(t) (s) (w)
<1 — liminf z(t)

t=oo z(h(t))

By combining Lemmas 2.1 and 2.2, it becomes obvious that inequality (2.2) is fulfilled.
So, the above inequality leads to

t h(t) u
limsup [ P(s)exp / P(u)exp / Wi(&,€)dE | du | ds < 1— D(a).
)

t—o0
h(t 7(s) 7(u)

Since € may be taken arbitrarily small, this inequality contradicts (2.19).
The proof of the theorem is complete. O

Theorem 2.6. Assume that h(t) is defined by (1.6) and for some ¢ € N

limsup/P(s)exp /P(u)exp /Wg({)dﬁ du ds>ﬁfl, (2.20)

t—o0
h(t) 7(s) 7(u)

where Wy is defined by (2.5). Then all solutions of (E) are oscillatory.
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Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory solution
x of (E) and that z is eventually positive. Then, as in the proof of Theorem 2.4, for
sufficiently large ¢ we have

x(7(8)) > x(t) exp /P(u)exp /Wg(f,e)df du | . (2.21)
(s) 7(u)

Integrating (E) from h(t) to ¢t and in view of (2.21), we have

> a(t) — w(h(t))

+z(h(t))

x(t) t u
P(s)x(h(t)) exp %P(u)exp /Wg({“,e)dﬁ du | ds.

t
h(t) T 7(u)

That is, for all sufficiently large ¢ it holds

t t u
(h(1))
P(s)exp P(u)exp We(€,e)dE | du | ds < * -1
hk{) TE{) TZ{) x(t)
and therefore
z(h(t))

t t u
limsup/P(s)exp /P(u)exp /W[(£76)d£ du | ds < limsup —

t—o0 t—o0 -r(t)

h(t) 7(s) 7(u)
(2.22)

By combining Lemmas 2.1 and 2.2, it becomes obvious that inequality (2.2) is fulfilled.
So, (2.22) leads to

t t u
1
lim sup / P(s)exp / P(u)exp / Wy(&,e)dE | du | ds < —— —1
t—00 A D(OZ)

h(t 7(s) 7(u)

Since € may be taken arbitrarily small, this inequality contradicts (2.20).
The proof of the theorem is complete. O]
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Theorem 2.7. Assume that h(t) is defined by (1.6) and for some £ € N
h(s)

t u
limsup [ P(s)exp P(u) exp We(§)dE | du | ds >
J o [ ]

t—o0
7(s) 7(u)

1+ln/\0

)\0 - D(a)a

(2.23)

where Wy is defined by (2.5) and X\ is the smaller root of the transcendental equation
A\ = e, Then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory solution
x of (E) and that z is eventually positive. Then, as in the previous theorems, (2.21)
holds.

Observe that (2.3) implies that for each € > 0 there exists a t. such that

Ao —€< 2(h(t) for all t > ¢.. (2.24)

x(t)

Noting that by nondecreasing nature of the function Igz(st))) in s, it holds
_ z(p) _ z(h(t) _ 2(h(t))

a(h(t) = =x(s) — a(t) ’

in particular for € € (0, \g — 1), by continuity we see that there exists a t* € (h(t), ]
such that

IN

te <h(t)<s<t,

1<X—e= xi?t(t))) (2.25)
By (2.21), it is obvious that
h(s) u
x(7 (s)) > x(h(s)) exp / P(u)exp / W&, e)dE | du | . (2.26)

7(s) 7(u)
Integrating (E) from ¢* to ¢ and using (2.26) we have

t m

0=a(t) —z(t*) + / > pi(s)z(ri(s))ds

fei=1

m

> a(t) - a(t”) + / (prs)) 2(r(s))ds

*

=z(t) —z(t") + /P(s)x(T(s))dS

t h(S) u
> x(t) — z(t™) + z(h(t)) / P(s)exp / P(u)exp / W&, e)dé | du | ds
t 7(s) 7(u)
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h(s)
/P(s) exp

P(u) exp / Wie, eyde | du | ds < 2 _2l)
i ~(s) (w

z(h(t))  a(h(t))

In view of (2.25) and Lemma 2.2, for the € considered, there exists t. > ¢. such that
t

h(s)
/ s) exp /P u) exp /Wg &, e)de | du | ds <

— D(a) + 2.2
AO € ( ) 6? ( 7)
7(s) 7(u)

for ¢ > t..

*

-/ z’ésids
- [ S0 [ ($ohm) ol
h(t) -

() (2.28)

Dividing (E) by z(¢) and integrating from h(t) to t* we find

h(t)

/ P(s xg‘(f) h/ u) exp / Wo(€, e)de | du | ds.
(s) (u)

y (2.25), for s > h(s) > t., we have ZU:s)

w5~ > Ao — € so from (2.28) we get
h(s)

u t*
(Mo —€ / P(s)exp / P(u) exp / W€, e)dE | du | ds < — / ZI((S)) ds.
h(t) (s) (w) h(t)
Hence, for all sufficiently large ¢ we have
. h(s) u
/ P(s)exp / P(u)exp / We(€, e)dE | du | ds
h(t) (s)

7(u)

+*

1 ' (s) . 1 N z(h(t)) _ In (Ao —¢€)
< /\O_EhZ{) x(s)d _)\o—el x(t*) Xo—€

ie.,

h(t)

t* h(s)
)\ _
/P( ) exp /P u) exp /Wg (&, e)de | du | ds <%. (2.29)
0 — €
7(s) 7(u)
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Adding (2.27) and (2.29), and then taking the limit as ¢ — oo, we have

h(s)

limsup/P s) exp /P(u)exp /Wg(f,e)df du | ds

t—o0
7(s) 7(u)
_ _ _ _ 2
< 1+ln()\0 ) l-a—V1-2a—a Lo
)\() — € 2

Since € may be taken arbitrarily small, this inequality contradicts (2.23).
The proof of the theorem is complete. O

Theorem 2.8. Assume that h(t) is defined by (1.6) and for some £ € N

t h(s) u
1
litminf / P(s)exp /P(u) exp / We(&)de | du | ds > —, (2.30)
—00 e
h(t) 7(s) 7(u)

where Gy is defined by (2.5). Then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory solution
x(t) of (E). Since —z(t) is also a solution of (E), we can confine our discussion only to
the case where the solution x(t) is eventually positive. Then there exists t; > to such
that x(t), = (7;(t)) >0, 1 <i<m for all t > ¢;. Thus, from (E) we have

=Y Ptz (ri(1)) <0, forall t > ¢,

which means that z(t) is an eventually nonincreasing function of positive numbers.
Furthermore, as in previous theorem, (2.26) is satisfied.
Dividing (E) by z(t) and integrating from h(t) to t, for some to > t1, we have

() = / > i 2

> [ (o) L= [ roriie

m(t) =L h(t)

(2.31)

Combining the inequalities (2.26) and (2.31) we obtain

h(s)

ln( Ef)) /P mh((;) /P ) exp /ng, )de | du | ds.

7(u)
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From (2.30), it follows that there exists a constant ¢ > 0 such that for a sufficiently
large t holds

h(s)

jP(s)eXp /P(u)exp ]Wg(ﬁ)d{ du d520>2.

h(t) 7(s) 7(u)
Choose ¢’ such that ¢ > ¢ > 1/e. For every ¢ > 0 such that ¢ — ¢ > ¢/ we have
t h(s) u
/ P(s)exp / P(u)exp / Wi(&,e)de | du | ds>c—e>c > é. (2.32)
h(t) 7(s) 7(u)

Hence,

Thus

which implies for some t > t4 > t3
x(h(t)) > (ec)x(t).
Repeating the above procedure, it follows by induction that for any positive integer k,

h(t
x( (g ))) > (ec')¥, for sufficiently large ¢.
xz

Since ec’ > 1, there is k € N satisfying k£ > 2(In(2) — In(¢’))/(1 + In(¢’)) such that for
t sufficiently large

> (ec)* > (2>2 (2:33)

C

z(h(t))
a(t)

Taking the integral on [h(t), ], which is not less than ¢/, we split the interval into two
parts where integrals are not less than ¢'/2, let ¢, € (h(t),t) be the splitting point:

tm h(s) u
/
/P(s)exp /P(u)exp /Wg(&e)d{ du dsk%,
h(t) 7(s) 7(u)
o (2.34)
t k u C/
/P(s)exp /P(u)exp /Wg(§7€)d§ du dszi.
tm 7(s) 7(u)
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or
o(t) = altn) + [ (st)) #(7() < 0
Thus ; ,
o(t) = altm) + [ Plo)a(r(s) <0,
t h(S) u
x(t) — x(tm) + z(h(t)) /P(s) exp / P(u) exp / W&, €)dE | du | ds <0.
tm 7(s) 7(u)

The strict inequality is valid if we omit 2(¢) > 0 in the left-hand side:

t h(S) u
—2(tm) + x(h(t)) /P(s) exp / P(u)exp / Wi, e)dE | du | ds < 0.
tm 7(s) 7(u)

Together with the second inequality in (2.34), implies
C/

Salh(t). (2.35)

Similarly, integration of (E) from h(t) to t,, with a later application of (2.26)
leads to

(ty) >

tm h(s) u
2(tm)—z(h(t)+x(h(tm)) / P(s)exp / P(u) exp / Wi(€,e)dE | du | ds <0.
h(t) 7(s) 7(u)
The strict inequality is valid if we omit x(¢,,) > 0 in the left-hand side:

h

—

tm s) U
—x(h(t))—l—x(h(tm))/P(s)exp P(u)exp /Wg(f,e)df du | ds < 0.

h(t) 7(s) 7(u)

—

Together with the first inequality in (2.34) implies

C/

2(h(t) > Sa(h(tm)). (2.36)

Combining the inequalities (2.35) and (2.36), we obtain

C

2
2(h(tn) < 2a(h(D)) < (2) 2(tm).

which contradicts (2.33).
The proof of the theorem is complete. O]
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2.2. ADES

Similar oscillation conditions for the (dual) advanced differential equation (E’) can
be derived easily. The proofs are omitted, since they are quite similar to the delay
equation.

Theorem 2.9. Assume that p(t) is defined by (1.25) and for some £ € N
p(t) o(u)

o(s)
limsup/Q(s)exp /Q(u)exp /Sg(f)d§ du | ds > 1, (2.37)

00
p(t) u
where
a(t) a(s) o(u)
Se(t) = Q1) 1+/P(5)exp /Q(u)exp /Sg,l(g)df du|ds|, (2.38)

with
o(t) o(s) o(w)

So(t) = Q(t) 1—|—/Q(s)exp /Q(w)exp Ao / Q(u)du | dw | ds

and X\ is the smaller root of the transcendental equation X = e°*. Then all solutions
of (E) are oscillatory.

Theorem 2.10. Assume that p(t) is defined by (1.25) and for some ¢ € N

p(t) o(s) o(u)
limsup [ Q(s)exp Q(u) exp Se(§)dé | du | ds > 1—D(5), (2.39)
t—o0 t/ é u/

where Sy is defined by (2.38) Then all solutions of (E') are oscillatory.
Theorem 2.11. Assume that p(t) is defined by (1.25) and for some £ € N
o(s

p(t) )
limsup/Q(s)exp /Q(u)exp /Sg(ﬁ)df du ds>ifl, (2.40)
t i

o(u)

u

where Sy is defined by (2.38) Then all solutions of (E') are oscillatory.
Theorem 2.12. Assume that p(t) is defined by (1.25) and for some £ € N

p(t) a(s) o(u)
lim sup / Q(s) exp / Q(u) exp / Se(§)dE | du | ds > w - D(p),
t—o0 0
t o(s) u

(2.41)
where Sy is defined by (2.38) and Ao is the smaller root of the transcendental equation
X\ = ePr. Then all solutions of (E') are oscillatory.
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Theorem 2.13. Assume that p(t) is defined by (1.25) and for some £ € N

o(s) (u)

/ Q(u) exp / Se(§)dE | du | ds > é, (2.42)
p(s) w

where Sy is defined by (2.38). Then all solutions of (E') are oscillatory.

t—o0

(t)
lim inf / Q(s) exp
t

2.3. DIFFERENTIAL INEQUALITIES

A slight modification in the proofs of Theorems 2.4-2.8 (resp. 2.9-2.13) leads to the
following results about differential inequalities.

Theorem 2.14. Assume that all the conditions of Theorem 2.4 or 2.5 or 2.6 or 2.7
or 2.8 (resp. 2.9 or 2.10 or 2.11 or 2.12 or 2.15) hold. Then

(i) the delay (resp. advanced) differential inequality

2'(t) + Zpi(t):v (ri(t)) <0 <m'(t) - Zqz'(t)w (03(t)) = 0) » Yt > to,

has no eventually positive solutions;
(i) the delay (resp. advanced) differential inequality

20+ Y pit)r (7(t) = 0 (x'(t) =l (oilt) < o) V> 1,

has no eventually negative solutions.

3. EXAMPLES

In this section, examples illustrate cases when the results of the present paper imply
oscillation while previously known results fail. Also, these examples illustrate the
strength of the obtained conditions over known ones. The calculations were made by
the use of MATLAB software.

Example 3.1. Consider the delay differential equation

) 127 127
— = > .
Z'(t) + 125Ox(71(t)) + 5000m(7'2(t)) 0, t>0, (3.1)
with (see Fig. 1(a))
—t+ 12k — 1, if t € [6k, 6k + 1],
6k — 2, if ¢ € [6k + 1,6k + 2],

—0.5¢t + 9k + 2.5, ift € [6k + 3,6k + 5
5t — 24k — 25, if t € [6k + 5,6k + 6

)

[
[ ]
T1(t) = { 3t — 12k — 8, if t € [6k + 2,6k + 3], and m(t) =m(t) — 0.5
[ ]
[ ]

where k£ € Ny and Ny is the set of nonnegative integers.
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y (1.6), we see (Fig. 1, (b)) that

6k — 1, if t € [6k, 6k +7/3],
t— 12k — if ¢ k k

h(t) =43 8 elbh+7/3,6k+3], 0 hot) = ) — 0.5
6k + 1, it t € 6k + 3,6k + 26/5),

5t — 24k — 25, if t € [6k 4 26/5, 6k + 6]
and consequently

h(t) = lrg?<x2 {hi(t)} = h1(t) and 7(t) = lrg%xz 7i(t) = 11(1).

A A
11§ 11 y =t
10 10
: 7 (t) ) h (t)
7 7
6 6]
5 5 i
4 4 //
3 3 ///
2 RV
1 v | - l . t
_1\1J3456789101112 o B 2,345T 7 8 9 101112
-2 -2
26/5
-3 -3
(a) (b)
Fig. 1. The graphs of 71(¢) and hq(t)
It is easy to see that
6k+6
127 127
=1 f i(s)ds = 1i f — ds =0.127
o= 1m1n /Zp § = 1m1£ <1250+5000> s =
‘r(t) 6k+5
and therefore, the smaller root of e?12™» = X is A\ = 1.1585.
Observe that the function Fy : Ry — R defined as
t h(t) u
Fi(t) = / P(s)exp / P(u) exp / Wi(&)dE | du | ds,
h(t) 7(s) 7 (u)

attains its maximum at ¢ = 6k + 26/5, k € Ny, for every £ € N.
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Specifically
6k+26/5 6k+1 u
Fy(t =6k+26/5) = / P(s)exp / P(u) exp / Wi (§)d¢ | du | ds,
6k+1 7(s) 7(u)
where
¢ ¢ w |
Wi(€) =P |1+ / P(v)exp / P(w) exp / Wo(z)dz | dw | dv
(&) 7(v) 7(w) J
and
z z ] ]
Wo(z) = P(z) |1+ / P(w) exp / P(p)exp | Ao / P(r)dr | de | dw
7(2) (W) () i

By using an algorithm on MATLAB software, we obtain
Fi(t =6k +26/5) ~ 1.0673

and therefore
lim sup F(t) ~ 1.0673 > 1.
t—o0
That is, condition (2.4) of Theorem 2.4 is satisfied for ¢ = 1, and therefore all solutions
of (3.1) are oscillatory.
Observe, however, that

6k-+26/5
127 127
I ol 220 ) gs~ 05334 < 1
s / (1250+5000) ° b
6k+1
1
a=0127< -
e

and

2

ligiololf Z pi(t) (t — 7i(t))

=1
.. 7 127
= lim inf {1250 (t=71(t) + 5555 (t = (7 (t) = 0.5)

= liminf [0.127 (t — 71(¢)) +0.0127] = lim inf [0.127 (¢ — 71(1))] +0.0127
oo

t—o00

1
= 0.127 - lim inf (¢ — 7 (£)) +0.0127 = 0.127 - 1 400127 = 0.1397 < -
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Also, observe that the function D, : [0,00) — Ry defined as

attains its maximum at ¢t = 6k + 26/5 and its minimum at ¢ = 6k + 6, k € Ny, for
every r € N. Specifically,

6k+26/5

Dy (t = 6k +26/5) = / > pi(Qar(6k +1,7:(¢))dC

6ht1 =L

6k+2
- / [pL(O)ar (6k 1 1,71(0)) + pa(C)ar (6k + 1,72(C))] de
6k+1
6k+3

+ / P2 (Q)ar(6k + 1,71(0)) + pa(C)an (6k + 1, 72(0))] dC
6k+2
6k+5
+ / p2(Q)ar(6k + 1,71(0)) + pa(C)an (6k + 1, 72(0))] dC
6k+3
6k+26/5

+ / [p1(¢)a1(6k + 1,71(C)) + p2(Q)ai (6k + 1, 72(¢))] d¢
6k+5

=~ (0.6468

and
6k+6 o

Dit=6k+6)= [ 3 p(Qar(ok +5,7(O)c
6k+5 =1
6k+6
= [ BrOar 6k +5,7(0)) + pa(ar (66 + 5,7a(c))] g
6k+5
~ (0.1797.

Thus,
lim sup D1 (t) ~ 0.6468 < 1,

t—o0

liminf Dy (t) ~ 0.1797 < 1/e

t—o0

and
0.6468 < 1 — D(«) ~ 0.9907.
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Clearly
6k+26/5
S pi(Qar (h(C).7:(Q))C < D (t = 6k +26/5) ~ 06468,
6k+1 =1
Thus,
6k+26/5
tmsup [ Y p(Oan(h(), ()¢ < 06168
6k+1 =1
< % — D(a) ~ 0.9808.

Finally, using algorithms on MATLAB software, we obtain
t h(t)
lim sup / P(s)exp / Py (u)du | ds ~0.7739 < 1,
t—o0

0 7(s)
0.7739 < 1 — D(a) ~ 0.9907,

t h(s)
lim sup / P(s)exp / Py(u)du | ds < 0.7739
t—o0
h(t) 7(s)
1+1
< 37“0 — D(a) ~ 0.9808,
0

t t

1
lim sup / P(s)exp / Py (u)du | ds ~2.4233 < —— ~ 107.09,
t—o0 D(a)
h(t) 7(s)

t h(s)

1
litm inf / P(s)exp / Py (u)du | ds ~0.129 < =
— 00

h(t) 7(s)
}L(t) u

¢
limsup/P(s)exp /P(u)exp /Gl(f)df du | ds >~ 0.9309 < 1,

t—o0
h(t) 7(s) 7(u)
0.9309 < 1 — D(a) ~ 0.9907,

t t

limsup/P(s)exp /P(u)exp /uGl(f)dﬁ du | ds

t—o00

h(t) 7(s) 7(u)

1
~ 4.8645 —— —1~106.09
=~ Dla) ’
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t h(S) u
lim sup / P(s)exp / P(u) exp / G1(8)d¢ | du | ds
t—oo
h(t) 7(s) 7(u)
1+1nA
<0.9309 < % — D(a) ~ 0.9808,
0
t h(S) Uu 1
liminf [ P(s)exp / P(u)exp / G1(§)d¢ | du | ds ~0.131 < —.
t—oo e
h(t) 7(s) 7(u)

That is, none of the conditions (1.3)—(1.5), (1.8)—(1.11) (for r = 1), (1.12)—(1.16)
(for j =1) and (1.17)—(1.21) (for £ = 1) is satisfied.

It is worth noting that the improvement of condition (2.4) to the corresponding
condition (1.3) is significant, approximately 100.09%, if we compare the values on
the left-side of these conditions. Also, the improvement compared to conditions (1.8),
(1.12) and (1.17) is very satisfactory, around 65.01%, 37.91% and 14.65%, respectively.
In addition, observe that conditions (1.8)—(1.21) do not lead to oscillation for first
iteration. On the contrary, condition (2.4) is satisfied from the first iteration. This
means that our condition is better and much faster than (1.8)—(1.21).

Example 3.2. Consider the advanced differential equation

6 3
z'(t) — %x(al(t)) — %x(gg(t)) =0, t>0, (3.2)
with (see Fig. 2(a))
t41, if ¢ € [3.5k, 3.5k + 1],

3t—Tk—1, ifte[3.5k+1,3.5k+1.5],
—t+Tk+5, ifte[3.5k+1.5,3.5k+2],

[
[ ]
_ [ ] _
() = B5k+ 2,355 +25, "4 o2 =05
[ ]
[ ]

t41, ift e
3t — Tk —4, ifte [3.5k+2.5,3.5k+ 3],
—t+Tk+8, ifte[3.5k+3,3.5k+3.5

where k € Ny and Ny is the set of nonnegative integers.
By (1.25), we see (Fig. 2(b)) that

1, it ¢ € [3.5k, 3.5k + 1],
3t~ Tk —1, ifte[3.5k+1,3.5k+4/3],
3.5k +3,  ifte [3.5k+4/3,3.5k+2],
d palt) = pr(t) +0.5
t+1, i pokt2askioy, 4 el =)
3t— Tk —4, ifte[3.5k+2.5 3.5+ 17/6],
[

3.5k +4.5, ift € [3.5k+ 17/6,3.5k + 3.5]

and consequently

p(t) = min (D)} =pr(®) and o(t) = min {o:()} =1 (1)
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A o (t) A o)

9 9
8 8|
7 7
6 6
5 5
4 4
3 3
2 2
1] 1
12 3 45 6 7 8 9 1011 > 1T234567891011 >
4/3
(@) (b)

Fig. 2. The graphs of o1(t) and p1(t)

It is easy to see that

o(t) 3.5k+2
B = hglolgf / Zqi(s)ds = llklrigf / 0.3ds =0.3
[ 3.5k+1

and therefore, the smaller root of €%3* = X is Ay = 1.63134.
Observe, that the function Fy : Ry — R defined as

p(t o(s o(u

) ) )
Fy(t) = / Q(s) exp / Q(u) exp / Se(€)de | du | ds,
i ols) u

attains its minimum at t = 3.5k + 1, k£ € Ny, for every ¢ € N. Specifically, by
using an algorithm on MATLAB software and taking into account the fact that

Q) = Z?Zl q:(t) = 0.3, we obtain

3.5k+2 a(s) o(u)
Fi(t=35k+1)= / Q(s) exp / Q(u) exp / S1(8)d€ | du | ds ~ 0.375
3.5k+1 p(s) u

and therefore 1
liminf F (t) ~ 0.375 > —.
t—o00 e
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That is, condition (2.42) of Theorem 2.13 is satisfied for ¢ = 1, and therefore all
solutions of (3.2) oscillate.
Observe, however, that

t—o00

p(t) 2 3.5k+3
lim sup Z q:(s)ds = lim sup / 0.3ds = 0.5 < 1,
[ ke 3.5k+4/3
1
8=03< -,
e

2

2
liminf 3" gi(1) (o:(t) — ) = lim inf > 5(6) (pi(t) — 1)
=1

=1

—tmint |2 (100~ )+ 5 () +05 1)

t—o00

= lim inf [0.3 (py () — t) + 0.03]

t—o00

= liminf [0.3 (p1 () — t)] + 0.03

t—o00

1
=03-1+0.03=0.33< .

Finally, by a similar procedure as in previous example and by using algorithms on
MATLAB software, we obtain

Condition
(1.27) for r =1
(1.28) forr =1
(1.29) for r =1
(1.30) for j =1
(1.31) for j =1
(1.32) for j =1
(1.33) for j =1
(1.34) for j =1
(1.35) for £ =1
(1.36) for £ =1
(1.37) for £ =1
(1.38) for £ =1
( for 0 =1

1.35
1.36
1.37
1.38
1.39

Value Conclusion

~0.6171 <1 is not satisfied
0.6171 < 1— D(B) ~ 0.9284 I
~0.312<1/e I
~(0.723 < 1 I

0.723 <1 — D(p) ~ 0.9284 I

~ 2.0476 < 1/D(f) ~ 13.9642 I
~0.546 < 15220 — D(8) ~ 0.8414 I
~0.3374 < 1/e I

~ (0.8663 < 1 I

0.8663 < 1 — D(5) ~ 0.9284 I
~4.02<1/D(B) —1~12.9642 I
~0.573 < 15220 — D(8) ~ 0.8414 1
~(0.3584 < 1/e I

That is, none of the conditions (1.22)—(1.24), (1.27)—(1.29) (for r = 1), (1.30)—(1.34)
(for 7 =1) and (1.35)—(1.39) (for ¢ = 1) is satisfied.
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It is worth noting that the improvement of condition (2.42) to the correspond-
ing condition (1.23) is significant, approximately 25%, if we compare the values on
the left-side of these conditions. In addition, observe that conditions (1.27)-(1.39) do
not lead to oscillation for first iteration. On the contrary, condition (2.42) is satisfied
from the first iteration. This means that our condition is better and much faster than
(1.27)—(1.39).

Remark 3.3. Similarly, one can construct examples to illustrate the other main
results.

4. ASSESSMENT OF THE MAIN RESULTS

4.1. DDES

Since
h(t)
/P u) exp /Wg §dé | du| >1
7(s) 7(u)

and

h(s)

exp /P(u)exp /W@({)d& du | ds > 1,
7(s) 7(u)

it is clear that

t h(t)
/P(s) exp / u) exp /W@ )dE | du | ds > /sz
h(t) 7(s) 7( h(t) "

and

/ s) exp /P u) exp /Wg YdE | du | ds > /Zpl S,

h(t) 7(u) h(t) "

respectively. Therefore the condition (2.4) and (2.30) are weaker than the conditions
(1.3) and (1.4), respectively.
Also, since

Wo(t) > Go(t) > Po(t),
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clearly

t h(t) u
/P(s)exp /P(u)exp /Wg(g)df du | ds
h(t) 7(s) 7(u)

t h(t) u
> /P(s)exp /P(u)exp /Gg(f)df du | ds
h(t) 7(s) 7(u)

t h(t)
> /P(s)exp /Pj(u)du ds.
(s)

h(t)

Therefore, the condition (2.4) is weaker than the conditions (1.17) and (1.12).

4.2. ADES

Similar comments as the above, can be made for Theorems 2.9 and 2.13,
concerning equation (E’). Hence, the conditions (2.37) and (2.42) are weaker
than the conditions (1.22) and (1.23), respectively. Also, the condition
(2.37) is weaker than the conditions (1.35) and (1.30).
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