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1 | INTRODUCTION

Quantum mechanics is the foundation of quantum commu-
nication and provides some new ways for quantum infor-
mation transmission, such as quantum key distribution [1, 2],
quantum secure ditect communication [3-6], quantum dia-
logue [7] and remote state preparation [8] etc. In 1993,
quantum teleportation was first proposed by Bennett et al. [9].
Since then, scientists have made dramatic progress in the field
of quantum teleportation. In 1997, Bouwmeester et al. [10]
successfully demonstrated the first quantum teleportation
experiment. Subsequently, quantum teleportation has been
demonstrated by various experimental systems, such as pho-
tonic qubits [11, 12], atomic ensembles [13] and trapped
atoms [14] etc. For instance, Barasinski et al. [15] demon-
strated a tripartite controlled quantum teleportation on
quantum optical devices. Rota et al. [16] utilised the non-local
properties of entanglement to teleport three-photon and four-

A scheme for the multihop non-destructive teleportation of an arbitrary single-qudit
state based on various non-maximally entangled Greenberger—Horne—Zeilinger chan-
nels is proposed here. The parallel entanglement swap is used to form a direct d-
dimensional (d > 2) entangled channel shared between the sender and the receiver. The
authors’ propose a novel idea that the third-party Charlie with high quantum infor-
mation processing technology executes the channel modulation, which reduces the
technical requirements of the sender and the receiver. In addition, if the teleportation
fails, the unknown state will be restored by the sender. This work provides a feasible
method for teleportation and ensures the integrity of the unknown quantum

photon states in semiconductor quantum dots system. Ding
et al. [17] demonstrated the inter-chip and intra-chip tele-
portation of single-qudit state with high fidelity, which had
applications in chip-scale quantum communication and in-
formation processing. Raju et al. [18] reported the conditional
quantum teleportation of time-bin qudits with fibre-coupled
devices.

Quantum teleportation plays an important role in quantum
communication and quantum information, which represents a
fundamental ingredient of the development of many quantum
technologies [19], such as quantum repeaters [20], quantum
gate teleportation [21], measurement-based computing [22, 23]
and port-based teleportation [24] etc. The procedure of
quantum teleportation is as follows. In the beginning, a
maximally entangled Bell channel is shared by both the sender
Alice and the receiver Bob. Then, Alice performs a joint
measurement on her two particles with the Bell basis and
communicates Bob of her measurement result. Based on
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Alice’s information, Bob applies one of the four unitary op-
erations onto his particle to recover the original information. If
Alice can distinguish all four possible measurement outcomes,
the teleportation can, in principle, be implemented with 100%
success rate, which is called as deterministic teleportation [25].
The deterministic teleportation usually relies on a maximally
entangled channel. However, in a realistic teleportation sce-
nario, due to the inevitable coupling effect between the
quantum states and its surrounding environment, most chan-
nels readily evolve from the maximally entangled state into the
non-maximally entangled state. It will increase the risk of in-
formation loss and reduce the fidelity of the channel. After-
wards, several probabilistic teleportation schemes [26—29] were
presented with various non-maximally entangled states as
quantum channels such as Einstein—Podolsky—Rosen (EPR)
state [28, 30], cluster state [31], W state [32], mixed state [33]
and so on. For example, Li et al. [26] proposed a probabilistic
teleportation scheme to transmit an unknown qudit state with
various non-maximally entangled Bell states as the quantum
channel. Chen et al. [34] proposed a probabilistic teleportation
protocol with multiple partially entangled Bell states to teleport
an unknown multi-particle Greenberger—Horne—Zeilinger
(GHZ) state. Gao et al. [35] presented a scheme to teleport an
unknown three-particle W state with two three-particle
entangled W states as the quantum channel.

It is well known that performing unitary operation in the d-
dimensional (d >2) system is more challenging than pet-
forming unitary operation in the two-dimensional system.
Recently, some teleportation protocols in the d-dimensional
system have been proposed. For instance, Wei et al. [36-38]
reported a multiple party sharing d-dimensional teleportation
protocol. Zhou et al. [39] gave a general form of controlled
teleportation of an arbitrary d-dimensional multi-qudit state.
Long et al. [40] presented a scheme to transmit an arbitrary
d-dimensional GHZ state. To the best of our knowledge, there
have been no reports about non-destructive teleportation
scheme in which all the involving nodes are linked by different
d-dimensional GHZ channels in a network.

Noted that the remaining challenge is how to preserve the
original unknown state when the probabilistic teleportation
fails. In order to realise deterministic teleportation with
multiple partially entangled channels, researchers introduced
an auxiliary particle to assist the unknown qudit state trans-
mission. For example, Roa et al. [41] proposed a scheme that
the sender could still restore the original unknown state when
the probabilistic teleportation failed. Later, Fu et al. [42] re-
ported a multi-hop non-destructive teleportation protocol,
which used multiple non-maximally entangled Bell pairs as the
channel. In this paper, we propose a scheme for the mult-
hop non-destructive teleportation with various d-dimen-
sional non-maximally entangled GHZ states as the quantum
channel.

In addition, it should be noted that the quantum logic gates
are the building blocks of quantum circuits in quantum tele-
portation. Multi-qudit operation [43—406] requires a combina-
tion of single-qudit gates and two-qudit entangling gates, such
as controlled-NOT (CNOT) gate or controlled-Z (CZ) gate

[43]. In the past decades, several groups have demonstrated
high fidelity single-qudit gates [47] and two-qudit gates in some
systems [51], such as photons [16], ions [46, 48], super-
conducting qudits [49], and quantum dots [50]. For instance,
the CNOT gate has been realised between multi-photon
qudits [46]. Barron et al. [51] demonstrated two-qudit gates
in the presence of low-frequency noise in silicon double-
quantum dots. Wang et al. [49] proposed a feasible fast
adiabatic method for the CZ gate with two coupled supet-
conducting Xmon qudits. Xu et al. [25] realised the controlled-
phase gates between two logical qudits by dispersively coupling
an ancillary superconducting qudit to these cavities. Yang et al.
[48] proposed an efficient scheme for implementing the uni-
versal controlled-phase gate in a circuit quantum electro-
dynamical system.

The remainder of this paper is organised as follows. In
Section 2, we introduce one point-to-point non-destructive
teleportation scheme based on one non-maximally entangled
GHZ channel. In Section 3, we generalise it to the scenatio
involving multiple intermediate nodes. In Section 4, we
introduce an example of four-hop non-destructive teleporta-
tion. In Section 5, we analyse the performance of our scheme.
Finally, we present a conclusion in Section 6.

2 | POINT-TO-POINT NON-
DESTRUCTIVE TELEPORTATION WITH
A d-DIMENSIONAL NON-MAXIMALLY
ENTANGLED GHZ CHANNEL

For presenting the principle of our scheme clearly, we first
describe one point-to-point scenatio of the teleportation with a
d-dimensional non-maximally entangled GHZ state as the
quantum channel. Next, we generalise it to the case of multi-
hop non-destructive teleportation.

The point-to-point non-destructive teleportation has three
communication parties, the sender Alice, the third-party
Chatlie and the receiver Bob. The sender intends to teleport
an unknown d-dimensional single-qudit state |y); to Bob.
Suppose the original unknown state |y); can be expressed as

d-1
=24l (1)
=0

All 4;(j=0,1,...,d = 1) are complex and satisfy the

. .. d—1
normalisation condition } 77

entangled channel can be expressed as

|aj|2 =1. The non-maximally

d-1
|@)asc =Y bilkkk)sc. (2)

k=0

Here bp(k=0,1,...

and satisfy the relationship Zi;(1)|bk|2 = 1. Without the loss of
generality, we assume that by, = min{bo, by, ..., by_; }.

Alice possesses particles ¢ and A. The third-party Chatlie

holds particle B, while Bob possesses particle C. In the

, d—1) are the channel parameters
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beginning, the third-party Charlie introduces an auxiliary par- =
ticle e with the initial state |0),. The quantum circuit is GH =—4 Z e IRYE] (5)

described in Figure 1. The classical communication channel
labelled with double line is equipped among the three parties.

The total state of the particles t,A4,B,C and e can be
written as

|@)eaBce = | 1)t ® |@)apc ® |0)e

d—1 d-1
= Zﬂjlj% ® (Zb/evekk)ABC) ® [0)e 3
3

=0 k=0
d—1 d—1

= Zaj[i/e),A ® by |kkO)pce | -
k=0 j=0

In order to directly teleport the unknown single-qudit state
| %) from the sender Alice to the receiver Bob, our protocol is
divided into three steps.

Step 1: Alice performs a generalised controlled-NOT gate
(GCNOT) opetation [40] on her patticles A and ¢. Similar to
the two-dimensional system, the GCNOT operation can be
expressed as

GCNOT|mn) = |m)|(m + n)mod d) . (4)

Next, the generalised Hadamard gate (GH) opetation
[26, 43, 49] is performed by Alice on the particle ¢. The gate
GH has the form of

U,
CBeB

bmin

0 0
b()

0 b 0
by

0 0 bmin

by

vd &2

The gate GH can also be written in matrix form

1 1 eee 1
E o2ri/d (2(d=1)mi/d
GH = ﬁ 1 e47il/d e4(d—1)7rz/d ) (6)
1 Qld-vmisd 2ld-1)wifd

After Alice performs the GCNOT and GH operations,
the state of particles £, 4, B, C and e can be written as

¢ )tasce = (GH),(GCNOT) 4 |¢)apce

1 d-1 [ d-1 d—1 -
25 (S (S omaan)

s=0 \ r=0 7=0

® b5|ss)gc) [0 .

(7)

Step 2: Meanwhile, the third-party Charlie performs
channel modulation operation CgeB on his two patticles B and e
[39]. The matrix Cgf is given by

b min 0 0
bo e
0 b 'min 0
by
0 0 b min
bd—1
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FIGU RE 1 The quan‘tum circuit d%agram for step 1 step 3' step 3
point-to-point non-destructive teleportation
t — GH GH!
Alice { GCNOT !
A =
step 2 ar
: 1>
B 1 @@=ﬁ
harli Us
C.h«lllle{ e —1 CBe _@ s
10>, L] Ursk )
C — X>¢
Bob C

After the third-party Charlie performs the channel
modulation operation, the entire five-qudit state will be
transformed into

U
l0")eaBec = CglloVeasec

d-1

) Z (Zed” (r+s modd)rA)
-]
® (bmin|SOS>BeC +\/b =B, |515)Btc)

©)

Subsequently, the third-party Chatlie performs a single-
qudit measurement on his auxiliary particle e in the basis of
{]0), |1)}. There are two possible measurement tesults |0),
or |1).. If the measurement result is |0),, step 3 will be
executed to recover the original unknown state by the receiver
Bob. Otherwise, step 3’ will be implemented to preserve the
original information on the sending location.

Step 3: If Charlie’s measurement result is |0),, the joint
state of particles t,4,B and C collapses into

| Py )i4BC

1 d-1 | d-1 d-1 i
= Nz 247(267]7[]', (r + s)mod d)tA> ss)sc| -

=0 | =0 =0
(10)

“©

In order to successfully teleport the original unknown
state |¥);, the third-party Charlie performs the GH operation
on his particle B. The state of patticles t,4,B and C is
written as

lpo")eanc
1 d—1 d—1 i
= g(GH)B Z <|V$>zA ® Z 6‘7]?4]!1%, (s —j)modd)
7,s=0 k=0 BC

d-1

Zé z_: {|75k>zAB® (Ze% T kg (s - )mOdd>c)} :

7,5,k=0 7=0
(11)

Then, Alice performs measurement operations with the
orthogonal basis of {|rs)}(r, s=0, 1, 2, ..., d—1) on
particles ¢ and A. There are d” kinds of possible measurement
results obtained by Alice. At the same time, the third-party
Chatlie performs a single-particle measutement on particle B
in the basis of {|k)}(k=0, 1, 2, ..., d—1). There are d
kinds of possible measurement results obtained by the third-
party Charlie. After measurements, both Alice and the third-
party Chatlie inform Bob of their measurement outcomes.
According to their measurement results, Bob performs a
local unitary operation U on his particle C to recover the
initial unknown state. The unitary operation can be
expressed as

Urs/e =U,® U/e
d—1 i
> (i + 9modd]
=0

-1
® Z e IR (j + s)modd ) {(s —j) mod d|

s—7=0

d-1 i 2mi 7
S Hre F ) (5= ) mod d] .

s—j=0

(12)

Now, the state of Bob’s particle becomes
d—1
Pe=>alc - (13
j=0

We can see that the initial unknown state |y); is success-
fully teleported from Alice to Bob as shown in Equation (13).

Step 3’: However, if the third-party Charlie’s measurement
result is |1),, the teleportation fails. The state of the left par-
ticles ¢, A, B and C becomes

d—1
Z(arzl:ed/ i, (r +s rnodd)zA>
-1 r=0 =0
|91 )ernc = Z

s=0
®( bsz 'min |SS>BC>

(14)
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Under this circumstance, Alice petforms an inverse GH
gate operation GH ™" on her first particle ¢, and then performs
an inverse GCNOT gate operation GCNOT ™" on his parti-

cles t and A as follows

|91 Vs = (GCNOT)™ \ (GH), |, Yeanc

:diﬂ,m <Z b; -

r=0 s=0

min|555>ABC> ;
(15)

with GH™' = ka o€ 2R/ B (k| and GCNOT™
|mn)y = |m) | (n —m)mod d). From Equation (15), we can
know that the unknown state is completely reconstructed by
the sender.

In this section, we introduce one point-to-point non-
destructive quantum teleportation scheme with a non-
maximally entangled GHZ channel among three parties. The
third-party Charlie introduces an auxiliary particle e and then
performs the channel modulation and a single-particle

|9 A,B,Cy... Ap1Bpii Coi

d—1
Z ﬁ 9 []]] >AquCq

=0

Pi1
_®+

d—1 d—1 d—1 d—1

> Z|Hx1>gl 12 S Y

x1=0 xpf m1 711=0 my,n=0

G

measurement. If the measurement result of the auxiliary par-
ticle is |0),, the receiver needs to perform the corresponding
unitary operation to recover the initial state. Otherwise, the
and GCNOT™!

sender requites to petform GH -1 operations

to rebuild the unknown state.

3 | NON-DESTRUCTIVE QUDIT
TELEPORTATION WITH MULTIPLE
RELAY NODES

In quantum network, if the sender and the receiver are linked
by a direct quantum channel, this network is called as a single-
hop network. However, in long-distance communication, there

d—1

> B Cal o) oty | By o

mPle:O

Xp

00, i)y (T ) i

is usually no direct entangled state shared between the sender
Alice and the receiver Bob. In this case, it is necessary to
introduce multiple intermediate nodes to form one indirect
channel between the source node and the destination node for
implementing the long-distance teleportation. In this way, the
quantum network consisting of multiple participants to form
the indirect channel can be regarded a multi-hop communi-
cation network.

In this section, we further generalise the above non-
destructive scheme to the multi-hop scenario. Similarly, the
third-party Chatrlie should introduce an auxiliary particle e
and perform the channel modulation operation. As shown
in Figure 2, in the beginning, the sender Alice possesses
the original qudits ¢ and A; and the teceiver Bob holds
the qudit Cyiq. The third-party Charlie possesses the
particles B,y and an auxiliary particle e. The gth
(g=1,2,...,p) intermediate node Relay, holds particles
Agi1,B; and C, The particle distribution is shown in
Figure 2.

The initial state of all partcles Aq,By, Cy, 4, ...,
Api1,Bpy1, Cpyq can be expressed as

j=0

(16)

with [Hy)= 35 eBul, (U) = S B,
2m d—1

(B = S5 S0 €8 i) G+ ng)modd) and UL, = ¥
7=0

e (j + ng)modd) (j|. The initial condition of subscript
kyi1 =0. Here, we ignore the global phases. H;:PH
is the entangled channel parameter and satisfies

(kg1 — ng)modd.

teleportation  proto-

ﬂq((/eq+j)modd)
the constraint equation (k; + j)modd =

Our
col is expressed by the quantum circuit as shown in Figure 3.

multi-hop non-destructive

In order to form a direct entangled channel among
communicating parties,

(g=1,2,...

all the intermediate nodes Relay,
,p) simultaneously perform d-dimensional Bell
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FIGURE 2 Particle distribution of multi-hop
probabilistic non-destructive teleportation

Relay; Relay, Relay;

Charlie

Relay,; Relay, Bob

Step 2 Step 4' Step 4

atiee {{ T

B, —
Relay ;¢ ¢ —

Ay

B,
Relay, 9 ¢ —

Ay —

Tpllp.

Relayp{ G —
Ap+1 —

A
117

Step 3
Charlie { Bpa | CL.*’N '_"L@_ﬁ
‘ Lo P [ —
T P> o
Bob G - Dg:, — X

FIGURE 3 Quantum circuit diagram for our multi-hop non-destructive teleportation scheme

state measurement on theit own particles C; and Ay
(i=1,2,...,p) in the basis of [byn, ) = \/_Zd 15 jmy
NG + ng)modd) (mg,n,=0,1,...,d —1). There are d’
kinds of possible measurement result obtained by Relay,.
Meanwhile, GH measurement is petformed by each intet-

mediate node Relay, on particles Bi(z=1,2,...,p) in the
d—1

basis of |[H,,) = \/%7 > -—’”;ka( =0,1,...,d = 1). Relay,
=0

can receive d kinds of possible measurement result. Then,
they inform Alice of all the measurement results through the
classic channel. According to the measurement results, Alice
carries out the corresponding unitary transformation on the
patticle Aq. The unitary operation can be expressed as

oper H Umqnq H ka

o

11 (dz EMY i+ mod d]) 1 (die%wm),

q=1 =0 k=1 j=0
(17)

. d—1 275,
with Umqnq = ijl a q|]><(/ + ”q) |lee> =

d—1

\/LE > '_m]x’e[])(;| If the global factor is ignored, the state of
]’7

remaining particles Ay, B,y 1 and Cpyy collapses into

d-1 1
|(p,>A1BP+1CP+1 = ; |:<q—1_PI+1 ﬂq((qurj)mO(id)) |]:7:]'>A13P+1CP+1:| .
(18)

To simplify our equation, we assume p; = H:FP YA
((kg 4 j)modd). Finally, the direct entangled state can be
rewritten as

d—1

|0) 418011 Conr = Z(P/l/'/'f')AprHcm)- (19)

j=0

With the above operations, we can establish a direct
entangled channel shown in Equation (19). The multi-hop non-
destructive teleportation scheme has been transformed into the
point-to-point scenario. Therefore, we take the same mea-
surement operations as shown in Section 2 to teleport the
unknown state via one non-maximally entangled GHZ channel.

For most communication scenarios, the receiver or sender is
only responsible for sending or receiving quantum information.
In fact, if the receiver or the sender has the higher information
processing technology, they can also perform the channel
modulation operation. According to all measurement results,
the receiver or the sender needs to perform the corresponding
unitary transformation to reconstruct the unknown quantum
state and these operations undoubtedly increase the workload
of the receiver or sender. In addition, it is unrealistic that each
communication party has higher quantum information pro-
cessing technology such as multi-qudit operations [52-58].
Therefore, it is a better choice for the third-party Charlie to
perform channel modulation operations.
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4 | EXAMPLE OF FOUR-HOP
QUANTUM NON-DESTRUCTIVE
TELEPORTATION

To make our multi-hop teleportation scheme more clearly, a
four-hop example for teleporting an unknown three-dimen-
sional single-qudit is illustrated. The sender Alice holds the
patticles ¢ and A;, while the receiver Bob holds patticle Cj.
The thitd-party Charlie possesses patticle B3 and an auxiliary
particle e. The remaining particles belong to the intermediate
nodes Relay; and Relay,. Figure 4 describes the quantum
circuit diagram of this example.

As shown in Figure 4, Alice wishes to teleport an unknown
state |y); to the receiver Bob which is expressed as

2

e =Ygl (20)

=0
Here, ¢;(j =0,1,2) are complex and satisfy the relation-
2
ship Y }Cj‘z =1. The non-maximally entangled GHZ states

j=0
shared between neighbouring nodes are given by

|@1)a,8,c, = (@10[000) + a11[111) + a12|222)) 4 5 ¢,
|92)a,8,C, = (@20[000) + a21 [111) + a22|222)) s p ¢, (21)
|@3) 58,05 = (@30[000) + a31 [111) + a32|222)) 4 p ¢

ﬂ/ej(k =1,2,37=0,1,2)are the quantum channel parameters
2
that satisfy the relationship |ﬂkj}2 = 1. Initially, the state of
7=0
the nine-qudit quantum channel can be written as

3
|§0>A1B1 C1A4,B,CrA3B;C5 — ®q:l |(pq>AquCq

| P g

There are nine possible measurement results obtained by each

2 . . .
= 55 S EMG + ny)modd) (mg,my =0.1,2)

intermediate node. Simultaneously, the intermediate nodes
Relay; and Relay, perform GH measurement operation on
their particles B, and B, with the

|qu> \/_Z m]xq|]>( _07172)

7=0
possible measurement results

basis  of

There are three

obtained by Relay,. For
instance, suppose that the measurement outcomes by them

are |¢22)C1A27 |¢12>C2A3’ |H1>B1 and IH0>BZ’ respec’dvely
According to the measurement results, Alice performs the

. - ope .
unitary operation U /f] " to form a direct entangled channel.

The unitary operation can be expressed

(Z 71(j + 2)mod 3) 4, (,|>

(Zﬁf'mz)mod 3>A,</|> ( e%lzwl) (ZUW')
=0 =0 =

2mi ami

=10)4,(2| + €7 [1)4,0] 4+ €3 ]2)4,(1].

(23)

If the global factor is ignored, the direct entangled channel
composed of particles A, B3 and C3 becomes

2 2 (22)
Z |H )3, |Hx2 ) Z Z ‘¢m1n1>C1Az‘¢m2n7>CzAs
1 4 =0 x,=0 my,m =0 my=0,n,=|
(5] o ’
—1 - —1 -1
(), (Vi) (02), (Ur), 22 [ Crrmmm— s
o ;
with the initial condition of subscript /ep+1 = 0. Here, we ignore , 2 {( 1
| . 0480, = T 2 (&, jymoas) ) D) 4:8:C
the global phases. Hq:3 Ag((ky+)modz)J = 0,1,2) are the o ]Z:; q=3 a((kyt)mod3) o
entangled Zhanr{el pa;amet/:rs and satlsf;;, the constraint a30dap,ark,000).4,8,c;
equation ( q +])m0d - ( q+1 — ﬂq)mod (q - 27 15] * 07 = +ﬂ3lﬂ2[(k2+l)mod3]dl[(k1+1)m0d3]|111>A133C3
1,2). The intermediate nodes Relay, (¢ =1,2) and the third- Y ana g 1222)
party Charlie perform generalised Bell state measurement 3272 (ke +2)mod3| [y +2)mods] ABCs
on particles Cj,A; and C;,A; with the basis of (24)
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step 1 step 3 step 3
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Al {
ce A

o]

rh

B,
Relay; { Q
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Charlie { y
e

X Eteri—

e =

Uz —I1¥c

Bob C;3

FIGURE 4 Four-hop quantum teleportation with channel modulation performed by the third-party Charlie

According to the above measurement outcomes from the
intermediate nodes and the third-party Chatrlie, we can deduce
the direct channel parameters and obtain the entangled state

‘¢/>A133C3
= (a30422410|000) + a31a0a11 |111) + a32a21412|222)) 4 p.c,-
(25)
In order to simplify the formula calculation, assume

Po = az0422410, Py = 431420411 and P, = ayazia;y. Now the
direct entangled channel can be rewritten as

@) 48,0, = (p]000) + p, [111) + p,[222) ) 4 micy- (26)

Step 1: In the beginning, the third-party Chatlie introduces
an auxiliary particle e with the initial state |0),. The state of
patticles ¢, A4, B3, C; and e can be written as

2

2
P)ea.ce= D6l ® D prlkkk)as,c, @) (27)

7=0 k=0

After Alice performs the 3-dimensional Bell state mea-
surement on the particles ¢ and A, the state of patticles Bs, e
and C; becomes

|0")B,eC, = 4D pun|®) t4,8,Crex

1 & o
= — "ep |+ 7),0,(j + n)mod d)ec,,
\/5 ]z:(; I+
(28)

with m,n = {0,1,2}. Assume the measurement result of the
particles ¢ and Ay is | ¢y ):4,, the state of particles Bs, e and Cs
can be expressed as

|§0l>33€C‘5

= (copy|101) + € e1p, [202) + € Fazp, [000) ) o
3eL3

(29)

Step 2: Negt the third-party Charlie performs channel
modulation Cp” on the particles By and e Suppose
P.in = min {po, P15 P»} The system collapses into

10" 8rec. = Cy |0 ) grec
= (c()pmin|101> +CO \/ P% _pilin ’111> + e%ﬂclpmin 202>
+ e%ﬂcl \/ p% _prznm‘212> + e%cz,pmin OOO>
+e e/ —piin|010>>
BseCs
(30)

Subsequently, the third-party Charlie measures his auxiliary
particle e in the basis of {|0), |1)}. There are two possible
measurement results |0), or |1),. If the measurement result is
|0), step 3 will be executed. Otherwise, step 3’ will be
implemented.

Step 3: If the measurement result of auxiliary particle e
is |0),, the receiver may successfully recover the unknown
state. Then, the third-party Chatlie carties out GH opetation
on his particle B;. The state of particles B3 and C; can be
written as

o0)e, = (GH), (co|m> T o2+ e%|oo>)
B;C5

(|H0>Bz ® (C0|1) et |2) + €4TﬂC2|0>)
(&)

G + |Hpp, ® ( 0|1>+€#C1|2>4'6%C2|0>>C3

—4m

+ |H2)3, ® (e 3 c0|1) + e*mcl|2) + e%ﬂcz|0)>c3>

(31)
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Next, the third-party Charlie performs a single-qudit
measurement on the patticle B3 in the basis of
{|k)}(k =0, 1, 2). There are three kinds of possible mea-
surement outcomes obtained by him. For instance, assume the
measurement outcome of the third-party Charlie is | H)p, and
the measurement result obtained by Alice is |y ),
According to their measurement results, Bob performs a
unitary operation U1C130 to recover the initial unknown state.
The state of Bob’s qudit Cs collapses into

lpo Yo, = Ue! ® loo)e, = (col0) + c1]1) + 2]2) )e,s
(32)

2mi Lyl

with Ug!=]0) (1| +€¥ |1) (2] +€¥ |2) (0]. From Equa-
tion (32), we can see that Alice successfully transmits the un-

known state |y); to Bob.

Step 3’: If the measurement results of the auxiliary particle
e is |1)e, the teleportation fails. Alice performs a GH™' on
particle £, and then petforms the GCNOT ™" operation on his
two particles ¢ and A;. The state of particles ¢, 41, B3 and C;
collapses into

@ YeaB,c, = (GCNOT™) |, (GH™") [@):a, B,

= L (@loy + alt) + o), ®

V3

From Equation (33), we can know that the final quantum
state of qudit ¢ is

1) = (c0]0) + a[1) + €2[2))- (34)

By the comparing Equation (20) and Equation (34), we
know that the original unknown state |y), is preserved in qudit
t held by the sender Alice.

5 | PERFORMANCE ANALYSIS AND
COMPARISON

In this section, we discuss the performance of our

scheme from three aspects: classical communication
cost, quantum communication delay and success probabil-
ity. We also compare it with the previous teleportation

schemes.

5.1 | Classical communication cost
Communication cost is defined as the amount of data
transmission required in the communication network. The
classical communication cost is relevant to both the single-
hop communication cost and the hop number. In our
scheme shown in Figure 3, the channel is composed of p + 1
d-dimensional GHZ states. All the intermediate nodes need
to send their d-dimensional Bell measurement outcomes of
particles CiA;1 (1=1,2,...,p) and GH measurement re-
sults of particles B; to the sender or the receiver. These
operations  cost  2p[log »(d + 1)]
p + 1[log 2(d + 1)] bits, respectively. The measurement result
of particle e costs loga(d 4+ 1) classical bits. In addition,
Alice requires to inform Bob of her measurement result
on particles ¢ and A; which costs 2[log.(d + 1)] bits.
Therefore, the classical communication cost can be calcu-
lated as

classical  bits and

ot =DBp+1) +1][loga(d + 1) (bits) . (35)

P4 — Piin] 000) (33)

+ /17 = Pail111) + £/ P} — P2 1222) o
1-3D3

For example, in the routing path of Figure 4, d =3 and
p=2. The classical communication cost of Alice, Relayy,
Relay, and the third-party Charlie is calculated as CS2F =
[Bp +1) +1]llog2(d + 1)](bits) = (9 + 1)(log 24) (bits) =
20(bits)in total.

5.2 | Quantum communication delay

Considering the restriction of the quantum device’s efficiency
and the classical channel bandwidth, the quantum communica-
tion delay is inevitable in a quantum network. Our teleportation
scheme goes through four steps and we define the delay of each
step as Dy, Dy, D3, Dy or Dy, respectively. In step 1, d-dimen-
sional Bell measurement, GH gate operation, classical infor-
mation transmission and unitary operation are implemented and

(1)

trans

these opetations delay ate Dgasy, Dor, D and Doper,
respectively. In step 2, the delay Dgpsyr occurs when petforming

d-dimensional Bell measurement by Alice. In step 3, the time
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consumption includes channel modulation delay DCBP+19’ single-
qudit measurement delay D,_,eqns, and the classical information

transmission delay D'?)

s When considering the time delay in

step 2 and step 3, we notice that they can be executed in parallel.
In realistic quantum operations, step 3 usually takes longer than
step 2. Therefore, the time delay for step 2 and step 3 can be
tegarded as Ds. If the measurement result of auxiliary qudit e is
| 0)., we perform step 4 to recover the original unknown state

whete the unitary operation delay, GH operation delay, and the
©)

classical information transmission delay are DU,CSk o Dgu, D,
P+

respectively. Otherwise, we perform step 4’ to rebuild the orig-
inal information in which GH™' and GCNOT™" operation
delays are Dyt and Doenor-1» tespectively. The total delay of
the entire scheme could be expressed as

Dzoml
= D1 + D3 + rnax(D4,D4/)
(Dgem + Darr + DY+ Dyoper)

+ (DCBP+1L' + De'me‘“ + Dgfzns)

+ max (DGH + ng + Dng Doy + DGCNOT_l)
p+1

(36)
5.3 | Success probability

In our scheme, if the measurement result of the auxiliary qudit
e is |0),, it allows the sender to teleport an unknown state
successfully. In the point-to-point teleportation scheme, the

probability of success s Zf;}ezo(l /dem)zzdpfnm.

Obviously, when P, goes to 1/ Vd, the probabilistic tele-
portation becomes a deterministic teleportation. On the other
hand, if the measurement outcome of the auxiliary qudit is
| 1)e, the teleportation fails with probability 1 — dp?, and the
sender can rebuild the initial unknown state. The success
probability in the multi-hop teleportation scheme can be
calculated in a similar way.

54 | Comparison

We compare our protocol with the previous teleportation
schemes in the following aspects: scheme architecture, channel
type, information integrity and space dimension, as summar-
ised in Table 1.

In the standard teleportation scheme, maximally entangled
states [40, 59, 61, 62] were utilised as the quantum channels
and it ignores the coupling effect between quantum states and
their surroundings. Based on this, some researchers considered
to teleport the unknown state by non-maximally entangled
channels [35, 41, 60, 63]. However, in their schemes, the initial
state could not be teleported with a certain probability 100%
[35, 40, 60, 63] which led to the risk of data loss. Therefore, it is
important to build a teleportation network that could keep the
integrity of the initial state. Our scheme aims to address the
problem of information loss. When the probabilistic telepor-
tation fails, the sender can rebuild the unknown state.
Compared with Refs. [35, 41, 59, 60] we consider the scenario
that consists of multiple intermediate nodes between the
sender and the receiver. In addition, compared with Refs.
[40, 59, 61, 62], different non-maximally entangled channels are
distributed among the participants in our scheme, leading to
the reduction of the quantum channel requirement. Moreover,

TABLE 1 Comparison between previous teleportation schemes and ours

Protocol

Scheme architecture

Channel type

Information integrity

Space dimension

Gao et al [35]
Roa et al [41]

Wang et al [59]

Yan et al [60]

Liet al [61]

Binayak et al [62]

Juan et al [63]

Long et al [40]

Our protocol

Point-to-point network

Point-to-point network

Two-hop network

Three-hop network

Multi-hop network

Multi-hop network

Multi-hop network

Multi-hop network

Multi-hop network

Non-maximally entangled W state
Non-maximally entangled Bell state
Maximally entangled

GHZ state

Non-maximally entangled Bell state
Maximally entangled

GHZ state

Maximally entangled

Bell state

Non-maximally entangled GHZ state
Maximally entangled

GHZ state

Non-maximally entangled GHZ state

Destructive
Non-destructive

Non-destructive

Destructive

Non-destructive

Non-destructive

Destructive

Destructive

Non-destructive

Two-dimensional
Two-dimensional

Two-dimensional

Three-dimensional

Two-dimensional

Two-dimensional

d-dimensional

d-dimensional

d-dimensional

Abbreviation: GHZ, Greenberger—Horne—Zeilinger.
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compared with most previous probabilistic teleportation
[35, 41, 59, 61, 62], our scheme can be used to teleport a
d-dimensional unknown state, which means that this system
can transmit more information.

6 | CONCLUSION

In summary, we propose a multi-hop non-destructive
teleportation scheme via various non-maximally entangled
GHZ channels. Here, the sender transmits an arbitrary d-
dimensional unknown state to the receiver by a direct entan-
gled channel among the three parties. In this quantum network,
first, all intermediate nodes perform generalised Bell mea-
surement and GH operation, respectively, to build the direct
entangled channels. Next, the third-party Charlie with high
quantum information processing technology performs channel
modulation and measures the auxiliary qudit e. If the mea-
surement result is |0),, the receiver needs to perform the
corresponding unitary operation to recover the initial unknown
state. Otherwise, the sender performs GH™! and GCNOT™!
operations to rebuild the unknown state information at the
sending location.

Our solution has some unique benefits. First, a quantum
network composed of wvarious non-maximally entangled
GHZ channels is provided to realise quantum teleportation.
The d-dimensional GHZ channels can transmit more in-
formation than two-dimensional channels. Moreover, when
the teleportation fails, the information of the unknown state
can still be preserved. Finally, we compare our scheme with
previous teleportation schemes in detail. In conclusion, we
hope to provide an efficient qudit teleportation scheme for
teleporting an unknown quantum state without information
loss in a quantum network composed of multi-particle
channels such as GHZ state, W state and cluster states
and so on.
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