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1. INTRODUCTION
The reinforced technology by using FRP sheet has a 
certain application in practical engineering, it basi-
cally adopts the passive paste of non prestressed FRP 
sheet to raise the bearing capacity of components. 
The weight of bridge is often a significant propor-
tion of the total load, and passive paste FRP is only 
used for resistance, the influence of the application 
effect on flexural member is not satisfactory[1-3]. 
Therefore, strengthening with prestressed FRP sheet 
paste is better than that of non-prestressed FRP sheet 
paste method. In order to improve the effectiveness 
of reinforcement, the FRP sheet is stressed by using 
the appropriate tension machine and then paste on 
the structure. This kind of reinforcement technology 
can make use of FRP material more effectively and 
solve the above problems in all aspects[4-6]. Com-
pared with the study of non-prestressed FRP sheet,  
the study of prestressed FRP sheet only appears in 
recent years. Like traditional prestressed structure, 
the initial prestress can be used to balance struc-
ture of self-respect and part of the load, delay the 
development of the cracks, reduce the width of the 
crack and deflection of structure, alleviate stress of 
the steel, and improve the ultimate bearing capac-
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ity of concrete beams [7-10]. Two fibres hybridized 
together can show better mechanical properties than 
a single fibre, and their properties are not a simple 
superposition of single materials[11-15]. The rea-
sons are as follows. When using two kinds of fibres 
are blended, high extensibility fibre can afford addi-
tional load which is caused by low extensibility fibre 
fracture and increase the average fracture strain of 
the hybrid fibres[16]. Using two kinds of blended 
fibres can delay the failure process. And the fibres 
which have lower ductility and are easier to crack 
still can be in the form of short fibres with high duc-
tility fibres to work together until all fibre fracture in 
succession[17]. In order to meet the specific needs 
in different projects, the ratio of the fibres can be 
adjusted to improve the reinforced performance. 
There are some other structures which are rein-
forced with fibres or with CFRP/GFRP [18]. The 
different kinds of solid-rebar combinative element 
and solid-beam combinative element are fabricated 
to accomplish the elastic analysis for the concrete 
cable stayed bridge, the PC box girder bridge and 
RC rectangle beam. Among the available achieve-
ments, the majority can only be applied to struc-
tural elastic analysis due to the complexity of the 
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3-dimensional nonlinear combinative element[19]. 
The layer element is creatively explored to simulate 
common steels and prestressed steels, then nonlin-
ear structural analysis is completed. Results show 
that due to the crossing and overlapping particularity 
between the common steel layer and the prestressed 
steel layer, it is hardly possible to precisely realize 
the spacial prestress effect by layer element[20]. As 
for improvement, the total Lagrange rebar element 
is developed to imitate prestressed CFRP rebar, then 
a new combinative element is engendered to put 
the nonlinear mechanical analysis of the concrete 
beam with prestressed CFRP rebars into practice. 
Actually, the total Lagrange rebar element can only 
depict the axial tensile or compressive performance 
of the prestressed CFRP rebar unfortunately, it can-
not embody the fundamental bending or shearing 
performance[21]. Comparatively, the beam element 
can comprehensively reflect the reinforcement ac-
tion of the prestressed CFRP rebars to the concrete 
structures.

This paper establishes a nonlinear mechanics model 
of concrete beam reinforced with prestressed CFRP/
GFRP fibre to calculate the reinforced structure, and 
the optimal hybrid CFRP/GFRP ratio is achieved 
through the systematic calculation based on two 
main properties which take the strength and ductil-
ity properties into consideration.

2. MECHANICAL MODEL OF CONCRETE 
BEAM REINFORCED WITH HYBRID PRE-
STRESSED CFRP/GFRP SHEET
In the past achievements of a single FRP or hybrid 
FRP reinforced concrete beam[10-12], most are fo-
cused on the experimental study of the specimens. 
Because of the high nonlinear performance of hy-
brid fibre reinforced concrete beam element and 
the complexity of three dimensional nonlinear pro-
gramming, the theoretical calculation and analysis 
is done by using the commercial finite element soft-
ware[22-24]. Commercial finite element software is 
relatively mature in the elastic analysis, but it has 
some problems which have to be solved before used 
in the nonlinear analysis on the material constitutive 
numerical stability and convergence[25-27]. In this 
paper, the concrete beam with prestressed CFRP/
GFRP fibre sheet is analyzed by nonlinear combina-
tion element and shell element simulation.

The degraded shell element as shown in Fig.1 has 9 
nodes, among which the 4 corner nodes are the con-
trolling nodes. And the spatial geometric positions 
of the other 5 nodes can be determined by the 4 con-

trolling nodes. Each node of the degraded shell ele-
ment has three independent degrees of freedom of 
linear displacement and two independent degrees of 
freedom of angular displacement. The rotation vari-
able is not restricted by the slope of the middle plane 
and the transverse shearing deformation is allowed.  
ξ, η , ζ  in Fig.1 are the natural curve coordinate sys-
tem and  
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constitutive numerical stability and convergence[25-27]. In this paper, the concrete beam with 
prestressed CFRP/GFRP fibre sheet is analyzed by nonlinear combination element and shell element 
simulation. 
 
The degraded shell element as shown in Fig.1 has 9 nodes, among which the 4 corner nodes are the 
controlling nodes. And the spatial geometric positions of the other 5 nodes can be determined by the 4 
controlling nodes. Each node of the degraded shell element has three independent degrees of freedom 
of linear displacement and two independent degrees of freedom of angular displacement. The rotation 
variable is not restricted by the slope of the middle plane and the transverse shearing deformation is 
allowed.  ,  ,   in Fig.1 are the natural curve coordinate system and k1ν , k2ν , k3ν  are the nodal 
coordinate system of node k in degraded shell element. k1  and k2  are respectively the linear 
displacement along the nodal coordinate system k1ν  and k2ν . k1 , k2  are respectively the angular 
displacement rotated by k2ν  and k1ν . ku , kv , kw  are the linear displacements of node k in the global 
coordinate system. The midsection has 9 controlling nodes as shown in Fig.2, which is used to 
describe the degradation element of information about the corresponding element decreased 
significantly.  
 
The displacement of 9 nodes degradation element is as follows: 
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Where iN  is  the shape function of node i , ih  is the element thickness of node i , x

i1  is a cosine 
between the node coordinate 1ν  and the overall system x of node i  (the same to others).  
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the combination element in concrete beams starts with point A and ends with point B. By using the 
displacement interpolation Eqs.(2) to (4), the node displacement in main reinforcement elements can 
be expressed as: 
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iN  is the value of node A about the main reinforcement element in the shape function, A

iN  is 
the value of node B; A  is the value of element's starting point A in the local  coordinates, B  is the 

value of element's end point B in the local  coordinates, iδ  is the array of shell element node 
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Where  Ni is  the shape function of node i , hi   is the 
element thickness of node  i, vx

1i  is a cosine between 
the node coordinate  v1 and the overall system x of 
node i  (the same to others). 

Concrete, stirrups and structural reinforcement in 
the concrete beams can take concrete layer element 
to simulate as shown in Fig.3. The CFRP/GFRP fi-
bre sheet which uses the shell element is shown in 
Fig.4. For vertical reinforced (main), using layer el-
ement simulating is too approximate, this paper uses 
composition element to simulate concrete beams. As 
shown in Fig.3, the main reinforcement in the com-
bination element in concrete beams starts with point 
A and ends with point B. By using the displacement 
interpolation Eqs.(2) to (4), the node displacement 
in main reinforcement elements can be expressed 
as:
                                  

 (5)

Where NA
i  is the value of node A about the main 

reinforcement element in the shape function, NA
i  is 

the value of node B;  ζΑ is the value of element’s 
starting point A in the local ζ coordinates, ζΒ  is the 
value of element’s end point B in the local ζ coordi-
nates,  δi is the array of shell element node displace-
ment , Ri  is the transformation matrix. Take  δs=[uA 
vA wA uB vB wB]T , R=[R1 R2....Rn], δc=[δ1

T δ2
T....δT

n]
T, 

then Eq.(5) is written as:
                                                                                  
 δs=Rδc                             	                  (6)

Application of virtual work principle, the contribu-
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Where I1  is the first invariant stress tensor, J2  is 
the secend invariant stress tensor, σ0  is equivalent 
stress, fc  is the concrete compressive strength, α  and  
β are the material parameters which are respectively 
determined  according to the uniaxial compression 
and biaxial compressive test calibration.
                                                              

(9)

Where t=fcc/fc, fcc,  is bidirectional compressive 
strength.

2.1.2 Hardening model
Hardening model determine the subsequent yield 
surface movement in the process of plastic defor-
mation. It determines the loading surface and the 
relationship between the cumulative plastic strains. 
The effective stress and effective plastic strain can 
be used to describe the mechanical behavior of uni-
axial test about concrete to uniaxial test[28-29]. The 
parameters H΄ of the elastic-plastic matrix can be 
represented by a slope of effective stress on the ef-
fective plastic strain εp, the expression shows as fol-
lows:
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The expression of the relation between uniaxial ef-
fective stress σ and effective plastic strain εp based 
on the Madrid parabolic is shown as follows:
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Where Ε0  is the initial elastic modulus, ε0  is the 
total strain at the uniaxial compressive strength fc 
and its value is  2fc/E0. εe is the elastic strain, and its 
value is σ/Ε0 . The expression can be determined by 
uniaxial effective stress and effective plastic strain 
equation:
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is 0.23mm. Section size and reinforcement of test 
beam are shown in Fig.5. Based on the different 
ratio of CFRP/GFRP hybrid fibre performance by 
composite material production elements and after 
comprehensive comparison, seven kinds of hybrid 
fibre are chosen in theoretical analysis as shown in 
table 1 to find the optimal mixture ratio, which is 
based on both strength and ductility index calcula-
tion analysis of prestressed CFRP/GFRP fibre sheet. 
For convenient, carbon fibre can be abbreviated to 
C, carbon-glass 1:1 can be abbreviated to CG11, 
carbon-glass 1:2 can be abbreviated to CG12, car-
bon-glass 1:3 can be abbreviated to CG13, carbon-
glass 2:1 can be abbreviated to CG21, carbon-glass 
3:1 can be abbreviated to CG31, glass fibre can be 
abbreviated to G.
 
4.2 The finite element model
Nonlinear combination element and shell element 
are adopted to establish the calculation model of 
CFRP/GFRP fibre reinforced concrete beam. The 
model has 120 elements and 533 nodes, and the 
prestressed CFRP/GFRP fibre sheet shell element is 
20; the rest is the concrete beam element; the finite 
element model is shown in Fig.6. Each load point 
is loaded as 3kN in the whole process of analysis. 
When the load step is increased, the added load is 
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load, ultimate load and the load level at the time of 
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deflection of beam body development data can be 
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extracted through the process. Reinforcement effect and the optimal mixture ratio are defined by 
strength and ductility index evaluation in Table 2. 
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Fig.7: Computational results of concrete beams reinforced with prestressed hybrid CFRP/GFRP sheet 
 

Table 2: Typical load, deflection and ductility characteristics of RC beams strengthened 
with prestressed CFRP/GFRP sheet 

Prestress 
degree 

 Kind of 
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with prestressed CFRP/GFRP sheet

ductility index evaluation CFRP/GFRP optimal mix 
ratio, extraction cracking load, yield load and ulti-
mate load are listed in Table 2. By comparing dif-
ferent hybrid ratio, the strength index and ductility 
indexes of beams strengthened with CG11 are both 
elevated, thus CG11 is the optimal hybrid form.

5. CONCLUSIONS
Reinforced concrete beams are studied in the whole 
process, which are reinforced by carbon fibre, car-
bon-glass 1:1, carbon-glass 1:2, carbon-glass 1:3, 
carbon-glass 2:1, carbon-glass 3:1 and glass fibre. 
Characteristics of prestressed GFRP reinforcement 
values are relatively low, thus prestressed GFRP re-
inforcement is not appropriate. Characteristic value 
of load strengthened with prestressed CFRP sheets 
was improved compared with the hybrid fibre crack-
ing load, which increase a little while the residual 
strength caused by the excessive waste and the 
ductility index both decline. Therefore, the hybrid 
with CFRP and GFRP sheet can fully realize their 
respective advantages. By comparison of different 
hybrid ratio, the strength index and ductility indexes 
of beams strengthened with CG11 are both elevated, 

thus CG11 is the optimal hybrid form.
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