Choi and Jung Boundary Value Problems (2021) 2021:100 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-021-01575-w a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Fractional N-Laplacian boundary value
problems with jumping nonlinearities in the
fractional Orlicz-Sobolev spaces

Q-Heung Choi' and Tacksun Jung®’

“Correspondence:
tsjung@kunsan.ackr Abstract

’Department of Mathematics, We'i . h ltiolici foluti f bl . Vi he f . |
Kunsan National University, Kunsan, e mvestlgate the mu tlp ICIty of solutions for probiems Invoiving the fractiona

573-701, Korea N-Laplacian. We obtain three theorems depending on the source terms in which the

Full list of author information is nonlinearities cross some eigenvalues. We obtain these results by direct

available at the end of the article . . . . . .
computations with the eigenvalues and the corresponding eigenfunctions for the

fractional N-Laplacian eigenvalue problem in the fractional Orlicz-Sobolev spaces,

the contraction mapping principle on the fractional Orlicz-Sobolev spaces and

Leray-Schauder degree theory.

MSC: 35A01; 35A16; 35J60

Keywords: Fractional N-Laplacian operator; Fractional Orlicz-Sobolev space;
Fractional N-Laplacian eigenvalue problem; Jumping nonlinearity; Contraction
mapping principle; Leray-Schauder degree theory

1 Introduction

In this paper we consider the existence and multiplicity of solutions in W§Lg(2) N C(£2)
for the following fractional N-Laplacian Dirichlet boundary value problems with jumping
nonlinearties;

(~AYux) = b5 g(|u x)|) a®g(|u ()I)(—)

)
co, oy HUE ()
+7g(|97 " (0)]) oy —

(e |)|¢sg“( ) (1.1)

[ G(|u(x)‘)dx =o, in,
Q

ulx)=0 onodQ,

where Q is a bounded domain of RN with a smooth boundary 92, N >1,0<s<1,a >0,
g is an odd, strictly increasing continuous function from [0, co) onto [0, 00) with g(0) =0
and lim,_, o g(¢) = 0o, G(t) = \tl g(t)dr, t € R, is a N-function, (- A) u(x) is the nonho-
mogeneous fractional N—Laplac1an operators defined as: for each x € Q2 and any « in the
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fractional Orlicz—Sobolev space WiLg(S2),

oo ) — )|\ wx)—uly)  dy
(= A)pulx) = m"/gg < PETE ) u(x) - u@)] x—y N+

where P.V. denotes the Cauchy-principle value, #* = max{u,0}, ¥~ = —min{u, 0}, T € R,
a*&® and &% are real numbers depending on s, ¢ and « such that a®¢® < €%, and
is’g’“) is the first eigenfunction, depending on s, g and «, of the fractional N-Laplacian

eigenvalue problem

(— A = rg(lul)

=, f G(lul)dx=a, ing,
|| Q

u=0 onads,

and W{Ls(€2) and N-function will be introduced later.

The fractional Orlicz—Sobolev space and the fractional N-Laplacian operators have been
studied thoroughly both from the point of view of probability and analysis as they proved
to be accurate models to describe different phenomena in Physics, Finance, Image process-
ing and Ecology; see [2, 12, 19] and references therein; and have been researched by some
mathematicians for pure mathematical research and concrete real-world applications in
recent years.

Let g be an odd, strictly increasing continuous function from [0, c0) onto [0, 00), g(0) = 0
and lim;_, « g(t) = co. The integral representation f g(t)dr, Yt € R is an even func-
tion with respect to the variable ¢ € R, which is denoted as G(£). Then, the function
G(t) = I o &(r)dt, ¥Vt € R is a Young function and a N-function. A continuous, convex
function, G:R* — R is a Young function if it is nonnegative, strictly increasing and ad-
mits the integral formulation G(t) = fot g(t)dr, ¥Vt > 0. (cf. [21]). A continuous, convex
function, G : R — R* is a N-function if it is even and if it satisfies both lim, o=~ 0~ o

and lim; o =~ G0 _

= +00. Equivalently, G is a N-function if and only if there exists a nonde—
creasing, rlght continuous function g : [0,00) — R* such that g(0) = 0, g(¢) is positive for
all £ € (0,00), lim;_, ;0 g(t) = +00 and G(t) = \tl g(t)dr, Vt € R (cf. [17]). The difference
between a Young function and a N-function is that a Young function admits the 1ntegral
formulation fo 7)dt, Vt > 0, and a N-function is an even function admitting f 7)dr,
VteR.

Let  be a bounded domain of RN with a smooth boundary 922, N > 1, s € (0,1) and
p: Q2 x Q — (1,00) be a continuous function with 1 < p(x,y) < co. The fractional Sobolev

spaces with variable exponent are defined by

px,y)
WHPE)(Q) = MGLPM)(Q)I —u0) ; dxdy < 00, for some 3> 0 ¢.
)J’ xy)|x y|N+SP %)

Results on the fractional Sobolev spaces with variable exponent and the corresponding
nonlocal equations were obtained in [14]. In this paper, we are trying to relax the growth
condition on W**»(Q) and the corresponding operators, and deal with more general-
ized spaces and their corresponding operators on the growth condition than the fractional
Sobolev spaces and their corresponding operators. When we are trying to relax the growth
conditions on the operators, we can not formulate with the fractional Lebesgue spaces and
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the fractional Sobolev spaces W*?*9) (). We adopt the Orlicz spaces Lg(2) associated to
a N-function G defined as

Ls(R) = {u|u : Q — R is a measurable function with

lullr, = sup{/ uvdx|/ G*(Ivl) dx < 1} <oo},
Q Q

where G* is the complementary function of G, the fractional Orlicz—Sobolev spaces

W*Ls(€2) associated to a N-function G and a fractional parameter 0 < s < 1 defined as

- dxd
W’LcQ) = {MGLG(Q):/sz/szG<|M(r2_;s(y)l> leyTN <oo}

and their corresponding nonhomogeneous fractional N-Laplacian operators (—A)fgu(x).

From [7], under the conditions that the Young function G and G* satisfy the A, con-
ditions, which is introduced below in this section, for s € (0,1), W*Lg(R2) is a reflex-
ine and separable Banach space. Moreover, C5°(€2) is dense in W*Lg(£2). We also define
WiL(£2) as the closure of C3°(2) in W*Lg(£2). We refer the readers to [13, 18] and the
references therein for the theory of Orlicz and Orlicz—Sobolev spaces. We also refer the
readers to [1, 4, 6, 7, 20] for some results about the fractional Orlicz—Sobolev spaces and
the fractional N-Laplacian operator. In [7], the authors provide the connection between
the fractional-order theories and the Orlicz—Sobolev ones, and define the fractional-order
Orlicz—Sobolev space associated to a Young function and a fractional parameter.
It was proved in [5, 20] that under the A, condition on G defined as

G <CG() t=T, (1.3)

where C > 0and T > 0, the fractional N-Laplacian eigenvalue problem (1.2) in W3Lg(£2) N
C(2) for each energy level « > 0 has a discrete nondecreasing sequence of nonnegative
eigenvalues A}S’g’“), j=1,2,..., obtained by the Ljusternik—Schnirelman principle tending

to 0o as j — 00, and the sequence of the corresponding orthonormalized eigenfunctions
P! e oo
sociated with A(ls’g'w does not change sign, and is positive in C(£2) and depends on s, g and

,j=1,2,.... The first eigenvalue A(ls’g’a) is positive and the eigenfunction ¢
a. The set of eigenvalues is closed and the first eigenvalue )L(ls'g’a) is isolated, which will be
proved in Lemma 2.9.

To state our main results we need some properties and give some assumptions: Let G*
be the function defined by

¢
G*(¢) :/ g Nr)dr forall T >0,
0

where g7! is the inverse function of g. The function G* is called the complementary func-

tion of G and satisfies

G*(t) = sup{yt -Gy > O} forall ¢ > 0.
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Then, G* satisfies that

G*(¢t G*(¢t
lim ® =0, lim ®
t—0 t t—00

= +00,
i.e., G* is a N-function. By Young’s inequality,
xy < G(x) + G*(y), forallx,y>0. (1.4)

For the Young function G = fo 7)dt let us set

g( ) 0 1g(£)
©=ew  fTWew (15
We assume that
<g0_é8_g <oo Vi=>0. (1.6)

By Proposition 2.3 of [16], it implies that G and G* satisfy the A;-condition. We also as-

sume that
G:te[0,00) > G(v/{) isconvex, (1.7)
Gt
/ and / where 0 <s < 1. (1.8)
0 W
We also assume that
Ngo
1 < 0 * _ 1.9
RCETAAE S v (1.9)

An example of a function satisfying (1.6)—(1.8) is G(¢) = t# with2 <p < N Sp
Equation (1.1) is characterized as a jumping problem. A jumping problem was first sug-
gested in the suspension-bridge equation as a model of the nonlinear oscillations in the

differential equation

Uy + Kyt + Kou™ = W(x) + €f (%, 8),

u(0,t) = u(L,t) =0, Uy (0, 1) = Uy (L, t) = 0.

This equation represents a bending beam supported by cables under aload f. The constant
K; represents the restoring force if the cables stretch. The nonlinearity #* models the fact
that cables resist expansion but do not resist compression. Choi and Jung (cf. [9-11]) and
McKenna and Walter (cf. [15]) investigated the existence and a multiplicity of solutions
for the single nonlinear suspension-bridge equation with Dirichlet boundary conditions.
In [8], the authors investigated the multiplicity of solutions of a semilinear equation

Au+bu* —au” =f(x) in€,

u=0 on§,
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where Q is a bounded domain in RN, N > 1, with smooth boundary 32 and 4 is a second-
order linear partial differential operator when the forcing term is a multiple s¢;, s € R, of
the positive eigenfunction and the nonlinearity crosses eigenvalues.

Since g is an odd, strictly increasing continuous function from [0, co) onto [0, 00), g(0) =
0 and lim;_, o, g(£) = 00, there exists an inverse function g~! of g that is also an odd, contin-
uous function from [0, 00) onto [0,00), g71(0) = 0 and lim,_, o, g} (£) = c0. Then, the func-
tiong:t— g(|t|)‘—i| is an odd, strictly increasing continuous function from (-oo, oo) onto
(—00,00), g(0) —g(|t|)‘—ﬁI =0 = 0 and lim,_, 1., g(£) = 00. We note that g(u)* = g(ju|) % m " and

gu)” =g(lu))% - Moreover, 7 has an inverse function g~! that is also an odd, continuous
function from (-o0, 00) onto (00, 00), g71(0) = 0 and lim,_, », g"1(¢) = 00

Our main theorems are as follows:

Theorem 1.1 Let 0<s<1,sg <N, o >0 and g be an odd, strictly increasing continuous
function. We assume that (1.6)—(1.9) hold.
(1) We also assume that a®8* < b8 _oo < g8 plge) )»(ls'g’a).
Then, (1.1) has exactly one nontrivial solution in WiLs(2) N C(2) for all T in a bounded
interval: In particular, we have that
ifa%e® < P& _oo < g8 b 58 < A} 589 4nd T > 0, then

u=gY g(|¢Sga |) e )>Olsasolutwn,

)L(ls»gvo‘) bsgoc
ifa("g"") < bS8 o0 < g8 b 58:0) < A &9 nd T < 0, then

Sga)l) ¢1

M——g'l(mg(lqﬁ )<Olsasolutzon

(i) We aiso assume that a®&® < b Sg“), )\}S’g’a < a8 plsg) A}ifa and Tt € Ris
bounded, j=1,2,....
Then, (1.1) has exactly one nontrivial solution in WiLs(2) N C(R2) for all T in the bounded
interval.

Theorem 1.2 Let 0 <s< 1, sgo <N, o >0 and g be an odd, strictly increasing con-
tinuous function. We assume that (1.6)—(1.9) hold. We also assume that a'*#% < &),
—00 < a8 < A(ls’g'a) <bbe < A(zs'g’a), TE€R.
(i) Ift >0, then (1.1) has no solution,
(il) ift =0, then (1.1) has exactly one solution u = 0 in WiLg(2) N C(L2).
(iii) There exists rl(s’g’a) < 0 such that for any T with tl(s’g'a)
solutions in W3iLg(2) N C(R2).

<1<0,(1.1) has exactly two

Theorem 1.3 Let 0 <s< 1, sgo <N, o >0 and g be an odd, strictly increasing con-
tinuous function. We assume that (1.6)—(1.9) hold. We also assume that a'#% < &),
—00 < a8 < )»(ls'g’a),)»(;’g'a) < blg) < A;S’g’a), TER.
i) If t >0, then (1.1) has no solution,
(il) ift =0, then (1.1) has exactly one solution u = 0 in WiLg(2) N C(L2).
(iii) There exists tl(s’g’a) < 0 such that for any t with rfs’g'a) <1t <0, (1.1) has at least three

solutions in W3iLg(€2) N C(R2).

For the proofs of Theorem 1.1, Theorem 1.2 and Theorem 1.3 we use the contraction
mapping principle and Leray—Schauder degree theory on W§Ls(€2) N C(€2). The rest of the
paper is organized as follows: In Sect. 2, we introduce some preliminaries and prove Theo-
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rem 1.1 by the direct computations with the eigenvalues and the corresponding eigenfunc-
tions of the fractional N-Laplacian eigenvalue problem, and by the contraction mapping
principle on WiLg(£2) N C(2). In Sect. 3, we prove Theorem 1.2 by the contraction map-
ping principle on W3Lg(€2) N C(2). In Sect. 4, we prove (i), (i) and (iii) of Theorem 1.3.
We prove (iii) of Theorem 1.3 by the Leray—Schauder degree theory on WjLs(€2) N C(S2).

2 Preliminaries and proof of Theorem 1.1
Let G be a N-function. From the convexity of G, it follows that

G(pt) <pG() ifpel0,1],£>0
and
Gl(qt) = qG(t) ifqe(1,00),£>0.

The Orlicz space Lg(£2) endowed with the norm ||u||; is a Banach space. We note that

the norm ||| is equivalent to the Luxemburg norm

(=) =

Q

In the Orlicz space Lg(2), the Holder inequality is valid (see [18]): for all u € Lg(2), v €
Lg+(R2), we have

u(x)

lullg = inf{k >0

/ jev] dx < 20l [Vl -
Q

For any given fractional parameter 0 < s < 1 and N-function G, the fractional Orlicz—
Sobolev spaces W*Lg(2) is endowed with the norm

lulls = llullc + [ulscs

where [u]; s is the Gagliardo seminorm defined by

» lu(x) —u(y)|\ dxdy
[”]S'G‘mf{“o'/gng( PR )|x—y|N§1}'

From [7], for any given 0 < s < 1 and Young function G such that G and G* satisfy A,

conditions, W*Lg(RY) is a reflexive and separable Banach space. Furthermore, C5°(RY) is
dense in W*Lg(RY) in the norm || - 5. Let W3Ls(S2) denote the closure of C5°(R2) in the
norm | u||;g. Later, we shall consider the fractional N-Laplacian eigenvalue problem (1.2)
in WiLg(€2) N C(2) under the A, condition on G and prove Theorem 1.1.

Lemma 2.1 ([20] (Generalized Poincaré inequality on the Orlicz—Sobolev space)) Let 2
be a bounded open subset of RN, N > 1, 0 < s < 1 and G be a Young function. Then, there
exists a positive constant C > 0 such that

lullg < Clulsg, Yu € WiLs(S2). (2.1)
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That is, the embedding
WiLg(2) — Lg(S2)
is continuous and compact. Furthermore, [ul; is a norm of WiLg(S2) equivalent to || - |5 .

Lemma 2.2 ((Theorem 2.8 of [4]) (Embedding Theorem)) Let 2 be a bounded domain of
RN N>1,0<s<land Gbea N-function. Then, the embedding

WSLG(R2) <> Lg(2) is continuous and compact (2.2)
and there exists a positive constant D > 0 such that
”u”G < D[u]s,G: Yu e WSLG(Q)

Furthermore, [uls g is a norm of W*Lg(R2) equivalent to ||u|ls,g-

Let us define the functional W, : W*Ls(2) — R as

\ps,c(u)=/Q/QG<|”(x)_”(y)|> WAy W L),

=yl Jlx—yN

Lemma 2.3 ([3]) Let u € W*Lg(2). Then,

ulx)—u dxd 0
Nl < Wy 00) = / / G(' ) (”') Yl iflullse > 1,
QJIQ

x — s X — N —
| (l) y|(y)| ld ayl| 23
0 ux)—u xdy 2 ,
ulé S‘I’,G(u)=//G< ) <l il < 1.
G- oJa le—yls ) lx—yIN o s
Proof The proofis given by (1.4) and Theorem 3.11 of [3]. O

Lemma 2.4 ([21]) Let 0 <s<1,sgy < N and G be a N-function. Then, the embedding

WS (Q) — Lq(x)(Q)

Ngo
N-sgo*

is continuous and compact for all 1 < q(x) < g§ =

Lemma 2.5 Let0<s<1,sgy <N and G be a N-function. Then, the embedding
WoLG(Q) — L1(Q)

is continuous and compact for all 1 < q(x) < g§.

Furthermore, there exists a positive constant C such that

]l g0y < Clulse  forall 1 < q(x) < gg.



Choi and Jung Boundary Value Problems (2021) 2021:100

Proof By Lemma 2.4, the embedding W*%(Q) < L1®(Q) is continuous and compact for
all 1 <gx) <gf = NNgO . By (1.6) and (2.3), the embedding W*L5(Q2) — W*8(Q) is con-

-5¢0
tinuous. Combining these facts, we obtain that the embedding W*Ls(Q2) < L1¥(Q) is

continuous and compact for all 1 < g(x) < g§ = _gszo 0

Lemma 2.6 Assume that the sequence {uy} converges weakly to u in W*Lg(Q2) and

lim sup < W, (i), wup—u><0.

k—+00

Then, {uy} converges strongly to u in W*Lg(S2).

Proof Since the sequence {uy} converges weakly to u# in W*Lg(2) and limy_, o0 SUp <
W' (uy), ux — u >< 0, by (1.6), we have

//g(luk(x)—uk(y)l) ur(x) — ur(y) ur(x) —u(y) dxdy
lx —yI* lur(x) — ()| x—yls x—yIN
S/fg(lu(x)—u(y)l) u(x)—u(y) ulx) —u(y) dxdy

[ =yl lu(x) —u@)| |xe—yl |x-yN

0 Iu(x)—u(y)|> dxdy
=8 /Q/QG< x=yls Jle—yN

Mk(yl) k@) —uk () w(x)—ug(y) dxdy
lx y\s lug@)-up O =yl Ja—yIN

verges to [, ng(‘”";_ﬂs ‘)‘ui u(y)lulfc —u0) dxdy By (1.6), we have

—;V\S ‘x_y‘N

Thus, the sequence {/, [, g( (L } is bounded and con-

// (Iuk(x)—uk(y)l) u(x) — ur(y) ur(x) —u(y) dxdy
g s s N
lx — 1 lup(x) =) lx—=yFF |x =yl

Q
ox () — Mk()’)l) dxdy
G .
zgo./ﬂ/sz( PRSI APy

Thus, the sequence {f, [, G(%)ij{,} is bounded and converges to

|u (x)— u(y dxdy
Jo Jo G( = ‘x N Thus, the sequence {u} is bounded and converges weakly to u

in W3Lg(R2). Since the embedding W*Lg(2) — Lg(2) is continuous and compact, {uy}

converges strongly to u in W*Lg (). O

Lemma 2.7 Ifuy, u e W*Lg(2), k =1,2,..., then the following statements are equivalent
to each other
(i) limgo oo lux —ullsg =0,k =1,2,
(i) limy— o [o(G uk( ) — u(x)) dx = 0 and limy_, oo [ux — u)s6 = 0,
(iii) limgooo [o, Glur(x)) dx = [ G(u(x)) dx.

Proof By the definition of || - ||5g, (i)<>(ii) holds. We shall show that (i) implies (iii). We
assume that (i) holds. Then,

/Q [Glu)(x) = Glu) ()] dx

< / g(u + Mg — ) (wie — u) dx
Q

Page 8 of 27
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<2|g(u+ Ak — w))|

<C|g(u+ 1 —w)|

ol — ullg

G* ||l/lk - u”S,G - 0

for 0 < A <1 and some C > 0. It follows that (iii) holds. Assume that (iii) holds. Since
limy_, 0o fQ G(ug(x)) dx = fQ G(u(x)) dx, {ux} converges weakly to u in Lg(€2). By assump-
tion (iii), #x — u in measure in W*Lg(2). It follows that {u} is bounded in W3Lg(2) C
Ls(R2). By Lemma 2.1, the embedding W*Lg(2) — Lg(S2) is continuous and compact.
Thus, uy — u strongly in W*Lg(S2). Thus, (i) holds. O

By Lemma 2.1, we obtain the following:

Lemma 2.8 Let 0 <s< 1, G bea N-function and f(x,u) € Lg(2). Then, the solutions of the
problem

(~Au=fou) inLa(Q),

u=0 0dRQ
belong to WLg(2).

Now, we consider the fractional N-Laplacian eigenvalue problem (1.2) in W§Lg(€2) N
C(€2) under the conditions (1.6)—(1.9) on G for each energy level > 0:
u

(—A)§u=kg(|u|)m /QG(Iul)dxza, in Q.

u=0 ondQ.

Lemma 2.9 (The fractional N-Laplacian eigenvalue problem) Let o > 0 be a real number
and G be a N-function. We assume that (1.6)—(1.9) hold. Then,
(i) the fractional N-Laplacian eigenvalue problem (1.2) in WiLg(2) N C(R2) has a

discrete nondecreasing sequence of nonnegative eigenvalues k;s’g’a), A;s’g'“) — 00 as
j—>00,j=1,2,...and
(ii) a sequence of the corresponding eigenfunctions M(S’g’a), i=1,2,...,depending on s, g,
q P g elg , J p g g

o. Moreover,
(ili) we can construct the orthonormalized corresponding eigenfunctions ¢j(s’g'a) from the
corresponding eigenfunctions u}s’g’a) belonging to the eigenvalues )»;s'g'a), j=12,...,
(iv) the first eigenvalue A(ls’g’a) is positive,
(v) the set of eigenvalues is closed,
(vi) the first eigenfunction ¢§S’g’a) is positive and

(vil) the first eigenvalue )L(ls'g'a) is isolated.

Proof (i) and (ii) are proved in Theorem 1.2 of [5].
(iii) By (i) and (ii), the eigenvalues A;S'g'a), j=1,2,...arediscrete. Then, the corresponding
eigenfunctions u;s‘g’a), j=1,2,...,are mutually orthogonal, i.e., span{u}s’g’a)} 1 span{uf’g’a)}

forj#k,j,k=1,2,.... Thatis, u;s’g’a),j =1,2,... are the orthogonal eigenfunctions. Let us

Page 9 of 27
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set

(s.g.)

(sga) _ J .
¢1. _7%0[ , j=12,....
lu; =" llsc

Then, </>,Sg ), j=1,2,... are the orthonormalized eigenfunctions belonging to the eigen-
values kjsgu ,j=12,....

(iv) (iv) is proved in Corollary 5.3 of [20].

(v) (v) is proved in Theorem 1.5 of [5].

(vi) Since the functionals [, [, G G(! A|x—;|(5y )I:fy?‘f and [, G(|u|) dx are invariant by re-

placing ¢1 with |¢Sg°‘ l, ¢ (s:g.) > 0. Since (1.2) is considered in W{Lg(€2) N C(2),
;s‘g’a) € WiLg(R2) N C(R). By the strong maximum principle for continuous functions,
is‘g’a) is positive in Q (cf. Proposition 3.8 of [5]).

(vii) To show the isolatedness of the first eigenvalue, we shall show the process of obtain-
ing the first eigenvalue associated with the first eigenfunction and the other eigenvalues
associated with the other eigenfunctions. We say that A is an eigenvalue with eigenfunc-

tion ¢ € WiLg(RQ) if

< (—A)§¢,v >—A /Qg(|¢|) l%vdx =0 Vve WiLg(Q).

For each A > 0 let us define the energy functional @S’g'a) : WiLa(€2)NC(2) — Rassociated
to (1.2) as

(sga), \ _ |u(x)—u(y)|) dxdy
@5 (M)—/Q/QG( Py I A/QG(lul)dx,

/ G(Iul)dx =a, a>0.
Q

Under the A,-condition on G the functional GD(;’g’a)(u) is Fréchet differentiable, C! and
satisfies the Palaise—Smale condition. The critical points of dD(f'g'a)(u) coincide with the
weak solutions of (1.2). We claim that for each A > 0 the functional CDE\S’g’a)(u) is coer-
cive and weakly lower semicontinuous. In fact, by Lemma 3.2 and Lemma 3.3 of [6],
Jo Jo G( (e fx)_;fs(y ‘f”f{, is of class C! and weakly lower semicontinuous. Let u € W§Lg(S2)
with ||#||sc > 1. By Lemma 2.2, there exists a constant D > 0 such that ||u||¢ < D|lu|lsc. It
follows from Lemma 2.3 that

s o) |M ) dxdy
G )‘,/./‘ ( o >|x—ﬁwN"k]£‘;“””““

> [lullig — Hlule

> |lullis g — +Dlullse-

) 8
Pe )

Since go > 1, ® u) — oo as ||ul|s,g — oo. Thus, ® is coercive.
Next, we shall show that CD(;’g’a)(u) is weakly lower semicontinuous. Let u,, € W3Lg(S2)

be a sequence that converges weakly to # in W{Ls(€2). By Lemma 3.3 of [6],

// <|u )) a’xdyj\]S fim mf/‘/ <|u,, —uy(y)| ) dxdyN'
lx = yI* o = I n—>+00 lx = yI* lx =yl




Choi and Jung Boundary Value Problems (2021) 2021:100 Page 11 of 27

On the other hand, since G is a continuous function,

lim G(|un|)dx:/9c;(|u|)dx

n—>+00 Jo

Thus, we have

D; (s.g.1) (#) < lim inf® sga)(un).

n—+00

Thus, dJ(;’g’a) is weakly lower semicontinuous. It follows that there exists only one global

minimizer qbis'g’a) € WiLg(R2), which is a cr1t1cal point of ®; (sg) (u)

mum value ianSLG(Q)mC(Q) @;Sga (tv) < ||tv||s’G - )\fga)

with a global mini-
a < 0 for sufficiently small £ > 0 and

¢° > 1, nonnegative, and positive in C (Q) by (vi). Let us set A = A(ls'g'a) for the eigenvalue

corresponding to the weak solution ¢; (589 of the problem
(sig.0) N
$,8,0 S8, 1
(=)™ = 2g (|9 ) — P

Then, by (iv), A; e 0, By Theorem 1.2 of [5] and (iii), (1.2) has the other weak solutions
d)j(s’g’ ,J > 2, different from ¢, (e) 1 fact, for each « > 0 the other weak solutions ®; ’g'a
j =2 of (1.2) are obtained from the minimax theory. That is, for any « > O there exists a

(s,g.)
Aj

discrete sequence of nonnegative eigenvalues . The corresponding eigenfunctions

{¢;s’g’a)} C W§Lg(R) satisfy the constraint

(s,g.) (s,g.)
" [ (%) — b W\ dxd .
‘/G(|¢>§S'g' )|)dx:oc, //G( J j o ) xay :C(s,g, ),
Q / aJa e —y® lx—yN

where the critical values are obtained as

h(w(x)) — dxd
e it sup / / (l (W(J’))|> xdy
/ hel(91,My) eyl Ix ¥ e — y[N

and I'(§/, M) = {h € C(Y,M,)|h is odd}, being § the unit sphere in R'*1. The first eigen-
vgr

function ¢>1 is a global minimizer and the other eigenfunctions ¢;s’g’a), j=2,3,...are
critical points obtained from the minimax critical values <Df\5’g’a)(¢j(5’g’a)). As the first eigen-
function ¢ls’ 2% can not be the critical points obtained from the minimax critical value,

(s'g’ 7 ¢ sg’a), j=2,3,.... Thus, the first eigenvalue A(S’g’a) corresponding to the eigen-
functlon qbl ) is isolated from the other eigenvalues A sge) j=2,3,... corresponding to

the eigenfunctions q’)j( £0) ,j=2,3,.... O

Let]:f € C(Q2 x Q) — R be an integral operator defined as

d
I(f(x,y)) =2P.V./Qf(x,y)ﬁ.

Then, (-A);u can be expressed as the composition of the mappings /, g and D; as follows:

(—A)zu = (I ogoD; ogfl)(g(u))
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or

(Asu=(IogoDsog™")(gw),

where D u(x,y) = ”("; 5 ) and g(u) = g(|lu)& P We note that the operator norm of (/o g o
Dsog™ -1
- oy -1 1
” ([ogoDs og 1) H = oed
A

For given f(x, u) € Lg(S2), the equation
(~AYu=flru) inLe()

is equivalent to the equation
u=((-A)) e u).

We observe that

[(=2) "], =

£ (en)

Proof of Theorem 1.1 (i) Let 0 <s < 1, G be a N-function and [, G(|lu(x)|)dx = o, u €
WiLa(€2) N C(R2). We assume that —oo < a5e) plsga) o )»(ls'g’a). Let us choose v 5 (

and €% > 0 so that —p&&®) 4 6e) ¢ glsgo) plsga) o )»(f’g’a) — €58 and choose 8¢ =
a$8e)  pls:g)
2

5,G

. Then, the problem (1.1) can be rewritten as

+ —

(=AY = 858 g (Juf) o = (&) — 568 (1)) = — (2560 — 558 g |uu])

|u] || |u|
N
+rg(|¢1s’g’a ‘) }Sg,a) . (2.4)
lpy ="
Since (—A)éu:(]ogoDsog )(g(x)), (1.1) can be rewritten as
(o0 Dyo g = 856)g(a) = (656 - 556)g(u)" — (6 ~556) g
e 2
+eg(|ore”) s (2.5)
el

or equivalently
gw)=(TogoDyog™ —5be™)™ ((b@g’a) = 86N g(u)" — (a®*) — 889 g(u)”

(s.g.)
d)}&gm ) (2.6)
[y

+1g(|lor )
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The operator norm of the operator (/o g o Ds;0g)™! — sga ™t g

1

- gl_gbey ) o =
|(FogoDeog™ -o0e) | = el

Thus, we have that

(1 0g oD, og—l _ 5(5&0!))’1 ((b(s,g,oz) _ 3(s,g,a))g(u)+ _ (a(s,g,a) _ 5(8@«))@(”)*

is,g,a)

5,8,0)

+ Tg(|¢ “ |) |¢(s,g,a)|)
1

(b(s,gva)_(g(s,g, )g(u) ( (sga) _ slsga )g(u)

= )\’(ls,g,a) _ §ga)

+1g(loy*])

(s.g,)
]
||

Let us set the right-hand side of (2.6) as

e <('”')| |) M gw)

= ([ og oDy Og—l 5 (s, ) ((b(sga _ S(S’g’“))g(u)*

( (s.g,) F) (8,850 ) ( ) (| (sg@) |) ¢§S,g,a)
—(a - u) +t4(|o; |¢(S,g,a)| .
1

Then, M©&¥) (g(|u|)%) satisfies

]

s g() - M G
_ || (1 0oFoDyog - 5<s,g,a))—1((b(s,g,a) _ 3(5'3'“>)g(u)* _ (a(s,g,a) _ 5(s,g,a)) g(u)—)

~(1ogo D0 =) () - 365y - (&) - o5 )0))

v

T b _stigw

_ ((b(syg,w) _ 5(s,g,a)) §(v)+ _ (d(s,g,w) _ 5(s,g,a)) g(v)_) ” .

1 b —

||SG

” ((b(&gﬂ) _ 5(s,g,a))§(u)+ _ (ﬂ(srgﬂ) _ 5(slg:vt))§(u)*)

< g(u)-gWw)||
= 6 yoaa 5 |g@w) -20)| o
. S8 _ g (5,8,0) . . . . .
Since —; ga)la ) b 5 ¢ <1, M%) s a contraction mapping with respect to the vari-
}‘1, &) o(s,g,a

able g(u). Thus, (2.6) has a unique solution g(u) for each s, g, «. Since g(u) is a strictly
increasing continuous function, then there exists a unique # for a unique given value g(u).
Thus, (1.1) has a unique solution u # 0.

(ii) We assume that A}s’g’a) < alsg®) ploga) k;i"f’a),j =1,2,.... Let us choose €4 > 0 so

that )»](»S’g’a) + €g) ¢ gloga) plsga) A;i"f’a) — €69 Let us set y 09 = M Then,
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the problem (1.1) can be rewritten as

(_A)zu _ y(s,g,ot)g,(u) _ (b(s,g,w) (s )g(u) ( (s.g0) _ y(svgya))g(u)—

(s.g.@)
4)}%&) ) (2.7)
Iy

+rg(|or )
Then, (1.1) can be rewritten as

(1 0§ oD, Og—l _ y(s,g,a))g(u) _ (b(s,g,a) _ o (sga )g(u) ( (s.g0) _ y(svgya))g(u)f

(s.g,0t)

+1g ¢Sga 15 - (2.8)
( |)|¢§’g’ )

or equivalently

g(u) — (IOQODS og—l _ (sgoz ) <(b(sga . (sga) )g(u) ( (s,g) _ y(s,g,a))g(u)_

(s:ga)
+g(lere”)) lsga ) (2.9)
60|

The operator norm of the operator (I o g o Dy 0 g~! — y &)=L jg

1

min{y ¢ — )x;s’g’a),)\;i"f’a) — ysga)) '

[(fogoDsog™ - ybem) | -

Thus, we have that

(1 Og o D; Og—l _ y(syg.vt))—l ((b(s,g,a) (s, )g(u) ( Sga) _ (s,g, )g(u)

(5.g,2)
erellot ) )

64
< B8 — 3 58) )
minfy 66e) - 5, 2080 —y g ( !
(sg2)
. (s,g,0) 1
_ (ﬂ(sgd) (s:grr )g(u) + rg(|¢ |) |¢(s,g,0t)| H
1

Let us set the right-hand side of (2.9) as

S(&gﬂ)(g(u)) — (I 0§ oD Og—l _ V(S:g:a))‘l ((h(sygvvl) (sge )g(u)

— (a8 — 58 3()” + g (|9 ) gl
14 g g\ |91 |¢§S,g,a)| .
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Then, S®¢%)(g) satisfies

¢ (2@) - S GW)
i ” (I Og oD.o g‘l B y(s,g,ot))_l ((b(s,g,u) _ ., 5g0 )g(u) ( (ssga) _ (s,g,a))g(u)_)

~(TogoDyog™ —yo6m) (B4 -y )50 (@) — e

1
= (5 o<t
- . (sg) 4 (5,8,0)
mln{y(svgva) — )\’1 ’)\'/+1 - y(s,g,a)}
_ (a(s,g,a) _ g ) (u) ) (( S,g0) _ (s,g, ) (V) ( 5,8,) (s,g, ) (V) )”G
1 hs&e _ g(s8)
= |g@) -2
- (sg) 4 (s,g.2) G
min{y ¢ — )\jsga ,)\ji‘iw — ybga)} 2
. 1 G _g(s.ga) (s,8:) . . . _
Since — (SW—x(.s‘g""),)fff‘“)—y ) 3 <1, S is a contraction mapping with re

spect to the variable g(u) = g(lul)ﬁ. Thus, (2.9) has a unique solution g(u) for each s, g,
a. Since g is a strictly increasing continuous function, there exists a unique « for a unique

given value g(u). Thus, (1.1) has a unique solution « # 0. O

3 Proof of Theorem 1.2
(i) We assume that a8 < &0 _oo < g8 < )»(ls’g’“) < bbge) < A(Qs’g’a), 7 > 0. Then, (1.1)

can be rewritten as

(—A)‘Sgu—k(ls’g'a)gﬂm)ﬁ=(b(s'g’°‘)— Sga)) (| |)| | — (ab&*) — 'g' (| |)| |
(s:g:20)
+ rg(|¢ 5,g,00) ‘) |¢%—S’gm|, (3.1)
1

(s,g,00)

Taking the inner product with ¢; >01in (3.1), we have

<(—A)Z,u—k(f’ga (1) |¢sg“>>
=<(b“'g’“>—k‘f’g""))g(|u|)|”7|—(a“'g'”— CD g (Jul)

|

(s.g.)

(o) S o) @2
(20

The left-hand side of (3.2) is equal to 0. On the other hand, the right-hand side of (3.2)

is positive because H*¢%) — )\(f’g’a) >0, —(a@®&®) — ] (sg0) ) >0 and tg(|¢; Sga)|) ‘z}sgot ) > 0 for
1

7 >0and ¢§s’g’a) > 0. Thus, if T > 0, then there is no solution for (1.1).

(if) We assume that 7 = 0. Then, (3.2) is reduced to the equation

<<—A);u—x§s’g“ (lul) ¢“>’“>>

||
N

:<(b(s’g’°‘)—)»(ls'g’a))g(ml)lu;'—(a(s'g'“)— (sg) (| |)| |,¢)1 S8 > (3.3)

Page 15 of 27
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ie,
<(—A)§u—)\-(ls’ga (| |)| |, ngOt)>

o (- ety e
Q

(3.4)

Since b8 — A(ls’g’a) >0 and —(a®&®) — A(ls’g’a)) > 0, the only possibility to hold (3.4) is that
u=0in WLg(Q) N C(K).

(iii) We assume that %) < p6&9) _oo < &%) < k(f’g’a) < ble) < )\(zs’g’a), 7<0.Let V
(s,g.2)

be a subspace of L;(£2) spanned by ¢,
Lg(R2). Then,

and W be the orthogonal complement of V' in

Le(Q)=VaoWw.

Let Q be an orthogonal projection in L5(£2) onto V and I — Q be the orthogonal projection
onto W. Then,

Qu= (/ u ;s’g’a)>¢is’g’a) for all u € Lg(R2).
Q

Let u € Lg(R2). Then, u can be written as
U=v+z, v =Qu, w=(I-Q)z.

We note that Q commutes with D = dix. Then, (1.1) is equivalent to a pair of equations

N 5,8,0 ( )+ s ) ( ),
Qv+ = Qg ) 5 a2 5
(5.8 is'g'a)
o ) (3.5)
+'(g ‘ ’)|¢Sga)|
(- Q(-A)(v+2)
_ &) (V+2)'  ew W+2)"
= - Q)( 8 (V+Z|) v+l —a®® g(|V+Z|) vtz ) (3.6)

Since (—A)fgu = (I ogoD;o0g 1) (g(u)), (3.6) can be rewritten as

(I-Q(g(v+2)=(IogoDso g*l)‘l(z - Q(b**g(v +2)* —a“*"g(v+2)7).  (3.7)

The operator norm of the operator (/o g o Ds0g™ 1)1 (I - Q) is

[(togoDiog™) 1-Q) = (sga

2

We claim that for fixed v € V, (3.6) has a unique solution z(v). We first shall show that

vtz
|v+z|

there exists a unique g(|v + z|) satisfying (3.6) for any given v € V and some z € W. In
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fact, we suppose that there exist two z; (v) and z; (v) satisfying (3.6) for fixed v € V. Since
V+21
|[v+z7 |

satisfying (3.6) for the given two z;(v) and z;(v). Then we have, from (3.7),

g is a strictly increasing function, there exist two g(v + z;) = g(|v + z1) and g(v+zy) =

v+ z) 2

|[v+za|

I-Q(gv+z1)-gv+2))
=(Io§oDso ‘) - Q)( plg) (v+z1)+—a(s’g"")g(v+zl)’)

~(IogoDs0g ™) (I - Q(B5(v + 2)" — a®¥9g(v + z)). (3.8)
Taking the inner product of (3.8) with g(v + z1) — g(v + z3), we have

(- Q@v+2)-2(v+2))
=[(IogoDsog N7 - Q545w + z1)" - a5y + 7))
~(IogoD,05™") (I - Q(B¥*g(v + 25)" — a9 g(v + 2,)7)]
(@ +21) -3+ 2)). (3.9)

Then, the right-hand side of (3.9) is equal to

[(1 o0g oD og’l)fl(l - Q)(b(s'g“ §(v+2z1)t —a*Mg(v + z1)7)
- (I 0g oD og‘l)_l(l -Q) (b(s’g’“)g(v +25)" —a g (v + zz)_)]

x (g +2z1) - g(v+2))

plsge) ~ )
= )L(s,g,a) (g(V + Zl) _g(V + ZZ)) 3
2

i;iz; < 1. Thus, g(v + z1) = g(v + z2). Since g is a strictly

which is a contradiction because
2

increasing continuous function, z; = z; for fixed v € V. Thus, there exists a unique z(v) €

W for any given v € V. We note that z = 0 is a solution of (3.6) for every ve V, v> 0 or

v < 0 everywhere in Q. If v> 0 and z = 0, then

(- QAW = (I - Q)(b“g‘” (Ivl)%—a(s’g“ (|v|)|'|) 0. (3.10)

If v<0and z =0, then (/ — Q)(b*&% (|v|) T a(s’g'“)g(|v|)ﬁ) =0. Thus, (1.1) is reduced to

+ (s:g:0)
Q-0 = QB g 1) - <) a0 ) e ). @an
1

where v = c(S'g'“)d)f’g’a), ceR.
If %) > 0 and 7 < 0, then

&) 4 (5:80)
)L(s,g,a) (C(s,g,a)¢(s,g,a)) C(Sga)¢1
1 g 1 (s.8.) (s,g,)
C 18! ¢1
(s.g,) ¢(s,g Q) (s.g2)
C
= plsew) C(s,g,a)¢(s7g:l¥) M < o\ (8,g,00) 1 ‘
g( 1 )C(S'g'a)¢§s’ga (| |) |¢ Sga)|
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Thus, we have

L aa))
¢§S,g,a)

g

)L(ls'g ) _p(s,g0)

C(s,g,a) —

If (6% < 0 and 7 < 0, then

&) 4 (580)
560a) 0 (sga) p(580) e
1 g(—C b ) (s,g,00)
_C(s,g,a)¢ 5
5,,0t) (5,8
_ _ (sga) o A(s,g0) (s,g0) C¢1 5:g:01) ¢1
=—a g( ¢ 1 ) (sga (|¢ ’) sga
—coy | |
Thus, we have
_ &)
g 1(Wg(|¢1 )
&) — _ )
i 5,8,

Thus, (1.1) has exactly two solutions in W3Lg(£2) N C(2).

4 Proofs of Theorem 1.3 (i), (ii) and (iii)

The proofs of Theorem 1.3 (i) and (ii) are the same as those of Theorem 1.2 (i) and (ii).
For the proof of Theorem 1.3 (iii), we assume that 0 < s < 1, a8 < plega) oo <

ase®) < A(ls’g’a),k(zs’g’“) < be) < )»és’g'a), 7 <0 and u € WiLg(R2) N C(R2). We also as-

sume that the conditions (1 6) (1.9) hold. We note that (1.1) has a positive solution

‘1(mg(|¢3ga ) Sga)) > 0 in W{Lg(2) N C(R) and a negative solution

(e - w)<0m WsLs(2) N C(R).

alsgo) _ A

g

Lemma 4.1 (A priori bound) Assume that 0<s< 1, —00 < a®&® < A(ls’g'a), A(Qs’gm < blse) <

(s:g,00) (s:g,00)

A(;’g'a) and © € R. Then, there exist 7,"*" <0, 7,"*" > 0, a constant C*¢*) > 0 and a con-

stant C***) > 0 depending only on a'“® and b such that for any T with T*%* <1 <
(Sga , any solution u of (1.1) in WiLg(S2) N C(2) satisfies ||u|s,c < CS8Y | and so satisfies

IIg(u)IIsG <Cy”), where g(u) = g(|ul) .

Proof Let u be any solution of (1.1) in WjLs(2) N C(£2). Suppose that any solution of (1.1)
is not bounded. Then, there exists a sequence (1), such that ||u,|sc — oo so that

(=A)° - plsge) (| |) u; _ (sg0) (| |) Uy (‘¢(Sg“| is,g,oc) (4.1)
g ln = g(|u, ] a*®g(|u, |M|+r |¢Sga| .

or equivalently

(s.g:2)
g(uy,) = (go ((—A);)—l)( psg) Z(u,)" —a (sgt g(un + ‘L’g(|¢ 5,8,) D |z%s,gﬂ)|) in Q.
1

Since |luy,llsc — oo and g is a strictly increasing continuous function, g(|un|)‘”ﬁ —

. 2un) ik \un\ gllun|) Iunl _ glunl) |un| .
oc. Let us consider {ngun\)w g 1n Since ”(ng G 2 g nlls = 1 {ng(\unnwuse}” s
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g(|’4n‘)‘zn‘ }n such

bounded. Thus, there exists a subsequence, up to a subsequence, {m
1 T s

g(lun]) {1, aul) ity
that plp s — T Zie weakly for some grmzi in Lg(S2). Dividing (4.1) by
lg(lnl) 7 ls.6» we have
sy Uy
R ()& SR ()
T P 170 K IO P (PN 7
l'g(|¢(sga |)|lega)‘
in Q. (4.2)

lg(etal) 2l

Since, by Lemma 2.1, the embedding W{Ls(S2) < Lg(€2) is compact, and ((—A)fg)’1 isa
iy el
”g(‘unl)mm ”sG “g(lul)ﬁus,G

compact operator, strongly in W{Ls(Q2). Limiting (4.2) as n —

00, we have

S
e LR Al i _ e _SUDET n Q. (4.3)
g Tl g &l gD & lls
We claim that (4.3) implies % =0. In fact, (4.3) can be rewritten as

(—A)EM _ (S,g,ot) g(|u|)|u|
lg(ul) e~ ||g(|u|)m||s,g

_ (b(s,g,oz) B }\(ls,g’a)) (|M|) |u| _ (a(s,g'a) _ )L(ls,g,oz)) (|M|) [l no (4.4)

g % la lg(uD % lsc

Taking the inner product with qbf’g’a) > 0 on both sides of (4.4), we have

< (_A)s _ )\(s,g,ot) g('”nﬁ ¢(s,g,a)>
ECIET. ||g(|u|)rz|||s,6
_ <(b(5,g,a) B )L(ls'g’a)) (|M|) ] _ (ﬂ(s’g’a) _ A(ls,g,a)) g(|u|)m ’ (s,g,a)> in Q.
g o O

(4.5)

The left-hand side of (4.5) is equal to 0. On the other hand, the right-hand side of (4.5) is
positive because h*¢) A(S’g’a) >0, —(abe®) - k(s’g’a)) >0and qﬁ(s’g'a) > 0. The only possibility

ul) ul)
to hold (4.5) is that ”‘# = 0, which leads to a contradiction because || &
() & e () & s

1 #0. Thus, there exist a constant C®¢%) > 0 and a constant C;

a'*&® and b such that any solution u of (1.1) satisfies ||u||sc < C*¢%), and so satisfies
lg(@)lls,c < C o6

”s,G =

e o g dependmg only on

since g is a continuous function. Thus, the lemma is proved. O

We shall consider the Leray—Schauder degree on a large ball.

Lemma 4.2 (Leray-Schauder degree on a large ball) Assume that —o0o < a*&® < A(Sg )

)»(23“ < bbe) ¢ Ags‘ga . Then, there exist a constant RS&* > ( depending on a (sgo) plsga)

Page 19 of 27
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T, tl(sga <Oandt, 52%) 5 0 such that for any T with T, o) 7 < 7, 629 the Leray—Schauder

degree

+

dLs(gm)—(gfo((—A);)‘l)(b“vgmg(mof; -t ul)

( ¢(S,g,ot)
+7g(|o s.g.) ) |¢}S’g’a)|),BR(s,g,a) (0),0) =0.
1

Proof (1.1) can be rewritten as

+ (sgvt)
_ ((—A)‘fg)_l(b(s’g’“)g(|u|)r£7| — &g (lul)ﬂ rrg(je )= e |) -0

or equivalently

+ (sga)
gw - (go ((—A);)1)(b<s’g’“>g(|u|)|”7| —al&g (|u|)ﬁ +g(gr ) = P |) =0

in WgSLG(Q) N C(2). (4.6)

Let us consider the homotopy

+ —

HO (,3(w) = 2() - o ((-A)) ™) (b“’g'”g(iul)f’m ~ g (u)

(s,g,0x)
eraof ) L) 47)
134

(s.g,)

By Theorem 1.3 (ii), for any t > 0, (4.6) has no solution. Thus, there ex1st T, >0and a

large R®¢% > 0 such that (4.7) has no zero in Bpsgw (0) for any v > t2( ¢ and by a priori

bound in Lemma 4.1, there exist R4 > 0 and 7,"**’ < 0 such that for any T with 74 <
T < rz(s'g'a), all solutions u of (4.6) in WLg(2) N C(R) satisfy [|g(u)[|s6 < R*¢¥ and (4.7)

has no zero on dBsg«) (0) for any T with tl(s’g’a) <1< tz(s’g’a). Since

+

ds (g(m @o(Cax)™) (b“'g'“)g(wo'%'

(s
M (

( ¢(sga>
_a(s,ga) (|u|)_ + rzsga (|¢ 5,8,0t) ‘) |¢ 0[)|)’BR<5rg,Ol)(0))0> =0,

g)

by homotopy arguments, for any t with rl(s’ ’ g)

<t <1,"""’, we have

dLs(gm)—(go((—A);)l)(b“'g’wg(mol”; -y ul)

(s:g)
+ 7"g(|¢ e |) |¢1sga)|) B R(5¢) (0), 0)

—dys (g(u) ~(@o (Ax)™) (b(s’g’a)g(lul) % -

(S’gxa) u_
asg(lul) T
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$,g,0t ¢§S,g,a) (s.g0t) (s,g,00) (5,200 ¢§S’g’a)
+ rg(|¢ DM) + 0 ( - )|g(‘¢ |) | (S,gya)l)’BR(s'g’a)(O)’O)
1 1

:dL5<§(u)—(go((—A);)_l)(b(s’g’“)g(lul)|uu| a8 g (uf) —

|ul

(5g)
sga (|¢Sga D |¢(sga)|>’BR(s'g,a)(0);0> =

for any 0 < n(s’g’“) < 1. Thus, the lemma is proved. O

Lemma 4.3 (Modulus of continuity) Let F be a compact set in Lg(2). Let & > 0. Then,
there exists a modulus of continuity § : R — R depending only on F and & such that

(m=5)

It follows that

<PB(m) forallt €F.
Lg(Q)

[1te +8) ||, = BN

and

”I(nr _§)+||LG(Q) <nB(n) forallt €F.

Proof Foranyt € F,lett, = (|t|- %)*.SinceO <1, <|r|and 7,(x) > Oasn — 0, it follows
that ||z, |5 — O for all T € F. We claim that for given € > 0, there exists § > 0 such that
if t € F, then ||ty |15 < 2¢ for all € [0,8]. Choose {;,i = 1,...,N} as an € net for F.
Choose § so that [|()sll o) < € for i = 1,...,N. Then, for any v € F, there exists 7, 8,
IBllzg@) < € such that T = 7 + B. Since (4 + v)* <u* + v*, we have || 75|l < (w)s + |8]
and therefore || 7,15 < lItsllg@ + 1Bllzg@) < 2e. O

Lemma 4.4 Assume that —oo < a8 < )] (sg0) A(Zs’g’a) < bl < A;S'g’a). Then, there exist a

constant e(() NI depending on a'%¢%, b(Sg ) T and rl(s’g’a) < 0 such that for any t such

that t, (sg) <1 <0, the Leray—Schauder degree

+

dLs(g(u)—(éo((—A);)1)(b“'g"”g(|u|)|b;| a“*g(ju |)—|

(s.g,)

+ 7:g_(|¢)sg0l |) tg,g,a) ) B|‘E|€Sga (g(ul)) 0) = 17
I

(s.g,00)
where u; = g‘l(mgﬂds'g’a) ) ;zﬁgﬂh ) > 0 is a positive solution of (1.1) in W3Lg(2)N
1 - 1
C(R).

Proof (1.1) can be rewritten as

(s.ge)
((=A); = B58g)u = bo$g(u)" - a$g(u)” = b)) + 7g (|1 ) g,
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or equivalently

) = (g0 ((-a); - b4g) ™)

(s @)
: (”(S’g’”)é(m*—a‘s'g%(u) = b0 + g |y ’g’“)l) >

(sgat |

where g(u) = g(Ju|) . Let us set N&¢%) = go ((—A)Z, —b&¢)5)~1 Then, (1.1) can be rewrit-

[u]*
ten equivalently as

1gva)
g(u) = N(s,g,a)( plsge) g(u)" - (s,g,a)g(u)‘ _ plsge) 3(u) + rg(|¢ 5,8,) |) lZ?&g’a)l) (4.8)
1

Since ((—A)‘Sg)‘1 is a compact operator on L(S2), the operator N®¢%) is a compact operator

on Lg(R) for each s, g and a. Let B®¢) = Ns&) (D) be a closed unit ball for some closed
ball D in Lg(R2). Let us set y &%) = min{h®&*) — A(S’g'“) Ags’g'“) — &}, We can observe
that the operator norm of N®¢% is |[N®&®)| = W Let 84¢% be the modulus of con-

tinuity of Lemma 4.3 correspondlng to B®&®) and g(£ &) = N&«) (tg(|¢1 562) |)

~ )
|¢1sg )

(s ’)>Osothat

Sg,
Wg(kﬁ

1% (s,g,a)2

1
ﬁ(s,g,a) (|‘L’ |€(()s,g,a) - (b(s,g,a) _ d(s,g,a))) < (49)
Y

= 4(blsge) — glsga))2”

We note that

[6569gw)" - a4 g(u)” - bW, o < (B = a9 [gw) |, )  (4-10)

g ¢(g 5,8,00) . -
7@) e g(|¢1 )I¢§S ‘+|f|60 w with w € B,

For g(u) €

(s.g.a) -
~ \— B T (s,g0) ¢1 (s,g,a)
&) HLG(Q) = H (A'(s,g,a) _b(s‘g’a‘)g(‘% ) ey +|7lep w)

< I(171eg™w)”

(s,g:

||L @ = Itle

‘ (52) ﬁs,g,ot) (s.8.) (5 (5,2,0) (15(5,8,0) +
since g(lo: D me) > 0. Let us set F¥¢%(g(u)) = N (h8%g(u)" —

A(Sgﬂl xgoz) N ‘

(s, )

aS8(0)” — eg(u)) + N (rg(¢}"*)) L. Then, Foa#)((g)(u) can be rewrit-

¢y

ten as
F(S’g’“)(N(u)) - (|¢(s,g,a)|) isyg,a)
g ) )\'(lsyg’a) - b(s,g,o,)g 1 |¢ Sga |

+ N©g) ((b(s’g"") - zz(s’g"")) |t |e(()s’g’a)w), weB.
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If u is a solution of (4.8), then g(u) = F¢%)((«)) and by Lemma 4.3,

v PN
o - — $,8,
| (@) ”LG(Q) - H(k(f’g’a)_b(&g,a)gq% ) |¢(S,ga |
LN (58 _ g8 71l ’gmw))_
Lg(Q)
0

1
< (s:g,00) b(s,g,oz) __(sga) < (s,g:01) ( sge) _ (sga) )
[Tl —( )B( Itles y ( as)

y (s,g,0) | T |€(()s,g,a)
= 4(blsge) — glsga))’

Thus, we have

|8 (55000 ~ 60" = 55 50) |

= N (6" = a)g(u)) | e
1 (b(s,g,a) &g ” ()" ” < 1|T|€(s,g,oz)
- y(s,g,a) g Lg(Q) — 4 0 .
Thus, we have shown that for any solution « of (1. 1) g(u) € Sgot—sga)g(kb () ¢1Xga) +

(s,g,0)

|‘L’|€0S,g,a)B belong to g(u) € Wg(lqb (s.g,) |) (sga +3 L7]ey ™ B. This estimate holds

if we replace b€ g(u)" — (Sg‘”g( ) - bsg“)g(u) by A58 (PO ()t — g8V ()™ —
b“’g’“)g(u) with 0 < A6¢%) < 1, Thus, the equation

¢ (S,g,a)

1 (s.ga)
e b g(u)
(o

860 = (o (-a%) ) re(lor”)-

+A(s,g,a)(b(s,g,a)§(u)+_ (s:g:00) (1) —_ plsg) ())

has no solution on the boundary of the ball B| | g (1 g(|¢)(sg ) " ijz‘) for 0 <
T EO 7

sgoz) _pls:ger)

168%) < 1, By the homotopy invariance degree,

(5,0
dis (g(w - (@o ((—A);)l)( g(lov*”)) ;ts,g,a)' +Hg(w)
1

n )\‘(s,g,a) (b(s,g,a)g(u)Jr sga g(u)* Sgﬂt g(u)))

(sg)
T e P
B S o ’0
Ieley )(x‘f'g'“) ~ peen® (o)) |¢§S'g'“)|) )

is defined for 0 < A% <1 and is independent of 2689 For )89 =,

(s:g:01)

(00~ @ (o)) (00 Sy + 550 )

Page 23 of 27



Choi and Jung Boundary Value Problems (2021) 2021:100 Page 24 of 27

(s:g)
T (s,g,0) ¢
B g0 ——m 0
rleg g)<A§S'g"">—b<wva>g(‘¢l |)|¢Sg°‘|) )

=(-1)x (1) =+1

since u = g—l(mg(l(ﬁlga |)¢sga)) is the unique solution of (1.1) with

e ( sga >g(|¢ (ga) b ¢Sga) ) and since there are two eigenvalues 1] () Ay b o

Itley blsge
(-A); to the left of H*¢%) and thus the operator g — (g o ((-A);)” 1)b5&2) g has two negative

eigenvalues, while all the rest are positive. When 1¢¢% = 1, we have

(5,820
¢

1 sg o
g (u)
0e )

+ 1(b(s,g,a)§(u)+ _ d(s,gyot)g(u)— _ b(syg,ﬂt)g(u))’

(s:g:0)
4 gy P
Blrle Sga)<k§s,g,a) _b(s,g,at)g( ¢1 |) |¢sga |) 0)

(sgaO
= dLS(é(”) - (go ((_A)fg)_l)<fg(|¢1 ga)|) |¢ 5.6:) |
1

(s:g:0)
T Gga) ) P
B|T|€ lsga) (}L(lsvgva) _ b(s,g,ot)g( ¢1 |) |¢ (s,g) | 0 :

By the homotopy invariance of degree, we have

dus(@) — o ((-0)) ™) (rg(|¢1 8

b(s,g,oz)g(u)+ sga g(u) >

(s,g,0

dLs(g(m—(go((—A);)‘l)(rgﬂ e )|)|‘;’;<S,g,a>| bemg(u)” “’gmg(u)-),
1

(s.g.)
. gy P
B|T|5 (s,g,00) ()“(lsvg,a) B b(s,g.vt)g( d)l |) |¢is'g'a)| );0)

(s,g,0
- s 200 - o (-25) ™)+ (|¢f“>|)|‘21T| -5 ),

(s:gax)
S NI -
B|T|5 Sga)()\‘(ls'g’a)_b(s,g,a)g(|¢1 |)|¢Sg0t |) 0) = 1

Thus, the lemma is proved. O

Lemma 4.5 Assume that —oo < a®$%) < )\(ls’g’a),)\(;’g’a) < blsg) < )»gs'g’a) and tl(s’g’¢) < 0.

Then, there exist a constant eis’g’a) > 0 depending on ae9)  plsge) 1 gpd rl(s’g‘a) such that

for any T such that Tl(s'g’a) <1 <0, the Leray—Schauder degree

+

dis (g(m ~@o(aR)™) (b“'g"”)g(|u|)|“7|

(s,g,0) (8:g:20) ¢£S:g:0‘)
— gl (|u|)ﬁ+rg( ) ) ),
™

B e (@0).0) =1,
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where u; = —g~ (Wg(kt)l 'g’all) e ) < 0 is a negative solution of (1.1) in
WSLa(R2) N C(R).

Proof We can prove this lemma by the almost identical proof to that of Lemma 4.4. [

Proof of Theorem 1.3 (iii) Let t < 0. We note that there is a solution ———— X
T

)
(sg2) (ge) ) o1 i
g(loy |)‘¢Sga > 0 in B e ) ( (Sga a8 g2(l¢y |) A ‘) and a solution

e — g1 x

> 0 such that max{es‘ga),eis‘ga)} <

29 x

Sgal) )) <0 in B sem(@( g

> 0 and eis’g‘a)

Wg(w

a(s8a)

&g
¢(Sg ,0)

(sgot a(sge) _

W))) Let us choose e( 20)

I¢
m1n{

Sga) g Asga) }. Then, these two balls B, b (W

)
)andB sgoc @(—gil(mg“‘p ©

utions. There is a large ball B g (0) Centred at the origin and contammg

(s.gx) S o1 T (s:g,0)
(|¢ |) aga) ) d B|Z|5§S’gu) (g(_g (a(s’g‘a)fk(ls'ga (|¢1 |) ‘¢1s,ga |)))

))) are disjoint. This gives two so-

(s.g

1
1604
luti

By e Cram m 8

Since

" (sg,a)
dLs(g(m - (e ((—m;)‘l)(lo“'g"”g(lui)f;—| — g () o+ e O |)
B (0),0) =

and

+

dLs(g<u>—<~o<<—A>;>l)(b“vg’wg(mo"; - g ul)

$,8,0) i&g,a) T ,,0)
(o) A ) By g (7A(s,g,a)_b(s,gﬂ (o) ).0)
1

2)
[

= dLS(é(M) -(go ((—A)fg)_l)(b(s’gﬂ)g(|u|)|”7| _ a(s,g,a)g(|ul)|u7|

(s.2) (s.g.a)

sga)y P1

+1g(d) ) >
[N g,

~ 1 . 2ol (s.ga|
B (g o - L = 1)
e} ><g( ¢ (au,g,a)_ﬁg“)g”d)l |)|¢fg“'|>)> 0>

it follows that

~ ~ -1 u' ¢(Sga)
dLs(gm)—(go((—A);) )("“'g'“)g(lulm‘ ) e )
(s,g,0) ¢ pee)
R(5.¢.@) (0)\( Izle sgu)( (,gol) sg, (}d) ¢ |) |¢)11,g, |>

_ T (s,g,x| ¢1 el _
UBlTlesga)<g<_g l<d(s,g,a)_ sgoz (‘¢ © )|¢lsga|>))>’0>__2'
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Thus, there exists a third solution g(u) in Bpesgo (0)\(B sga)(sgaig(lqsl 58) 1)) U

b(s.g o

(sg) (@ g_l(Sga)iksgag(lqﬁ(s’g’a| |) e )))) such that u is a solution of (1.1) in W§Lg(2)N
C(2). Thus, there ex1sts a third solutlon u of (1.1) in W§Lg(€2) N C(R2). Thus, we prove

(iii) of Theorem 1.3. O
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