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ABSTRACT: We test the refined distance conjecture in the vector multiplet moduli space of
4D N = 2 compactifications of the type ITA string that admit a dual heterotic description.
In the weakly coupled regime of the heterotic string, the moduli space geometry is gov-
erned by the perturbative heterotic dualities, which allows for exact computations. This
is reflected in the type ITA frame through the existence of a K3 fibration. We identify
the degree d = 2N of the K3 fiber as a parameter that could potentially lead to large
distances, which is substantiated by studying several explicit models. The moduli space
geometry degenerates into the modular curve for the congruence subgroup I'o(N)". In
order to probe the large N regime, we initiate the study of Calabi-Yau threefolds fibered
by general degree d > 8 K3 surfaces by suggesting a construction as complete intersections
in Grassmann bundles.
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1 Introduction

The swampland program of classifying consistent quantum gravity vacua in the form of low
energy effective field theory data, as first envisioned in [1, 2|, has by now grown into a large
sub-field of contemporary string theory research.! It has been revealed that the subset
of effective field theories coupled to Einstein gravity that arise in string compactifications
satisfies a web of conjectural properties, the swampland conjectures.

As of now, what are the most fundamental constraints on effective field theories that
imply consistent coupling to quantum gravity is still under debate. Abstract principles like
the absence of global symmetries [7-13] and topological operators [14, 15], completeness
of the spectrum [16], or the cobordism conjecture [17] seem very promising and have been
used to argue for string universality in supersymmetric theories with a large number of
uncompactified spacetime dimensions [18-21].

1Several reviews exist, presenting a snapshot of this growing field at the respective time of their publi-
cation [3-6].



Presumably closer to our usual physical intuition but still central in the swampland
program are the weak gravity [22] and distance [2] conjectures. The weak gravity conjec-
ture (WGC) places a constraint on the charge-to-mass ratio of particles in a gravitationally
coupled gauge theory. Although it was pointed out already in the original paper that the
WGC constraint is trivially satisfied by a wide margin in the standard model of particle
physics, the statement and its generalizations are sufficiently strong and interesting that
it has since been indirectly used to put constraints on BSM physics and to explain hierar-
chies [23-29]. The distance conjecture (DC) states that infinite distance limits A¢ — oo in
the moduli space of massless scalar fields are accompanied by an infinite tower of exponen-
tially light states m ~ e~**?.2 This is interesting because a suitably modified statement,
adapted to the non-vanishing mass of light scalar fields in phenomenological models, could
be used to rule out such theories that feature vastly trans-Planckian scalar field variations
without explicitly taking into account the effect of the light tower.

The weak gravity and distance conjectures are at least partly motivated from the prop-
erties of BPS objects in supersymmetric string compactifications. Although tempting, it
may be dangerous to extrapolate such strong statements to phenomenologically interesting
settings with N/ = 1 or N/ = 0 supersymmetry. In doing so, one has to be particularly
careful about quantum corrections that become relevant when we reduce the number of su-
percharges. The process of “sharpening” swampland conjectures by probing them in string
compactifications of increasing complexity has already lead to advances in our understand-
ing of the web of swampland conjectures. For example, it was realized that in order for
the WGC to be consistent under compactification, there should be a whole tower or even
sub-lattice of states satisfying the WGC inequality on the charge-to-mass ratio [30-32].
This tower is in many cases identified with the DC tower, providing a partial unification
of these two a priori unrelated conjectures. Subsequently, it was argued that the DC tower
is always a tower of string excitations or a Kaluza-Klein tower, signalling the transition to
a different duality frame or a decompactification [33-38]. Scrutinizing swampland conjec-
tures in this way, it is likely that we will also have to weaken their statements in order to
increase their scope of application.

The main phenomenological loopholes of the distance conjecture are:
o The exponent « could be tiny, so we have exp(—aA¢) ~ 1 — aA¢ even for large A¢.

e The conjecture applies only to geodesic motion of moduli fields, but in absence of
SUSY and global symmetries we expect all scalars to acquire a mass. Physical tra-
jectories are then also influenced by the scalar potential.

o It is an asymptotic statement, so it may not have any relevance in the deep interior
of field space.

All of these points have received some attention in the literature. In particular, the
first two loopholes have been studied extensively. The “decay constant” « is known to be of
order one in many controlled string constructions and consequently lower bounds have been

?Distances and masses are measured in Planck units.
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Figure 1. Sketch of the behavior of the DC tower mass scale over moduli space. In the bulk My
of the moduli space the distance conjecture does not impose any constraint on Miower(¢), while in
the throat region we approach Miower ~ exp(—aAg).

proposed [39-50]. The way the conjecture should apply to scalar fields with a potential is
not completely clear, but recent work suggests bounds on the amount of non-geodesicity
that a potential is allowed to introduce in order to be compatible with the DC [51].

In this paper we will focus on the third point. Without any further qualification, we can
picture a situation where we have a sequence of disjoint theories labeled by some integer IV,
with moduli spaces My, which decompose into bulk moduli spaces My and some infinite
distance throats, see figure 1. The distance conjecture does not place any constraints on
the behavior of the DC tower in each individual bulk M. It is then conceivable that
we have such a sequence of theories with the property that A¢n N=eo 00, SO we can
generate large distances without having to deal with an infinite tower of states. This
would render the distance conjecture essentially powerless. Whether such behavior could
occur in actual string compactifications is another question. First of all, finiteness of the
string landscape would imply some upper bound Ny, on the sequence of compactifications.
From our experience in studying Calabi-Yau compactifications, Nyax may in principle be
some astronomically large number [52], which could allow for a numerically large A¢y,,.. -
Secondly, we may expect that distinct My are actually connected through (possibly non-
perturbative) transitions, modifying the naive diameter of the bulk.

The refined distance conjecture (RDC) postulates that this kind of behavior should
not occur in a theory of quantum gravity:

Refined Distance Conjecture. Consider two points P, Q in moduli space. If dist(P, Q) >
¢, where ¢ is a universal O(1) number, there is an infinite tower of states with mass scale

Miower(Q) < Migyer(P)e™ > BHPQ) (1.1)

This conjecture was first motivated by observations in simple models of axion mon-
odromy [53, 54], where the scalars in question are not true moduli. Axions are ordinarily
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Figure 2. Left: a geodesic (red) in the moduli space of the quintic [43, 56] starting at the mirror
of the Gepner/LG point and approaching large volume. Right: value of the central charge for
states with D0/D2/D4/D6 charge along this trajectory. The exponential behavior ~ exp(—Ag)
is reached for A¢ ~ 1. Qualitatively similar behavior was observed for the mass scale of the KK
tower in [43]. The existence or stability of a BPS state with these charges along the trajectory is
not implied.

not expected to control the mass scale of some infinite tower of states. Nevertheless, it was
found that displacing them from a minimum of the scalar potential there was a backreac-
tion on the saxions in the N' = 1 chiral multiplet leading to a tower coming down. It was
found that the critical distance after which this happened was always O(1) and could not
be tuned by adjusting fluxes. Further motivation for the conjecture came from studying
moduli in black hole backgrounds [39].

The RDC has been tested in various well-controlled settings with eight super-
charges [43-45, 55]. We will focus here on the 4D A = 2 vector multiplet moduli space,
since in this case the geometry in the interior of moduli space can often be exactly de-
termined using dualities. We will mostly consider type IIA string theory compactified on
a Calabi-Yau threefold X. In this case the vector multiplet moduli space is spanned by
h''(X) Kahler moduli and the metric on moduli space receives an infinite series of world-
sheet instanton corrections. Under mirror symmetry, this is mapped to type IIB string
theory on the mirror Calabi-Yau X, where now the vector multiplet moduli space is classi-
cally exact and equivalent to the h21()v( )-dimensional moduli space of complex structures
of X. This was used in [43] to check the RDC in examples with h''(X) € {1,2,101}, with
no indication of a failure of the conjecture. An illustrative example is given by type ITA
on the quintic hypersurface, see figure 2. We will revisit and partially extend the results
of [43] in light of the duality of type ITA with the heterotic string.

The existence of a heterotic dual imposes the structure of a K3 fibration onto X and
in particular implies h'' > 2. We will restrict our attention to smooth, projective Calabi-



Yau threefolds over P! with smooth generic K3 fiber. Furthermore, we require h!(X) = 2.
These assumptions are very restrictive and represent a small corner in the A/ = 2 landscape,
but we will see that they nonetheless provide an interesting challenge for the RDC. Just as
described above, will be able to realize a series of moduli spaces My with parametrically
increasing diameter of a certain hybrid phase. To be more precise, the volume of the P!
base is dual to the heterotic dilaton Spet. In the limit of large base, or equivalently weak
heterotic string coupling, the moduli space degenerates into the modular curve H/To(N)™
and we can compute geodesics and distances exactly using the geometry of the upper half
plane.?> The group I'g(N)T is composed out of the congruence subgroup I'o(INV) together
with the Fricke involution 7' — —1/(NT') and can be thought of as the heterotic T-duality
group acting on the torus factor of a very special K3 x T2 compactification.* In the type
ITA frame, the parameter 2N is the degree of the K3 fiber, which is polarized by an ample
divisor with L? = 2N. We find empirically that the length of finite distance geodesics that
we can realize in the moduli space My grows like ~ log(N). Hence, we would require
exponentially large N to generate tension with the RDC. In order to construct models
with IV > 4, we have to venture outside the realm of toric constructions. We will construct
several examples as complete intersections in Grassmann bundles.®

The paper is structured as follows. In section 2 we will revisit the results of [43] for the
particular Calabi-Yau threefolds P};596[12] and P};595[8] in light of heterotic / ITA duality.
We furthermore discuss several other well-known and explicit examples of toric Calabi-Yau
threefold fibered by degree 2N < 8 K3 surfaces in light of the refined distance conjecture.
Section 3 deals with the generalization of the setup to arbitrary degree d = 2N and presents
explicit constructions of N > 4 as complete intersections in Grassmann bundles over P!,
We conclude by discussing our results and some future directions. Mathematical facts
about congruence subgroups, fundamental domains and K3 fibrations can be found in
appendices A, B and C. Appendix D contains some speculations about heterotic duals.

2 Refined distance conjecture for simple K3 fibrations

Here we will discuss the refined distance conjecture in some explicit K3 fibered Calabi-Yau
threefolds with h'! = 2. The discussion will be limited to fibrations by K3 surfaces of
degree 2N < 8, in which case the geometry can be described as a complete intersection in
some toric ambient space. The main examples that we discuss and their modular properties
have been first discussed in [62].

2.1 Fibration by P3,,,[6] — SL(2,%Z)

Let us start by discussing the canonical and best understood pair of dual type ITA and het-
erotic compactifications. The type IIA string is compactified on the Calabi-Yau threefold

3We would like to point out that attempts to obtain large distances in scalar field space by breaking
SL(2,Z) to congruence subgroups were also made in [57], although in the A/ = 1 setting.

“These groups (for prime N) were famously studied in the context of monstrous moonshine [58].

®The problem is somewhat analogous to constructing genus-zero fibered Calabi-Yau threefolds with an
N-section, which also requires Grassmannian/Pfaffian constructions beyond N = 4. Explicit such Calabi-
Yau threefolds with 5-sections are constructed in [59]. See also [60, 61] for related constructions involving
Grassmannians.
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Figure 3. Sketch of the (mirror) moduli space of P},556[12] with indicated finite and infinite
diameters of phases [43].

X with Hodge numbers (h!!, h?') = (2,128) given as a toric resolution of the degree 12
hypersurface in weighted projective space P{594[12] [63]. This manifold admits a fibration
by sextic K3 surfaces P$;,4[6], which can be made manifest by considering the linear system
xz! = \2?, where z!, 22 are the first two coordinates of the weighted projective space and
\ parameterizes the P! base of the fibration.

The dual is constructed by considering the heterotic string on K3 x T2 with the T2 fac-
tor at the point 7' = U, where the gauge group enhances to G = Eg x Eg x SU(2). Then one
considers an instanton background with instanton numbers (10, 10,4) in G, which freezes
the moduli at 7" = U [64]. One is left with a model with only two vector multiplets, the
heterotic torus volume T and four-dimensional dilaton S, matching the type IIA spectrum.
Non-perturbative checks of this duality were performed in [65].

The vector multiplet moduli space geometry of type ITA on P{,,04[12], which is acces-
sible via mirror symmetry, was used to probe the RDC in [43]. The mirror manifold can
be constructed as [63]

V(;@Z +ay’ a4+ 2§ + 2 — 129 [ - 2¢x?x3>/zg X o (2.1)
7

in the same weighted projective space. Under the mirror map, the two complex deforma-
tions parameterized by ¥ and ¢ get mapped to the two Kéhler moduli #* (1), ¢) of P};596[12].

The moduli space in the (¢, ¢) coordinates is sketched in figure 3. It is partitioned into
four different phases, where the periods assume qualitatively different expansions in terms
of the coordinates. In the large volume phase (labeled LV), the moduli space geometry
is appropriately described by the classical prepotential supplemented by perturbative and



instanton corrections.
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Here k;;i, are the triple intersection numbers, a;; and b; ~ J; - co are related to the choice of
an integral symplectic basis of periods, ¢ ~ x(X), and n% are the genus zero Gopakumar-
Vafa invariants, see for example [66, 67]. The instanton expansion (2.2) breaks down in
the other phases and one has to perform an analytic continuation, which is feasible since
the periods for this Calabi-Yau have rather explicit expressions in terms of hypergeomet-
ric functions. The phases labeled “orbifold” and “P'”% in 3 are hybrid phases with one
infinite direction and one finite direction. The “Landau-Ginzburg” phase represents the
compact interior of the moduli space and is of finite sub-Planckian diameter, in agreement
with the RDC.

To explain the behavior in the hybrid phases, let us focus on the P!-phase. Follow-
ing [62], we can define coordinates
1 ¢ 1

v=geigs Y (2.3)

The periods and mirror map take the schematic form

1

M~ Y (logy)"Pa (¢, y)
a=0 (24)

th=qQ <$,1/3’y) : £ = i.log(y) + Q2 (ffl/?’?y) ,

21

where P,, (); are power series in the indicated variables. Using the explicit expressions
for the periods, one can see that for small ¢ and large ¢ the metric on moduli space
asymptotes to

1
Tz 0
4921 2
Gos = 9] (Sg\¢|) vrosul | - (2.5)
|g[2/3
We can see immediately that
[e.e]
/ ||\ /G5 = 00, (2.6)
|dol

which means that the P! hybrid phase has infinite diameter in the ¢ direction. On the
contrary, the diameter of the P! phase is bounded in the 1) direction

[ max|
~ \/27.23/ apl Y ~o02r, @)
0 ||t/

[%max|
N A N

|p|—o0

where [864v8 | = |¢|. After displacing a short sub-Planckian distance, we reach the large
volume phase and see a light tower of states. From equation (2.4) we see that for finite ¢
the periods have a generic polynomial behavior with respect to 1, so we do not expect a

5The terminology is explained in [43].



universally behaving DC tower either. Hence, the diameter of the finite directions of the
hybrid phases poses an interesting challenge for the RDC.

The main drawback of the previous discussion is the perturbative approach to com-
puting the periods, leading to the approximate result of A¢. ~ 0.27 in equation (2.7) and
similar for the other distances in figure 3. Although we have an exact expression for the
periods in terms of hypergeometric functions [43], actual computations on a computer re-
quire series expansions of these. Even for ¢ — oo, the value of 0.27 will receive corrections
from expanding the integrand as a power series in 1. It turns out that the convergence of
the series expansion is rather slow. The goal of the remainder of this section is to explain
the approximate result and give an exact expression.

The first step is to realize that the fact that the Calabi-Yau X has a K3 fibration
leads to constraints on the intersection numbers. In the limit ¢ — oo / y — 0, we have
v? = Imt? — oo. Here v? is the volume modulus of the P! base of the fibration. At large
v?, the variation of the fibers over the base is approximately constant and the volume of X
factorizes V(X) ~ v2-(v!)2. Correspondingly, any instanton corrections to the prepotential
are subleading and it asymptotes to

__1 0
.F ~ t2 . (t1)2 = gCVB = 2(Imt1)2 1 , (28)
0 4(Imt2)2

where we now display the metric components in type ITA variables. Restricting to any of
the two Kéahler moduli, we see that the local moduli space geometry is just the hyperbolic
geometry of the upper half-plane H. Since geodesics in the upper half-plane are just semi-
circles with center on the real line, the problem of computing distances locally reduces to
simple trigonometric integrals. The only complication that we have to take care of are
global identifications, which include the B-field shifts t* — t* 4 1.

In order to obtain the actual physical domain of the modulus ¢!, it is instructive to
consider the heterotic dual. It is expected that as t> — oo, the moduli are identified as
t? = S and t! = T, such that the large base limit coincides with the heterotic weak coupling
limit. From this map and from the previous description of the heterotic compactification,
it is clear that the B-field shifts acting on ¢! are completed into a full SL(2,Z) group of
identifications. The effective moduli space for ¢! thus degenerates into the fundamental
domain H/SL(2,7Z) as t? — co.

Given this information, let us now reproduce the result (2.7) for the asymptotic diam-
eter of the P! hybrid phase. In [65] the map between the type IIB and heterotic moduli
was determined to be

1728 s
= —+..., y=e " +..., 2.9
J(T) (29)

where we use again the coordinates (2.3) and corrections away from the weak coupling
limit are neglected. The fact that the mirror map of X is related to the j function was first
pointed out by [63]. In the (z,y) coordinates, the conifold component of the discriminant
locus of the IIB compactification on X takes the form

Aconi = (1 —2)? — 2%y . (2.10)
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Figure 4. Mapping of type II and heterotic moduli spaces in the weak coupling limit.

As y — 0, the developing double singularity at = = 1 is mapped via (2.9) to the Zsy orbifold
point T" = ¢ of the fundamental domain. Furthermore, it is easy to see from the explicit form
of the map (2.9) that the point (x,y) = (0,00) is mapped to (T,S) = (t!,t?) = (—p, ),
where p = €™/3 is the Zs orbifold point of the fundamental domain. As a result, the
asymptotic trajectory 71 in the 1 direction along which the distance A¢. ~ 0.27 was
computed reveals itself as the geodesic arc 41 joining the two points T' =4 and T = —p.
The map is depicted in figure 4.

With this information, we can now parameterize 42 by 7' = exp(iy) and evaluate the

diameter A¢. exactly as

2m/3 ©) dT ©) 1 2m/3 dyp log(3)
Ac—/ d 77——/ - = ~ 0.39 . 2.11
¢ 80\/9TT d dy 2 /2 S 22 ( )
We can recover our approximate result as follows. To leading order around T' = —p, the j

function can be expanded as [68]

o T+p\* s 12 T(5)?
](T)—1728( ) +..., k=e ﬁ*ﬁ r(Gg) : (2.12)

By inverting this and using the relations (2.9), we can compute

oT |2 orz 1 5184m - 21/3 . T(2)? |y|? |2
P, L P ~ ~ 27.23 . (2.13)
vy T 2(ImT)2 F(%)Q |¢|2/3 ,¢|2/3

which recovers (2.5). Similarly, one can compute the leading term of g e Finally, we note
that along the geodesic arc 4; the j function is excellently approximated by

A 3/2
(T = %) ~ 1728 (1 _ ;COS(&,@)) , (2.14)



which can be used to interpolate between the leading (2.7) and exact (2.11) results. We
find that the resulting series expansion of the metric converges very slowly, which explains
the discrepancy.”

The above discussion should carry over to other K3 fibered Calabi-Yau manifolds with
R = 2 with generic fiber a sextic K3 surface P$,5[6]. These may differ from the manifold
P4,996[12] via the structure of the fibration, which will be reflected in data such as the triple
intersection numbers or the second Chern class. In the large base limit these details should
not be important and it is expected that the moduli space always degenerates into the
SL(2,Z) fundamental domain. We will discuss this base/fiber decoupling more extensively
in the next section.

2.2 Fibration by P3[4] — T'g(2)*

As a first example of a heterotic/ITA dual pair that realizes a non-trivial modular curve in
its moduli space we will consider the resolution X of the degree eight hypersurface P};995[8]
with Hodge numbers (h!!, h?!) = (2,86). The vector multiplet moduli space of this Calabi-
Yau has been determined using mirror symmetry in [63]. The type ITA geometry is more
conveniently described in terms of an equivalent CICY construction [69]

P\ 2) , (2.15)

P4

X =P, [8] =
11222[] ( 41

which is manifestly fibered by quartic K3 surfaces P3[4]. In terms of the Kéhler cone
generators of the ambient space, the geometry is characterized by the numerical invariants

J3=8, Ji-Ji=4, ca-J1 =24, c3-Ja=56. (2.16)

The fact that co - J; = 24 = x(K3) confirms that J; = [P4[4,1]] is the class of the K3 fiber.
The mirror X has a simple description as a (Greene-Plesser) quotient of the original
manifold X [63]

v(xg bbbt bt -8 - zm;txg) 2z (2.17)
[

In the P} 995[8] description of X, a linear system of fibral K3 divisors is again given by
zo = Aw1, where A € P! [62, 63]. On this locus, the two-parameter family (2.17) degenerates
to the one-parameter Dwork family of K3 surfaces

V (i + vt + v + 3 — 40 yoyiyens ) /75 (2.18)

The moduli space of X is qualitatively similar to the one of P};996[12] [43, 63], so
we will not reproduce it here. As in the last section, it is useful to introduce also the

) 1

8w4, y:?’

"Around 100 terms are required to achieve an accuracy of 10%.

coordinates

(2.19)

~10 -



in which the conifold locus takes the same form as (2.10). Again, we have a P! hybrid
phase, in which the metric asymptotes to

1

Tpairapem e S

421 z

9aB = ( . (SgWD 0.5905) . (2.20)
|#]

The asymptotic diameter in the y — 0 limit was computed in [43] as

1

W)max‘
0

|¢|—o0

~ 0.46 (2.21)

|wmax|
R N

where [8¢p,a| = [4].

We would like to reproduce this result and complete it into an exact expression, in an
analogous manner to the previous section. The asymptotic moduli space metric in type
ITA coordinates is of course the same as (2.8). The duality group acting on the upper
half-plane was determined in [62, 70] to be the congruence subgroup I'g(2)*.® The group
[To(N)* consists of matrices of the form

(“ Z) €SL(2,Z), c¢=0modN, (2.22)
C

which form the congruence subgroup I'g(N), together with the Fricke involution T —
—1/(NT). The modularity constraint on ¢ removes the usual T-duality 7" — —1/T from
the group, thus adding an additional cusp at 7' = 0. The Fricke involution acts as a
generalized T-duality and folds the cusp at T = 0 back to the cusp at i0o. The self-dual
radius is now reduced to Tyq = i/ V/N. The resulting modular curve H/Ty(2)" is depicted
in figure 5. More details on congruence subgroups and modular curves can be found in
appendices A and B.

Although, to the best knowledge of the author, a precise heterotic dual has not been

identified in the literature,’

we can write down an analogous map between the type IIB
complex structure coordinates and the would-be heterotic coordinates 7' = t! and S = ¢?
as in (2.9) 056
-S
x—m—l-..., y=e " +.... (2.23)
The so-called Hauptmodul j; plays the same role for X((2)" = H/T'o(2)" as the j function
plays for the SL(2, Z) fundamental domain. It is a generator of the function field of X(2)™.

An explicit expression is given by [71]

4 (03(ar)* + 0a(ar)?)”
02(qr)803(qr)*04(qr)*

where 6; are the Jacobi theta functions and g7 = exp(inT) is the nome of 7.

J5(T) =2 (2.24)

8While the group I'g(2) is an honest subgroup of SL(2, Z), the group I'o(2)" corresponds to its normalizer
in SL(2,R). Thus, it is not a subgroup of SL(2,Z). We will nonetheless use the term “congruence subgroup”
also for (partial) normalizers of honest congruence subgroups.

9See appendix D for some speculations.
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Figure 5. Left: a fundamental domain X(2) for I'y(2) that is symmetric under the Fricke involu-
tion F. Right: a fundamental domain for I'o(2)" is obtained as X(2)/F,. The marked points are
the following: ps = €!™/4/1/2 is an orbifold point of order 4 and p; = —p3. p2 = i/+/2 is the fixed
point of F, and ¢y = 0 is the second cusp of X(2).

€o

Just as in section 2.1, we can now see that the asymptotic trajectory in the ¢ direction
is identified with the geodesic arc that connects the orbifold points p; and ps in figure 5.
The resulting exact expression for the distance between these two points is

Sm/4 dT(p) _ 1 37/4 dp _ log(cot(§))
Ape = / d‘P\/gTT do dgo % /2 Sincp_ \/5 ~ 0.62 . (2.25)

It is again possible to expand the Hauptmodul j; to leading order around p; [68]

jo (T) = 256 (k: - T_°>4 +... k= 4\/_ L) To = L amia (2.26)
2 To + 1o ’ r(2)2’ V2 ’

in order to recover the approximate result (2.21)

oT |? orp? 1 32\/'F(§) 1 0.5905
i =[] 7= [og] amar =Tt VT Vel
and similarly for G- An analogue of the approximation (2.14) is
1 11 2
s (T = ﬁeﬂ ~ 256 (5 +3 cos(4<p)> : (2.28)

Before moving on to the next example, we would like to stress that the distance A¢,
is a property of the fiber rather than that of the whole Calabi-Yau. This can be seen
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explicitly by looking at another K3 fibered Calabi-Yau with the same fiber but different
twist. By scanning the CICY list of [72], we find the following examples

]P>1
]Pal

We can compute the Picard-Fuchs system for these examples using standard methods [66].

2
4

> : JSZQ, J22J1:47 CQ'Ji:(24744)7 x = —168
(2.29)

11
41>: Jo=5, Ji-Ji=4, co-J;=(24,50), x=—168

In the large base limit, in each case one finds that the system of differential equations
degenerates into the PF operator of the fiber

d
D =03 — 42(40 + 3)(40 + 2)(40 + 1) , 6= T (2.30)
T
which is known to have solutions associated with T'o(2)" [62, 70]. We expect that many

more inequivalent fibrations can be constructed using full-blown toric methods.'"

2.3 Fibration by P4[2,3] — To(3)T

The previous two examples have shown that in the large base limit the diameter A¢,. of the
P! hybrid phase is dictated by the duality group acting on the Kihler modulus of the K3
fiber, which was either SL(2,Z) or the congruence subgroup I'o(N)". Compactifications
that feature T'o(N)* duality groups in this way have been constructed also for N = 3,4.
For N = 3, a possible Calabi-Yau realization is given by [62]

P! 2
00 ) , (2.31)

[P)5

X:P?224[476]§< 321

with Hodge numbers (h!!, h?!) = (2,68) and intersection data
J3 =12, Jo-Ji=6, c-Ji =24, c3-Jo=60. (2.32)

The manifold X clearly admits a fibration by the K3 surface P4[2,3]. Other ways to fiber
this K3 over P! can be found in the CICY list of [72]
P02
(1@4 23) =4, J2-Ji=6, c-J;=(24,52), x=—148

P11 5 5
pilag ] i J2=5, S Ji=6, co - Ji =(24,50), x = —128

P42 3
]Pﬂ
]P)4
]P)1
]P)4

19Geveral examples can be found in [73].

P20 9
c =6, Ji-Ji=6, c-Ji=(24,72), x=-108. (2.33)

011
231>: J3=8, Ji-J1=6, c-J;=(24,56), x=—140

101
231>: J3=9, J2-J1=6, c-J;=(24,54), x=-120

~13 -



co {

Figure 6. Left: a fundamental domain X(3) for I'y(3) that is symmetric under the Fricke involu-
tion F3. Right: a fundamental domain for I'o(3)" is obtained as X(3)/F5. The marked points are
the following: pg = €!™/6/1/3 is an orbifold point of order 6 and py = —pg. ps = i/+/3 is the fixed
point of F3 and ¢y = 0 is the second cusp of X(3).

The resulting modular curve X(3)™ = H/To(3)" is depicted in figure 6. We see that
it shares the qualitative properties of the previous two examples. The Hauptmodul for
Xo(3)™ is given by [71]

(n(T)'2 + 275(3T)12)*

j:_),'— (T) = n(T) 127](3T)12 )

(2.34)

where 7(T') is the Dedekind eta function.

The moduli space of IF’?224 [4,6] has the same structure as before. We can choose
coordinates (x,y) on the complex structure moduli space of X , such that the conifold part
of the discriminant locus is again given by 2.10. The map to heterotic variables is then
given by

108 g
rT=-——+..., y=e " +.... (2.35)
J3 (T)

The exact asymptotic diameter of the P! hybrid phase is obtained by integrating along

the geodesic arc connecting the points py and ps in figure 6. We compute

5m/6 dT(p)dT(p) _ 1 5/ dp -
A¢c_/ﬂ/2 ng\/gTT do dp vl m—\/icoth (v3) ~093. (236)

We note that approximations similar to (2.12) and (2.14) can be found for j§ and may in
principle be used to match a perturbative mirror symmetry computation of Ag..
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b7 Co P9

Figure 7. Left: a fundamental domain X(4) for T'y(4) that is symmetric under the Fricke involu-
tion Fy. Right: a fundamental domain for I'g(4)" is obtained as Xy(4)/Fy. The marked points are
the following: pg = 1/2 is a cusp and p; = —pgy. ps = i/2 is the fixed point of Fy and ¢y = 0 is the
third cusp of X(4).

2.4 Fibration by P%[2,2,2] — I'g(4)t

The final toric example realizes the modular curve H/To(4)". It is given as a codimension
three complete intersection [62]

]P>1

X = IED(1;225 [47474] = (IP’(S

0002
2.
2221)’ (2.57)

with Hodge numbers (h!!, h?!) = (2,58) and numerical data
J3=16, J3- =8, - J1=24, c3-Jo=064. (2.38)

This manifold admits a fibration by P5[2,2,2]. Other complete intersection Calabi-Yau

threefolds with the same fiber are
P! 2
<W222>‘ J3=8, Js- =8, co-Ji=(24,56), x=—112

PLo0O11
]P)4

2221
From figure 7, we see that the modular curve X(4)* = H/T'o(4)" is now qualitatively

(2.39)

) . J23:12, J22J1:8, CQ'Ji:(24,6O), X:_112

different because the special points at Re(T") = :l:% that were previously orbifold points

~ 15 —



Congruence Subgroup Calabi-Yau Example Adg,

SL(2,7) P1996[12] 0.39
To(2)* P2ys (8] 0.62
[o(3)* Pl24[4, 6] 0.93
Lo(4)* Plogs (4,4, 4] 0

Table 1. Diameter of the P! hybrid phase for Calabi-Yau threefolds fibered by K3 fibers with
moduli space H/T", where I" C SL(2, R).

have now turned into cusps and are at infinite distance. As a result, the diameter of the
P! hybrid phase is now infinite

m dT'(¢) dT'(p) 1 ™ dy
AC:/)d u——m——f:47/ » . 2.40
¢ /2 (P\/QTT dp dp V2 /2 Sin @ ( )

This means that we will now expect an infinite tower also when approaching 7" = p7 in

the hybrid phase. Heterotic/IIA duality suggests that the light states can be interpreted
as winding modes on the shrinking 72. As a result, the RDC is expected to hold trivially
in this part of the moduli space. We should point out that this is an artifact of N =4 and
that N > 4 will again allow for an interesting challenge for the distance conjecture. For
example, for N = 5 there are no cusps other than ico in Xo(5)". Additional cusps will
generally appear if N is not a prime number.

3 RDC for CY threefolds fibered by degree 2N K3 surfaces

In the previous section, we have studied the diameter of a certain hybrid phase in the
moduli space of type IIA compactified on K3 fibered Calabi-Yau threefolds. In the large
base limit, the moduli space reduces to a modular curve Xo(N)™, given as a quotient of the
upper half-plane by a congruence subgroup I'o(XN)*. The diameter could then be computed
as the length of a geodesic arc connecting two orbifold points in Xo(XN)*. The resulting
diameters of the P! hybrid phase are summarized in table 1 We see that the diameter of
the phase is finite, except for N = 4, and grows with N. Already for N = 3 we get a
distance of almost one. In order to potentially break the refined distance conjecture, we
should thus aim to find models that realize N > 1 and confirm that this growth continues.
Unfortunately, this is not so easy as we will discuss momentarily.

The even integer 2N is the degree of a maximally generic family of polarized K8 sur-
faces. This means that the generic fiber of our Calabi-Yau threefold has a primitive ample
divisor L such that L? = 2N. The role of L in the context of the explicit models of sec-
tion 2 was played by the Kéhler cone generator Ja. Such K3 surfaces are indeed known to
exist for any N, but toric constructions of very general families of degree 2N polarized K3
surfaces are limited to N < 4 [74]. General polarized families of degree 2N > 8 have been
constructed by Mukai [75-80]. Many of them can be obtained as complete intersections
specified by vector bundles over a Grassmannian.
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In the following, we will discuss the relevance of large N for testing the refined distance
conjecture. Section 3.1 discusses general properties of K3 fibrations. In section 3.2 we argue
that large N leads to logarithmic tension with the RDC. Finally, section 3.3 is concerned
with constructing Calabi-Yau threefolds that are fibered by general polarized degree 2N > 8
K3 surfaces.

3.1 K3 fibrations with h'! = 2: generalities

In order to systematize the results of section 2, we want to consider a smooth, projective
Calabi-Yau three-fold X with h'! = 2 that admits a K3 fibration morphism p : X — P
The generic fiber is required to be a general, smooth degree 2N polarized K3 surface
with one-dimensional Picard lattice generated by the primitive ample divisor class with
self-intersection 2V

Pic = (+2N) . (3.1)

As reviewed in appendix C, the mirror moduli space for such a K3 is indeed the modular
curve Xo(N)t = H/To(N)T.

Since h'' = 2, the Kéhler cone will be simplicial and has only two generators, which
we will call J; and Ja. Due to a theorem of Ooguiso [81, 82], the existence of a K3 fibration
implies the existence of a nef divisor D satisfying D? = 0 and c3(X) - D = 24. The nef
divisor D actually has to be one of the Kéhler cone generators, as shown in [37]. Without
loss of generality, we can assume J; = D. Thus, our manifold will be characterized by the
following numerical data

ngdg, J22‘J1:d1, C2'J1:24, CQ‘J2:C7 X:k‘, (32)

where dy,dy as well as ¢, k are some integers'! that depend on the fibration structure and
determine our Calabi-Yau threefold X up to diffeomorphism if it is furthermore assumed
to be simply connected [84]. Since Jj is the class of the K3 fiber and J descends to an
ample divisor on it, we can see that

2
2N = (J2|K3) —J2 . =d . (3.3)
All of the models discussed in section 2 fit into the structure described above.

3.2 Violating the refined distance conjecture?

Let us now see whether we can put the RDC to the test by constructing models with
large N. Before discussing actual Calabi-Yau fibrations, we may compute the length of
various finite distance geodesics that connect orbifold points in Xo(N)*. The results for
5 < N < 12 are tabulated in 2. These have been computed in explicit models for the
fundamental domain of T'o(XN)™, which can be found in figures 9 and 10 in the appendix.
The maximal distance is obtained for N = 11 and is A¢ ~ 2.12. By inspecting tables 1

and 2, we find empirically that the growth of the length of realizable finite distance geodesics

1 12
V2

"Gee [83] for some interesting constraints on these numbers.
12Similar growth with log(N) was observed in [57], in this case for T'*(V).

is scattered around —= log(k1 + Kk2N), where k; are order one numbers.
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Congruence Subgroup Geodesic Distance

Lo(5)* P13 P11 % sinh™*(2) ~ 1.02

P11 P12 \%1 n(cot (3 sec 1(%))) ~ 0.68
To(6)" P20 Pis 55 In(49 +20v6) ~ 1.62
To(7)*" P27 P25 %l n(cot(3 cos 1(—2i\ﬁ))) ~ 1.26

D25 D26 \%l (cot( cos 1(\%))) ~ 0.70
To(8)* P34 P32 M log(17 + 12v/2) ~ 1.25
To(10)* Pao a7 55 log (19 + 6v/10) ~ 1.29
Lo(11)* P57 D55 m1og(199+60\/ﬁ) ~ 2.12

P55 P56 53 108(97 + 561/3) ~ 1.86
To(12)* P66 D63 575 10g (97 + 56/3) ~ 1.86

Table 2. Finite distance geodesics in Xo(N)* for 5 < N < 12.

The logarithmic scaling can be intuitively explained by observing that the boundary
circles of the hyperbolic polygon that marks the boundary of Xo(/N)* are pushed to smaller
and smaller Im(7") and by the fact that the metric diverges logarithmically when approach-
ing the real axis. To be more precise, due to the action of the Fricke involution Xo(N)™
will always contain a circular arc of radius 1/v/'N, with Arg(T) € [¢o,7/2]. Integrating
along this arc, we obtain

w1 0\ w0 1 1
Agp = LO ﬂsin(cp) \[logcot( 5 ) ~ ﬁ og <%> , (3.4)
which explains the observed behavior if g ~ 1/N as N — oo.

Thus, for exponentially large N, we may expect some tension with the RDC. We would
have to study the moduli spaces of actual Calabi-Yau fibrations in order to confirm that
the computed distances correspond to the diameter of some phase of the moduli space.

A crucial question is the maximal value of the parameter N that is realized in the
Calabi-Yau landscape. An upper bound would be expected if the number of Calabi-Yau
threefolds were finite. There are indications that this could be true from the investigation
of genus one fibered Calabi-Yau threefolds, of which there are known to be only a finite
number of families [85]. Although it is expected that most CY threefolds do admit a
genus one fibration [72], an additional genus one fibration is impossible for the h'! = 2 K3
fibrations that we discuss here. Currently, there seems to be no such powerful finiteness
result for K3 fibered CYs [86].

In relation to the question of finiteness of N, an interesting observation about I'o(N)*
is that the genus of Xo(N)T is equal to zero only for a finite number of values of N, listed for
example in [68]. This is relevant because conjecture 4 of [2] states that the (compactified)
moduli space of quantum gravity should be simply connected. Naively, this would suggest
that the values of IV that appear for K3 fibered CY threefolds are at most those that lead
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to genus zero curves Xo(N)T.1® The main problem with such an argument seems to be
that non-trivial one-cycles in the weak coupling slice of moduli space that we are looking
at might trivialize in the strong coupling region. Additionally, an explicit check would
necessarily go beyond the Grassmannian constructions considered in this work, since the
genus zero property only starts to fail starting from N = 20.

The concrete determination of an upper bound on N will be left for future work. As a
first step in this direction, we will propose a geometric construction of N > 4 K3 fibrations
as complete intersections in Grassmann bundles over P! in the next section.

3.3 Explicit construction of degree d > 8 K3 fibrations

Let us now study how we can construct Calabi-Yau threefolds fibered by general K3 sur-
faces of degree 2N > 8. To do this, we will utilize the language of vector bundles on
Grassmannians.

Warmup: projective bundles. To motivate the construction, let us consider the man-
ifold P;999[8] from section 2.2. The fact that this is fibered by quartic K3 surfaces P3[4]
can be made manifest by first fibering the ambient space P? of the K3 over P! and then
considering a hypersurface in this projective bundle. The bundle we will consider is

Y = P(Opl D Opl D O]pl & O]pl (2)) s p: Y — ]P)l . (35)
Standard methods can be used to compute the canonical bundle of Y, which is given by
wy = Oy(—4) & p*0p1(—4) s (3.6)

where Oy (1) is the dual of the tautological bundle of Y. By adjunction, the vanishing locus
X of a general section of the line bundle

V =wy! =0y (4) @ p*Opi (4) (3.7)

will have trivial canonical bundle. Over a generic point in P!, it is manifest that a section
of V reduces to a section of Ops(4) and produces a quartic K3 surface. To see that the
resulting manifold is diffeomorphic to P{59,[8], we can compute the associated numerical
data (3.2) and see that it coincides.

It is well known that the Chow ring A(P(E)) of the projectivization of a vector bundle
E of rank r over some smooth base B is generated as an A(B) algebra by the class r =
c1(Op(g) (1)) with the following relation [88]

A(B(E)) = A(B)lr]/ (Z rl‘p*cm-w)) . (38)
=0

In this light, let h = ¢1(p*Op1(1)) = p*c1(Opi(1)) and r = ¢1(Oy (1)), so that (3.8)
reduces to
A(Y) = APY[)/ (r' + 2hr®) = 2[R, 7]/ (B2, 0" + 2% (3.9)

13See [20, 87] for related observations in the context of allowed Mordell-Weil torsion groups in F-theory.
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Furthermore, we set J; = h,Jy = r + h. Since the Poincaré dual of the homology class
corresponding to the vanishing locus of a generic section of V' is the Euler class e(V) =

Ctop(V'), we can compute intersections on X via
Dy -Dg-Dy|x =Dq-Dg-D,-e(V). (3.10)
Using this, we can compute

J3lx = (r+h)* (V)= (r+h)* (4r +4h) =8

J2-Nlx=0+h? h-e(V)=(r+h)? h-(4r+4h) =4’ (3.11)

precisely matching (2.16). Using ¢(X) = ¢(Y")/c(V), one can see that also the data associ-
ated with co(X) and ¢3(X) coincides.

In the same way, the examples of sections 2.3 and 2.4 can be reproduced in projective
bundles by considering

V=(0v(2) @p On(2) @ (Oy(3) @p"0p(3)  on  P(OR@0n(3), (3.12)

and
V=(0v(2)@p0m@2)® o P(OFOO0mM). (3.13)

Many more examples of toric K3 fibrations can be constructed by generalizing to weighted
projective bundles [89, 90].

Grassmann bundles. Turning now to higher degree K3 fibrations, we want to make
the fibration manifest by considering an ambient space that is itself fibered over P'. Since
higher degree K3 fibers can be constructed in Grassmannians, it is thus natural to consider
Grassmannians of vector bundles over P!. Let us review some basic facts about these
objects in order to fix notation [88, 91].

The ordinary Grassmannian Gr(k,n) is the space of k-planes in an n-dimensional
vector space V' = C" and has dimension k(n — k). This definition includes projective space
as the special case k = 1. There are two natural vector bundles on the Grassmannian. The
tautological (sub-)bundle S associates to a point P in Gr(k,n) the k-dimensional subspace
P C V that it represents, whereas the tautological quotient bundle @ associates the (n—k)-
dimensional quotient space V/P to it. The line bundle Og(1) = det(S)" determines the
Pliicker embedding into Gr(k,n) — P(A*V) = p(i)-L,

In the same way, given a vector bundle E over some manifold B, we can consider the
Grassmann bundle p : Gr(k, E) — B of k-dimensional linear subspaces of the fibers of
E. Let us now record some important facts about this construction. The space Gr(k, E)
is equipped with the obvious tautological bundle S and the quotient bundle @ = p*E/S.
These satisfy the tautological exact sequence

0— S —p'E—Q—0. (3.14)

The tangent bundle of Gr(k, F) fits into the exact sequence'?

0—SY®Q — TGr(k,E) — p*Tg — 0. (3.15)

4 The bundle SV @ Q is the relative tangent bundle with respect to the projection p [91].
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By dualizing and taking determinants, we determine the canonical bundle
Wk, p) = det(QY)* @ det(S)" " @ p'wp . (3.16)

The Chow ring of Gr(k, F) is generated over that of the base B by the Chern classes of
¢i(S) and ¢;(Q)

A(Gr(k, E)) = A(B) [ci(5), ci(Q)] / (c(E) — e(S)e(Q)) - (3.17)

The relation ¢(E) = ¢(5)c(Q) follows from the tautological sequence (3.14) and can be
solved in order to express either the ¢;(Q) in terms of the ¢;(.S) or vice versa. There is also
a nice description of the Chow ring in terms of Schubert cycles, the intersection of which
is governed by Schubert calculus [88]. In the present work, the calculation of intersection
numbers was carried out using the Schubert2 package [92] for Macaulay?2 [93].

The following examples exhaust the list of polarized K3 surfaces that can be con-
structed in Grassmannian ambient spaces given in [94], which includes examples up to
degree 38. It is important to note that we have not checked, but rather assumed, that
the given complete intersections actually give rise to smooth Calabi-Yau threefolds with
Al =2.

We note that all of the computed x(X) appear in [95], which studied the Hodge
numbers that arise from conifold transitions out of the Kreuzer-Skarke list. Although [95]
only computed more refined data for h'' = 1 manifolds, the matching of the Euler character
is a first indication that our constructions may be connected to the toric landscape via
extremal transitions. For a similar relation in the context of genus one fibrations, see [59].

Degree 10. A general degree 10 K3 surface can be constructed as the complete inter-
section of the Pliicker embedding Gr(2,5) < P? with a quadric and a P® c P? [94]. The
latter are given by sections of Opo(2) and Ope(1)¥3, respectively. By pulling back we can
equivalently describe the K3 as the zero locus of a generic section of the rank four bundle

Vo = 0g(1)% @ 0g(2) (3.18)

on the six-dimensional Grassmannian G = Gr(2,5).
We would now like to promote the Grassmannian to a Grassmann bundle

Y =Gr(2,E), E=0%&0m{), (3.19)

where ¢ € Z is a twist which is to be specified. We now want to twist the bundle (3.18)
by powers of p*Op1 (1) such that the zero locus X of a generic section has trivial canonical
bundle. We make the Ansatz

3
Vy = (@ Oy (1) ®p*OP1(Si)> @ (Oy(2) @ p*Opi(s4)) . (3.20)
=1

By adjunction, wyx = wy ® p*det(E)|x, we compute

wx =p Op1(—2—2t+ > ;5i) . (3.21)
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Here and in the following examples, we will denote the generators of the Chow group A!(Y)
of divisors of Y by h = p*c1(Op1(1)) and 7 = ¢1(Oy (1)). Defining J; = h|x and Jo = r|x,
for small values of the twist ¢t = 0,1, we find the examples:'®

S; Jg Cco JQ X

( ) 20 68 —100

( ) 15 66 —110 (3.22)
(0,0,0,2) 10 64  —120

( ) 7 B8 —102

t
0
0
0
1

where here and in the following it is understood that J22 -J1 =2N and ¢ - J1 = 24.

Degree 12. A general K3 surface of degree 12 is realized as the zero locus of a generic
section of the vector bundle [79]

Vo =0c(1)%23 S(2) = 0c(1)®? @ (SY @ det(Q)) (3.23)

over the six-dimensional Grassmannian Gr(2,5). We promote the ambient space and bun-
dles to

Y =Gi(2,E), E=03'a0mn(t),
2 (3.24)
VY = (@ Oy(l) X p*OPl (Sl)> D (SV & det(Q) ®p*(')]p1 (83)) .
i=1
The resulting canonical bundle is
wx = p Op1 (=2 + s1 + 2+ 2s9) , (3.25)

which leads to a finite number of possibilities for s;. For small twist, we find:

t Z?lei S3 Jg’ Cco - Jg X

0 2 0 24 72 —-92

0 0 1 15 66 —92 (3.26)
1 2 0 6 60 -92

1 0 1 33 78 -92

Degree 14. A general K3 surface of degree 14 is realized as the intersection of the Pliicker
embedding Gr(2,6) — P* with a P® C P or equivalently as the zero locus of a generic
section of the rank six vector bundle [94]

Vo = 0g(1)%° (3.27)

over the eight-dimensional Grassmannian Gr(2,6). We promote the ambient space and
bundles to
Y =Gr(2,E), E=0F®0mn),

6
Vr = @O0y (1) © " Ons:) (3:25)
=1

5The last example is also mentioned in [59].
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The resulting canonical bundle is

wx =p Op1(—2—2t+ > ;si) . (3.29)
For small twist, we find:
t ZiSi J23 co -+ Joy b%
0 2 28 76 —88 (3.30)
1 4 14 68 —88
2 6 42 84 —88

Degree 16. A general K3 surface of degree 16 is realized as the zero locus of a generic
section of the vector bundle [76]

Vo =0a(1)® & S(1) = 05(1)% @ A2SY (3.31)

over the nine-dimensional Grassmannian Gr(3,6). We promote the ambient space and
bundles to

Y = Gr(3,E) , E=0% & 0pt),
4 (3.32)
Vy = (@ Oy (1) ®p*(9pl(5i)> & (AZSV ®p*OP1(S5)) :
i=1
The resulting canonical bundle is
wx — p*OIpn (*2 — 3t + Zlesi + 385) . (3.33)
For small twist, we find:
t Z?lei S5 Jg’ Cco - J2 X
0 2 0 32 80 —84 (3.34)
1 5 0 3 66 —86
1 2 1 18 72 —-80

Degree 18. A general K3 surface of degree 18 is realized as the zero locus of a generic
section of the vector bundle [76]

Vo =0c(1)®aQV(1) =2 0c1)® @ AQ (3.35)

over the 10-dimensional Grassmannian Gr(2,7). We promote the ambient space and bun-
dles to

Y =Gr(2,E), E=0%a0pnt),
> 4 (3.36)
Wy = <@ OY(l) ®p*OP1 (Sl)> ©® (A Q ®p*OP1 (54)) .
i=1
The resulting canonical bundle is
wx =P Op (=2 + 2t + 3551+ 5s4) (3.37)

which leads to a finite number of possibilities for ¢, s;. For small twist, we find:

t 3 s sy J3 ca-Jo X
0 2 0 36 84 —s4 (3.38)
1 0 0 28 76 —68

~ 93 -



Degree 22. A general K3 surface of degree 22 is realized as the zero locus of a generic
section of the vector bundle [79]

Ve = 06(1) & S()¥ = 06(1) & (A%5¥) " (3.39)

over the 12-dimensional Grassmannian Gr(3,7). We promote the ambient space and bun-
dles to
Y =Gr(3,E), E=0%00mt),

4 (3.40)
Vy = (Oy (1) @ p*Opi(s1)) @ (@ A?SY ®p*(9[@1(8¢)> :
=2

The resulting canonical bundle is

wx =P Op1 (=2 — 3t + 51 + 351 os:) . (3.41)
For small twist, we find:
t S1 2?22& J23 co - JQ X
0 2 0 44 92 —84
(3.42)
1 5 0 62 104 —108
1 2 1 19 82 —80

Degree 24. A general K3 surface of degree 24 is realized as the zero locus of a generic
section of the vector bundle [79]

Vo =51 0 Q'(1) = (45%)" 0 4% (3.43)

over the 12-dimensional Grassmannian Gr(3,7). We promote the ambient space and bun-
dles to

Y =Gr(3,E), E=0%a®0mt),
Vy = (é A?SY ®p*OP1(5i)> ® (ASQ ®P*OP1(S3)> : (344
i=1
The resulting canonical bundle is
wx = p Op1(—2 4+ 351 + 359 + 4s3) . (3.45)

There are no solutions to wxy = Ox.

Degree 34. A general K3 surface of degree 34 is realized as the zero locus of a generic
section of the vector bundle [79]

Vo = A3SY @ (A2Q)%? (3.46)

over the 12-dimensional Grassmannian Gr(4,7). We promote the ambient space and bun-
dles to

YV =Gr(4,E), E=0a0nt),

Vy = (A3SV 2 p*Op (31)) o (AZQ ® p*opl(@)) o (A2Q ® p*opl(53)) . (347)
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The resulting canonical bundle is
wx = p*Op1(—2 + 4s1 + 3s2 + 3s3) . (3.48)
There are no solutions to wxy = Ox.

Degree 38. A general K3 surface of degree 38 is realized as the zero locus of a generic
section of the vector bundle [94]
Vo = (A28V)®3 (3.49)

over the 20-dimensional Grassmannian Gr(4,9). We promote the ambient space and bun-
dles to

Y =Gr4,E), E=0Fa0nt),
3 (3.50)
Wy = @AQSV ®p*o[p>1 (Sz) .
i=1
The resulting canonical bundle is
wx =p " Op1(—2 — 4t +6)_;s;) . (3.51)

For small twist, we find:

t Y3 s J3 ca-Jy X
1 1 83 110 —52 (3.52)
4 3 45 102 —52

4 Discussion and outlook

In this work we have tested the validity of the refined distance conjecture in the 4D N = 2
vector multiplet moduli space. We have identified a series of Calabi-Yau compactifications
of the type ITA string, indexed by a discrete parameter N, which is in tension with the
conjecture because the diameter of certain hybrid phases of the moduli space is expected
to grow as ~ log(IN). This means that the onset of the exponential mass decay of the
distance conjecture tower could be delayed by this amount. The Calabi-Yau manifolds
under consideration have h'' = 2 and admit a fibration by a general degree 2N polarized
K3 surface. In the large base limit, the mirror map is expected to reduce to the Haupt-
modul for the group I'o(XN)™, which consists of the congruence subgroup I'g(N) and the
Fricke involution. Orbifold points under the action of I'o(N)™ on the upper half-plane cor-
respond to components of the discriminant of the mirror IIB compactification and hence
to phase boundaries. The computation of the diameter of these phases is thus reduced to
integrals along geodesics in H/T'o(N)*, which can be evaluated exactly. We have explicitly
performed these computations for N = 1,...,4, which can be realized as complete intersec-
tions in toric ambient spaces. Furthermore, we have computed distances between orbifold
points in H/To(N)T for N = 5,...,12, which is expected to arise as the large base limit of
the moduli space of degree d = 10, ...24 K3 fibrations. The largest distance found in this
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way was A¢ ~ 2.12. We made first steps towards explicitly realizing these moduli spaces
by suggesting a construction of degrees 2N = 2,...38 in terms of Grassmann bundles.

Because of the logarithmic growth of distances,'® the fate of the refined distance con-
jecture depends on whether large values of N are actually realized in the Calabi-Yau
landscape. Clearly, the present work is only a first step towards addressing this question,
which is related to the question of finiteness of families of K3 fibered Calabi-Yau threefolds.
In particular, we would like to address the Grassmannian constructions in more detail in
future work. A first step would be to address the question of smoothness and compute
actual Hodge numbers instead of x using the techniques of [59]. It is also desirable to have
a GLSM description [97-99] of the manifolds in order to compute the periods and anal-
yse the moduli space away from the large base limit. Furthermore, since Grassmannians
are known to admit toric degenerations and due to the matching values of x in [95], it
will be interesting to study extremal transitions to toric Calabi-Yau threefolds. Finally,
heterotic/ITIA duality for the Calabi-Yau threefolds with k'l = 2 deserves to be better
understood.
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A Congruence subgroups of SL(2,7Z)

In this appendix we give a brief review of the various congruence subgroups of the modular
group and fix the relevant notation. Given the group

SL(2,Z) = { (Z Z)

it is natural to consider subgroups G C SL(2,7Z) defined by congruences modulo some

ad—bc—l} , (A1)

integer N € N of the matrix entries a, b, ¢, d.

A prominent example is the principal congruence subgroup

T(N) = { (Z Z) € SL(2,7)

16We point out that log corrections to other swampland conjectures have been considered in [96].

a,d =1 mod N , b,czOmodN}. (A.2)
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In this paper, we will mostly be interested in the Hecke congruence subgroups

To(N) = { (a Z) € SL(2,2)

TO(N) = { (Z Z) € SL(2,2) ‘ b = 0 mod N} .

¢ =0 mod N} ,
(A.3)

An important property of these is that they map, under the obvious linear action, the
lattices Z & NZ and NZ & Z respectively onto themselves. We note that the two groups
are equivalent to each other up to a modular S-transformation and hence restrict attention
to Fo(N)

The normalizer of the Hecke congruence subgroups I'g(N) in SL(2,R) contains the
so-called Atkin-Lehner involutions

1 fa-kE b !
A= — det(Ag) =1 A4
(v et (A4)

where k| N is a Hall divisor.!” Here it is understood that two possible choices of a, b, c, d are
equivalent if they are related by I'g(/V) transformations. The Atkin-Lehner involutions can
be chosen such that they square to 12 and hence they act as involutions when considered
as modular transformations on the upper half-plane. A special case is the Fricke involution

Fy=Ayx = \/IN (; _01> . (A.5)

As Fy induces the transformation 7' — —NLT, it can be thought of as a T-duality trans-

formation where the self-dual radius is lowered by a factor of 1/ V/N.
The Fricke modular group is the group generated by I'o(N) together with the Fricke
involution. We will denote it by

Lo(N)" = (To(N), F) - (A.6)

Furthermore, the group which is obtained by including all of the Atkin-Lehner involu-
tions will be denoted by!'®
Po(N)* = (To(NV), Ay) . (A7)

We note that To(N)* = T'g(N)* for all N < 5 and in fact for all prime powers N = p*.

Fundamental domains for the finite index subgroups H of G = SL(2,Z) can be deter-
mined using group theory. For this, we choose representatives for the cosets G/H = {g;H };.
Each g; defines a transformed copy of the SL(2,Z) fundamental domain F

1

1
Fp={Ten|-5<Rem) <y, Mlz1}, (A8)

'"This means that, in addition to k being a divisor, k and N/k are coprime.
'8Sometimes this is denoted as To(N)+ in the literature, whereas the Fricke modular group is denoted
by I'o(N) + N, see for example [58, 70].
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where H is the upper half-plane and 7T, denotes the modular action of g; on 7. One can
then choose the representatives g; judiciously such that the F; glue together to form a
connected fundamental domain

Fu=\JF, CH (A.9)

for the subgroup H. Together with the appropriate boundary identifications, the region
F is a complex curve, the modular curve of H. It can be compactified by adding a finite
number of cusp points. The compactified modular curves corresponding to the groups
['(N) and T'g(N) are conventionally denoted by X (V) an Xo(IV).

B Fundamental domains For To(IN)*

Fundamental domains for some of the groups I'g(N) and 'g(N)' have been determined
already by Fricke [101-104]. The latter can be constructed as a quotient of the former
if we can find a representation that is symmetric with respect to the Fricke involution
Fy. Unfortunately, it is not possible for all N € N to find such a representation of the
form (A.9). One rather has to allow for the additional freedom of cutting the SL(2,Z)
fundamental domain into two hyperbolic triangles and then transforming both halves by
different representatives from the same coset. This procedure of cutting and glueing by
I'o(N) transformations is described in [68] for N = 2,3,4 and in the following we will
illustrate it for N = 2.

In many cases, including N € {2,3,4,6,8,9,10}, it is sufficient to cut the SL(2,7Z)
fundamental domain along the imaginary axis Re(T") = 0. We will denote the transformed
left and right parts of the triangulation of F by

1
Fi={ren |- <rem) <o, iml21},

n 1 (B.1)
f@:{TGH'Ong%J§2,|%A21}.
We are looking for a decomposition of the I'g(/N) fundamental domain of the form
Fu=U(FEuFL) (B.2)

2

where g; are a set of coset representatives and h; € H = I'g(NV), such that (g;-h;)H = g;H.
A convenient set of coset representatives for I'g(2) is given by

g = (é 2) SRS (g _01> ;g3 = (_11 é) : (B.3)

The resulting set Fg, U Fy, U Fgy, is shown on the left-hand side of figure 8. It is clearly not
invariant under 7" — —%. This can be remedied by cutting the green region, corresponding
to the coset g3H, and glueing the lower half to the right using the I'g(2) element

hg = ( 1 0) € Fo(?) , (B.4)
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Figure 8. Constructing a Fp-symmetric fundamental domain for T'y(2).

such that we obtain the symmetric fundamental domain

Xo2)t = F UF UFL UFE 1, - (B.5)
The process is depicted in figure 8.
We record the coset representatives g;, glueing transformations h; and fundamental
domains for N = 2,3,4,6,8,9,10 in table 3.
More generally, as it occurs for example in the cases N € {5,7,11}, one has to apply
cuts along hyperbolic lines emanating from the points p = e™/3 and —1 /p. We will not
describe this in detail. The resulting fundamental domains are shown in figures 9 and 10.

C K3 surfaces and fibrations

There are many articles, reviews and books discussing the geometry of K3 surfaces and
the resulting physics of string compactifications, see for example [74, 94, 105-107]. In
this paper we are concerned with complex analytic K3 surfaces, that is, simply connected,
compact complex manifolds with a nowhere-vanishing (2, 0)-form €. When the K3 surface
is furthermore projective, we can consider it as an algebraic variety. An algebraic surface is
a K3 surface if wy = Ox and H*(X,0x) = 0. All complex K3 surfaces are diffeomorphic
and the second cohomology forms the lattice

H*(X,2)=2T%9 = Egs(-1) o Es(-1) U U U, (C.1)
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p1o D16
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P33 P31 Coe p37 P35

Figure 9. Symmetric fundamental domains for I'g(N) with N = 5,6,7,8. In each case, a funda-
mental domain for T'o(IN)T is obtained by taking only the part above the dashed line, corresponding
to quotienting by F. The labelled points are listed in table 6.
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P65 P64 P62 P61 P71 Pro P68 P67

Figure 10. Symmetric fundamental domains for I'o(N) with N = 9,10,11,12. The labelled points
are listed in table 6.
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Group gi= ()i hi=(-")

(2 (01) (), (o). (5Y),

C.GY. rn o
o e
<

2 1
~10/, <1 0) (52>
10 —6151259
8 <10) (—5 2)
(2 > 6111 12—512
11 -3 -1 12

1 (—21) (1 0) (10)
0/.\~-10/, -81),\81/,
(—11) (1 0) <10> (1 0)
-10/,\~21) ,\21) \-41/,

Table 3. Coset representatives g; and glueing transformations h; for some selected T'g(IN). The
table is continued at 4.

where Eg(—1) is the Eg lattice with negative definite inner product and U is the hyperbolic
lattice in two dimensions generated by f, g with 2 = f2 =0 and e- f = 1. The signature of
this lattice is (3, 19). By the global Torelli theorem, the moduli space of complex structures
on a complex K3 surface is given by the space of periods of the holomorphic (2,0)-form
Q. Specifying such a (2,0)-form €2 turns out to be the same as fixing a spacelike, oriented
2-plane in R = H2(X,R) D H?(X,Z). The space of such 2-planes is the Grassmannian
07(3,19)/(0(2) x O(1,19))*. Hence, after modding out lattice isomorphisms, the complex
structure moduli space of K3 surfaces is given by the double quotient

M =0T (T39N\0"(3,19)/(0(2) x O(1,19)* . (C.2)

The action of O (I'*!9) is not properly discontinuous and the resulting complex 20-
dimensional space is not Hausdorff.

An important role in the theory of K3 surfaces is played by the Picard group of
isomorphism classes of complex analytic line bundles L over X. For K3 surfaces, this is
the same as the Néron-Severi group of divisors modulo algebraic equivalence. It embeds as
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Group gi = ( o )z

1), G0), (o), (),
To(9) (_31 (1)) (41 é)(_ (1)) (j’ é)
(o), o), (50), ),

G0, (), (o). (o),

e ) (), G) (B0,

(0),(50), (o) (51,

(), (G, G GO
(), (520,

= O =

(101),

(L)

9 2
40 9

7
9
—40 9

2.

(64) (19). (o) (ho).
) (49, () (),
(50), (), (50), 50,
(Ch), (B0), (57,60,

(1), (5 24), (), G,
(o), (G 4), 69, (),

(
(

(), (

)
—12

7
—24

-2
5
-2
7

), (
)..(

72
247

10
121

5 2)
125/,

).
)

signature of the Picard lattice is (1,p — 1).
H?(X,7) is the transcendental lattice

a lattice into the K3 lattice

NS(X) 2 Pic(X) & HY(X,C) N H2(X,Z) < TH19 .

T(X) = Pic(z)* ¢ H*(X,7Z)
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Table 4. Coset representatives g; and glueing transformations h; for some selected T'o(N), contin-

The rank p of the Picard lattice jumps under complex structure deformations. A general
complex analytic K3 surface has p = 0, while the maximal Picard rank is p = 20. The
The orthogonal complement of Pic(X) in



Group Fundamental Domain

To(2)  Fg UFg UFEUFE

gs-hg

Lo (4) (vngg) u (nggﬁ uf;jhi> , 7 ={4,6}
I'o(6) (ﬂ@) U (ngé uf;j_hi) , 7 =1{5,9,11,12}
Lo(8) (%a) u (ngé uf;jhi> , 7 ={6,12}

12
FO (9) 'Ul F i
1=
i¢T i€l

[o(10) (U fi> U (U Fo. uf;jhi> . T=1{7,14,17,18}

o(12) (U fi> U (U T Ufﬁ_hi> . I=1{815,18,19,22,24}

i¢T i€eT

Table 5. Selected F-symmetric fundamental domains for I'g(N). The group elements g; and h;
are listed in table 3. The resulting fundamental domains are depicted in figures 5, 6, 7, 9 and 10.

In the projective setting, it is natural to consider ample line bundles on X. A K3
surface together with a primitive ample line bundle (X, L) is called a polarized K3 surface.
The degree of (X, L) is the degree of the line bundle d = ¢;(L)?. For smooth K3 surfaces,
the degree is related to the genus by the formula d = 2 — 2¢g. Fixing an element of the
Picard group [L] is the same as fixing a class ¢;(L) € H?(X,Z). The (coarse) moduli space
of smooth degree d K3-surfaces is an irreducible, quasi-projective, 19-dimensional complex
variety. For a generic polarized K3 surface of degree d = 2n we have

Pic(X) = (+2n) T(X)=Es(-1) @ Es(-1) e U s U & (—2n) , (C.5)

where (42n) is the one-dimensional lattice with generator e = +2n.

Fixing a primitive ample line-bundle can be viewed as fixing the embedding of a one-
dimensional lattice, generated by c1(L), into Pic(X). Generalizing this idea leads to the
notion of lattice polarized K3 surfaces. An M-polarized K3 surface is a pair (X, j), where X
is a K3 surface, M is an even lattice of signature (1,r—1) and i : M — Pic(X) is a primitive
lattice embedding such that j(M) contains a pseudo-ample divisor class [108, 109].

The notion of a lattice polarized K3 appears naturally when we consider non-singular
Calabi-Yau threefolds M fibered by K3 surfaces. That is, we have an algebraic fiber space
structure

T M= P (C.6)
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Point  Location Point Location Point Location
€o 0 P24 1+ 4\% PDas -1

Coo 00 P25 -H+52 P49 \/ifo

P1 -3+4 P26 —14 a7 P50 3

P2 ﬁ P27 % P51 34 L
D3 % =+ % D28 % + % D52 %

2 —% + 2\1'/5 D29 % + % P53 %

D5 ﬁ D30 % =+ 4\% D54 —% + Gjﬁ
Pe % + 2\% P31 —% P55 —% 10\i/ﬁ
D7 —% D32 —% + 6\1'/5 D56 % + Qlﬁ
P8 % P33 —% P57 \/11—1

Py % P34 ﬁ P58 % + 2\;H
P10 —% + 32% D35 % P59 1% + mfm
P11 —% + % D36 % + G\i@ P60 % + 6\}ﬁ
P12 —3+ % P37 : P61 -1
p13 ﬁ D38 —1371 + 14i/§ D62 _%
P14 3+ % P39 -3 P63 -2+ 14i/§
P15 241 P40 -1+ 2\i/§ Dé4 -1
P16 % + 3\1'/5 P41 % P65 —%
ks —% D42 % + 2f/§ P66 \/11—2
D18 —% + 5\% D43 % De7 %

D19 —% D44 % + 7 42;/3 D68 %

D20 ﬁ Das —% D69 % + 1 4i/§
P21 % P46 —% P70 i

D22 24 5\1'/6 P47 -2+ L P71 i

p23 %

Table 6. Special points in the T'g(N) fundamental domains.
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with generic fiber a K3 surface X; = 7~1(¢), where ¢ € P! is a generic point. We obtain a
lattice embedding into NS(X;) = Pic(X}) by restricting divisors of M

(naDal )y ey > NS(X;) = Pic(X,) | (C.7)

An interesting class of lattice polarized K3 surfaces consists of those that are polarized
by near-maximal rank lattices with » = 19. These are extremely rigid and have only a
one-dimensional space of complex structure deformations. In particular, we consider K3
surfaces with

Pic(X) = M, = Ex(—1)® Bg(~1) @ U & (=2n), T(X)=U® (+2n).  (C\8)

These are known as M,-polarized K3 surfaces and are mirror to degree d = 2n K3 surfaces
as discussed above. The complex structure moduli space of M,-polarized K3 surfaces is
given by Xo(n)™ [108, 110].

D Heterotic duals

In this appendix we speculate about possible heterotic duals for the type IIA compactifi-
cations discussed in the main text. We recall from section 2.1 that type IIA on P} 504[12]
is dual to the heterotic string on K3 x T2, where the radius of the T? is frozen at the self-
dual radius by introducing an SU(2)? instanton background (10, 10,4) — Eg x Eg x SU(2).
It is tempting to speculate that the reduced self-dual radius 7' = —1/ V/N in the mani-
folds with a degree 2N K3 fibration could be associated with gauge enhancements at these
radii. Reduced self-dual radii occur in heterotic compactifications with discrete Wilson
lines [111-113] and can lead to interesting gauge enhancements [114-116].

Let us recall the computation of the heterotic spectrum from [64]. After first compact-
ifying to 8D on the T2 factor, the massless spectrum consists of the SUGRA and vector
multiplets, so all charged fields are in the adjoint. Compactifying on K3, the gravitational
sector contributes N7 = 20 neutral hypermultiplets. An SU(N) bundle V' over K3 with
instanton number [ ,5c2(V) = k gives another

Npuwndle — pN (N2 1) . (D.1)

Additional charged hypermultiplets arise from decomposing the gauge group. Embedding
a G instanton into a simple factor K of our gauge group leaves the commutant G unbroken,
where G x H C K is a maximal compact subgroup. Now we can decompose the adjoint
representation of K into tensor product representations

adj(K) =" (R?, Rf’) . (D.2)

7

The index theorem computes the net number of chiral spinors in the representation Rf{ of
the unbroken group H

1
N = 5 L gea(V)index(RY) — dim(RE) (D.3)
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Under favorable circumstances, one can use the resulting charged multiplets to Higgs the
non-abelian part of the gauge group completely, corresponding to a dual with small A'l.
By the usual rules of N = 2 gauge theory, the number of neutral massless hypermultiplets
after Higgsing is given by N}IL{iggs =2 N}?f -dim(R™?) — dim(H).

In the present case, the instanton numbers (10, 10, 4) lead to

NEY g Npundle — 90 4 17 417+ 5 =159 (D.4)
Since E7 x SU(2) C Eg is a maximal compact subgroup, we decompose
248 — (3,1) © (2,56) © (1,133) . (D.5)

This leads to 1
N,§6:§-10~1—2:3. (D.6)

The spectrum allows for a complete Higgsing of the F7y commutants, leading to an additonal
N, B8 — (3. 56 — 133) = 70 . (D.7)

The SU(2) factor is broken completely by the SU(2) instanton background and gives no
additional hypermultiplets. The final low energy spectrum contains

N = NE™ o ypundle o iTiess — 59 4 70 — 129 (D.8)

neutral hypermultiplets. In addition, the T2 contributes three vector multiplets. The
spectrum (N, Ny) = (3,129) is expected from a Calabi-Yau threefold with Hodge numbers
(R, h?) = (N, — 1, N, — 1) = (2,128), which matches P};594[12].

Let us now consider a heterotic vacuum on 7 that has a gauge enhancement at the
radius 7' = 1/4/2. Starting in 9D, from table 11 in [115] we learn that one possible gauge
group enhancement at Rg = % in 9D is

- 1 — —
G = (By x By xSUW)) /2o, A= (06, -1,1; 06, -1,1) (D.9)

where A is the Wilson line background. Compactifying further to 8D, the gauge enhance-
ment is expected to be preserved on the codimension one slice 27" = U. For a rectangular
torus with vanishing B-field, T = iRgR9 and U = iRg/Ry, and the condition T' = 2U
indeed reduces to Rg = % The subgroup SL(2,Z)7 x SL(2,Z)y of the heterotic T-duality
group is broken on this slice to the level two Hecke congruence subgroup I'g(2)7. Compared
to our desired I'g(2)F, this lacks the Fricke involution. We should not be too discouraged
by this, as an enhancement of the naive T-duality group by Atkin-Lehner involutions has
been observed in other contexts [117-120].

We proceed by looking for a suitable instanton embeddings into this gauge group,
which should allow for a complete Higgsing. Let us first ignore the Zs quotient and choose
SU(2) instanton numbers (k1, k2, k3) for this model. Under E7; — SO(12) x SU(2) and
SU(4) — SU(2) x SU(2) x U(1) we have

133 — (66,1) @ (32,2) @ (1,3) ,

i ’ (D.10)
15— (3,1)0 @ (2,2)42© (2,2)2® (1,3)0 @ (1,1)o,
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The K3 and bundle moduli add up to 59 neutral hypermultiplets. From the index for-
mula (D.3) we obtain k; — 4 and kg — 4 half-hypermultiplets in the 32 of the respective
SO(12) factors. Assuming this spectrum allows for a complete Higgsing, the contribution
from this sector is an additional 16(k; + k2) — 260 neutral hypermultiplets. Analogously,
the Higgsing of the SU(4)-factor gives rise to 2ks — 10 neutral hypermultiplets. Altogether,
we obtain the spectrum

Ny =3, Nyg=171—14k;. (D.11)

For (ki,ka,k3) = (9,9,6) we obtain the spectrum (Ny, Ny) = (3,87), which is precisely
the spectrum of type IIA string theory on a Calabi-Yau threefold with Hodge numbers
(R, h2Y) = (2,86) such as P} 999[8].

While the matching of the spectrum is remarkable, some comments are in place. Nor-
mally, an SU(N) factor requires instanton number k = 2N for complete Higgsing, but we
have only N + 2. We might hope that this problem is an artifact of ignoring the global
structure of the gauge group, which includes a Zs quotient. The global structure of G is
obviously important when considering G bundles on K3. As a toy example, consider the
group SU(4) on its own. A complete Higgsing would require & = 8 instantons. If the global
structure of the gauge group were actually SU(4)/Zs = SO(6), it would suffice to have
k = 6 instantons for complete breaking.

Similar considerations apply to the manifold P3,,,[4, 6] from section 2.3. The corre-
sponding gauge group and Wilson line are

G = (B¢ x Eg x SU(6)) /Z3, A= (65, ~1,-1,2;0, —1,—1,2) : (D.12)

W =

and the instanton embedding is (8,8, 8).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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