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ABSTRACT: We study Fateev-Zamolodchikov-Zamolodchikov-Teschner (FZZT) branes in
Witten-Kontsevich topological gravity, which includes Jackiw-Teitelboim (JT) gravity as a
special case. Adding FZZT branes to topological gravity corresponds to inserting determi-
nant operators in the dual matrix integral and amounts to a certain shift of the infinitely
many couplings of topological gravity. We clarify the perturbative interpretation of adding
FZZT branes in the genus expansion of topological gravity in terms of a simple boundary
factor and the generalized Weil-Petersson volumes. As a concrete illustration we study JT
gravity in the presence of FZZT branes and discuss its relation to the deformations of the
dilaton potential that give rise to conical defects. We then construct a non-perturbative
formulation of FZZT branes and derive a closed expression for the general correlation func-
tion of multiple FZZT branes and multiple macroscopic loops. As an application we study
the FZZT-macroscopic loop correlators in the Airy case. We observe numerically a void
in the eigenvalue density due to the eigenvalue repulsion induced by FZZT-branes and
also the oscillatory behavior of the spectral form factor which is expected from the picture
of eigenbranes.
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(a) Trumpet ending on a FZZT brane (b) Higher genus correction

Figure 1. Trumpet can end on a FZZT brane. We attach the factor M(b) = —e~*® to the geodesic
boundary and integrate over b.

1 Introduction

Two-dimensional Jackiw-Teitelboim (JT) gravity [1, 2] is a useful toy model to study various
aspects of quantum gravity and holography. In a remarkable paper [3] it was shown that
JT gravity is holographically dual to a certain double-scaled matrix model. This is an
example of the holography involving the ensemble average, where the Hamiltonian H of the
boundary theory becomes the random matrix. This in particular implies that the correlator
of two partition functions (Z(f1)Z(B2)) includes the contribution of spacetime wormhole
connecting the two asymptotic boundaries and thus the correlator is not factorized.

As argued in [4], one can fix some of the eigenvalues of the matrix integral by in-
troducing the Fateev-Zamolodchikov-Zamolodchikov-Teschner (FZZT) branes [5, 6], which
are called “eigenbranes” in [4]. Adding branes in JT gravity is also considered in [7] to
recover the Page curve for black hole evaporation. In a recent paper [8], the matrix model
for the dynamical end of the world (EOW) brane in JT gravity is proposed.!

In this paper, we consider FZZT branes in JT gravity. Our prescription for introducing
the FZZT branes is a natural generalization of the JT gravity matrix model by Saad,
Shenker and Stanford [3]. We obtain the amplitude in the presence of FZZT branes by
gluing several building blocks. As shown in [3], the JT gravity amplitude is obtained by
gluing the “trumpet” (2.9) and the Weil-Petersson (WP) volume (2.6). A new ingredient in
the presence of a FZZT brane is the factor M(b) = —e~?" with z being a parameter, which
is attached to the geodesic boundary of length b and we integrate over b (see figure 1).
This construction can be generalized to multiple FZZT branes by replacing the factor with
M(b) = =3, e %P In particular, the trumpet can end on a FZZT brane as shown in
figure la. This implies that the two-boundary correlator (Z(51)Z(52)) in the presence of
FZZT brane receives a contribution depicted in figure 2b, which reminds us of the “half-
wormhole” introduced in [10].

It turns out that the above construction of FZZT branes in JT gravity can be gener-
alized to encompass arbitrary background {tx} of 2d topological gravity. We can compute
FZZT brane amplitude by gluing certain building blocks. In general background {tx}, we

!See also [9] for a classification of branes in JT gravity.
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Figure 2. Contributions of a wormhole and b half-wormholes.

can use the same “trumpet” and M(b) as in JT gravity, but the WP volume should be
replaced by the generalized WP volume defined in (2.36).

This construction defines an FZZT brane amplitude only perturbatively in genus ex-
pansion. One can obtain the non-perturbative expression of the correlator of FZZT branes
and macroscopic loop operators Z () = Tr e PH by taking a double scaling limit of the
correlator of determinants in the finite N matrix model. We find a compact expression
of the generating function of the Z(8)-FZZT correlators in terms of the Baker-Akhiezer
(BA) function and the Christoffel-Darboux (CD) kernel (see (5.38) and (5.39)). As an
application of our formalism, we consider the spectral form factor in the presence of two
FZZT branes (see figure 6).

This paper is organized as follows. In section 2, we find the prescription for the
construction of FZZT brane amplitude by gluing the trumpet, (generalized) WP volume
and M(b). We find that the half-wormhole amplitude is given by the complementary error
function (2.55). We also comment on the relation between the trumpet and the Liouville
wavefunction. In section 3, we compute the genus-zero density of states in JT gravity
with K FZZT branes in the ’t Hooft limit (3.1). We also comment on the relation to
the deformation of the potential of dilaton gravity. In section 4, we review the known
results about the BA function, the CD kernel and the multi-FZZT amplitude. In section 5,
we find the generating functions (5.38) and (5.39) of the correlators of FZZT branes and
macroscopic loop operators. In section 6, we apply our formalism to the Airy case, i.e. the
trivial background t; = 0 (k > 1) of topological gravity. We study the spectral form factor
in the presence of two FZZT branes in the Airy case. Finally we conclude in section 7. In
appendix A we summarize the result of (2,p) minimal string. In appendix B we provide
an alternative derivation of (5.11) using the correlator of inverse determinant.

2 FZZT branes in the genus expansion

In this section, we will explain our formalism of computing the genus expansion of the
correlator of partition functions Z(3) = Tre™#H in the presence of FZZT branes.
2.1 JT gravity and Weil-Petersson volume

Let us first consider JT gravity. As shown by Saad, Shenker and Stanford [3], the genus
expansion of the connected correlator of Z(5)’s can be obtained by gluing the “trumpet”



and the Weil-Petersson (WP) volume

<H Z(B@)> = Z 6_(29_2+n)50 H /O BidEiZtrumpet(ﬁa Ei)Vg,n(gla SRR En)y (2'1)
=1 c i=1

9=0

where the subscript ¢ of (---). refers to the connected part. The WP volume Vg?n(f)) is
given by

Vonl®) = [ s ELiv, 2.2

Mgn

where My ,, denotes the Deligne-Mumford compactification of the moduli space of M, ,, of
Riemann surface ¥ of genus g with n marked points p1, ..., pn, & is the first Miller-Morita-
Mumford class and ¢; is the first Chern class of the complex line bundle whose fiber is
the cotangent space to p;. Note that (2.2) is valid for 3¢ — 3 +n > 0 and ‘70,1, ‘70,2 are
undefined. Correspondingly, (2.1) makes sense except the contributions of the disk and
annulus amplitudes, which are to be discussed separately. The trumpet partition function
Ztrumpet(ﬁ, 5) in (2.1) is given by

Ztrumpet(ﬁv B) = \/\2/%6_2%7 (23)

where ~ is the asymptotic value of the dilaton field near the boundary of AdSs.

It is convenient to set )
’y = 2771_2, 52 = 277'2b2. (24)

Then we find

ng(i’)) — /M 627&(&—}—%21. bfzpi) — (27T2)3g_3+n‘/;;,n(b)a (25)
g,n

where we defined the rescaled WP volume by

ng(b) = / e“'*'% Z?:l b%wi. (2.6)

Mgn

In what follows we will call V, ,,(b) the WP volume instead of the original V, (). As in
our previous paper [11] we define the genus counting parameter gs by

gs = (2#2)36730. (2.7)

It is also convenient to rescale the trumpet so that

6750(2972+n) %,n(g) H Bidl;iZtrumpet (/Ba l;z) - 952972+nvg,n(b) H bidbiZtrumpet (67 bz) (28)
i=1 i=1

Then we find

Ztrumpet(ﬁ’ b) = . (29)




In this new normalization, (2.1) is written as

<1211 Z(@-)>

Now let us consider the effect of adding FZZT branes. In the matrix model the FZZT
brane corresponds to the insertion of the determinant operator det({ + H) in the matrix

= Z gs2g—2+n H /0 bidbiZtrumpet(ﬁy bz)%,n(b) (210)
g=0 i=1

C

integral, where H is the matrix variable and ¢ is a formal parameter [12, 13].> The FZZT
brane operator det({ + H) can be represented by means of the vector degrees of freedom as

det(é + H) = /dxdy eX(EHH )X (2.11)

where x and Y are Grassmann-odd vector variables.
From the relation

det(f + H) — eTrlog(E-i-H) — Z %[Trlog({ + H)}n, (212)
n=0 """

we see that the insertion of FZZT brane creates infinitely many boundaries corresponding
to the single trace operator Trlog({ + H). This single trace operator has an integral

(74 g [CdB g —pH
/a 8¢ Z(8) /s 8¢ e (2.13)

= Trlog(¢ + H) 4+ loge + O(Y),

representation

where ¢ is a small regularization parameter. The logarithmically divergent term loge can
be absorbed into the overall normalization of the determinant operator and we will ignore
such divergence unless otherwise stated.

We can apply the integral transformation (2.13) to some of the Z(5)’s in (2.10). It
turns out that the integral transformation of the trumpet partition function is free from
the logarithmic divergence. We introduce M (b) by?

! __ [Fd5 es _ 00%7556—%
bM(b) - /0 € Ztrumpet(/Bvb) = /0 ,8 € \/W (214)

Using the integral representation of the modified Bessel function K1 (x)
2

1 0 a2
K%(x) = 2\/2/0 dtt 3¢ " = %e_x, (2.15)

?In the literature of the matrix model of 2d gravity, the macroscopic loop is defined by Z(8) = TrePM.

On the other hand, in JT gravity Z(8) = Tr e P is interpreted as the partition function of boundary
theory. Thus the random matrix M and the Hamiltonian H are related by

M=-H.

This implies that the FZZT brane operator (2.11) is written as det(§ — M).
3In [8], this integral transformation is called the “inverse trumpet”.



we find that M(b) in (2.14) is given by
M(b) = —e~ %, (2.16)
where £ and z are related by
1
¢ = §z2. (2.17)

Note that the integral representation (2.15) is valid when |arg(z)| < m/4, so that the
integral (2.14) is equal to (2.16) under the condition
s T
- =< < —. 2.18
" < arg(s) < | (218)

This in particular implies that the expression of M(b) in (2.16) is valid when Re(§) =
Re(z%/2) > 0.
Thus the connected correlator of Z(3)’s in the presence of FZZT brane is given by

(e a0 [T 200
‘<[Trlog§+H] ﬁ >
-1 ﬁ dﬁ§ 505 <ﬁ m )>

|
n: j 1 j=1 z‘: c
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g,n=0

/ db/ b/ H/ bdb Ztrumpet(/B'Lv Z) gn+m(b, b)

where we used the definition of M(b) in (2.14). This expression is valid except the terms
of the order of g¥ (k = —1,0), which can be calculated separately. To summarize, we can
introduce the FZZT branes in the correlator of Z(3)’s by gluing M(b) along the geodesic
boundary and integrate over b with measure M(b)db (see figure 1). Note that the factor
of b in the integration measure bdb for the trumpet is canceled out by the 1/b in (2.14).
We can interpret our expression of (2.16) as follows. M (b) in (2.16) has the form

M(b) = —e Sparticle (2.20)
where the particle action Sparticle is given by
Sparticle = 2b = (mass) x (length of worldline). (2.21)

Namely, M(b) can be interpreted as the contribution of a particle with mass z running
around the geodesic boundary with length b. The overall minus sign in (2.20) comes from
the fact that the particle running around the loop is a fermion (see (2.11)).



If we change the sign of M(b)
M(b) = +e %, (2.22)
it corresponds to the anti-FZZT brane represented by the inverse determinant

det (€ + H)™ / dbdp PE+H)6 (2.23)

where ¢ and ¢ are the Grassmann-even (bosonic) vector degrees of freedom.
We can generalize our formula (2.19) to include multiple FZZT branes. Using the
relation

Hdet & + H) =exp [ZTr SH—H] —exp[ Z/ a8 e Siby )] (2.24)

we can use the same formula (2.19) for the correlator of Z(3)’s in the presence of multiple
FZ7T branes by simply replacing

M) == e, (2.25)

where z; is related to & by & = 22/2.
In [8], the matrix model description of the end of the world (EOW) brane in JT
gravity is considered. The prescription of [8] is the same as our formula (2.19) with M(b)

replaced by
e Hb

M b
EOW( ) 9 Slnh o 1 b

Z e~ (utnty (2.26)

In our interpretation, this corresponds to infinitely many anti-FZZT branes with a partic-
ular set of parameters z, = p+n+ 3 (n > 0). As discussed in [8], the integral of (2.26)
has a divergence coming from the pole at b = 0 and a certain regularization is required to
define the EOW brane. On the other hand, in our case of FZZT brane M(b) in (2.16) has
no pole at b = 0 and the b-integral is well-defined.

2.2 FZZT branes in general background of topological gravity

It turns out that the above construction can be generalized to encompass arbitrary back-
ground {t;} of 2d topological gravity. Recall that JT gravity is a special case of topological
gravity with infinitely many couplings turned on as tj = -y, where [11, 14, 15]

_1\k
Yo=n=0, = (l(f _1)1)! (k>2). (2.27)

In Witten-Kontsevich topological gravity [16, 17] observables are made up of the intersec-
tion numbers

<Td1 Tdn / ¢ .. dl, . ,dn S ZEO- (228)



The generating function for the intersection numbers is defined as

F({t}) : Zgzg 2Fy({tn}),  Fy({tn}) o= (eXeamo®eme) (2:29)

g

We assume that the trumpet is background independent (i.e. independent of ty)

Ztrumpet (67 b) =

NoTId (2.30)

In section 2.5 we will consider the validity of this assumption. Then it is natural to define
the generalized WP volume V ;, by

(Z(Bl) T Z(Bn»c = Z 952‘(]_2+n H /Ooo bidbz’Ztrumpet(Bia bi)‘/g,n(ba {tk}) (2'31)
g=0 i=1

Note that the correlator of Z(5)’s can be written as

(Z(B1) -+ Z(Bn))e = B(B1) - - B(Bn) F({tk}) (2.32)

where B(/3) is the boundary creation operator [18]

B(B) =

[e.9]

: 3 0. 2.33
Nor g) BET20y (2.33)
As in the previous section (2.31) and (2.32) are valid except the (g,n) = (0,1), (0,2) parts
and we leave Vj 1, Vp2 undefined. Here we are interested in the general structure and do
not go into the details of these parts. See e.g. [19] for a precise treatment of them.

Let us introduce the operator V' (b) by

B(ﬁ) = gs/o bdetrumpet (/Bu b)V(b) (234)
Then we find
o0 b2k’
V(b) = ];) S Ok (2.35)

From (2.31), (2.32) and (2.34) we find that the generalized WP volume has a simple ex-
pression

Vo (b, {tk}) = V(br) - - V(bn) Fy({tk })- (2.36)

From (2.29), this is also written as

) ) n 2k;
V(b {tr}) = Z <exp (Z taTa ) H b >
0 g

k17---7kn:

= <exp <Z tatq + % Z b?l/)z> > .
d=0 =1

g

(2.37)

One can see that this is a natural generalization of the WP volume (2.6). With our defini-
tion of the generalized WP volume in (2.31), the computation of the correlator of Z(3)’s



in the presence of FZZT branes is completely parallel to that in the previous subsection
for the JT gravity case (2.19). Thus we conclude that the FZZT brane amplitude of topo-
logical gravity in the general background {tx} is given by the same formula (2.19) with the
WP volume replaced by the generalized WP volume in (2.31).

As an application of our formalism (2.19), let us consider the FZZT brane amplitude
without Z()-insertions

<Hdet(§i+H> i 959~ '2+" - / db; M (b;)V,n(b, {ti}) (2.38)

c g,n=0

where M(b) is given by (2.25). Since Vp 1, Vp 2 are undefined, the calculation here is valid
for positive powers of gs. From the relation

/ dbM(b L3S ok — 1z % g, (2.39)

k=0 1
we find
<Hdet(§z+H)> ii[ ZZQS 2k—1 ”Z 2k— lak] ({tk})
7 c n=0 """ k=0 1
:exp< ing 2k — 1)z, 2k~ 18k> F({tx}) (240)
k=0 1

where

th =ty — gs(2k — DD 2721 (2.41)

i

This shift of coupling ¢; due to the insertion of the FZZT branes agrees with the known
result in the literature? [20] (see e.g. [21] for the expression in our convention). In the theory
of soliton equations the shift is generated by the action of the vertex operator of [22], which
is viewed as the infinitesimal Bécklund transformation for the KdV equation [23]. When
tr = 0, this expression of the couplings in terms of z; (2.41) has appeared in the Kontsevich
matrix model [17] and it is known as the Miwa transform. In the context of minimal string
theory [24, 25|, this shift is interpreted as the open-closed duality where the insertion of
FZZT branes is replaced by the shift of closed string background {tx} [13, 26].

2.3 Example of generalized WP volume

Let us compute a few examples of the generalized WP volume Vj ,,(b) for small g and
n. One can compute Vj ,(b) from the known result of the correlator of Z(f)’s using the
relation (2.31).

t
4In the literature the convention Tok4+1 = W is often used for the couplings. In terms of x, the
Js I
shift (2.41) is written as
~ 1 1
Lo = Xp — (€ : odd).
l z



The generalized WP volume at genus-zero has been computed in [27]. From the result
of the genus-zero n-point function of Z(3) [18]

(Z(B1) -+ Z(Ba))I0 = g8 205 laouoﬂ il 52“0] : (2.42)

one can read off Vp,(b) using (2.31). Here up = 93Fy. To this end, it is convenient to
define the function Zy(b) = Zx(b; up) by

kt+i
/ bilb Zerumpen (B, b) i (b) = ﬁ\/ﬁ W (k€ Zso). (2.43)
One can easily show that Zy(b) is given by
bk
76 = (5= L0vZw)
gm0 -
= nln+k)! 7

where Ij(z) denotes the modified Bessel function of the first kind. The following property

— 1N
/ dbe™*"T;,(b _(@k=D1 (2.45)
(z2 - 2u0)k+2

From (2.42) we find that the generalized WP volume at genus-zero is given by

of Zx(b) is also useful

Von(b) = 857 [ébuo ﬁlo(bi)] : (2.46)

i=1
This agrees with the result of [27].
At genus-one, from our previous result of the correlators of Z(3)’s [19, 28]

=1 _ p Buo Iy ﬁ
(2(3)y° —g@ (24t2+24t),

2 2 2
g=1 _ 2VP1b2 (BrtB2)u I3 I L(Br+P2) BT+ BB+ B3
(ZB)ZE))e =95 (24t3 BT DT A 24¢2 ’
(2.47)
we find that V; 1(b) and Vj 2(b1, b2) are given by
LIob)  Ti(b)
b) =
Vialh) = 5 24t
I3Zy(b1)Zo(b2) I%IO(bl)Io(bg) I5(Z1(b1)Zo(b2) + Zo(b1)Z1(b2)) 948
Via(br,b2) = 2413 12t4 * 123 (2.48)
T5(b1)Zo(b2) + Z1(b1)Z1(b2) + Zo(b1)T2(b2)
24¢2
Here I}, is the Itzykson-Zuber variable [29]
o0 un
I, = ;)t,mﬁ, t=1—1. (2.49)

~10 -



Alternatively, we can compute V; ,,(b) using (2.36). Let us compute V; 1(b) in this way.
Applying the operator V(b) to the genus-one free energy F; = —i logt we find

1

Via1(b) =V (b)F, = %V(b)h. (2.50)
Using the relation
Ipiq uk uk—m 0 n<O0
Ol = —+ 0 0 gk — Oln] = ’ 2.51
F T [k = nl, g 1 n>0, (2:51)
we find . . -
1 &b I ug uy
Vii(b) = = PYxI [' + |9[k - 1]1
24t = 2 KVt k! (B=1)! (2.52)
_ LTyb) | L)
24¢2 24t

This agrees with the result in (2.48) obtained from (Z(3))9=1.
We should stress that the generalized WP volume V, ,,(b) in not a polynomial in b; for
general background {¢;}. However, when uy = 0 V,,(b) becomes a polynomial since

b2k
For instance, when ug = 0 Vj 1(b) becomes
. to b2
1 b) = . 2.54
Jim, V1,1(0) 241 —1)? T (1=t (2:54)

In particular, in the JT gravity case t = 7% (2.27) we have uy = 0. One can check that
the generalized WP volume reduces to the WP volume when ¢ = ;.

A certain generalization of the WP volume is considered in [27] in the minimal model
background. Our definition of Vj ,,(b) is different from [27].

2.4 Half-wormholes and factorization

In this section we consider the genus-zero amplitude between Z(3) and FZZT brane, which
we call the “half-wormhole” following [10].> The half-wormhole amplitude is easily found as

ZHW(B? Z) = /OOO detrumpet(B7 b)M(b)

- /0 deﬁrumpﬁ(ﬁ? b)(_e_Zb) (255)

1 [ 2
= —§€%Z25Erfc ( 225) 5

where Erfc(z) denotes the complementary error function

Exfe(z) = \37? /I e, (2.56)

®See also [30-33).

- 11 -



On the other hand, the “wormhole” amplitude is obtained by gluing two trumpets

(Z(B1)Z(B2))270 = /0 = bdb Zirumpet (81, b) Zrumpet (B2, b) = %(Bf% (2.57)

where we assumed ug = 0. In the presence of FZZT brane, the spacetime of JT gravity
can end on the FZZT brane along the geodesic boundary. For instance, let us consider
the amplitude with two asymptotic boundaries Z(f;) and Z(fB2) with one FZZT brane
det(§ + H)

(Z(81) Z(B2) det(€ + H)). (2.58)

At the order of O(g?), there are two contributions as shown in figure 2. The contribution
of figure 2b is factorized

ZHW(/BLZ)ZHW(B%Z)- (259)

Of course, the total amplitude (2.58) is not factorized. But if we increase the number of
FZZT branes as in (2.25) the trumpet can end on various branes labeled by z; and there are
many contributions like figure 2b with various choices of z;. This is a concrete realization
of the idea of “eigenbrane” introduced in [4]. As discussed in [4], adding FZZT branes
corresponds to fixing some of the eigenvalues of matrix.% This suggests that adding many
FZZT branes amounts to pick a particular member of the ensemble of random matrices
and we expect that the factorization is restored, at least partially.

2.5 Relation to Liouville wavefunction

In the traditional approach to 2d gravity, the correlator of macroscopic loop operators is
commonly written in terms of the (mini-superspace) wavefunction of the Liouville the-
ory [18, 35]

Ye(8) = ~VaB s B Kis(3Eo) (2.60)
which satisfies
[~(805)? + E36*|4(8) = B> (B). (2.61)

In (2.60) K,(x) denotes the modified Bessel function of the second kind and we defined
EO = —Uug. (262)

The wavefunction 1z () in (2.60) is normalized as’

[ Lon@we @) = e - B,
o B

N (2.63)
/0 dEVs(8)0u(8) = B5(8 — B).

In our formalism (2.19), the correlator of macroscopic loop operators is obtained by
gluing the trumpet and the generalized WP volume. In the traditional approach to 2d grav-
ity, the trumpet has not appeared in the literature before, as far as we know. The trumpet

®Fixing the eigenvalue of the random matrix model is also discussed in [34].
"Our normalization of ¢z (£) is different from that in [18, 35] by a factor of v/2. To correctly normalize
it as (2.63) we need the extra factor of /2.
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partition function naturally appears in JT gravity from the path integral of Schwarzian
mode describing the wiggles near the asymptotic boundary of AdSs [3]. One might think
that the trumpet is tightly connected to JT gravity and it cannot be generalized to the
topological gravity with arbitrary background {¢;}. However, as we will see below it turns
out that the trumpet partition function is written in terms of the Liouville wavefunction
¥E(B), which connects our formalism (2.19) and the traditional approach. Thus we can
use the trumpet in arbitrary background {¢;} as we did in the previous section.
In order to write Zirumpet (3, b) in terms of ¥ g(3), we start with the relation (2.14)

dﬂ =%
—22°fy rumpet (5, 2.64
L G D 85) = & (264)
It is convenient to set
2z =2v/Ey cosh%. (2.65)
Then (2.64) becomes
/ dﬁ —BEg cosho—BEy Ztrumpet (/Ba b) _ %6—2\/Eb cosh & ) (2.66)
Multiplying both sides of (2.66) by cos(Eo) and using the relation [36]
/ doe PEocosho oog(Eo) = Kip(BE), (2.67)
0
we find
% 4B 72\/E70bcosh%
/ 1E'</8E0) ~PEo Ztrumpet B b / do COS(EU)T
o B (2.68)
By using the orthogonality of ¥g(3) in (2.63), this is inverted as
4 o0
- EOZtrumpet(Ba b) = T/ dEE Sinh 7TE KiE(,BEo)KQiE(2b\/ Eo)
(2.69)

_ / JE ¢E ¢2E(2b/\/7‘
b VcoshTFE

This is our desired result: the trumpet partition function can be expressed in terms of the
Liouville wavefunction ¥ g(/3).
Let us consider the wormhole amplitude

<Z(51)Z(62)>320 = e*(51+ﬁ2)E0 \/m

2m (81 + B2)
= 67(51+62)EO /Oo bdetrumpet(ﬁla b)Ztrumpet (52; b) (270)
/ ¢E YE(B)YE(B2)
a 2coshmE
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In the last step we used the orthogonality of ¥ (2b/v/Ep). The last line of (2.70) agrees
with the known result of genus-zero two-point function [18] written in terms of the Liouville
wavefunction 1g(3). As discussed in [18, 37], the factor G(E) = (2cosh7E)~! in (2.70)
is interpreted as the propagator of 2d gravity. It is interesting to observe that the square
root of the propagator /2G(E) = (cosh wE)fé appears in the trumpet (2.69).

We can compute various amplitudes by gluing the trumpet (2.69) and M(b). Let us
consider the Z(3)-FZZT amplitude (or half-wormhole)

(ZPIFZZT) = [ b Zirumper (3.5) (™), (2.71)
Using the relation [36]
d/B —BEg cosho WCOS(EO-)
/0 5 Kip(PEy) = EsinhE’ (2.72)
we find (Eo)
_ pEy [T : cos(Eo
(Z(E)F221(0)) =~ [ ABK p(3E0) o (2.73)

where z is related to o by (2.65). This is written as the error function (2.55). Appearance
of the error function in the Z()-ZZ brane amplitude is observed in [12].

From (2.73) we can compute the annulus amplitude between two FZZT branes with
parameters z = 2v/Fg cosh § and 2z’ = 21/F cosh %l We find

(FZZT(o)[FZZT(o")) = — /0 - d;e—ézzﬁ (Z(B)[FZZT ("))
_ > o % —BEpcosho g~ COS(EU/)
_ / dE / ¢ Kip(8Fo)~— =" (2.74)

B 2 cos Ecr) cos(FEad’)
/ e Esinh2rE

The last integral has a divergence coming from E = 0. As discussed in [12], this divergence
can be regularized by taking the principal value

E  cos(Eo)cos(Ed’)
FZ77T(0)|FZZT (o dE
< (@)l / E? 4 ¢2 sinh 27 F

) , (2.75)
o
=——1 2 cosh — + 2 cosh — :
5 og( cos 2+ cos 2)+(9(5)
After removing the divergent term, the annulus amplitude is written as
(FZZT(0)|FZZT(0")) = —log(z + 2'). (2.76)

This expression agrees with the result of (2, p) minimal string [12].

To summarize, we have shown that the trumpet can be written in terms of the Liouville
wavefunction (2.69) and the known result of annulus amplitude in minimal string theory
is reproduced by gluing the two trumpets. This justifies our use of trumpet in the general
background {tj} away from the JT gravity point t; = 7.
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We note in passing that the annulus amplitude between two FZZT branes can be
obtained directly by using (2.14)

0o oo / 12 o1 o)
(FZZT(2)|FZZT(Z)) = /0 dﬁﬁe_;m /0 dﬁﬁ,e‘%m /0 bdbZrumpet (B, b) Ztrumpet (B, b)

> db /
_ Y —(z+2")b
/0 b

= —log(z + 2').
(2.77)
Here we have ignored the logarithmic divergence coming from b = 0. This agrees with (2.76)
as expected.

3 Deformation of JT gravity

In this section we focus on JT gravity and study the effect of adding FZZT branes. We
also comment on how it is related to the deformation of the dilaton potential in JT gravity
that corresponds to adding conical defects.

3.1 Genus-zero density of states
In this section we consider K FZZT branes det(z%/2 + H)X in JT gravity background and
take the 't Hooft limit®

gs =0, K— oo with t=gK fixed. (3.1)
As shown in (2.41), adding FZZT branes amounts to shifting the couplings ¢

te =Y — t(2k — 1)1z 2k—1) (3.2)

where v in (2.27) corresponds to the JT gravity background. The Itzykson-Zuber variable
Ip(u) in the shifted background (3.2) reads

Flu)i=u—To(u) = > (0k1 — tn) 77 = Vi (2v/u) + ¢

—_— 3.3
b k! Vz2—2u (3:3)

Here Ji(z) denotes the Bessel function. As discussed in [11], the genus-zero density of
states is determined in terms of the function f(u) in (3.3)
1 Edv  9f(—v)

V2rgs JE, VE —v 0(—v)

1 E - do t
- V27 gs /E‘O vVE —wv <IO(2ﬁ) * (22 + 21})3/2) (3.4)

1 E d 10(2\/27) n 2t E — Ey
= vV .
V2rgs \JE, VE—v 22+2FE\ 22+ 2E,

8In this section t denotes the ’t Hooft coupling, which should not be confused with t = 1 — I; in (2.49).

po(E)
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Here Iy(24/v) denotes the modified Bessel function of the first kind, which should not
be confused with the Itzykson-Zuber variable Ip(u) in (3.3). The threshold energy Ej is
determined by the condition

t
S —
\ 22 + 2E0
When ¢ = 0, the coupling (3.2) reduces to the JT gravity background ¢; = 7%. Indeed,

f(=Eo) = —VEoL (2VEp) + (3.5)

from (3.5) one can see that Ey = 0 when ¢ = 0 and (3.4) reproduces the known result of
JT gravity density of states [38]

_ 1 E dvIO(Qﬁ) _ sinh(2VE)
\/§7rgs 0 m \@Wgs '

For t # 0, we do not have a closed form expression of the solution Ey of (3.5). However,

po(E) (3.6)

one can easily find the small ¢ and large ¢ behavior of Ey. From (3.5), one can show that
in the small ¢t regime Fjy is expanded as

t 1 1 5 3 5
Ey=-—(=+— )¢ 4 4+ )8 +00h. 3.7
0= (z4+222) +<2z7+225jL 1223> +0) (3.7)

On the other hand, in the large ¢ regime Ej is large and (3.5) is approximated as

e2VEo t
-V Ey + =0 (3.8)
\/47T\/E70 V2E)y

This is rewritten as 4 4
St = 2 VB, esVEo, (3.9)
The solution of this equation is given by the Lambert W-function obeying z = W(z)ew(z)

4 2

Eo= BW (3(2m2)1/3)] . (3.10)

In the intermediate value of ¢, one can solve the equation (3.5) numerically. In figure 3, we
show the plot of Fy as a function of t. Once we know Fy, we can numerically evaluate the
integral (3.4) to find po(E). In figure 4, we show the plot of po(E) for t =3,z =1,¢9s =1
as an example. As a comparison, we also plot the pure JT gravity density of states (3.6)
(see orange dashed curve in figure 4).

When 2% > 0, the eigenvalue corresponding to the FZZT brane is located at E =
—22/2 < 0. Since the eigenvalues behave as fermions and they repel each other, the other
eigenvalues are pushed toward the positive E direction, as we can see from figure 4.

On the other hand, if E = —2%/2 > 0 the corresponding eigenvalue is inserted on the
original support of the pure JT gravity eigenvalue density (3.6). We expect this insertion
creates a void in the support of po(E). As we increase t, we expect that the support of
eigenvalue density is split into two parts and the model exhibits a phase transition from
a one-cut phase to a two-cut phase. However, in our formalism (2.19) of the perturbative
treatment of FZZT branes we assumed Re(z?) > 0 for the derivation of M(b) = —e~?*
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Figure 3. Plot of the threshold energy Ej as a function of ¢t = gs K. We set z = 1 in this figure.

ht L L L | L L L L | L L L L | L L L L |

1 2 3 4

Figure 4. Plot of the eigenvalue density po(E) for t = 3,z = 1,95 = 1 (blue solid curve). The
orange dashed curve represents the pure JT gravity density of states in (3.6).

in (2.16). In other words, our formalism (2.19) is valid only for the one-cut phase of the
matrix model. To see the effect of FZZT branes with Re(z?) < 0 we need a non-perturbative
treatment of FZZT branes, which we will consider in section 5.

Before closing this subsection, let us compute the order O(t!) correction of the density
of states (3.4). One can show that

PO(E)‘ ! ( ! 2AVE )

= ——t
o) V2mgs NE (224 2F)z
t z

V2, (22 + 2EWE

(3.11)
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Then the order O(t) correction to the one-point function (Z(3)) is given by

OOdE —BE . t lz2ﬂ 22,8 .
[ dbe po(E)’O(t)——TgSw Erfe (\/ 55" | = KZnw(8, 2), (3.12)

where Zyw (5, z) is the “half-wormhole” amplitude in (2.55). In (3.12) Zpw(B, 2) is multi-
plied by a factor of K since we are considering K FZZT branes. Thus our expression of the

genus-zero density of states in (3.4) correctly reproduces the half-wormhole contribution
n (2.55).

3.2 String equation via the Lagrange reversion

As discussed in [39], the modification of the genus-zero string equation f(u) =0 with f(u)

in (3.3) can also be seen by using the Lagrange reversion theorem. Following [39], let us

consider the modification of the genus-zero part of the two-point function (Z(51)Z(B2))3=°

due to the insertion of K FZZT branes det(z?/2+ H)¥X. By using our formalism (2.19) in
the general background {t}, the genus-zero two-point function in the presence of K FZZT
branes is written as

(Z(B1)Z(Bo) det(2%/2 + H)K)9=0
__ VBB (st
. (3.13)

o0

n 2 oo n o0
Z % H /0 b;‘db;Ztrumpet(ﬂh b;) H /0 dbjM(bj)Vb,nJrZ(b,l? b/27 bla T abn)7
= Ti=1 j=1

where Vj n42(b) is given by (2.46) and M(b) for K FZZT branes is given by
M(b) = —Ke . (3.14)
By using (2.43) and (2.45), (3.13) is written as

(Z(B1)Z(B2) det(2%/2 + H)K)9=0

— P15 e(B1+B2)uo(to)
27 (81 + B2)

Vv /8162 Z

n=1

(3.15)

+ 1(aouo(to)e(61+62)uo(to)(22 B 2“0(750))_%)

nl

o0

e(B1+B2)uo(to) Z

__ Vbipe
27(B1 + B2)

(a e(Br+B2)uo(to) (;2 _ QUO(tO))Z)] 7

where ty-dependence has been explicitly expressed for convenience of explanation. Let us
now recall the Lagrange reversion theorem (see e.g. [40]): Suppose that ¢ is related to a
by the equation

¢=a+16(Q) (3.16)
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with ¢(z) being some function. Then for any function ¢(z) and for small enough ¢, g(¢) is
expanded as

oo " dn—l

90 = g(@)+ Y oo g @) e} (3.17)

n=1

Using this theorem one immediately sees that (3.15) is rewritten as

(Z(B1)Z(Ba) det(22/2 + H)F)9=0 = VBB (8+82)uoe)

~27(B1 + o) (319

with

t

— (3.19)

T =ty —

2

Now, the genus zero string equation ug — lo(ug) = 0 is written in the off-shell JT gravity
background t; = vy, (k> 1) as

0= uo(to)J1 (2\/U0(t0)> — to. (3.20)

Writing this equation at tg = = with x in (3.19) and then setting to = 0 to restrict ourselves
to the on-shell JT gravity background, we have

0= \/uo(x)Jl (2\/uo(x)) —x
= \/uo(x)Jl (2\/u0($)> + 22;

—Uo(fﬂ).

(3.21)

We have thus seen that the genus zero two-point function in the presence of K FZZT-
branes is written as the genuine genus zero two-point function (3.18) with ug(x) satisfying
the equation (3.21). This is identical with the modified string equation f(ug(z)) = 0 with
f(u) given in (3.3), which was obtained from the shift of couplings (3.2).

3.3 Comment on dilaton gravity

In [39, 41], it is shown that we can add conical defects in JT gravity by modifying the
dilaton potential

S — —% / P /G6(R+2) + U(9)]. (3.22)

For the defects with deficit angle 2ma; with fugacity €;, U(¢) is given by

U(g) =2 e 2m1m0?, (3.23)
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As discussed in [39] the effect of defects is summarized as the modification of the string
equation (see also [42-44])°

u — In(u) = vVuJy(2vu) — ZEZJO (20v/). (3.24)

From this we can read off the shifted coupling as
tk = vk + ZEZ(_iz (3.25)
i

Let us consider the relation between this shifted coupling and the dilaton potential U(¢).
To see this, it is convenient to define

~ o U(¢) +U(—¢
0(6) = U(@)er™,  Ta(g) = JOLTED), (3.26)
For the dilaton potential in (3.23) we find
Up(¢) =2 e;cosh(2ma;g). (3.27)
From (3.25), this is also written as
B F(te — i) (2mp) 2
22 2k ST o (3.28)

As argued in [41], the equivalence of the matrix model and dilaton gravity holds for a wide
class of dilaton potential written as a superposition of the defect potential (3.23)

U(p) = 2/da6(0z)6_2”(1_°‘)¢. (3.29)

Thus we expect that (3.28) can be applied to a wide class of background couplings {tx}.
For instance, if we add K FZZT branes the coupling is shifted as (3.2). Plugging (3.2)
into (3.28), the corresponding dilaton potential becomes

2tz

P el (3.30)

Up(o) = —

9This is obtained as follows. The correction to the one-point function of Z(83) due to defects is given
by [45]

[e"

e B
ZEZ'Z(B,O@) = Zel\/m

7 2

Sy

This is formally equal to the trumpet partition function with the replacement b = /2ia;. Using the
Lagrange reversion theorem one can show that the Itzykson-Zuber variable Io(uo) is shifted by

Z £:To(V2io) = Z e:Jo(20iv/o),

i 2

where Zy(b) is defined in (2.44). Thus we find (3.24).
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In this approach we can only find the even part of U(¢) = U(¢)e2™. We do not know how
to recover the odd part of U(¢) from the data of {t;}.

Also, it is not clear to us what is the condition for the applicability of the formula (3.28).
We do not know how far we can deform the coupling from the JT gravity background
tr = v when we use (3.28). Putting this problem aside, if we naively apply (3.28) to the
(2, p) minimal model background (A.1) we find

U, (¢) = 2r¢sinh {p arcsinh (Tbﬂ — 2m¢sinh(271¢). (3.31)

In the p — oo limit, U, (¢) in (3.31) vanishes, which is consistent with the statement that
JT gravity is a p — oo limit of the (2, p) minimal string [3, 46].

In [27, 46, 47], it is proposed that a dilaton gravity theory with sinh ¢ potential cor-
responds to the (2,p) minimal string. It would be interesting to understand the relation
between our (3.31) and the proposal in [27, 46, 47], if any.

4 Baker-Akhiezer function and FZZT branes

In this section we review the known results about the Baker-Akhiezer (BA) function, the
Christoffel-Darboux (CD) kernel and the multi-FZZT amplitude.

4.1 Multi-FZZT amplitude from matrix integral

As discussed in [13], the BA function can be thought of as the wavefunction of FZZT brane,
which is obtained as a double-scaling limit of the orthogonal polynomial. In the matrix
model at finite N

ZN:/NXNdMe—TrWM), (4.1)

it is convenient to define the polynomial P,(A) = A" + - - - of degree n which is orthogonal

with respect to the weight e~V

)

/ dre VA PN Pr(N) = Bypbiym.- (4.2)

One can show that Zy in (4.1) is written in terms of the norm h, of the orthogonal
polynomial P, ())

N-1
Zy =[] hn- (4.3)
n=0

It is convenient to define the normalized orthogonal polynomial by

ey
wn()‘) = an()‘)a (4'4)
which satisfies
/dAwn()‘)wm(A) = 5n,m' (4'5)
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It is well known that ¥n () is given by the expectation value of the determinant operator
in the matrix model (see e.g. [48] for a review)

1
Un () = (I () = = / dMe= TV (), (4.6)
N JNxN
where Wy () is given by
o) = < e 0 A7
Another important ingredient is the CD kernel
N-1
En(&n) =Y a(&)tn(n). (4.8)
n=0
Using the relation
hy
Awn()\) =V Tn1¥nt1 ()\) + ﬁwnfl(A)a Tn = n 17 (49)

the CD kernel is written as

Kn(&n) = mwN(g)@bel(n) —Yn-1(§)Yn(n)

£—n
One can show that the CD kernel (4.8) is given by the two-point function of determinant

. (4.10)

operators
Kn(&n) = (Un-1(§)¥n-1(n)), (4.11)

where the expectation value is taken in the (N — 1) x (N — 1) matrix integral. In the
double-scaling limit the index n of 1, (\) becomes a continuous coordinate tg

Yn(A) = ¥(Aito), (4.12)
and the double-scaling limit of (4.8) becomes
1 fto
K =5 [ devl&a)vtma). (4.13)
Here £ is related to the genus counting parameter gs by
Js
h=—. 4.14
7 (4.14)
From (4.13), one can see that K (&,n) satisfies
hoo K (§,m) = ¥(&)v(n), (4.15)

where 1(§) = 1(&;t0). One can also show that (4.9) reduces to the Schrédinger equation
in the double-scaling limit (see [35] for a review)

(R205 +w)(N) = Mp(N), (4.16)
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where u is the specific heat
u= g2 F = 2h*03F. (4.17)

Note that the CD kernel of the form (4.10) in the double scaling limit becomes

aowos)w() Y(£)0otp(n)
£—1n '

(67 )_

This is also derived from (4.13) by using (4.16).
As discussed in [13] the multi-point function of FZZT branes can be obtained by taking

(4.18)

the double scaling limit of the finite N expression [49, 50]

k
1

<£[1 det(§ — M)>NXN NG det (PN+¢-1(€j))i7j:17”'7k, (4.19)
where A(§) = [];;(§& — &;) is the Vandermonde determinant. In the double scaling limit

one finds [13]

E A(d) &

O =X i) 4.20
<£[1 (§)> A Lve) (4.20)

Here d; is the shorthand for the action of d = hdy on 9(§;).

4.2 Genus expansion of BA function

Let us consider the genus expansion of the BA function t(§) = ¥(&;tp). It is known that

the BA function is written as a ratio of tau-function 7(t) = '® [20, 21]:

-1
w(&-) — 6’19(2) T(t B [Z ]) — 619(2)+F(t—[271])—F(t) (421)
7(t) ’
where ¢ = 22/2 and
()= L3 Okl kg (4.22)

9s f= (2k + !
[z71] in (4.21) is defined by

(271, = gs(2k — DNz 2L, (4.23)

This is consistent with our result of the shift of couplings (2.41).
Let us consider the genus expansion of the BA function

o8 0(©) = 0(2) + F(t~ [+71) = Fit) = >~ A (4.24)
The Ag term is known as the effective potential
Ao = — Vi), (425)
whose explicit form is obtained in [19] as
;Veff(ﬁ) = ni m(zg — 2ug)"*3. (4.26)
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On the other hand, from (4.24) we find

3 enle) = kZ:O {(21@ Tone T Okfol (4.27)

We can show the equivalence of (4.26) and (4.27) as follows. It turns out that (4.26) has
the following integral representation

1 /2 — I
5 Verr(€) =/u du%. (4.28)

This can be shown by using the relations
8qu(u) = Ik+1(u), ug — I()(U()) =0 (4.29)

and repeating the partial integration:

1 2 1 u:é 22/2 2 1
SVerl€) = ~(u = To()(z* 203" 4 [* 7 du(1 - 1(w)(* - 20
U=ug ug
2 2
1-1 u=% =2 ]
=— l(u)(z2—2u)% : —/ du 2(U)(22_2u)%
3 U=ug uo 3
2 2
_ I(UO)( 2_2UO)%+ Q(U)(Z2—2’LL)% 2 _/ du 3(”)(22_2u)g
o 571 1— In 2
— — ) 2 n+
n=1 (2n+ 1)”(z UO) i
(4.30)
Now, let us decompose (4.28) into two parts
1 212y — Io(u) vy — Io(u)
7 :/ du———ro= — du———= 4.31
2 en(¢) 0 V22 —2u Jo V22 —2u (4.31)
One can show that the first term of (4.31) agrees with the first term of (4.27)
22 - Ip(u) #/2 > uk 1
du———= = du Op1 — tg)—(22 — 2u) "2
A m 0 ;;)( k1 k) k! ( )
. = (4.32)
=y Skl ok
= 2k + 1)l
Using the relation [29]
1 fuo
Fo=3 / du(To(u) — w)?, (4.33)
0

one can show that the second term of (4.31) is equal to the second term of (4.27). Thus
we find the equivalence of (4.26) and (4.27).
We can compute the higher genus corrections of the genus expansion (4.24) by intro-

ducing the operator
o0

D(z) ==Y (2k — 1)z"2"1g,. (4.34)
k=0
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Then we find
log ) = 9(z) + Z Z g9~ 2+”QFQ. (4.35)

|
g=0n=1 n

For instance, the first few terms are given by
Ao = gs9(z) + D(z) Fo,
1
Ay = 5D(2)"F, (4.36)

Ay = éD(z)?’Fo + D(z2)F).

In this computation, the following relations are useful
D)) = —— 2= Dayug = — (4.37)
where

Z =22 = 2uy. (4.38)

From (4.37) and Fy = —5; logt one can show that

1 1
A = —§log5+ §logz,

LI T
2473 24t2%°

(4.39)
Ay = —

This reproduces the known result of the genus expansion of BA function [19] (up to the
normalization), as expected.

4.3 Genus expansion of the multi-FZZT amplitude
The multi-FZZT amplitude is written as

_AR) o2 Oz FFA=) [ N=F(t) — &GA(Q)
<Hw&> o, N (4.40)

The genus expansion of A(z;) can be obtained as follows. The Itzykson-Zuber variable for
tr, in (2.41) is written as

~ N—f— L
T, (o) Z t,m = I, (i) — gs(2k — D (27 — 219) " 2. (4.41)
n! %

The string equation for the shifted background t~k becomes

uog — Io(ug) + Z ——— = 0. (4.42)

i 1/2’ —2u0

From (4.42) we find the genus expansion of ug

ﬂoZUO—Zg—F-”, Z‘:\/ZZZ—QUQ. (4.43)
s (2
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Then the genus expansion of F(t — 3;[2;']) is obtained by replacing Iy(ug) in F(t) by
Ii.(tip).*° Thus we have

A(z) = Zz?(z,-) + F(I()) — F(Ix(ug)). (4.44)

Recall that F,(t) (g > 2) are given by polynomials of Iy (ug) (k > 2) and (1— I3 (ug))~* [29].
For g =0 and g = 1 we have

2
- - ” Js -
el s ]

F1<t_z[z-q>:_§1og (1- 00+ 3 )

i
Expanding these expressions using (4.43), we can compute the genus expansion of A(z;)
n (4.40).

4.4 Annulus amplitude between two FZZT branes

Let us consider the annulus amplitude between two FZZT branes. From (4.40) we have
_ Rl T R2 A(z1,z9) _ 2 A(z1,22)
U)W = ———e"VR = —— ¢ . 4.46
(Ve ¥(E) = 22 —— (4.46)
The prefactor agrees with the exponentiated annulus amplitude (2.76) up to an overall
normalization constant. On the other hand, from (4.20) we find

hoA(z1) = hOoA(22) a(r)+A(z2)

(P& T () = (4.47)
§&1—&
At the leading order in the genus expansion, the prefactor becomes
A — oA 2 — Z 2
h 9 Ao(z1) — OpAo(22) o s ~\f~ ’ (4.48)
9s §1— & 2i—z 21t 2
where we used the relation obtained from (4.26)
(90140(2:) =Z. (4.49)
The difference between the prefactors of (4.46) and (4.48) is compensated by
(Al 22) = A1) - A=)
1 1 1
=5 [D(21) + D(22)]" Fo — 5 D(21)*Fo — 5 D(22)° Fo
=D(21)D(z2)Fy (4.50)

_ /“0 du
0 /(3 - 2u)(<3 - 2u)

(2’1 +Z2)
=log | = — ).
21+ 22

Thus the two expressions (4.46) and (4.48) are consistent at this order.

Tn [51] it is shown that the expression of the genus expansion is universal to the tau-function of the
KdV h1erarchy when written in terms of the generalized Itzykson- Zuber variables {I,,}. Replacing Ij(uo)

in F(t) by I (uo) here is equivalent to setting ¢(uo) = uo +
Z A /z — 2uo

in the formalism of [51].
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4.5 FZZT amplitude and CD kernel

As shown in [52], the correlator of 2k determinants in the finite N matrix model is written
in terms of the CD kernel as

i det (Kn 4 (8isn;))
<1:I N NG
KN+]€(€1’771) KN-&-k(&laUk) (451)
B 1 Knyu(§2,m) -+ Knir(&2,me)
-~ AA(Mn) : : '

Knir(esm) - Kngr(Ers k)

For the odd number of determinants, the correlator can be obtained by sending 7, — oo
in (4.51)

k | k-1 N det(Bnk(Gis ) [onn-1(8))
<Zl_[1 \IIN(fz)jl_[l \I’N(m)> = AOA(n)

Knire(€,m) - Kngr(§,me—1) Yngr—1(61)
1 Knir(§2,m) - Knir(§2,me—1) Yngr—1(82)

A(§)A(n) : : :
Knir(€rom) - KEngr(Er,mh—1) Unr—1(Ek)
(4.52)
In the double scaling limit, we find
k det(K iy 14
<H \I’(fi)\l'(m)> = A((g)(i(:;;)),
S det (K (&, m7)[¢ (&) 5
(v ITvm) = =3 aq

where (&) and K(§,n) are the BA function and the CD kernel (4.13), respectively. In
other words, the correlator of the even number of FZZT branes can be written as a product
of two-point functions K (&, 7). Although the permutation symmetry of the parameters &;
and 7; is not manifest in (4.53), the result is symmetric as proved in [52]. Of course,
one can use (4.20) for the multi-point function of FZZT branes. However, 93 () with
n > 2 can be reduced to a linear combination of ¥ (§) and 9y (§) using the Schrodinger
equation (4.16), and after this rewriting one finds that (4.20) is identical with (4.53).

5 Correlator of FZZT branes and macroscopic loops

In this section, we consider the correlator of FZZT branes ¥(¢;) and macroscopic loop
operators Z([3;).
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5.1 Bra—ket notation

To describe our results, it is convenient to introduce the bra—ket notation as follows.
Let & be the coordinate operator and Dy be its conjugate “momentum operator” sat-
isfying

[0,,2] = 1. (5.1)
We then introduce the operator

Q:=h?+a, d:=u (5.2)

)
to=2

where u is the specific heat (4.17). We decided not to put a hat” on @ just for notational
simplicity.
For a Roman letter z, we let |x) denote the coordinate eigenstate, e.g.

Blz) = zlz),  2|te) = tolto). (5.3)

For a Greek letter &, on the other hand, we let |{) denote an eigenstate of ) with eigen-

value &:

QlE) =¢£16)- (5.4)

These states are normalized such that
1= [T e, view) = w9 = (el (55)

where ¥ (&; z) is the BA function. Another important element is the projection operator

1 [to
M= ﬁ/_m da|z) (z]. (5.6)

As discussed in [53], II can be interpreted as the projection below the Fermi level ¢y. In
terms of IT the CD kernel (4.13) is expressed as

K(&,m) = (€[M]n). (5.7)
Note that II satisfies
hooIl = [to)(tol- (5.8)
Note also that (| and [to) satisfy
(tolQ = (R*05 +u)tol,  Qlto) = (W05 + u)lto), (5.9)

so that the Schrodinger equation (4.16) holds.
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5.2 Correlator of one FZZT brane and macroscopic loops

As a first step, we consider the correlator of one FZZT brane and macroscopic loops.
Following [4], let us consider the correlator of det(¢ — M) and Tre®M at finite N:

<Tre’8M\IJN(§)>
1 N _vir N 7%‘/(5) N
:N!ZN/gdAie ; %21:1@ Ai)
:m (5.10)
/d)\eﬁ/\f )\ / H d)\/ V()\,)A(A/) V(/\) % ]\i—[ P )\/ 5 )\/)
i=1 N-1 VhN-1 i

(k) 7H [ DANE = N (N () N1 (©),

where Zy is given by (4.3) and M is related to H by M = —H (see footnote 2). It follows
from (4.53) that in the double scaling limit this becomes

(Z(B)T /dxemg A)—— 1 (A 2) w(A)|

£— /\ K(&A) ¥(8)
:/wawﬁwme@MWW-

(5.11)

In appendix B, we will give an alternative derivation of this result. Note that p(\) =
K (XA, \) is the eigenvalue density. Thus the first term of (5.11) is the disconnected part
(Z(B8))(¥(£)) and the second term is the connected part

ZEUEO) = - [ MAPINEN )
- /d/\eﬁ’\<to\)\>()\\ﬂ|§> (5.12)

—(to|e”?TI¢).

In the last step we have used (5.4) and (5.5).

Next consider the correlator of one FZZT brane with two macroscopic loops

{Tr MM Ty 2My y (¢))

N
V(X 2 BAi+5>\e
N'ZN/Hd)\e AN)? D it

t,j=1

= (r}_1)7" /d)‘e(ﬁlJr/BQ)A(f - )\)<‘1’N—1(>\)2‘I’N—1(§)

ko) [T ane™ (€= 20 - xo)?

=1,2

_ly
3V

— -

1i=1

VW

Un_a(AM1)*Un_2(X2)? Ty _2(€)).

(5.13)

/\
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From (4.53), in the double scaling limit this becomes

<Z(51)Z(ﬁ2)‘l’(§)> = <Z(51 + 52)‘1’(5»
KA1, A1) KA, A2) ¥(\)
+ / [T dxe K (o, A1) K (A, A2) (Aa)
i=1,2 K(&, M) K(&X) (¢ (5.14)
= (Z(B1)Z(B2))0(€) — (to|ePPIT¢)
—(Z(B1))(tole™I1[E) — (Z(B2)) to] ™ CTI[¢)
+ (tole Qe 2Tg) + (to] 2T 2I[¢).

One can see that the connected part is given by

(Z(B)Z(B2)9(8)), = — (tole! P THIE)

5.15
+ <t0|eﬂ1QH652QH|§> + <t0\662QH651QH\§>. ( )

In the same way, one can calculate the correlator of one FZZT brane and three macro-
scopic loops. The result is

(Z(B1)Z(B2)Z(B3)2(§)),
- _ <t0‘6(51+ﬂ2+ﬁs)QH|§>

+ 3 {<t0|e(ﬁi+ﬁj)QHeﬁka§> 4 <t0|€6kQH€(ﬂi+ﬁj)QH|§>}
(4,4,k) = cyclic
permutations of (1,2, 3)
_ Z <t0|eﬂiQHeﬂjQH65kQH’£>.

(%,4,k) = all possible
permutations of (1,2, 3)

(5.16)

From (5.12), (5.15) and (5.16) it is natural to conjecture that the generating func-
tion of the connected part of the correlator of one FZZT brane and arbitrary number of
macroscopic loops is

(Z(B0) - Z2(B)VE), =@, (5.17)
where
D(€) = (tolG[) (5.18)
with .
G=1+A1, A=-1+]]1+we’?). (5.19)

i=1

As a non-trivial check of this conjecture, in what follows we will prove that 1;(5)
given above obeys the Schrodinger equation. We first notice that the connected correlator
in (5.17) is obtained by applying the boundary creation operators to the BA function (&)

<Z(61) U Z(/Bn)\ll(g»c = B(/Bl) e B(ﬁn)ﬂ)(f) = %(51, ) ﬁn»g) (520)
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Applying the boundary creation operator to the both sides of the Schrédinger equa-
tion (4.16), we obtain

(h2(9g +u—E)Yn(B1, ..., Bns§) + 2> Z 33Z|5_1‘1/)|[| = 0. (5.21)
Ics
Here
Zi =ZBi) - Z(Bir))or i = Vi Birs -5 Bigs &)y o = (§) (5.22)

with I = {i1,42,...,47}, S = {1,2,...,n} and the sum is taken for all possible proper
subsets I of S including the empty set. In terms of the generating function, (5.21) is simply
written as

(R20% +u — E)P(€) + 2h2 02 24 (€) = 0. (5.23)

Here Z is the generating function of the connected correlator of macroscopic loops such that

(Z(Br) - Z(Bn)), = Z\O( . (5.24)

w1 Wn)

As shown in [11, 53, 54] it is given by
Z ="TrlogG. (5.25)

Thus (5.23) serves as the Schrodinger equation for ¢ (¢). We will check if our conjectural
expression (5.18) of 1(¢) indeed satisfies (5.23). To do this, let us first compute 93 2. Using

ROoIl = |to)(to|, hIYG ™1 = —G71Alt) (to|G1, (5.26)

we find
B205 2 = h?0 Tr G~ AGTI

= 2 Tr G AQIIG L AdpIT + K2 Tr G~ AJI (5.27)
= —(to|GL Alto)? + h{doto| G Alt) + hlto|G 1 A|doto),

where we have introduced the notation
(80750‘ = 80<t0|, |80t0> = 60|t0>. (528)
Next consider the first term of (5.23). It is rewritten as

(205 +u — )P(&) = (tolQG &) — (to|GEIE) + 21*(Doto| DG 1€) + h* (to|05G[€)
= (t0][Q, G™1I€) + 207 (Doto| DG (&) + P (1| O5G[€).-
(5.29)
The first term of (5.29) is
(tol[@, G71[€) = —(tol G A[Q, TG [¢)
= —h<t0|G_1A[|3ot0><t0| - |t0)<30t0\}G_1|5> (5.30)
= —h(to| G Aloto) (&) + hlto| G Alto)(Doto|G€).
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The second term of (5.29) is
— 202 (Doto| G ADVTIG ™ [€) = —2M(oto| G Alto) 1 (€).- (5.31)
The third term of (5.29) is
— W2{to|0o (G A1) f¢)

= 212 (to| G ABIIG T A IIG T |€) — h% (10| G T AGRTIG1[¢€) (5.32)
= 2(to| G Alto) >0 (€) — h{to| G Aldoto) ¥ (€) — hlto| G Alto) (Dotol G E).

Finally we find

(1295 +u — €)u(&) = 2((tol G Alto)” — h{doto| G~ Alto) — h{to| G~ Alduto) ) (&)

- (5.33)
= —20°05 Z(§).

Thus 1;(5) in (5.18) satisfies the necessary equation (5.23), and we conclude that 1;(5) is
the generating function of the connected correlators (5.17).
5.3 General correlator of FZZT branes and macroscopic loops

We found that the generating function (5.18) satisfies (5.23). The key observation is
that (5.23) is itself a Schrodinger equation with modified potential

(R205 + W) (&) = € (8), (5.34)
where % = 21?02 F with F being
F=F+Z=F+TrlogG. (5.35)

This suggests that 1;(5 ) is a BA function in a certain modified background.
To see this, let us consider the correlator of Z(f)’s and FZZT branes at finite N

k

<ﬁ Z(/Bz H f] \IJN 77])>
=1

_ <E w20 [T wN<gj>wN<m>> (5.36)
j=1 O(w1-wn)
1 - k
ZZ—/dMe’“V(M H N ()TN () ,
N J=1 O(wl“‘wn)
where the deformed potential f/(M ) is given by
V(M) =V(M) = wehM. (5.37)
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Since (5.36) is just the correlator of determinants in the deformed matrix model integral,
it also takes the form (4.51). In the double scaling limit we find

det (g(&, ’I’]J))

n k
<Hz<5i> Il ‘If(fj)‘l’(nj)> —a i G (5.38)

O(w1--wn)

The overall factor det G = e~ accounts for the different normalization of the matrix
integrals. For odd number of FZZT branes we have

n k kol det (K (&,m;) | (&
({200 [ M) - GRS o
The CD kernel in the modified potential can be found from the condition (4.15)
KooK (€,m) = ()b (n). (5.40)
We find that K (&,7) is given by
K(&n) = (nuG="g). (5.41)

Let us see that (5.41) indeed satisfies (5.40):
hooK (§,m) = h(n|ooTIG™[€) — h(n[lIG~" AQTIG " [¢)
= (nlto) {to|G11€) — (NG Alto) (to| G €) (5.42)
= (nl(1 = G~ A) [to) (to| G~ "[€).
The combination 1 — IIG™! A in the first factor is written as
1-TIG'A=1-TI(1 — ATl 4 ATIATL +---)A
=1—1IIA 4 ITAITA — ITATTATIA + - - (5.43)
=(1+04)'=tg.
Thus (5.42) becomes

oK (€,m) = (nl'G " [to) {to|G~1€) = ¥ (¥ (n). (5.44)

This confirms (5.41).

To summarize, the generating function of the correlator of FZZT branes and macro-
scopic loops is given by (5.38) for even number of FZZT branes and (5.39) for odd number
of FZZT branes. Our formulae (5.38) and (5.39) do not rely on the genus expansion and
in principle they can be defined non-perturbatively.

6 Airy case

In this section we consider the Airy case corresponding to the trivial background t; =
0 (k> 1). In this case u = tp and the Schrodinger equation for the BA function is

(R*0F + to) () = €¥(&)- (6.1)
The solution to this equation is given by the Airy function
(&) = (tolé) = h3Ai[h5 (6 — to). (6.2)
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6.1 Z(B)-FZZT amplitude

Let us apply our formula (5.12) to the Airy case. For simplicity we set to = 0. Then (5.12)
becomes

0 dx
(ZEVE)e =017 = - [ (0™l ale). (63)
where (0] = (z = 0|. As shown in [55] the matrix element of €€ is given by
1 ﬂth (.%'1 - 1'2)2
B8Q — e _ o\ 2] 4
<$1|€ |.%'2> 2\/7?5 CeXp [ 12 + 2(1‘1 +$2> 4,3h2 (6 )
Thus we find
g ) 2
e 12 logp o=
Z(8)T(€))e = — 207702 (g ¢). .
(2B = g5 [ dee® T () (65)
Using the integral representation of the Airy function
o0 d i 3
<$’£> = /_OO ?Mheﬁ [%Jr(gfx)“]’ (66)
(6.5) becomes
1 s3s2 [o© LT3 ) 1
(Z(B)T(€))e = _56"1—3/ ;/‘ﬁeh[‘é+€@+i5(5ﬁ—2w)2Erfc(2\/B(ﬁh - 2iu)>. (6.7)
—oo 2T

In the 2 — 0 limit, the p integral can be evaluated by the saddle point approximation.

The saddle point is given by

52

5

Thus in the leading order approximation of i expansion we find

1 15,2 Bz2
ZEw©).~ 0 x je 1)) (6.9)

This reproduces the “half-wormhole” amplitude (2.55), as expected.

== (6.8)

Let us consider the eigenvalue density deformed by the FZZT brane

(ZEWEO) _ [,
) /d)\ (N 6). (6.10)

Here we consider the full correlator, not the connected part (Z(8)¥(§))e. From (5.11)
we find

P08 = KON - SRR (). (6.11)
In the Airy case we have
BV = Ai(N),
KOne) - Ai(A)Ai’({))\ - ?i’()\)Ai(g)’ 6.12)

K\ = AT (V)2 = A" (VAi()N),
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where we have set h = 1 for simplicity. Note that p; (A, &) vanishes at A = ¢
lim p1 (A, €) = 0. (6.13)
A=E€

This is understood from the eigenvalue repulsion due to the insertion of FZZT brane at
A = . The density p1(A,€) in (6.11) is not positive definite since the single determinant
det(§ — M) can take both positive and negative values. As discussed in [4], we can define a
positive definite eigenvalue density deformed by the two FZZT branes det(¢ — M)?, which
we will consider in the next subsection.

6.2 Z(B)-(FZZT)? amplitude

Let us consider Z(j3)-(FZZT)? amplitude. From our general formula (5.38) we find

(Z(B)W(£)?) = Tr(e I (¢IIg) — (¢[1eITl¢)
= [P [KONK(E ) - KA 7).

We define the deformed eigenvalue density due to the insertion of two FZZT branes as

(6.14)

(Z(B)e()*) _
e - /dAeWpQ(A,g). (6.15)
From (6.14) and (¥ (£)?) = K(&,€¢) we find
2
P08 = KON = S (6.16)
We also define
p(E,E") = po(—E,—E"). (6.17)

Using the CD kernel for the Airy case (6.12), we can evaluate p(F, E’) numerically. In
figure 5, we show the plot of p(E, E’') for E' = —3 and E' = 6. When E’ > 0 we see a
void near E = E’ (see figure 5b). This reproduces the result of “eigenbrane” in [4]. On the
other hand, when E’ < 0 the eigenvalues are pushed to the positive E direction due to the
eigenvalue repulsion (see figure 5a). This is qualitatively similar to the result of inserting
K FZZT branes in the large K 't Hooft limit (see figure 4).

6.3 Spectral form factor in FZZT brane background

Let us consider the two-point function of macroscopic loops in the presence of two FZZT

{Z(B)Z(B2)¥(£)?)
9(B1, B2, ) = C1GE] .

As in the previous subsection, we put two FZZT branes since single FZZT brane is not

branes

(6.18)

positive definite. From our general formula (5.38) we find

9(B1, B2, &) = (Z(81)Z(B2))

S (B1+62)Q BIQT.52Q
b | (€ g+ a(glnet et 610

—(Z(B1))(€|TePPT0|E) — (Z(Ba)) (€[ CTTIE) |
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Figure 5. Plot of p(E,E’) in (6.17) for a E' = —3 and b E’ = 6, as a function of E. The solid
curves are the deformed eigenvalue density p(F, E’) while the orange dashed curve represents the
original eigenvalue deunsity p(E) = K(—F,—FE) without FZZT branes.

We can show that this is rewritten as

9(B1, 82,€) /dAeﬁwﬁm 1 ‘KE)

)

\_/\_/

K(X
K(&,6) |K(&A) K(§¢
2 - 1 KA, A1) KA1, A2) K(A1,€) (6.20)
+/i1_[1d>‘ie ’ ZK(f,f) K(/\Q’ ) ()‘27/\2) K(/\2>§) .

K(éa)‘l) (€7A2) K(gaé)

We consider the spectral form factor (SFF) in the presence of two FZZT branes ¥(£)? at
£=-F
g(t,B,E") = g(B +it, B — it, - E"). (6.21)

Using the CD kernel for the Airy case (6.12) and the integral representation (6.20), we can
evaluate this SFF (6.21) numerically. In figure 6 we show the plot of SFF in the Airy case
with two FZZT branes for § = 1/100 with several different values of E’. For E' = —3 and
E’ = 3, we do not see a notable deviation from the original SFF without the FZZT branes
(orange dashed curve in figure 6), but the E’ = 20 case in figure 6¢ has some oscillatory
behavior. As discussed in [4], we expect that the erratic behavior arises if we put many
FZZT branes. It is tempting to speculate that the oscillatory behavior in figure 6¢ might
be an indication towards the erratic behavior as we increase the number of FZZT branes.
It would be interesting to study the SFF with many FZZT brane insertions explicitly in
the Airy case. However, this is a challenging problem since the generalization of (6.20)
for many FZZT brane insertions is a multi-variable integral which is not easy to evaluate
numerically with high precision. We leave this as an interesting future problem.

7 Conclusions and outlook

In this paper we have studied FZZT branes in JT gravity and topological gravity. We
found that FZZT branes can be introduced in the matrix model of JT gravity [3] by
attaching M(b) = —e~?" to the geodesic boundary of length b and integrating over b (see
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(a) B/ = -3 (b) E' =3 (c) E'=20

Figure 6. Plot of SFF g(¢,8,E’) with 8 = 1/100 for a E' = —3, b E' =3 and ¢ E' = 20 as a
function of . The blue dots represent the SFF in the presence of two FZZT branes at £ = —F/,
while the orange dashed curve represents the SFF without the FZZT branes.

figure 1). Our construction can be generalized to arbitrary background {¢;} of topological
gravity by introducing the generalized WP volume (2.36). We argued that the trumpet
ending on a FZZT brane can be thought of as a “half-wormhole” introduced in [10] (see
figure 2). We found that the half-wormhole amplitude is given by the complementary
error function (2.55). FZZT branes induce the shift of couplings (2.41) which is consistent
with the known property of BA function in the literature. However, the expression such
as (4.21) only gives an asymptotic expansion of the BA function in a certain sector of the
complex z-plane (2.18). In section 5 we found the general formulae (5.38) and (5.39) for the
generating function of the correlator of FZZT branes and macroscopic loops. Our formula
expresses the correlator of FZZT branes and macroscopic loops in terms of the BA function
and the CD kernel, which in principle can be defined non-perturbatively. As an example,
in section 6 we studied the eigenvalue density and the spectral form factor (SFF) deformed
by the insertion of two FZZT branes in the Airy case. In this explicit computation, we
confirmed the picture of “eigenbranes” put forward in [4].

There are many interesting open questions. It would be interesting to generalize our
study of SFF by inserting more FZZT branes to see if we recover the erratic behavior of
SFF as anticipated in [4]. Another interesting direction is the derivation of the Page curve
in our formalism of FZZT branes. In [7], it is argued that the Page curve is reproduced by
adding EOW brane degrees of freedom to JT gravity. As we have seen in (2.26), the EOW
brane in [8] is a special case of our formalism, corresponding to an infinite collection of
anti-FZZT branes. It would be interesting to apply our formalism of FZZT branes to this
problem. We should also mention that as argued in [13] the “meson” field S constructed
out of the fermions in (2.11)

Sij = XiaXaj (7.1)

can be identified as the matrix appearing in the Kontsevich model

. 3
F(t) _ Q‘ITr(ST+ZSQ>
e /dSe , (7.2)

ty = —gs(2k — DN Tr 7261,
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It would be interesting to study, say, the second Rényi entropy

r 2
e = gr gg (73)

in Kontsevich model in the JT gravity background with FZZT branes (3.2) to see if the
Page curve is recovered. We leave this as an interesting future problem.
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A (2,p) minimal model background

The background for the (2,p) minimal string is given by [27, 47]

(=D)*(m +k —2)! 2 \2k2
(k—1)!(m —k)! (Qm—l) ’

ty — 0k = (A1)
where p and m are related by p = 2m — 1. One can see that t; in (A.1) reduces to 7
in (2.27) in the limit m — oo. In this sense, JT gravity is a p — oo limit of the (2,p)
minimal string theory.

The Itzykson-Zuber variable Iy for the minimal model background is

k=1 . ) < (A.2)
D U U
== |Ppll——=)—Pnoll—=||,
[P (1= 3) o (135
where P,,(x) denotes the Legendre polynomial.
The genus-zero eigenvalue density is given by
1 & (—1D)k(t, =6 _1
po(E) = 3 E e —0k) gy
mgs i (2k =1 (A3)
1 2WE '
= sinh |p arcsinh i ,
ﬂﬂ'gs D
and the disk amplitude is given by
_ 1 & k1
(2(8))7=" = Y (=D)F(t = d)B7 2
V271gs .
B2 (A.4)
1 p s D
= = K .
Varg 28° g( 8 )

One can easily see that in the p — oo limit the eigenvalue density of the (2,p) minimal
string (A.3) reduces to the eigenvalue density of JT gravity in (3.6).
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B Z(B)-FZZT amplitude from inverse determinant

We can reproduce the Z(3)-FZZT amplitude (5.11) using the relation

det(y — M) det(&—M)>. (B.1)

<Trx_1Mdet(f—M)>:ll,i§}ﬁay< det(z — M)

The correlator of determinants and inverse determinants is studied in [52, 56, 57]. Using
the result of [52, 56, 57], we find

et(y — et(£ — en-1(z) on(2) ony1(2)
<d t(yde‘i\ézij\(f) M)>:§iyh;1 Py_1(y) Pn(y) Pnya(y)|, (B.2)

where oy (x) is the Hilbert transform of the orthogonal polynomial Py ()

6_V(A)P A B
] (B3

on(z) = /d)\
Thus we find

—vy |[Pn=1(A) Pn(A) Prya(A)

1 11 e Py(§)
Tr ——2det(§ = M) ) = —— AA—— |Ph_y (@) Pi(a) Py (@) + 7
< M > : hN_l/ g Py_1(§) Pn(§) PNL(E) :
(B.4)
By using the relation
APy(A) = Py (M) + }:VN 1PN_1()\), (B.5)
the first term of (B.4) is written as
L vy |Pvoi) Py() AP
i [ [P @) Pila) aPi(@) + Pate)
N Pn_1(§) Pn(§) EPN(E)
11 _voy |Pv-1(A) Pv(A) (A —z)Py(A)
= i [ [P Bile) Pala)
- Py_1(€) Pn(&) (€ —2)Pn(¢) (B.6)
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In the last equality we used the orthogonality relation (4.2). Let us consider the first half
of (B.6)

V)
[ A Pu(©) (Py-1 (N Pi(a) — Py(A Py (@)

eV
= [ (BB~ PP )

DO o [PN_l(A)P;@ PR ) Phale) = f}v_l(k)]

e~V
h]\jl /dA o () (PNfl(A)Pllv(A) - PN()‘)PJ/Vfl(/\))'

hn-1

(B.7)

In the last step we used the orthogonality relation (4.2). The second half of (B.6) is

1 /d)\e—v(x) Pu(e) Py_1(N)Pn (&) — Pnv(A)Pn—1(&)
hn-1 T —A x—¢&
/d)\er(A) Py (z) — Pn(A) + Pn(A) Pn—1(A)Pn(§) — Pn(A)Pn-1(§) (BS)
hn_1 T — A x—¢& '
Using the relation
PN(:C; : fN()\) = Pn_1(\) + (lower degree terms in \) (B.9)
(B.8) becomes
PN(&) /d)\ vy Pn(A) Pn—1(A) P (§) — Pn(A)Prv—1(§)
r—& hN 1 T — A x—&
PN, 1 vy (L Pn_1(AN)Pn(§) — Pn(AN)Pn-1()
_x—£+hN1/‘“ (=~ m3) V0= )
_Pn(§) /d>\ V(A)P (A) Pv—1(A) P (€) — P (M) Prn—1(8)
x—¢ hN 1 - £— )\
(B.10)

The first term cancels out the last term of (B.4). Finally we find

<Trx L det(e - M)> hN 1 / d)\x_(;) [PN(s)(PN(A)PN 1) — PPy (V)

- py(y PP = A€ >PN<A>].
(B.11)
In the double scaling limit this becomes
(1 0©) = [ 25 [KO 0 - K€ o). (B.12)

This reproduces the deformed eigenvalue density due to the insertion of one FZZT brane
n (5.11).

One can in principle derive the multi-point correlator of Z(f)’s and FZZT branes in
this approach using the result in [52, 56, 57]. We leave this as an interesting future problem.
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