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Abstract The R-matrix method is implemented to study
the heavy charm and bottom diquark, triquark, tetraquark,
and pentaquarks in configuration space, as the bound states of
quark–antiquark, diquark–quark, diquark–antidiquark, and
diquark–antitriquark systems, respectively. The mass spec-
trum and the size of these systems are calculated for different
partial wave channels. The calculated masses are compared
with recent theoretical results obtained by other methods in
momentum and configuration spaces and also by available
experimental data.

1 Introduction

The original idea of the R-matrix theory was introduced by
Kapur and Peierls [1], to remove unsatisfactory reliance on
perturbation theory in nuclear reactions. It was a few years
later that Wigner simplified the idea to the formulation of R-
matrix theory in which all expressions are energy dependent
[2–4]. Although the R-matrix theory was originally devel-
oped for treatment of nuclear resonances [4,5], it can also
be used to describe all types of reaction phenomena and can
be considered as an elegant method to solve the Schrödinger
equation. These extensions especially became possible after
the work of Bloch [6], by introducing a singular operator
between internal and external regions.

The solution of the Schrödinger equation for the bound
states of few-quarks in momentum space is numerically dif-
ficult to handle, because the confining part of the potential
leads to singularity at small momenta. To overcome this prob-
lem we have successfully used a regularized form of the
quark–antiquark [7] and recently diquark–antidiquark (DD̄)
[8,9] interactions to solve the Lippmann–Schwinger (LS)
equation in momentum space and calculate the mass spec-
trum of heavy quarkonia and tetraquarks. To this aim one can
keep the divergent part of the potential fixed after exceed-
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ing a certain distance, called the regularization cutoff. This
procedure creates an artificial barrier and the influence of
tunneling barrier is manifested by significant changes in the
energy eigenvalues at small distances.

Recently we have shown that the homogeneous LS equa-
tion can be formulated in configuration space to study the
heavy tetraquarks as a bound state of DD̄ system [10].
The variational methods are also used to study the few-
quark bound states [11–17]. In order to obtain the varia-
tional energy, one must minimize the lowest eigenvalue with
respect to the variational parameters after diagonalizing the
Hamiltonian matrix. The variational energy can be obtained
by differentiating the lowest eigenvalue with respect to the
variational parameters. The successful application of the R-
matrix theory to describe the resonance and scattering states
resulting from the interaction of particles or systems of par-
ticles, which can be nucleons, nuclei, electrons, atoms, and
molecules [18,19], motivated us to implement it to the few-
quark bound states. In the present paper we show that R-
matrix theory is an effective and efficient method to study
the bound states of few-quarks by solving the Schrödinger
equation in different partial wave channels. The successful
implementation of the R-matrix method to heavy few-quark
systems paves the way to accurately predict the masses of
few-quark bound states composed of light quarks.

2 R-matrix method for few-quark bound states in
configuration space

In our study for diquark, triquark, tetraquark, and pen-
taquark systems, we have used a two-body picture by
considering them as the bound states of quark–antiquark
(qq̄), diquark–quark (Dq), diquark–antidiquark (DD̄) and
diquark–antitriquark (DT̄ ) systems, respectively. The non-
relativistic bound state of any of these two-body systems with
the pair relative distance r in a partial wave representation
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can be described by the Schrödinger equation. For simplic-
ity of the notation we use AB for representation of these
systems, where A and B stand for any of the subsystems.
Since the AB interaction V (r) is a central force, thus the
wave function of few-quark bound states consists of some
type of radial function times a spherical harmonic function,
i.e. �nlm(r) = Rnl(r)Ylm(θ, φ). The radial function can be
obtained by solution of the differential equation

(Hl − E) Rnl(r)

=
[
− h̄2

2μ

(
d2

dr2 + 2

r

d

dr
− l(l + 1)

r2

)
+ V (r) − E

]
Rnl(r)

= 0, (1)

where E = mAB − mA − mB is the AB binding energy
(mAB is the mass of AB system composed of two subsys-

tems A and B with masses mA and mB). μ = mAmB

mA + mB
is

the reduced mass and l is the orbital angular momentum of
relative motion of AB system. In R-matrix calculations, the
radial wave function is considered in two internal (r < rc)
and external (r > rc) regions as Rint and Rext, respectively.
The parameter a is large enough to ensure that the mass spec-
trum is independent of it.

The internal wave function Rint is defined as combination
of the basis functions ui (r),

Rint =
N∑
i=1

ci ui (r), (2)

where

ui (r) = rl e

⎛
⎝− r2

2ρ2
i

⎞
⎠
. (3)

In our study, the basis states parameters ρi are

ρi = ρ0λ
i−1, ρ0 = 1.2

rc
λN−1 , λ = 1.3, N = 30. (4)

Since in the external region the interaction between
diquark and antidiquark is fixed, the external wave function
can be considered as a modified spherical Bessel function of
the second kind,

Rext = Cl kl(κr), (5)

where Cl is a constant parameter and κ = √
2μ (−E + V0).

Continuity of the internal and external wave functions and
derivatives implies that

Rint(rc) = Rext(rc),

R′
int(rc) = R′

ext(rc). (6)

The Hamiltonian Hl is not Hermitian in the internal region.
To avoid this the Bloch operator is defined as

L(b) = h̄2

2μ
δ (r − rc)

(
d

dr
− b

r

)
. (7)

The dimensionless parameter b is an arbitrary real constant.
The delta function indicates that the Bloch operator is a sur-
face operator acting only on r = rc. The operator Hl + L(b)
is Hermitian, and therefore has a discrete spectrum in the
finite region. Using Eq. (6), the Schrödinger equation in the
internal region can be approximated by

(
Hl + L(b) − E

)
Rint(r) = L(b) Rext(r). (8)

It means the logarithmic derivative of the wave function is
continuous at r = rc. By multiplying Eq. (8) with ui ′ and
integrating in the internal region, we obtain the following
equation to determine the unknown coefficients ci :

N∑
i=1

Ci ′i (E, b) ci = 〈ui ′ |L(b)|Rext〉

= h̄2rc
2μ

ui ′(rc)

(
aR′

ext(rc) − bRext(rc)

)
,

(9)

where

Ci ′i (E, b) = 〈ui ′ |Hl + L(b) − E | ui 〉 . (10)

Solving Eq. (9) for ci and substituting them into Eq. (6),
i.e., Rint(rc) = ∑N

i=1 ci ui (rc) = Rext(rc), leads to

Rint(rc) = R(E, b)

(
a R′

ext(rc) − b Rext(rc)

)
, (11)

where R(E, b) is the R-matrix given by

R(E, b) = h̄2rc
2μ

N∑
i,i ′=1

ui (rc)C
−1
i i ′ (E, b) ui ′(rc). (12)

The wave function in the internal region is then given by

Rint(r)= h̄2rc
2μ R(E, b)

Rext(rc)
N∑

i,i ′=1

ui (r)C
−1
i i ′ (E, b) ui ′(rc).

(13)

By choosing b = a R′
ext(rc)

Rext(rc)
= κrc k′

l(κrc)

kl(krc)
, where

k′
l(κrc) = dkl

d(κrc)
, the right hand side of Eq. (9) will be zero
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and consequently leads to the following Schrödinger–Bloch
equation:

N∑
i=1

〈
ui ′

∣∣∣∣Hl + L

(
b(E)

)
− E

∣∣∣∣ ui
〉
ci = 0. (14)

Since b depends on κ or the AB binding energy E , which we
want to calculate, we have written b ≡ b(E). Equation (14)
can be written schematically as the eigenvalue equation

A c = λB c (15)

where the matrix elements of the A and B matrices can be
obtained:

Ai j =
〈
ui

∣∣∣∣Hl + L

(
b(E)

)∣∣∣∣ u j

〉
,

Bi j = 〈ui | ui 〉 . (16)

Since the A matrix is energy dependent, the solution of the
eigenvalue equation (15) can be started by an initial guess
for the energy E and the search in the binding energy can

be stopped when

∣∣∣∣λ − E

E

∣∣∣∣ ≤ 10−10. In order to solve Eq.

(14), we have discretized the continuous variable r with
Gauss–Legendre points using a hyperbolic–linear mapping
[8]. To this aim we have transferred the [0,∞) domain to
[0, 1] ∪ [1, 2] ∪ [2, 15] GeV−1 using 75, 75, and 50 nodes
in each subinterval, respectively. It indicates that the param-
eter rc, which divides the configuration space into internal
and external regions, is chosen to be rc = 15 GeV−1 and we
have numerically verified that the calculated masses of the
tetraquarks are independent of the regularization cutoff a.

By having the AB binding energy and eigenvector c from
the solution of eigenvalue Eq. (15), we can calculate the AB
internal wave function by Eqs. (10), (12), and (13). Of course,
one can calculate the internal wave function directly using
Eq. (2). Using AB wave function, we can evaluate the expec-
tation value 〈r〉 for AB pair distance as

〈r〉 =
∫ ∞

0
dr r3R2(r)

=
∫ rc

0
dr r3R2

int(r) +
∫ ∞

rc
dr r3R2

ext(r), (17)

where the AB radial wave function is normalized to 1, i.e.∫ ∞
0 dr r2R2(r) = 1.

3 Results and discussion

For numerical solution of the integral equation (1) for qq̄ ,
Dq, and DD̄ we have used the spin-independent interaction

V (r) = VCoul(r) + Vconf(r), (18)

with the linear confining

Vconf(r) = a r + b, (19)

and the Coulomb-like one-gluon exchange potential

VCoul(r) = γ
FA(r)FB(r)

r
, γ = −4

3
αs . (20)

FA and FB are the form factors of the subsystems A and B,
respectively, and have the following functional form:

F(r) = 1 − eαr−βr2
. (21)

The parameters of this model are fixed from the analysis of
heavy quarkonia masses and radiative decays [20–22].

3.1 Heavy quarkonia

For this first test of application of the R-matrix method,
we have solved the integral equation (1) to calculate the
mass spectra of heavy quarkonia, mesons consisting heavy
quark and antiquark. We have used the linear confining plus
Coulomb potential of Eq. (18) with form factor F(r) = 1.
The parameters of potentials are a = 0.18 GeV2, b = −0.29
GeV with αs = 0.47 for charmonium (mc = 1.56 GeV)
and αs = 0.39 for bottomonium (mb = 4.93 GeV). As
we show in Table 1, our numerical results for masses of
charmonium and bottomonium, obtained by the R-matrix
method, are in excellent agreement with the solution of the
Lippmann–Schwinger integral equation in momentum space
[7] and configuration space [23], and also with the experi-
mental data [24].

3.2 Heavy baryons

In the next step we have calculated the masses of the ground
state heavy baryons consisting of two light (u; d; s) and one
heavy (c; b) quarks in the heavy quark–light diquark approx-
imation. The used diquark mass and form factor parameters
are given in Table 2. As we show in Table 3, our numerical
results for different heavy baryons, calculated by nonrela-
tivistic R-matrix method, are in good agreement with rela-
tivistic and spin-dependent results of EFG [25] and also with
MLW results [26] of lattice nonrelativistic QCD. The relative
difference between our and Ebert, Faustov, and Galkin (EFG)
group results is less than 1.2 (4.8) % for bottom (charm)
baryons. Clearly the difference comes from the relativistic
effects and also spin terms of the potential that we have
ignored in our calculations.
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Table 1 The mass spectra of charmonium ψ(cc̄) and bottomonium
ϒ(bb̄) for the linear confining plus Coulomb potential of Eq. (18) with
form factor F(r) = 1. The masses are given in GeV. The numbers in

parentheses are the expectation value of the relative distance between
quark–antiquark pair 〈r〉 in units of fm

State ψ(cc̄) ϒ(bb̄)

R-matrix LS [7] Faustov et al. [23] Exp. [24] R-matrix LS [7] Faustov et al. [23] Exp. [24]

1s 3.062 (0.349) 3.062 3.068 3.0675 9.421 (0.184) 9.425 9.447 9.4604

1p 3.529 (0.599) 3.529 3.526 3.525 9.910 (0.368) 9.909 9.900 9.900

2s 3.696 (0.734) 3.696 3.697 3.663 10.005 (0.453) 10.006 10.012 10.023

1d 3.832 (0.795) 3.832 3.829 3.770 10.158 (0.511) 10.158 10.155

2p 3.997 (0.920) 3.997 3.993 10.263 (0.594) 10.263 10.260 10.260

3s 4.144 (1.040) 4.144 4.144 4.159 10.349 (0.669) 10.350 10.353 10.355

2d 4.238 (1.081) 4.237 4.234 10.451 (0.711) 10.450 10.448

3p 4.387 (1.222) 4.384 4.383 10.547 (0.786) 10.546 10.544

Table 2 The mass m and form
factor parameters α and β of
light–light and heavy–light
diquarks. q stands for up and
down quarks, and S and A
denote the scalar and axial
vector diquarks

Quark content Diquark type m (GeV) α (GeV) β (GeV2)

qq S 0.710 1.09 0.185

A 0.909 1.185 0.365

qs S 0.948 1.23 0.225

A 1.069 1.15 0.325

ss A 1.203 1.13 0.280

cq S 1973 2.55 0.63

A 2.036 2.51 0.45

cs S 2091 2.15 1.05

A 2.158 2.12 0.99

bq S 5359 6.10 0.55

A 5.381 6.05 0.35

bs S 5462 5.70 0.35

A 5.482 5.65 0.27

Table 3 Masses of the ground states of heavy charm and bottom
baryons in units of GeV, calculated by nonrelativistic R-matrix method
compared to results of EFG (from solution of relativistic LS equation),
to MLW results (obtained from lattice nonrelativistic QCD) and also to

the experimental date. The numbers in parentheses are the expectation
value of the relative distance between light diquark and heavy quark
pair 〈r〉 in units of fm. The symbols [] and {} denote the scalar and axial
vector diquarks

Baryon Content I (J P ) R-matrix EFG [25] MLW [26] EXP PDG [27]

�c {ss}c 0( 1
2

+
) 2.396 (0.49) 2.297 2.290 2.2849 (0.006)

�c {uu}c 1( 1
2

+
) 2.554 (0.45) 2.439 2.452 2.4513 (0.007)

�c [us]c 1
2 ( 1

2
+
) 2.594 (0.45) 2.481 2.473 2.4663 (0.0014)

�′
c {us}c 1

2 ( 1
2

+
) 2.702 (0.44) 2.578 2.599 2.5741 (0.0033)

�c {ss}c 0( 1
2

+
) 2.829 (0.43) 2.698 2.678 2.6975 (0.0026)

�b [ud]b 0( 1
2

+
) 5.687 (0.45) 5.622 5.672 5.6240 (0.009)

�b {uu}b 1( 1
2

+
) 5.843 (0.42) 5.805 5.847

�b [us]b 1
2 ( 1

2
+
) 5.882 (0.41) 5.812 5.788

�′
b {us}b 1

2 ( 1
2

+
) 5.989 (0.40) 5.937 5.936

�b {ss}b 0( 1
2

+
) 6.115 (0.39) 6.065 6.040
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Table 4 Masses of charm diquark–antidiquark states in units of GeV,
calculated by nonrelativistic R-matrix method compared to nonrela-
tivistic Lippmann–Schwinger (LS) calculations and relativistic EFG

results. The numbers in parentheses are the expectation value of the
relative distance between DD̄ pair 〈r〉 in units of fm

State cqc̄q̄ (SS̄) cqc̄q̄ (AĀ)

R-matrix LS [8] EFG [28,29] LS [10] R-matrix LS [8] EFG [28,29] LS [10]

1s 3.885 (0.35) 3.792 3.812 3.885 4.013 (0.35) 3.919 3.852 4.013

1p 4.268 (0.55) 4.262 4.244 4.388 (0.54) 4.374 4.350

2s 4.461 (0.70) 4.419 4.375 4.580 (0.69) 4.535 4.434

1d 4.553 (0.73) 4.556 4.506 4.669 (0.72) 4.668 4.617

2p 4.708 (0.85) 4.697 4.666 4.823 (0.84) 4.816 4.765

3s 4.873 (0.99) 4.843 4.988 (0.97) 4.944

2d 4.932 (1.00) 4.933 5.044 (0.99) 5.037

3p 5.073 (1.10) 5.062 5.184 (1.09) 5.184

State csc̄s̄ (SS̄) csc̄s̄ (AĀ)

R-matrix LS [8] EFG [28,29] LS [10] R-matrix LS [8] EFG [28,29] LS [10]

1s 4.117 (0.35) 4.011 4.051 4.117 4.249 (0.34) 4.139 4.110 4.250

1p 4.490 (0.54) 4.490 4.466 4.617 (0.53) 4.616 4.582

2s 4.681 (0.68) 4.620 4.604 4.808 (0.68) 4.744 4.680

1d 4.770 (0.71) 4.770 4.728 4.893 (0.71) 4.894 4.847

2p 4.922 (0.83) 4.920 4.884 5.045 (0.82) 5.041 4.991

3s 5.086 (0.95) 5.039 5.208 (0.95) 5.160

2d 5.142 (0.98) 5.143 5.262 (0.97) 5.263

3p 5.281 (1.08) 5.276 5.399 (1.07) 5.394

Table 5 The same as Table 4,
but for bottom tetraquarks State bqb̄q̄ (SS̄) bqb̄q̄ (AĀ)

R-matrix LS [8] EFG [28,30] R-matrix LS [8] EFG [28,30]

1s 10.482 (0.23) 10.426 10.471 10.527 (0.23) 10.469 10.473

1p 10.814 (0.38) 10.813 10.807 10.858 (0.38) 10.856 10.850

2s 10.942 (0.47) 10.914 10.917 10.986 (0.48) 10.958 10.942

1d 11.034 (0.51) 11.034 11.021 11.077 (0.51) 11.077 11.064

2p 11.142 (0.59) 11.140 11.122 11.185 (0.59) 11.183 11.163

3s 11.252 (0.68) 11.230 11.295 (0.68) 11.273

2d 11.311 (0.70) 11.310 11.354 (0.70) 11.354

3p 11.409 (0.78) 11.406 11.452 (0.78) 11.450

State bsb̄s̄ (SS̄) bsb̄s̄ (AĀ)

R-matrix LS [8] EFG [28,30] R-matrix LS [8] EFG [28,30]

1s 10.691 (0.23) 10.629 10.662 10.732 (0.23) 10.668 10.671

1p 11.017 (0.38) 11.015 11.002 11.056 (0.38) 11.054 11.039

2s 11.146 (0.48) 11.116 11.111 11.186 (0.48) 11.155 11.133

1d 11.235 (0.51) 11.235 11.216 11.275 (0.51) 11.274 11.255

2p 11.343 (0.59) 11.340 11.316 11.382 (0.59) 11.379 11.353

3s 11.454 (0.68) 11.430 11.493 (0.68) 11.469

2d 11.511 (0.70) 11.511 11.550 (0.70) 11.549

3p 11.608 (0.78) 11.606 11.647 (0.77) 11.645
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3.3 Heavy tetraquarks

In our calculations for heavy tetraquarks we have used the
masses of diquark (antidiquark) and form factor parameters
of Ref. [28] which are given in Table 2.

Our numerical results for the masses of charm (cqc̄q̄ and
csc̄s̄) and bottom (bqb̄q̄ and bsb̄s̄) tetraquarks for the s-,
p-, and d-wave channels with total spin S = 0 are listed
in Tables 4 and 5. The tetraquark masses are calculated for
scalar SS̄ and axial-vector AĀ diquark–antidiquark contents.
We have also calculated the expectation value of the relative
distance between DD̄ pair which can provide an estimate of
the size of the tetraquarks.

We have compared our results for tetraquark masses
with recent results obtained in momentum and configura-
tion spaces by solution of the nonrelativistic Lippmann–
Schwinger integral equation [8,10] and also with those of
previous relativistic studies by EFG reported in Refs. [28–
30].

It indicates that the calculated masses for the ground state
of charm tetraquarks (i.e. cqc̄q̄ and csc̄s̄) with corresponding
results from LS (in configuration space) [10] show that they
are in excellent agreement. Our results are also in good agree-
ment with those of LS (in momentum space) and EFG with
a relative percentage difference estimated to be at most 2.5
and 4 %, respectively. While our R-matrix calculations and
LS results are both done in a nonrelativistic spin-independent
scheme, there is some difference between the results obtained
in momentum and configuration spaces. Clearly, the differ-
ence between our R-matrix results in configuration space and
EFG results in momentum space is larger, and it comes from
the relativistic effects and also from the spin contribution in
the DD̄ interaction, which appears in spin–orbit, spin–spin,
and tensor spin–space terms [29]. As we have shown in Ref.
[8] the relativistic effect leads to a small reduction in the mass
of heavy tetraquarks and decreases the masses of charm and
bottom tetraquarks by less than 2 and 0.2 %, respectively,
whereas the spin contribution may lead to small decrease or
increase in the masses of the tetraquarks.

In Fig. 1 we have shown few examples of the probabil-
ity density |�nlm(r)|2 of bqb̄q̄ tetraquark in SS̄ state for the
s-, p-, and d-wave channels. As we can see the tetraquark
probability functions for higher states have been expanded
to larger distances which leads to larger expectation value
for the relative distance between DD̄ pair. As we can see
in Tables 4 and 5, the expectation value of the relative dis-
tance between DD̄ pair is almost the same for scalar SS̄ and
axial-vector AĀ diquark–antidiquark contents. It is larger for
higher states and its size changes roughly with a factor of 3
from 1s to 3p state. In Table 6 we compare our results for
the masses of charm and bottom tetraquarks with the possible
experimental candidates. They are in good agreement with a
relative difference below 3.4 %.

Fig. 1 The x–z cross section of the s-, p-, and d-wave probability
densities |�nlm(r)|2 for bqb̄q̄ tetraquark in SS̄ state for m = 0

3.4 Pentaquarks

After successful application of the R-matrix method for
diquark, triquarks, and tetraquarks we have also implemented
it to study the pentaquarks as bound states of diquark–
antitriquark systems (see Fig. 2).

In this study we have used two models of the DT̄ inter-
action. In the following sections we present the models and
our numerical results.

3.4.1 One-pion exchange potential

One-pion exchange potential (OPEP) acting between a
nucleon and a heavy meson (D or B) given as [41]

Vπ (r) =
⎧⎨
⎩
V0, r < r0,

2IN · IH
(
S12VT (r) + 2SN · Sl Vc(r)

)
, r > r0,

(22)

where

V0 = −62.79 or − 276 MeV,

VT (r) = gAgHm2
π

2π f 2
π

e−mπ r

6r

(
3

m2
πr

2 + 3

mπr
+ 1

)
,

Vc(r) = gAgHm2
π

2π f 2
π

e−mπ r

3r
, (23)

and the labels are: nucleon isospin IN , heavy meson isospin
IH (total isospin I = IN + IH ), tensor force S12, tensor
potential VT (r), nucleon spin SN , light quark in heavy meson
spin Sl (sum of nucleon spin and light quark spin K = SN +
Sl ) and central potential Vc(r).

123



Eur. Phys. J. C (2016) 76 :522 Page 7 of 9 522

Table 6 Comparison of our
numerical results for the masses
of charm and bottom
diquark–antidiquark states,
calculated by the R-matrix
method and possible
experimental candidates. The
expectation value 〈r〉 for the
diquark–antidiquark pair
distance is also calculated

State R-matrix theory Experiment

Mass (MeV) 〈r〉 (fm) Exp. candidate Mass (MeV)

cqc̄q̄ (SS̄)

1p 4268 0.5500 Y (4260)

⎧⎪⎨
⎪⎩

4259 ± 8+2
−6 [31]

4247 ± 12+17
−32 [32]

4284+17
−16 ± 4 [33]

2p 4708 0.8491 Y (4660)

{
4664 ± 11 ± 5 [34]
4634+8+5

−7−8 [35]
cqc̄q̄ (AĀ)

1p 4388 0.5449 Y (4360)

⎧⎪⎨
⎪⎩

4361 ± 9 ± 9 [34]
4324 ± 24 [36]
4355+9

−10 ± 9 [37]
2s 4580 0.6924 Z(4430) 4433 ± 4 ± 2 [38]
bqb̄q̄ (SS̄)

1p 10814 0.3780 Y (10860)

{
10876 ± 2 [39]
10865 ± 8 [40]

2p 11142 0.5948 Y (11020)

{
10996 ± 2 [39]
11019 ± 8 [40]

Fig. 2 Pentaquark system as a diquark–antitriquark bound state

The parameters of the OPEP potential are given in
Table 7.

Our results for the masses of the pentaquarks composed
of a nucleon and a meson (B and D mesons) for the l = 0,
S = 3

2 , and J P = 3
2
+

channel are given in Table 8. As we
can see our results with R-matrix method are in excellent
agreement with results of Cohen et al. [41].

Table 7 The parameters of the
OPEP potential used in the
heavy pentaquark calculations

Parameter Value

gA 1.27

fπ 131 MeV

gH +0.59

mπ 138 MeV

mN 938.92 MeV

mB 5279 MeV

mD 1867 MeV

Table 8 The masses of pentaquarks composed of a nucleon and a meson
for the l = 0, S = 3

2 , and J P = 3
2

+
channel. Upper panel: nucleon +

B meson, lower panel: nucleon plus D meson. All masses are in GeV.
Column A: constant potential, V0 = −276 MeV, and r0 = 1 fm; B:
constant potential, V0 = −62.79 MeV, and r0 = 1.5 fm

A B

[41] R-matrix [41] R-matrix

I = 0 6.077 6.076 6.202 6.201

I = 1 6.077 6.076 6.203 6.202

I = 0 2.689 2.688 2.797 2.795

I = 1 2.691 2.689 2.797 2.796

3.4.2 Cornell potential

For the second test of pentaquark calculations, the nonrela-
tivistic linear-plus-Coulomb Cornell potential is used. It has
the following form [42]:
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V (r) = Vc(r) + Vspin−spin + Vspin−orbit + Vtensor (24)

where

Vc(r) = −4

3

αs

r
+ br

Vspin−spin = 32παs

9mDmT

(
σ√
π

)3

e−σ 2r2
SD · ST̄

Vspin−orbit = 1

mDmT

(
2αs

r3 − b

2r

)
L · S

Vtensor = 1

mDmT

4αs

r3 T, (25)

and the spin–spin, spin–orbit, and tensor operators can be
calculated as

SD · ST̄ = 1

2

(
S2 − S2

D − S2
T̄

)
,

L · S = 1

2

(
J2 − L2 − S2

)
,

Table 9 The parameters of the
Cornell potential used in heavy
pentaquark calculations

Parameter Value

αs 0.5461

b 0.1425 GeV2

σ 1.0946 GeV

mD 1.860 GeV

mT̄ 2.286 GeV

〈3L J |T |3L J 〉 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−L

6(2L + 3)
, J = L + 1

1

6
, J = L

− L + 1

6(2L − 1)
, J = L − 1.

(26)

In Table 9, the parameters of the Cornell potential used in
pentaquark calculations are given.

Our results for the masses of charmoniumlike pentaquark
P+
c in the s- and p-wave channels are given in Table 10. In

our calculations we have ignored tensor force and we have
considered the central, spin–spin, and spin–orbit terms of the
diquark–antitriquark interaction of Eq. (24).

Beside the small difference between our results for the
masses of s- and p-wave charmoniumlike pentaquarks and
Lebed’s results [43], which is about 5 % and comes from
the tensor force being ignored, the diquark–antitriquark sep-
aration 〈r〉 for the s-wave channel with value of 0.306 fm is
almost half of the separation obtained by Lebed with a value
of 0.64 fm. For the p-wave channel, ignoring the tensor force
leads to a relative difference of 14 % in the calculated sepa-
rations.

In conclusion, we have implemented the R-matrix method
to calculate the mass spectra of heavy quarkonia, baryons,
tetraquarks, and pentaquarks in the two-body picture. Our
numerical results for the masses of heavy charm and bottom
few-quarks, even ignoring the relativistic effects, are in good
agreement with other theoretical predictions and also with
available experimental data.

Table 10 Masses of
charmoniumlike pentaquark P+

c
in a diquark–antitriquark picture
in units of MeV, calculated by
nonrelativistic R-matrix method
compared to Lebed’s results.
The diquark–antitriquark
separation 〈r〉 is also calculated
in units of fm

[43]

Experiment [44]

[43]

Experiment [44]
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