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Abstract With the usual definitions for the entropy and the
temperature associated with the apparent horizon, we show
that the unified first law on the apparent horizon is equivalent
to the Friedmann equation for the scalar—tensor theory with
non-minimally derivative coupling. The second law of ther-
modynamics on the apparent horizon is also satisfied. The
results support a deep and fundamental connection between
gravitation, thermodynamics, and quantum theory.

1 Introduction

The discovery of black hole thermodynamics [1] has shown
a deep connection between gravitation and thermodynamics.
In particular, the black hole temperature, which is propor-
tional to the surface gravity at the event horizon, and Hawk-
ing radiation [2] tell us that this relation may be linked to
quantum gravity [3]. Instead of being proportional to the
volume, the Bekenstein—-Hawking entropy is equal to one
quarter of the area of the event horizon of the black hole mea-
sured in Planck units [2,4]. Based on this area law of entropy,
Bekenstein then argued for a universal entropy bound for a
weakly self-gravitating physical system in an asymptotically
flat space-time [5]. This led to the proposal of the holographic
principle [6-8]. The holographic principle was supported by
the AdS/CFT correspondence, which states that the type IIB
superstring theory on AdSs x S is equivalent to the N = 4
super-Yang—Mills theory with gauge group U(N) in four
dimensions [9]. The AdS/CFT correspondence relates a grav-
itational theory in d-dimensional anti-de Sitter space with a
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conformal field theory living in a (d — 1)-dimensional bound-
ary space. The Hawking radiation and the holography show
that the thermodynamic property of gravitation is unique.
These special properties may provide some physical insights
into the nature of quantum gravity. By applying the area law
of entropy for all local acceleration horizons, it was found
that the Einstein equation could be derived from the first law
of thermodynamics [10]. The relation was then discussed in
cosmology, and the equivalence between the first law of ther-
modynamics and the Friedmann equation was derived [11-
15]. The relation between thermodynamics and gravitation
was discussed extensively in the literature, and the relation
holds also in more general theories of gravity [10-32].

The simplest generalization of Einstein’s general relativ-
ity is Brans—Dicke theory [33]. In Brans—Dicke theory, grav-
itation is propagated by massless spin zero scalar field in
addition to the massless spin 2 graviton. The scalar degree
of freedom can also arise upon compactification of higher
dimensions. In general, the scalar field ¢ is coupled to the
curvature scalar R as f(¢)R. More general couplings for the
scalar field are also possible [34—37]. In Horndeski theory,
the derivatives of both the metric g,, and the scalar field
¢ are at most second order, and the second derivative ¢,
couples to the Einstein tensor by a term of the general form
f(¢, X)G"* ..., where X = gV ¢, [34]. However, the
field equations are still second order in Horndeski theory. We
can also consider the non-minimally derivative coupling ¢,
$HR, $ b v R, SOGR, $. s R, §,, R, and p*OR.
If we choose the non-minimally derivative coupling as
G"*¢ ,.¢.v, then the field equations contain no more than
second derivatives [38], and the theory avoids the Boulware—
Deser ghost [39]. With this choice of non-minimally deriva-
tive coupling, it was shown that the Higgs field produced
a successful slow-roll inflation without violating the uni-
tarity bound and fine-tuning the coupling constant A [40].

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-015-3574-7&domain=pdf
mailto:huangymei@gmail.com
mailto:yggong@mail.hust.edu.cn
mailto:904186306@qq.com
mailto:yizhuhust@sina.cn

351 Page2of5

Eur. Phys. J. C (2015) 75:351

The scalar—tensor theory with the non-minimally derivative
coupling sz’“’d), u®,v was discussed by lots of researchers
recently [41-70].

In this paper, we discuss the thermodynamics of the
scalar—tensor theory with non-minimally derivative coupling
sz’“’q),M(ﬁ,v. The paper is organized as follows. In Sect. 2,
we review the scalar—tensor theory with non-minimally
derivative coupling. The relation between the first law of
thermodynamics and the Friedmann equation is presented in
Sect. 3. We discuss the second law of thermodynamics in
Sect. 4, and conclusions are drawn in Sect. 5.

2 The scalar-tensor theory with non-minimally
derivative coupling

The action for the general scalar—tensor theory with non-
minimally derivative coupling which contains only up to sec-
ond derivatives is

M2
S = /‘d4xa/—g |:TPIR
1
—E(g’” — @’ G"™)3,¢d,¢ — V(¢)} + Sb, ey

where the Planck mass Mgl = 87G)"! = k2, wis the
coupling constant with the dimension of inverse mass, V (¢)
corresponds to the scalar field potential, and S}, is the action
for the background matter, which includes dust and radiation.
Varying the action (1) with respect to the metric g,,,, we get

G = Ryy — R =«>Tt, +T¢) )
ny = Kyy zguv = Wy uv’>

where Tlfu is the energy-momentum tensor for the back-
ground matter, and the effective energy-momentum tensor
T, for the scalar field is

. 1
T,iu = (b,/t(p,v - Eg/w((b,a)Z - g,wV(¢)

1
—w? { 24) oy R+2¢ V(M(]ﬁR + ¢ ¢ R;uxu,B
1
+Vu V¥V, Ve — V, Vo g — 5<¢,O,)2GM

1 1
+8uuv [—Evavﬁqbvavﬁmi(mw — ¢t p R“ﬂ} }
3)

Using the homogeneous and isotropic Friedmann—Robertson—
Walker (FRW) metric,

a(t)?

— kr2 dr4a(t)*r?(d6> +sin 6 dg?), (4)

ds? = —dr’+ ;

@ Springer

where k = 0, —1, +1 represents a flat, open, and closed
universe respectively, we obtain 75, and T';:

3 0k

1.
TS = §¢2+ V(¢>)+ W H* G + = 5 a2¢2, 5)
c a? 1.,
Iy, = [y [54’ = V()
2
—%dﬂ <2H +3H - ﬁ + %)] (6)

Therefore, the effective energy density and pressure for the
scalar field are given by

2
pe = ¢2(1+92H2+3a) >+V(¢) )
vy - D (2 amr - £ 4HS
Pc—2¢ V(o) 2¢><2H+3H + ¢>
3

The Friedman equations are

) k 87 G dqnG [ 1.,
H> + — = ——(pp + p) = —— | 50" + V(@)
a 3 2
9 Y3 k.
+o0’H*$* + S’ =7 + pp | . )
2 2 a
. k . .
H— — =—4r1G [¢2 + 3w’ H?§?
a

k. d .
120" = ¢% — ® —(HP?) + pp + pb} . (10)
a dr
If the non-minimally derivative coupling is absent, ? =
0, we recover the standard result of Einstein gravity with
canonically scalar field.

3 The relation between the first law of thermodynamics
and Friedmann equation

In this section, we discuss the equivalence between the first
law of thermodynamics on the apparent horizon and Fried-
mann equation. For a spherically symmetric space-time with
the metric ds” = g,p dx® dx”+72 dQ2, where the unit spher-
ical metric d2? = d#? + sin? 0 d¢?, the apparent horizon is
defined as f = g®F7 .7}, = 0, the dynamical surface grav-
ity at the apparent horizon is xk = V,V%7/2 [16], and the
Hawking temperature associated with the apparent horizon
is T = |«|/2m. For the FRW metric (4), the apparent horizon
is

Fa = (H*+k/a®) ™12 (11)

The surface gravity at the apparent horizon is

1 1 F
K=~V ViF=—— (1= 4],
2 rA 2Hr4

12)
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and the associated temperature is T4 = «/2m. The entropy
enclosed by the apparent horizonis Sy = TL’f‘% / G.Therefore,
we have

1 ;A 27'[}7,4;
TydSy = — 1— dt
4624 2m< ZHFA) G A
1 F .
——— (1A )i, (13)
G 2Hry

For the scalar—tensor theory with non-minimally deriva-
tive coupling, the effective total energy density is pyor =
pb» + pc. The total energy of the system inside the apparent
horizon is E = pyot V, where the volume V = 471;7134 /3. So
the energy change is

P
dE = piotdV +V dpiot = pod i} dia+ 2773 dpror, (14)

where drgy = ;A dr, and dpior = pPro df. By using the energy
conservation for the total energy,

Prot + 3H (prot + prot) =0, (15)
we have
dpwt = —3H (prot + pro)dt. (16)

Substituting the above result into Eq. (14), we get

dE = 4773 prota dt — 4773 H (pror + pro))dt. (17)
The work term W dV with W = (piot — prot) /2 18

WAV = 2773 (o — provia d. (18)
Applying the unified first law,

dE =T dSs +Wdv, (19)

we get

4773 H (pror + prov) | 1 A Ly )
T — =—=|(1- 7A.
AT Prot 7T Prot 2His )~ G 2HF, )4

(20)

Taking the time derivative of the apparent horizon 74 defined
in Eq. (11), we get

I <H - 0_2) . @

Combining Egs. (20) and (21), we get

. k . .
H = — = =476 (poi + po) = —4nG[¢>2 + 3w’ H?$?

k . d .
+2w2a—2¢2 — wzg(Hqsz) + op + pb]. (22)

Using the energy conservation equation (15), and integrating
Eq. (22), we obtain the Friedman equation

k  87G [¢? k
112+a—2 = [%<1+9a)2H2+3w2—>+V(¢)+,0b]-

a2
(23)
Thus, we derive the Friedmann equation from the unified first
law on the apparent horizon for the scalar—tensor theory with
non-minimally derivative coupling.
Now we would like to derive the unified first law starting

from the Friedmann equation. Substituting Eq. (10) into Eq.
(21), we obtain

: , k.
dFp = 4nGHF [¢2 +30” H?$? + 20— ¢*
a
2 d 12
—w" (HO™) + pp + pp |di. 24

We multiply by —[1 — r;A/(ZHFA)]/G both sides of Eq. (24);
then Eq. (24) becomes

B 1~ . r‘A~ y 4n 7’
27Tr A 2Hr 4 4G

. . k .
= —4nxH [(}52 +30° H?$? + 20 — §*
a

TadSa

d . ?A
2 2 ~3
—w"—(Ho") + pp + P 1-— dt
(lt( ) b b:|rA ( 2H}74)

i Fa
—4m H (pror + ptot)rz (1 - m) dr. (25)

Combining Eq. (25) with Eq. (18), we get

TA dSA + W dv = _47'”73\H(ptot+Ptot)dt+4ﬂ;iptot’iA dr
4 _
—7r

3 idptot +47T,0t0tf‘% d;A = dE.

(26)

So the unified first law is derived from the Friedmann equa-
tion together with the energy conservation equation. Thus,
with the usual definitions for the entropy and the Hawking
temperature associated with the apparent horizon, we show
that the unified first law on the apparent horizon is equivalent
to the Friedmann equation for the scalar—tensor theory with
non-minimally derivative coupling.

@ Springer
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4 The second law of thermodynamics on the apparent
horizon

As discussed in the previous section, the entropy of the appar-
ent horizonis Sy = A/(4G) = nFi/G, SO

277, 2774 .k
YZ}"AFA:_ 7TVAH -\
G G a?

By using the Friedmann equations (9) and (10), we get

Sa =

27)

q52 +3w2H2¢;>2+2a)2k<i>2/a2 —a)Z%(Hq.ﬁz) ~+ 0+ Pp
$? (149w H? 4302k /a®) 2+ V (¢)+ b
Prot T Prot
Prot '

SA =3S4H

=3S.H (28)

law of thermodynamics on the apparent horizon is satisfied.

As long as pior + prot = 0, we have S’A > (0, and the second

5 Conclusions

With the usual definition of the area law of entropy S4 =
rr?ﬁ /(4G) of the apparent horizon, and the temperature
Ty = —[1 — ;A/(ZHFA)]/(ZHFA), as well as the energy
conservation for the effective total energy density P +
3H (oot + prot) = 0, we show that the unified first law
of thermodynamics, dE = T4 dS4 + WdV, is equivalent
to the Friedmann equation for the scalar—tensor theory with
non-minimally derivative coupling. The result further sup-
ports the argument that the apparent horizon is a physical
boundary and the relation between the first law of thermo-
dynamics and Friedmann equation holds for a more general
theory of gravity and suggests a deep and fundamental con-
nection between gravitation, thermodynamics, and quantum
theory. Furthermore, we show that the second law of ther-
modynamics on the apparent horizon is also satisfied for the
scalar—tensor theory with non-minimally derivative coupling
as long as piot + prot = 0.
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