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Abstract It has been pointed out by Bekenstein and Mayo
that the behavior of the black hole’s entropy or information
flow is similar to information flow through one-dimensional
channel. Here I analyze the same issue with the use of grav-
itational anomalies. The rate of the entropy change ($) and
the power (P) of the Hawking emission are calculated from
the relevant components of the anomalous stress tensor under
the Unruh vacuum condition. I show that the dependence of
S on the power is S o PV 2 which is identical to that for
the information flow in a one-dimensional system. This is
established by using the (1 + 1)-dimensional gravitational
anomalies first. Then the fact is further bolstered by consid-
ering the (1 + 3)-dimensional gravitational anomalies. It is
found that, in the former case, the proportionality constant
is exactly identical to the one-dimensional situation, known
as Pendry’s formula, while in the latter situation its value
decreases.

The fact that the black hole has one-dimensional nature as
long as the entropy flow is concerned has already been broad-
cast by Bekenstein and Mayo [1]. This is a complementary
statement to the “holographic principle” [2]. The idea was to
calculate the rate of entropy change for the emission spec-
trum from the horizon. In this approach the entropy current
was defined by the entropy density multiplied by the group
velocity of the emitted particle. It turns out that the rate of
entropy flow is proportional to the square root of the energy
current or power of the emitted spectrum. The same nature
also occurs for an one-dimensional system, except the pro-
portionality constant is different. In this analysis the space-
time was taken to be the (1 4+ 3)-dimensional Schwarzschild
black hole. Recently, the analysis has been extended to arbi-
trary D-dimensional Schwarzschild spacetime [3] and the
conclusion is the same, except that the proportionality con-
stant now depends on the dimension of the spacetime.
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In this letter, the one-dimensional behavior of the black
hole will be explored in the context of gravitational anoma-
lies. The roles of anomalies have already been explored in
different contexts of gravitational physics. It has already been
observed that the gravitational anomalies can explain the
Hawking effect [4-9]. The correct expression for the Hawk-
ing flux was derived from the anomalous stress tensor with a
suitable choice of the boundary condition (see for details [8]).
Recently, the modifications to the constitutive relations for a
fluid were found in the presence of anomalies [10-13]. But
so far, no one discussed any connection between the gravi-
tational anomalies and the one-dimensional behavior of the
black holes. Here I shall precisely address this issue. I shall
show that the existence of anomalies at the quantum level
can explain this precise property of the emission from the
horizon.

The organization of the letter is as follows. We shall begin
our discussion with the near horizon effective theory which is
(1 + 1)-dimensional and hence the theory is accompanied by
the two-dimensional anomalies. Solutions of the anomalous
equations will give the various components of stress tensor.
Using them in the Gibbs—Duhem relation [14], the rate of
the entropy change of the emitted particle will be calculated.
We will see that it is, like the one-dimensional radiation,
proportional to the square root of the power of the emission
spectrum. Finally, this fact will be bolstered by extending
the same approach for the (1 + 3)-dimensional theory in the
presence of gravitational anomalies.

We start our analysis with the near horizon effective (1 +
1)-dimensional theory where the two-dimensional anomalies
appear. The whole discussion will be confined within the met-
rics which are asymptotically flat at infinity. The reason for
the restriction will become clear later on. Now the question is
why we are interested in the two-dimensional case, although
the full spacetime is not (1 4 1)-dimensional. The reason is
as follows. One of the interesting facts of black hole space-
times is that they are effectively (1 4 1)-dimensional near the
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event horizon [5,6]. This can be seen in the following way.
For simplicity, consider a scalar field action with mass and
interaction terms in the case of a full black hole spacetime.
The action, when expanded and when the near horizon limit
has been taken, reduces to a free action for a collection of
scalar field modes with the (1 4 1)-dimensional background
of the form

dr?

fry’

where the horizon r = r¢ is determined by the equation
f(ro) = 0. Therefore, it turns out that the theory, near the
horizon, is effectively a two-dimensional conformal theory,
because the mass term or any other interaction term vanishes.
Moreover, the effective metric in this region is taken to be
that given by Eq. (1). Hence, here the theory is dominated by
this metric (for more details, see [15]). It appeared that such
a fact is very useful to study several features of black holes.
For instance, the Hawking effect has been discussed via two
interesting approaches: one is by the gravitational anomaly
method [5-9] and the other is by the tunneling approach
[16-20]. In the first approach, it is argued that since the near
horizon theory is two-dimensional, the theory must accom-
panied by gravitational anomalies (two-dimensional). These
are manifested through the non-conservation of the energy-
momentum tensor and non-vanishing of the trace of it. Then
the (¢, r) component of the stress tensor, obtained by solving
the anomaly equations under the metric (1), with the Unruh
boundary condition leads to the correct expression for the
emission flux from the horizon. In the other approach, one
considers the tunneling of a particle to be happening along a
radial path. So no angular part will contribute and the met-
ric can be considered of the form given by (1). Finally the
correct Hawking temperature is identified by calculating the
tunneling probability [16—19] or the emission spectrum [20].
Also, the entropy has been calculated using the tunneling
modes [21]. So from the above evidence it is clear that the
effective metric plays a central role in black hole thermo-
dynamics. Furthermore, the Hawking temperature has been
obtained by the global embedding approach of the effective
metric of the form (1) instead of the full metric [22]. Hence,
we feel that it might be a hint in favor of the one-dimensional
(which means one space dimension) nature of the black hole
emission.

From the above discussion, one might think that the (1+1)-
dimensional gravitation anomalies can shed some light on
the one-dimensional entropy flow nature. I shall show in the
following that this is indeed possible. The two-dimensional
(which means one time and one space coordinate) gravita-
tional anomalies are manifested by the non-conservation and
non-zero value of the trace of the energy-momentum tensor
[23-26]:

ds? = — f(ryde® + (1)
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where ¢, and Cy, are anomaly coefficients and R is the two-
dimensional Ricci scalar. The expressions for the compo-
nents of the energy-momentum tensor, under the background
(1), turn out to be [12]

2¢, + ¢ 12
Tuy = M(ff//_f?> + Cuu;

4
2¢, — C 2

Tvv = _% (ff” - f?) + Cvu?
C C

Tuy = —waR = waf”; 3)

where Cy,;,, and C,,, are integration constants. The above are
expressed in null coordinates: 4 = t —r, and v = t +r, with
dr, = dr/f(r). Now since we are interested to the emitted
particles from the horizon; i.e. the Hawking radiated particle,
one must impose the Unruh vacuum [8] to fix the integration
constants. This is defined by the conditions 7, = O close to
the horizon, r — r¢, while T,, = 0 at asymptotic infinity,
r — oo. Imposition of the boundary conditions leads to

Cuu = Qg + )21 T Cyy = 0; 4)

where Ty = f'(ro) /4 is the Hawking temperature. Next we
shall define the energy density and the entropy density by the
above components.

Now it is well known that the time—time component of
the stress tensor, i.e. 7/, is related to the energy density (¢),
while the radial-radial component; i.e. T, is related to the
pressure (p) of the emitted radiation. So to determine these
quantities one has to express (3) in the original (¢, r) coordi-
nates. In these coordinates the components of 7, reduce to
the following forms:

t 1 Cw /" f/z
I, = _?(Tuu‘i‘Tvv +2Tuv)=_7 4f _7
_Cuu +va'
f 9
1 cw 2 Cu+C
Trr = ?(Tuu + Ty — 2Tyy) = _waT %

(&)

If the energy density and the entropy density are denoted
by € and s, respectively, then the energy current is given by
€4 = eu“, while the entropy current turns out to be s¢ =
su® where u® is the velocity of the emitted radiation. Now
if we want to calculate these quantities in the co-moving
frame, then the components of the velocity for the metric
(1) are u? = (1/4/f,0). Hence only the time components
of both the currents are non-zero. Now the rate of change
of energy; i.e. the power (P), near the horizon, as measured
from infinity, is
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t tot
P=ec |r%oo=_Ttu lr 00 = Cuu + Cyy

= (24 + )27 T§. (6)

To calculate the rate of change of the entropy, we need to find
the entropy density first. Using the Gibbs—Duhem relation,
Tos = € + p, one finds the entropy density,

e+p:—Tt’+Tr’

T T (N

Therefore, similar to the power, the rate of change of the
entropy, as measured from infinity, turns out to be

2(Cuu + Cu)

= (2¢cq + )47’ Ty (8)
Tp

S = su' lr>00 =
Note that to calculate the total rate of change of any quantity
we need to integrate the corresponding density by the space
volume for the unit time. In the present analysis we first
calculate them near the horizon where the space dimension is
one and so the rate of change of them turn out to be the density
multiplied by the velocity; i.e. the current. Next they have to
be measured from infinity where f’ and f” vanish as for an
asymptotic flat spacetime the form of the metric coefficient is
of the form f(r) = 1+4+ap/r + O(l/rz). This has precisely
been done in the above calculations. Next, combining (6) and
(8) we find the relation between S and P as

S = 2P _ [872(2cg + cy) P12 9)

Ty

The first equality is exactly the same as obtained earlier for
a one-dimensional thermal radiation of photon (see Eq. (4)
of [1]). The second equality shows that $ is proportional to
square root of the power. This is again identical in nature
to the one-dimensional case. The proportionality constant,
of course, depends on the value of the anomaly coefficients.
It has been observed earlier that the 7" component leads
to the correct value of the Hawking flux for either ¢,, =
1/247 and ¢, = 0 (only a trace anomaly exists) [4] or ¢, =
1/487 and ¢, = 1/96m (both trace and diffeomorphism
anomalies exist) [5-9]. In any of the two cases we have 2¢; +
cy = 1/24m. Interestingly, then the proportionality constant
turns out to be (1r/3)!/2, which is identical to that for the
one-dimensional radiation [1] and hence Eq. (9) is exactly
identical to Pendry’s result [27]. The reason is the following.
Remember that the above analysis is valid in the near horizon
limit, and in this region the effective potential of the black
hole spacetime is very small. Therefore the effect of it can be
neglected and hence the radiation is pure thermal. This has
exactly been accounted for in the above analysis and one can
justify this by finding the 7, component at infinity (which is
the Hawking flux) from (3). Since Pendry’s work is also based
on the thermal radiation, it is not surprising that the present
case exactly matches with that of Pendry. Of course, if one
considers the gray body factor in the emission spectrum from

the horizon, then these two analyses must not give identical
results.

So far the one-dimensional nature of black holes has been
discussed based on the near horizon effective theory. Now in
the followoing, I shall use the (1 + 3)-dimensional gravita-
tional anomaly and show that the radiation from the horizon
has a similar nature. In the literature, the expressions for the
components of the renormalized stress tensor corresponding
to the trace anomaly in the case of a Schwarzschild black hole
occur. Without introducing much details, let me just borrow
the expressions. The stress tensor in the Unruh vacuum, in
the asymptotic infinity limit » — oo, is given by [28,29],

-1 =100
_ L 1 1 00 .
b7 4xr2l 0 0 0 0]

0 0 00

where L is known as the luminosity and its value is L =
Co/m M?, M is the mass of the Schwarzschild black hole. The
value of the constant Cy, obtained by two different methods,
is [30,31]

2.197 x 10™*, by geometric optics (11

0= 2.337 x 1074, by numerical estimation.
So in this case, the energy density and pressure are given
by e = —T/ = L/4nr? = 16CoT¢/r* and p = T! =
L/4nr? = 16C0T02/r2, respectively, where Ty = 1/8n M
is the Hawking temperature. Therefore, the entropy density
iss = (e + p)/To = 32CoTo/r?. As earlier, to find the rate
of change of these quantities we need to integrate them by
the space volume per unit time. This in a co-moving frame is
given by 47 r2u®. Now since u® = (1/4/f, 0, 0, 0) the value
of the unit time space volume at infinity is 47772. Hence the
power and the rate of change of the entropy of the emitted
spectrum are

P =4nr’e = 64n CoTE;
S =dxr’s = 1287 CoTo. (12)

Combining these two we obtain an identical relation to that
of the earlier effective two-dimensional case: S = 2P/ T,
(see the first equality of Eq. (9)). Now using the expression
for Ty in terms of P from the first relation of (12) we find

§=16Cy*(x P)'/. (13)

Here also we get a similar dependence of rate of change of
entropy flow on the power like the one-dimensional one. The
only difference is the value of the proportionality constant.
In the one-dimensional case its value is (77 /3)!/2, whereas in
(1 4+ 3) dimensions the present analysis shows that the value
is
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L6CM 2102 0.237 x 7'/, by geometric optics,
0 0.245 x 71/2, by numerical estimation.

(14)

So (13) is 41-42 % of the one-dimensional situation.

Before finishing the discussion, let me point out that
Bekenstein and Mayo [1] got a different proportionality con-
stant in the case of the four-dimensional Schwarzschild black
hole. Their value is 0.087 x /2. So in my analysis the rate
of change of the entropy increases by 2.72-2.82 times com-
pared to that obtained in [1]. This discrepancy is due to the
following fact. In (1 4 3) dimensions, the anomaly equations
cannot be solved exactly and hence the value of the constant
Cy is not exact. However, the value determined by Beken-
stein and Mayo is based on the numerical estimations done
by Page [32,33]. In both cases different approximation tech-
niques have been adopted and hence one cannot expect an
identical result.

Gravitational anomalies have a big role to play in the ther-
modynamics of black holes [4-9,34]. Here I showed that they
can reveal the one-dimensional nature of the entropy flow
rate through Hawking radiation. This has been established
using both the two-dimensional and the four-dimensional
anomaly expressions. First the (1 + 1)-dimensional case has
been analyzed by the fact that near the horizon any black
hole spacetime is effectively two-dimensional; i.e. only the
(t—r) sector is important. It was found that the result obtained
exactly matches with the one-dimensional photon emission
model. Finally the fact is further bolstered by using the
four-dimensional anomalous stress tensor in the case of the
Schwarzschild metric.

One importance of the present analysis is that the for-
mer calculation (i.e. two-dimensional) is applicable to any
black holes which are asymptotically flat. This is because, as
I mentioned, any static black hole spacetime is effectively of
the form (1) near its horizon. Therefore, within this approx-
imation the result (9) is true for any spacetime and hence
we can conclude that, in general, the black holes are one-
dimensional so far as entropy flow is concerned. This infor-
mation is completely new as the existing discussion [1,3]
was confined only to the Schwarzschild metric. Of course,
this an approximate analysis and hence only the proportion-
ality constant will vary case by case when the full spacetime
will be considered. This happened here also when the analy-
sis was repeated for the four-dimensional case. Moreover, the
analysis is completely new, which once again tells that grav-
itational anomalies have a leading role to play in the thermo-
dynamics of black holes. Let me finish mentioning existing
work [35] which discussed a similar topic for the arbitrary D
space dimensional Schwarzschild black hole and the black
hole in Lovelock gravity. It was found that the dependence
of S on P is not like the Pendry for Lovelock case, which, as
pointed out in [3], is due to an improper choice of the radiat-
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ing area. Of course, this topic is still open and one needs to
further investigate this to achieve any conclusive statement.
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