Eur. Phys. J. C (2016) 76:545
DOI 10.1140/epjc/s10052-016-4391-3

THE EUROPEAN

) CrossMark
PHYSICAL JOURNAL C

Regular Article - Theoretical Physics

Combined effects of f(R) gravity and conformally invariant
Maxwell field on the extended phase space thermodynamics of

higher-dimensional black holes

Jie-Xiong Mo?, Gu-Qiang Li’, Xiao-Bao Xu®

Institute of Theoretical Physics, Lingnan Normal University, Zhanjiang 524048, Guangdong, China

Received: 14 March 2016 / Accepted: 19 September 2016 / Published online: 6 October 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com

Abstract In this paper, we investigate the thermodynam-
ics of higher-dimensional f(R) black holes in the extended
phase space. Both the analytic expressions and the numer-
ical results for the possible critical physical quantities are
obtained. It is proved that meaningful critical specific vol-
ume only exists when p is odd. This unique phenomenon
may be attributed to the combined effect of f(R) gravity
and conformally invariant Maxwell field. It is also shown
that the ratio P,v,./ T, differs from that of higher-dimensional
charged AdS black holes in Einstein gravity. However, the
ratio for four-dimensional f(R) black holes is the same as
that of four-dimensional RN-AdS black holes, implying that
f(R) gravity does not influence the ratio. So the ratio may
be related to conformally invariant Maxwell field. To probe
the phase transition, we derive the explicit expression of the
Gibbs free energy with its graph plotted. A phase transition
analogous to the van der Waals liquid—gas system takes place
between the small black hole and the large black hole. Classi-
cal swallow tail behavior, characteristic of first-order phase
transitions, can also be observed in the Gibbs free energy
graph. Critical exponents are also calculated. It is shown
that these exponents are exactly the same as those of other
AdS black holes, implying that neither f (R) gravity nor con-
formally invariant Maxwell field influence the critical expo-
nents. Since the investigated black hole solution depends on
the form of the function f(R), we discuss in detail how our
results put constraint on the form of the function f(R) and
we also present a simple example.
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1 Introduction

Black holes can be viewed as thermodynamic systems
because they not only have temperature and entropy, but also
exhibit rich critical phenomena. The famous Hawking—Page
phase transition [1] was found to take place between large
AdS black hole and thermal AdS space. It was also discov-
ered that charged AdS black holes undergo a first-order phase
transition analogous to the Van der Waals (VdW) liquid—
gas system [2,3]. Recently, Kubiziidk and Mann [9] investi-
gated the P—V criticality of charged AdS black holes in the
extended space where the cosmological constant is identified
as thermodynamic pressure. Their enlightening research fur-
ther enhanced the analogy between charged AdS black holes
and liquid—gas systems. Moreover, reentrant phase transi-
tions [10-12,15,22,27] reminiscent of multicomponent lig-
uids and Small/intermediate/large black hole phase transi-
tions [12,13,22] reminiscent of solid/liquid/gas phase tran-
sitions were discovered. These findings revealed the amaz-
ingly close relation between AdS black holes and ordinary
thermodynamic systems. So far there have been made many
efforts concentrating on the extend phase space thermody-
namics of black holes [4-63] that we can not list all of them
here. For nice reviews, see Refs. [27,28] and the references
therein.

Among the research above, Chen et al. [31] investigated
P —V criticality of four-dimensional AdS black holein f(R)
gravity. It was shown that f(R) correction influences the
Gibbs free energy and the ratio p.. Recently, we further stud-
ied the coexistence curve and molecule number density of
four-dimensional f(R) AdS black holes [47]. Specifically,
we derived the analytic expressions of the universal coex-
istence curve that is independent of theory parameters and
obtained the explicit expressions of the physical quantity
describing the difference of the number densities of black
hole molecules between the small and large black hole.
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However, extended phase space thermodynamics of high-
er-dimensional f(R) AdS black holes has not been reported
in the literature yet. The attempt to obtain higher-dimensional
black hole solutions in f(R) gravity coupled to standard
Maxwell field failed because in higher dimensions the
standard Maxwell energy-momentum tensor is not trace-
less. Sheykhi creatively considered conformally invariant
Maxwell action instead and successfully solved this prob-
lem. Both the black hole solutions and thermodynamics were
thoroughly investigated [67]. In this paper, we would like to
generalize this research to the extended phase space where
the cosmological constant is view as a variable and identi-
fied as thermodynamic pressure. The motivation is as fol-
lows. On the one hand, studying the black holes and their
thermodynamics [64-73] in f(R) gravity has its own right.
f(R) gravity, as a kind of modified gravity theory, serves as
an alternative approach other than dark energy to explain the
cosmic acceleration. It is natural to expect that the thermo-
dynamics of black holes in f(R) gravity distinguishes itself
from the thermodynamics of black holes in Einstein grav-
ity. Moreover, the extended phase space thermodynamics
of higher-dimensional black holes may reveal unique fea-
tures associated with conformally invariant Maxwell field
and higher-dimensional spacetime different from that of four-
dimensional black holes. On the other hand, the mass should
be interpreted as enthalpy rather than internal energy in
the extended phase space. And the Smarr relation matches
exactly with the first law of black hole thermodynamics. As
stated in the first paragraph, the study of extended space
thermodynamics has scored great success. Probing the ther-
modynamics of higher-dimensional f(R) black holes in the
extended phase space will further deepen the understanding
of the relation between AdS black holes and ordinary ther-
modynamic systems.

The organization of this paper is as follows. A short review
on the thermodynamics of higher-dimensional f(R) black
holes will be presented in Sect. 2. Then we will generalize
the thermodynamics to the extended phase space in Sect. 3
and study the critical exponents in Sect. 4. In Sect. 5, we will
discuss in detail how our results put constraint on the form of
the function f(R) and we will also present a simple example.
A brief conclusion will be drawn in Sect. 6.

2 A brief review on the thermodynamics of
higher-dimensional f(R) black holes

The approach to obtain higher-dimensional black hole solu-
tions from R + f(R) gravity coupled to standard Maxwell
field failed because in higher dimensions the standard
Maxwell energy-momentum tensor is not traceless. To solve
this problem, one should consider the following conformally
invariant Maxwell action instead:

@ Springer

Sm = —/d"x«/—g(F,wF’”)[’. (1)

Fu» = 9, A, — 0,A, is the electromagnetic tensor, where
A, represents the electromagnetic potential. p is a positive
integer and the above action recovers the standard Maxwell
action when p = 1. It can be proved that the energy-
momentum tensor can be traceless provided n = 4p. Then
the action of R+ f (R) gravity coupled to conformally invari-
ant Maxwell field in n-dimensional spacetime reads

§= //vl d"x/=g[R + f(R) — (F.,, F")P], 2

where f(R) is an arbitrary function of scalar curvature R.
The corresponding n-dimensional black hole metric has
been derived in Ref. [67] as follows:

dr?
2 2 2162
ds® = —N(r)dt~ + O +rodQ s, 3
where
) 2 _0g2)(n—4/4 R
Ney=1- 22 4, (240 S —-]
pn=3 = yn=2 1+ f'(Ro) nn—1)

“

Note that the above black hole solutions hold for the dimen-
sions which are multiples of four due to the restrictionn = 4p
ensuring the traceless property of the energy-momentum ten-
sor, i.e., n = 4,8, 12, .... When n = 4, the above solutions
recover the solution in Ref. [64]. As argued in Ref. [67],
for the case 1 + f'(Rg) > 0, there would be two inner
and outer horizons, an extreme black hole or naked singu-
larity due to different choices of parameters. However, for
1+ f'(Rp) < 0, the conserved quantities such as mass would
be negative, making this case nonphysical [67].

It has been pointed out in Ref. [67] that the above solution
is asymptotically AdS if one define Ry = —n(n —1)/1%. But
itdiffers from the higher-dimensional RN-AdS black hole for
its electric charge term go as »~"~2) while that of RN-AdS
black holes go as r~2"—3).

The mass M, entropy S, charge Q, electric potential @,
and Hawking temperature 7" was obtained as follows [67]:

(I’l - 2) Qn—Z

M = 2 m(1+ f'(Ro)), o)
JT
n—ZQn_
§ = F 2+ f (R, 6)
) n=/A-D/2g
0= n(=2) q 2’ %)

167/ 14+ f'(Rp)
o = LT+ 7R, ®)

+
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9

where €2,,_» denotes the volume of the unit (n — 2)-sphere.
Note that we have corrected the typo error in the expression
of T by adding the coefficient 8 in its denominator so that
it can recover the Hawking temperature of four-dimensional
black holes [64] when n = 4.

It was proved that the above physical quantities satisfy the
first law of black hole thermodynamics [67],

dM = TdS + ®dQ. (10)

3 Extended phase space thermodynamics of
higher-dimensional f(R) black holes

In this section, we introduce the extended phase space where
the cosmological constant is identified as the thermodynamic
pressure while the conjugate quantity is regarded as the ther-
modynamic volume.

Here we adopt the following definition of pressure that is
commonly used in the former literature of the extended phase
space:

_-A_(-DhHn-2)

P = =
8 16712

e3Y)
Note that we have utilized the expression of the cosmological
constant in the n-dimensional spacetime A = —w@.
Comparing it with the definition of Ry, one can find the rela-
tion between A and R as

2nA
Ry = , (12)
n—2
which recovers the relation Ry = 4A when n = 4.
Utilizing Egs. (4), (5), and (11), one can derive
oM 1+ f/(Ro)r'" ',
po (MY SR 1)

Comparing it with the thermodynamic volume of n-
dimensional RN-AdS black holes [10], one can find that it
gains an extra factor 1 + f/(Rg) due to the effect of f(R)
gravity.

Utilizing Eqgs. (5), (6), (7), (8), (9), (11), and (13), the first
law of black hole thermodynamics and the Smarr relation in
the extended phase space can be obtained:

dM = TdS + ®dQ + VdP, (14)
M—n_2TS+(n_2)2<I>Q 2 yp (15)
T n-=3 nn —3) n—3

When n = 4, the above result reduces to M = 2T S+ P Q —
2V P, coinciding with the Smarr relation of RN-AdS black
holes.

Utilizing Eqgs. (9) and (11), the equation of state can be
derived as

=T (=3 —=2)  (n=22"(=¢>)"*

P — .
4ry 167[;& 32(1 + f'(Ro))mrly
(16)
Identifying the specific volume v as v = %, the above
equation can be rewritten as
b T (n—3) 29n/4(_q2)n/4
v (n—=2)mv? 32(1 + f/(Ro)mw(n — 2)n—lyn’
A7)
The possible critical point can be defined by
oP
(—) =0, (18)
dv T=T.,v=v,
9P
(—2> =0. (19)
dv T=T.,v=v,

Substituting Eq. (17) into the above two equations, one can
easily get

_2 2(n — 3)

v2  (n—2)mv]
29n/4(_q2)n/4n

=0, 20
32(1 + f/(Ro)m(n — 2"~ 1ot e
2, 6(n—3)
v (n—2)mvd
Onjd,_ 2\n/4
27 (—=g*)" n(n 4+ 1) 0. 21

3201+ SR (n — 2y
Simplifying the equation that (20) x (n + 1)+ (21) x v =
0, one can derive the relation between the possible critical
specific volume and critical temperature as
2(n —3)

e D 22

Substituting Eq. (22) into Eq. (20), one can obtain
In—24
2 = D27 (=g
‘ (I + f'(Ro))(n = 3)(n —2)"=2

(23)

Substituting Egs. (22) and (23) into Eq. (17), the possible
critical pressure can be derived as

=z
:| .24

P =

n=3[  —nm— 12" (=g
ni

(1+ f'(Ro)(n — 3)(n — 2)"~2
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Keeping in mind the restrictions that n = 4p and 1 +
f'(Ro) > 0, we can draw the conclusion from Eq. (23) that
meaningful critical specific volume only exists when p is
odd. Because v "2 < 0 when p is even.

The ratio P;—fc can be calculated as

P.v, _n- 1 ‘ (25)
T, 2n

The above result differs from that of higher-dimensional
charged AdS black holes in Einstein gravity. However, when
n = 4, the ratio & ;“‘ reduces to 3/8, which is the same as
that of four-dimensional RN-AdS black holes, implying that
f(R) gravity does not influence the ratio F £% . So the result
of Eq. (25) may be attributed to the effect ‘of conformally
invariant Maxwell field. Note that Ref. [31] argued that for
four-dimensional f(R) black holes this ratio is influenced
by the f(R) correction. This inconsistency with our results
can be attributed to the fact that the pressure in Ref. [3 1] was
defined as 32
by adding the factor b =1 + 1 + f'(Ryp).
In the extended phase space, the mass of black holes
should be interpreted as enthalpy. Then the Gibbs free energy
can be derived as

G=H-TS=M-TS. (26)
Utilizing Egs. (5), (6), (9), and (11), one can obtain

(14 f' (RN (1+ f/(Ro) P!

G =2l 167 TN )
_ =20 o n/4
_(n=D275 (=¢7) 1 27)
Try

Some specific cases will be discussed as follows.
Case Ip =1
When p = 1, one can obtain

Vo(L+ ["(Ry) 2V64

T, = =—=
18mq V14 f'(Ro)
1+ f'(Ry)
T 9%6mg? (28)

recovering the critical Hawking temperature and critical vol-
ume of four-dimensional f(R) AdS black holes [31]. How-
ever, the numerator of our critical pressure is 1 + f/(Ryp)
instead of (1 + f/ (Ro))? since due to different definitions of
P.

The Gibbs free energy reduces to

L+ f'Ro)r 2L+ ['(Ry)Pry 3¢

G =
4 3 4ry

. (29)

@ Springer

Table 1 Critical quantities for p =3

q f'(Ro) Ve T Pe

1 0.5 0.538502 0.967259 0.823261
1 0.2 0.550653 0.945915 0.787327
1 0 0.560785 0.928825 0.759135
1 -0.2 0.573439 0.908328 0.726001
1 -0.5 0.601034 0.866624 0.660866
2 0.2 0.834634 0.624071 0.342704
3 0.2 1.06451 0.489304 0.210673

which matches Eq. 24 in Ref. [31] except the extra factor
(1 4+ f'(Rp)) in the second term due to different definitions
of P.

Case2p =2

When p = 2, Eq. (23) reduces to

6 —35844*
v, = <0,
3645(1 + f'(Ro))

(30)

from which one cannot obtain positive real root for the critical
specific volume. So there is no meaningful critical point for
eight-dimensional f(R) AdS black holes. This resultis quite
different from four-dimensional f(R) AdS black holes. It may
be attributed to the combined effect of f(R) gravity and
conformally invariant Maxwell field.

Case3 p=3
When p = 3, the critical quantities can be calculated as
0 11 x 213¢5 31
Ve = 10 / , (€29
3x 591 + f'(Ro))
18
— , 32
¢ 11mv, (32)
S (33)
T 4’
Pov. 11
ce _ (34)
T, 24

From above, one can safely draw the conclusion that the crit-
ical physical quantities depend on both the parameter ¢ and
the term f’(Rg), which reflects the effect of f(R) gravity.
With the increasing of ¢, both T, and P, decrease while v,
increases. With the increasing of f'(Rp), both T, and P,
increase while v, decreases. However, the ratio £ ‘”‘ keeps
constant. Table 1 lists the relevant critical quantltres for dif-
ferent choices of parameters.

Utilizing Egs. (17) and (27), one can derive both the equa-
tion of state and the Gibbs free energy for the case p = 3
as

T 9 227q6

=—— , (35
v 10mv? 32 x 101 (1 4+ f/(Ro))mv!2
0.412314(1 + f'(Ro)r. — 0.18841(1 + f"(Ro))
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Fig. 1 aPvs.vforp=3,9g=1, f'(Ro))=02.bGvs.Tforp=3,qg=1, f'(Ry)) =0.2

18.14184°
| 18141847

><Pr_1F1
r+

(36)

To gain an intuitive understanding, we plot the P —v graph
in Fig. la and Gibbs free energy graph in Fig. 1b for the
case ¢ = 1, f'(Rp) = 0.2. The isotherm can be divided into
three branches when the temperature is lower than the critical
temperature. Both the large radius branch and the small radius
branch are stable while the medium radius branch is unstable.
Phase transitions analogous to the van der Waals liquid—gas
system take place between the small black hole and the large
black hole. Classical swallow tail behavior, characteristic of
first-order phase transitions, can also be observed in the Gibbs
free energy graph.

4 Critical exponents of higher-dimensional f(R) black
holes

To investigate the critical behavior near the critical point,
we would like to calculate the relevant critical exponents as
follows:

Cy o |1]7°, (37)
noc el (38)
K o |77, (39)
|P — P| o |v— v’ (40)

From the definitions above, one can see clearly that o and
y characterize the behavior of fixed volume specific heat C,
and isothermal compressibility coefficient k7 respectively
while g reflects the behavior of the order parameter 1. The
last critical exponent § describes the behavior of the critical
isotherm.

The fixed volume specific heat C, equals zero, because
the entropy S is independent of the Hawking temperature 7,
which can be witnessed from Eq. (6). Then the conclusion
that « = 0 can be drawn.

To characterize to what extent the physical quantities
approach the critical point, it would be convenient to intro-
duce the notations below

v

e=——1, p=—. (41)

T P
t=——1, —
T. Ve P

Utilizing Eq. (41), Eq. (17) can be expanded as follows near
the critical point:

p = l+ajt +api€ +ajte +ane’ +ane’ + O(te?, €Y.

(42)
where
apr = apz =0, (43)
e (44)
ajp = ,
10 oo,
& (45)
ajl = — ,
1 oo
T, 4(n — 3)
apy = —
03 Pove  (n—2)mvlP,
29n/4 1 2)(—g2)r/*
nn+ Dn+2)(—q°) 46)

192(n — 2)"~1(1 4+ f/(Ro))m v P

Denoting the large black hole and small black hole with the
subscripts / and s respectively, one can obtain

1+ajot +aite +ape; = 1 +ajor +ayites +apzel. (47)

@ Springer
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The above equation is based on the fact that during the phase
transition the pressure keeps constant.
According to Maxwell’s equal area law,

& d
f e=Lde = 0. (48)
q de
Utilizing Eq. (42), one can easily obtain
d
L ant + 3agze’, (49)
de
Substituting it into Eq. (48), one can get
2 2y, 3 4 4
ant(e; —e;) + 5a03(es —¢€)=0. (50)

From Egs. (32) and (35), one can obtain

—ait
€ = —€ = . (29
aos
So
n=v — vy = (€ — &) = 2v.€ X /1, (52)

Comparing it with the definition of 8, one can conclude that
B =1/2.

The isothermal compressibility coefficient k7 can be cal-
culated as

1 dv 1 1 (53)
T=——7% - =——,
vaP Ve ‘;_167 o apt
yielding y = 1.
Substituting = 0 into Eq. (42), one can get
p—1=ane, (54)

Comparing it with the definition of §, one can draw the con-
clusion that 6 = 3.

Our results of critical exponents are exactly the same as
those obtained before for other AdS black holes in the former
literature [9,10,31,32], implying that neither f(R) gravity
nor conformally invariant Maxwell field influence the critical
exponents. This can be attributed to the mean field theory.

5 Discussions on the constraint on the function f(R)

Till now, we have accomplished the research goal of general-
izing the thermodynamics of higher-dimensional f(R) black
holes to the extended phase space. It is shown that the critical
physical quantities depend on the term f’(Ry), showing the
effect of f(R) gravity. Note that the investigated black hole

@ Springer

solution depends on the form of the function f(R). Here, we
will show that how our results put constraint on the form of
the function f(R).

From Eq. (4), one can see clearly that the term 1 + f/(Rg)
appears in the function N (), thus influencing the black hole
metric. The black hole solution is asymptotically AdS if one
define Ry = —n(n — 1)/1. With this definition, Ry is pro-
portional to cosmological constant, which can be witnessed
from Eq. (12). So the analyses in this paper contain the under-
lying assumption that R is negative. It can be viewed as the
first constraint that our results put on the function f (R) since
R can be non-negative in general.

The second constraint comes from the physical consid-
eration. As reviewed in Sect. 2, there would be two inner
and outer horizons, an extreme black hole or naked singu-
larity due to different choices of parameters for the case
1+ f'(Ryp) > 0. However, for 1 + f'(Rg) < 0, the con-
served quantities such as mass would be negative, making
this case nonphysical [67].

An example will be presented below for one to see how
these two conditions constraint the specific form of f(R).
Considering a simple case that f(R) = aoR? + byR3, one
can easily derive

1+ f'(Ro) = 1+ 2aoRo + 3boR3. (55)

To obtain R(, we can seek help from the important relation
presented in the former literature. Considering the trace of
the equation of motion, Refs. [67,69] derived that

Ro(1+ f'(Ro)) — g(Ro + f(Ro)) =0. (56)

Substituting f(R) = apR? + by R? into the above relation,
one can derive

—T[bo(n—6)R0 +ao(n —4)Ro+n —2]=0. (57)

Solving Eq. (57), one can obtain its nonzero roots as

(4= mao F [ (n — 4)%a3 — 41 — 2)(n — 6)bo

Ro
2bo(n — 6)

(58)

Substituting Eq. (58) into Eq. (55), one can further get
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n |:(n — 4)aZ — bo(n — 6) F ao\/(n — 4242 —4(n — 2)(n — 6)b0]

1+ f'(Ro) = Yoon 62

(59)

Solving both the inequalities Ry < 0 and 1 + f'(Rp) > 0,
one can figure out the restriction on the model parameter ag
and by.

Due to the restriction that n = 4p, n can be chosen as
4,8, 12. When n = 4, Eqgs. (58) and (59) reduce to

1

Ro= ———
0 NG (60)
4 b 8b
L+ f/(Ry) = ~d0vD0+ 5% 220+ 0, 1)

Note that we have omitted the positive root of Ry. And one
can easily obtain the restriction on ag and by to be by >
0,a9 > —2+/bo. Similarly, one can find the constraint for
the cases n = 8, 12 and other models of f(R).

6 Conclusions

In this paper, we generalize the former research on the ther-
modynamics of higher-dimensional f(R) black holes to the
extended phase space, where the cosmological constant is
viewed as a variable. We introduce the traditional definition
of thermodynamic pressure as P = —% and derive its con-
jugate quantity as thermodynamic volume. It is shown that
the thermodynamic volume gains an extra factor 1+ f(Rp)
due to the effect of f(R) gravity. We obtain both the first law
of black hole thermodynamics and the Smarr relation in the
extended phase space.

With the definition of thermodynamic pressure, we also
derive the equation of state. By solving the critical condition
equations, we obtain the analytic expressions for the possible
critical Hawking temperature, pressure and specific volume.
We also list the numerical results of critical quantities for
different choices of parameters. It is proved that meaningful
critical specific volume only exists when p is odd. The crit-
ical physical quantities depend on both the parameter ¢ and
the term f’(Rg). With the increasing of ¢, both T. and P,
decrease while v, increases. With the increasing of f'(Rp),
both 7, and P, increase while v, decreases. However, the
ratio 2 ‘”‘ keeps constant. It is shown that the ratio P.v./ T,
differs from that of higher-dimensional charged AdS black
holes in Einstein gravity. However, whenn = 4, theratio F ;”C
reduces to 3/8, which is the same as that of four-dimensional
RN-AdS black holes, implying that f(R) gravity does not
influence the ratio £ T”L So our results may be attributed
to the effect of conformally invariant Maxwell field. Note

that Ref. [31] argued that for four-dimensional f(R) black
holes this ratio is influenced by the f(R) correction. This
inconsistency with our results can be attributed t0 the fact
that the pressure in Ref. [31] was defined as 32
ferent from the traditional definition by adding the factor
b=1+1+ f'(Ro).

To probe the phase transition, we derive the explicit
expression of the Gibbs free energy. P — v graph and Gibbs
free energy graph are also plotted. The isotherm can be
divided into three branches when the temperature is lower
than the critical temperature. Both the large radius branch and
the small radius branch are stable, while the medium radius
branch is unstable. Phase transitions analogous to the van der
Waals liquid—gas system take place between the small black
hole and the large black hole. Classical swallow tail behav-
ior, characteristic of first-order phase transitions, can also
be observed in the Gibbs free energy graph. To investigate
the critical behavior near the critical point, critical exponents
are calculated. It is shown that these exponents are exactly
the same as those of other AdS black holes reported in the
literature before, implying that neither f (R) gravity nor con-
formally invariant Maxwell field influence the critical expo-
nents. This can be attributed to the mean field theory. Since
the investigated black hole solution depends on the form of
the function f(R), we discuss in detail how our results put
constraint on the form of the function f(R) and we also
present a simple example.

Our research further deepen the understanding of rela-
tion between AdS black holes and liquid—gas systems. On
the other hand, our research also discover some unique char-
acteristics that may be attributed to the combined effect of
f(R) gravity and conformally invariant Maxwell field. Ref-
erence [70] discovered an interesting relation between the
solutions of a class of pure f(R) gravity and those of Ein-
stein conformally invariant Maxwell source. This may be
a promising direction to probe the rich physics behind the
interesting critical phenomena that we reported in this paper.
Further investigation is called for.
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