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Abstract We perform a dynamical analysis for the expo-
nential scalar field with non-minimally derivative coupling.
For the quintessence case, the stable fixed points are the same
with and without the non-minimally derivative coupling. For
the phantom case, the attractor with dark energy domination
exists for the minimal coupling only. For the non-minimally
derivative coupling without the standard canonical kinetic
term, only the de Sitter attractor exists, and the dark matter
solution is unstable.

1 Introduction

Ever since the discovery of the accelerating expansion of
the Universe [1-3], theoretical physicists have faced the big
challenge to explain this phenomenon. A cosmological con-
stant is the simplest way to explain the observed acceleration,
but the theoretical prediction of the cosmological constant is
at odds with the observed value by 120 orders of magni-
tude. Furthermore, a cosmological constant also faces the
coincidence problem namely why the energy densities of
matter and dark energy are nearly equal today. Dynamical
fields with scalar field such as quintessence [4—8], phantom
[9], tachyon [10-12] and k-essence [13] were proposed as
dynamical dark energy models. If the accelerating phase is an
attractor solution which is independent of initial conditions,
then the coincidence problem can be solved. In particular, the
dynamical scalar field has an accelerated scaling attractor and
the ratio of the energy densities between the scalar field and
matter is of order 1. For the quintessence model, an expo-
nential potential V (¢) = Vpexp(—Ai¢) has scaling attrac-
tor solutions [14,15]. For more general scalar fields, scaling
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attractor solutions were also found in [16—18]. However, the
attractor solution has €2,, = 0, which is inconsistent with
the current observation. To solve the coincidence problem
with the exponential potential, phenomenological interac-
tions between dark energy and dark matter were introduced,
but the parameter space was severely constrained [19,20].

More general models for scalar fields with non-minimal
coupling to gravity such as £f (¢) R were also studied exten-
sively. Recently, a universal attractor behavior for inflation
at strong coupling (¢ > 1) was found for a class of non-
minimally coupled scalar field with the potential V(¢) =
12 f2(¢). However, the combination of the non-minimal cou-
pling term f (¢) R and the Einstein term R can be treated as a
special case of the general scalar-tensor theory F'(¢, R). By
a conformal transformation, the non-minimal coupling term
f(¢)R disappears. If the kinetic term of the scalar field is
coupled to curvature, then the model cannot be transformed
to scalar-tensor theory by a conformal transformation [21].
In four dimensions, Horndeski derived the most general field
equations which are at most of second order in the deriva-
tives of both the metric g, and the scalar field ¢ and gave
the most general Lagrangian which leads to the most general
second order equations [22]. In Horndeski theory, the second
derivative ¢.,,, is coupled to the Einstein tensor by the gen-
eral form f(¢, X)G* ..., where X = g"%¢ ¢ ,. If we
only consider the non-minimal coupling of the scalar field
to the curvature which is quadratic in ¢ and linear in R, the
most general Lagrangian is [21]

Li=ki¢ "R, Lr=rx2¢,¢,R"",
L3 = k3¢pUpR, L4 = kapp. .y R™”, (1)
Ls = K5¢¢’MR;M, Le = K6¢2DR.

Due to the divergencies (R¢"@).,., (R* ¢ ,).., and

(R’“qsz);#, only L1, L, and L3 are independent. For a mass-
less scalar field, the non-minimally derivative coupling L1
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and L, give a de Sitter attractor solution [23,24]. Further-
more, the field equations reduce to the second order equations
if ko = —2k1; = « and the non-minimally derivative cou-
pling becomes k GV ¢ ,, ¢, [25]. Higgs inflation with rp?
potential was then discussed with this non-minimal deriva-
tive coupling and it was found that the model does not suffer
from dangerous quantum corrections [26]. For a massless
scalar field without the canonical kinetic term g"¢ ,¢,,,
the non-minimally derivative coupled scalar field behaves
as a dark matter [27,28]. Because of its rich physics, the
non-minimally derivative coupling « G*'¢ ¢, attracted a
lot of interest recently [29-46]. In this paper, we analyze the
dynamical evolution of the scalar field with the non-minimal
derivative coupling for an exponential potential.

2 The dynamics of scalar field with non-minimally
derivative coupling

The action for the non-minimally derivative coupling scalar
field is

/d4x«/ |: Plp_ —(eg“” — w*G")

X O pdvd — V(¢>)} + Sb, @)

where Mgl = 87G)~! = k72, S, is the action for the
background matter, the coupling constant w has the dimen-
sion of inverse mass, € = 0 corresponds to a non-minimally
derivative coupling only, € = 1 corresponds to the canonical
kinetic term, and € = —1 corresponds to the phantom case.
The energy-momentum tensor for the scalar field is

1
=€) upy — eg;w(d) Ot) — gV ()
—w {_7¢ /t¢ R+2¢u V(1L¢R +¢ ¢ R/waﬁ
+V, V¥V, Vot — V, V, ¢y — 5(¢,a>2cw

1 1
+8uv [—EV“V%%VW + 5<D¢)2 Y R‘”ﬁ“ :

3)
so the energy density and pressure for the scalar field are

2
po = ¢—(e + 902 H?) + V($), @

ﬂ)]_v —
3 @ ©

when the non-minimally derivative coupling is absent, v =
0, we recover the standard result

¢2 -
Po =" [e—w (2H+3H2+

1 .
po = 760"+ V(9), (6)
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1 .
b =50 = V(9. (7
By using the flat Friedmann—Robertson—Walker metric, we

obtain the cosmological equations from the action (2) and
the energy-momentum tensor (3) as

12
3H?> =1 (py + pp) =K [%(e +90*H?) + V(9) + pb] ,

)
. 5. dv
€(¢p +3H¢p) + 30’ [H*¢ +2HHP + 3H ¢]+@ 0,
)
2H +3H? = —k2(py + pp)
> ..
=2 l‘% |:e—a)2 (2H+3H2+?)i|—v(¢)+wbpb} :
(10)

The background matter energy density is p, o< a—>(+w)
with constant equation of state wp, it can be dust (includ-
ing dark matter) with w,, = 0, radiation with w, = 1/3
or stiff matter with w, = 1. For simplicity, we con-
sider the exponential potential V(¢) = exp(—Aik¢) in this
work.

In terms of the dimensionless dynamical variables,

K KV \/? .
X = , = . U= .]=-wK, (11)
N RRNET ¢
the cosmological equations (8) and (9) become
1
x' = —xt + xs, (12)
V6
6
y = —%kxy +ys, (13)
! ! t (14)
U = ——ut,
V6
where x' = dx/dIna, the dimensionless variable 7z =

«+/pp/3/H for the background matter density satisfies the
cosmological constraint ex? + y2 +u? + 72 =1, and the
auxiliary variables s = —H/H? and t = +/6¢/H¢ satisfy
the following relations:

] 2+—4”4 3 2 4 3ex?
— —u s = — €EX
3" T 9ex2 + 3u2 2 1%

32 2 axyZu?
W ="
V6 ex?+u?/3’
2
<€x2+%>t=3kxy2—3x/66x2—«/5u + — \/— u’s
15)

and yp = 1 + wp. In the above system, if x = u = 0, then
the system is not well defined, so we only get those fixed
points with which x and u are not zero at the same time. To
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get the fixed points with x = u = 0, we use the variable
v = (wH)~! = 3x/u to replace the variable x = uv/3 for
@ # 0. When the kinetic energy is negligible, ¢ = 0, it
seems that x should also be zero. Note that u = 0 does not
mean that the scalar field does not evolve, it just means that
the scalar field changes very slowly so that ¢ is negligible but
not zero. This point can be better understood if we use the
dynamical variables x, y, and z. The dimensionless energy
densities Qg = ex? +y2 +u? = eu*v?/9 + y* + u? and
Qy=z>=1- Q. The equation of state parameter wg of
the scalar field is

o — Py _ ex? —u?/3 —y2 4+ 2su?/9 — 41 u?/9/6
T e ex? +y2+u? )

(16)

The effective equation of state parameter wegr of the system
is

Po + Db 2 2 2,2 5
Weff = =€xT — Ut —y -+ -su
eff o + P 3 y 9
_ A e + (yp — D22 (17)
9/6

The deceleration parameter ¢ = (1 4 3wegr) /2. If wegr <
—1/3, then we have accelerating expansion.

It is obvious that the dynamical equations (12)—(14) con-
sist of an autonomous system. For the case with € = 1 and
w = 0, u = 0, and the system (12)-(14) reduces to the
quintessence system [14,15]. For the case with ¢ = —1 and
o = 0, u = 0, and the system (12)—(14) reduces to the phan-
tom system [47]. For the non-minimally derivative coupling
case with ¢ = 0, the dynamical analysis was performed in
[27]. For the case with ¢ = 1 and p, = 0, the dynamical
analysis for a power-law potential was discussed in [32]. By
setting x’ = y' = u’ = 0 in (12)—(14), we obtain the follow-
ing critical points.

Point C1 with (x.1, ye1, uc1) = (0, 0, £1): it exists when
o # 0. This point corresponds to dark matter solution found
in [27,28] with the derivative coupled kinetic energy term
domination. For this point, we have Q4 = 1 and wefr =
wy = 0 and the scalar field behaves as dark matter even
though its potential energy is zero.

Point C2 with (xc2, Ye2, te2) = (£1/4/€, 0, 0): it exists
when € > 0. For this point, we have Qy = wy = wesr = 1
and the canonical kinetic energy of the scalar field dominates
the energy density, so it behaves like stiff matter.

Point C3 with (x.3, ye3, uc3) = (x,0,0): the existence
condition is € > 0,0 < ex? < 1, and yp = 2. For this
point, we have Q4 = ex? and wef = wy = wp = 1, only
the canonical kinetic energy of the scalar field contributes to
the energy density and the scalar field tracks the stiff matter
background.

Point C4 with (x4, yea, uca) = (0,0, u) with u? < 1:it
exists only when y; = 1 and w # 0. For this point, we have
Qy = u? and wer = wy = wp = 0. The non-minimally
derivative coupling term makes the only contribution to the
energy density of the scalar field and the scalar field tracks the
dust background. The scalar field behaves like dark matter
[27].

Point €5 with (x5, yes. tes) = (2312, Y25Z, 0):

the existence conditionise > 0,0 < y, < 2,and 22> 3eyp.
It corresponds to the tracking solution with Q24 = 3ey; /A2
and weff = wy = wp. Since u, = 0, the contribution
from the non-minimally derivative coupling is absent, and
the result is the same as the quintessence field.

Point C6 with (X6, Ve6, te) = (ﬁ 1- &, o): the
existence condition is € < 0 or € > 0 and A2 < 6e. It corre-
sponds to the scalar field domination solution with Q4 =1
and wy = wefr = —1 + 22 /3€. To get an accelerating solu-
tion, we require A2 < 2e. Since u. = 0, the result is the same
as the quintessence field.

Point C7 with (x.7, y¢7, uc7, ve7) = (0, 0,0, 0): it exists
for all the parameters. For w = 0, this point also exists even
though we derived the point under the assumption that w # 0.
This point corresponds to a background matter domination
solution with ;, =1, Q¢ = 0, and wefr = wp.

Point C8 with (x.8, y¢8, Ucg, veg) = (0, 1,0, 0): it exists
when € = 0. This point corresponds to the effective cosmo-

logical constant solution with Q4 = 1 and wegr = wgy = —1.
The potential energy of the scalar field dominates the energy
density.

The fixed points and their existence conditions are sum-
marized in Table 1. For the quintessence case with € = 1
and w = 0, u = 0, and only the critical points C2, C3, and
C5-C7 exist, but only the points C2 and C5-C7 were found
in [14,15]. For the non-minimally derivative coupling case
with € = 0 and w # 0, only the critical points C1, C4, C7,
and C8 present. The dynamical analysis for this case was
performed in [27], but only the critical points C4, C7, and
C8 were found.

To discuss the stability of the autonomous system

X' =f(X), (18)

we need to expand (18) around the critical point X, by set-
ting X = X, 4+ U with U the perturbations of the variables
considered as a column vector. Thus, for each critical point
we expand the equations for the perturbations up to the first
order in U as

U==8&-U, (19)

()

where the matrix E contains the coefficients of the pertur-
bation equations. If the real parts of the eigenvalues of the

@ Springer
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Table 1 The properties of the critical points. C1: (x¢1, ye1, Uel) =
(0,0, £1); C2: (xc2, e, ea) = (F£1/4/€,0,0); C3: (xe3, Y3, Ue3)
(x,0,0); C4: (xca, yea,uca) = (0,0,u); C5: (x5, Yes, Ues)

(\/26)3/})’ @’0» C6: (xc6, Ye6, Ue6) = <ﬁ,@,0);
CT7: (ye7, ue7, ve1) = (0, 0, 0); C8: (yes, tes, ves) = (1,0, 0)

Points Qg We Weff Existence Stability Acceleration
Cl1 1 0 0 w#0 Unstable No
Cc2 1 €e>0 Unstable No
C3 ex? 1 1 €>0,ex? <1and vp =2 Stable for e > 0, x > 0, and No
12> 6/x2
C4 u? 0 0 u? <1,y =1,andw #0 Unstable No
C5 3;%’1” wp wp €>0,0 <y, <2, and 22> 3eyp Stable for 0 < yp < 2,€ > 0, No
and A2 > 3ey,
C6 1 -1+ % -1+ % €>0,12 <6ee <0,all Vp, @, and A Stable for A2 < 3eyp and Yes if ’\?2 <2
€>0,ore <Oandw =0
Cc7 0 Undefined wp All yp, €, w, and A Unstable No
C8 1 -1 —1 €e=0 Stable fore =0 Yes

—~
®

matrix & are all negative, then the fixed point is a stable
point. Applying this procedure, we find the eigenvalues of the
matrix & and present the stability conditions for the above
critical points C1-C8.

For the point C1, the eigenvalues are A; = Ay = 3/2 and
A3 = 3 — 3y, so it is an unstable point.

For the point C2, the eigenvalues are A; = 6 — 3y, Ao =

3F \/gk/ﬁ, and A3 = —3. For the case x.» = 1//€,
A2 < 0 when A > /6¢. For the case x.o = —1//€, A2 <0
when A < —+/6¢. Since 0 < yp < 2,1 > 0 and the point
is an unstable point.

For the point C3, the eigenvalues are A1 = 0, A, = 3 —

JEhx and a3 = 3.1fx <0and 2 > 0,22 > 0.1 x > 0

and A2 > 6/x2, then 1> < 0. Since A; = 0, we need to study
its stability further by using the center manifold theorem [48].
For simplicity, we take @ = 0, and the dynamical system
(12)—(14) reduces to the following system:

/3
x = Exy2 — 3xy?, (20)
/ 3 3
y — Ekxy + 3y —3y°. 21

To apply the center manifold theorem, we need to solve the

equation
2 3 2
—3x | h"+ Ekx—3+3h h=0, (22)

dh 3
—./=x
dx 2

with the initial condition 4(0) = A’(0) = 0. The solution is
y = h(x) = 0. Since the stability of the dynamical system
(20)—(21) is the same as the system x’ = 0, which is stable
for the critical point, the point C3 is a stable point. To illus-
trate its attractor behavior, we solve the dynamical system

@ Springer

numerically with different initial conditions for the parame-
ters € = 1, L = 15, and y, = 2, and the phase diagram is
shown in the left panel of Fig 1.

For the point C4, the eigenvalues are A; = A, = 3/2 and
A3 = 0, so it is unstable.

For the point C5, the eigenvalues are

Y Ja8er? — ey} + 412 — 20132 + 9222
1= il + v — o s
3, Ja8ey? — ey} + 412 — 20132 + 9222
2 = Z 24+ + m ,
3
=2
} 2

To keep the real parts of all three eigenvalues negative, we
require that 0 < 5, < 2 and A> > 3ey;,. The correspond-
ing phase trajectories with different initial conditions for the
parameters € = 1, A = 3, and y, = 1| are shown in the right
panel of Fig. 1.

For the point C6, the eigenvalues are Ay = —3 +
22/(2€), ha = =3y, + A% /e, and A3 = —A2/(2¢). For the
quintessence case, € = 1,s0 A3 < 0. The existence condition
requires 22 < 6e,s0r < 0.If A2 < 3eyp, then 1o < 0.
Therefore the stability condition for the quintessence case is
A% < 3ey. For the phantom case with w # 0, € = —1, so
A3 > 0 and the point is an unstable point. For the phantom
case without the non-minimally derivative coupling, w = 0,
the three dimensional system reduces to a two dimensional
system, the eigenvalue A3 is absent, Ay < 0 and Ay < O,
and the point is a stable point [47]. The corresponding phase
trajectories with different initial conditions are shown in Fig.
2. For the quintessence attractor, we take € = 1, A = 1,
and y, = 1. For the phantom attractor, we choose w = 0,
e=—1l,A=1,andy, = 1.
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1.0

Fig. 1 The phase-space trajectories for the tracking attractors C3 and
C5 with different initial conditions. The left panel shows the critical
point C3 with (x¢3, ye3, uc3) = (x,0,0) for the parameters € = 1,

1.0

Fig. 2 The phase-space trajectories for the accelerating attractor C6
with different initial conditions. The left panel is for the quintessence
with (xc6, Y6, tee) = (1/\/6, /5/6,0) for the parameters € = 1,

For the point C7, we use the dynamical variable v instead
of x to discuss the dynamical behavior and the eigenvalues
are Ay = 3y, — 3, A2 = A3 = 3y /2 > 0, so it is an unstable
point.

For the point C8, the dynamical variable v instead of x is
used to discuss the dynamical behavior and it was discussed
in [27], this de Sitter attractor is stable.

1.0

A = 15, and y, = 2. The right panel shows the critical point C5 with
(X¢5, Yes, Ues) = (1/\/6, 1/\f6, 0) for the parameters € = 1, A = 3,
andyp = 1

((

L n n n n 1

J

-1.0 -0.5 0.0 0.5 1.0 X

A = 1, and y, = 1, and the right panel is for the phantom with

(Xc6, Ye6s Uce) = (—1/«/6, J/7/6,0) for the parameters € = —1,
w=0,A=1,and y =1

The properties of all the critical points are summarized in
Table 1.

3 Discussion and conclusions

For the quintessence case with € = 1 and w = 0, in addition
to the standard stable fixed points C5 and C6, we also find

@ Springer
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the stable fixed point C3. The fixed points C3 and C5 are
tracking solutions, and C6 gives the late time accelerating
solution with scalar field domination. For the phantom case
with ¢ = —1 and w = 0, only the stable fixed point C6
exists. For the case with non-minimally derivative coupling
only, ¢ = 0 and w # 0, the dark matter solutions C1 and
C4 are unstable, only the de Sitter attractor exists. For the
more general case with w # 0 and € # 0, the stable fixed
points C3, C5, and C6 exist only for the quintessence field
with € = 1. C3 and C5 are tracking attractors and C6 is an
accelerating attractor with dark energy totally dominant if
A2 <2,
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