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Abstract The noncommutative extension of the Sugawara
construction for free massless fermionic fields in two dimen-
sions is studied. We prove that the equivalence of the noncom-
mutative Sugawara energy-momentum tensor and symmet-
ric energy-momentum tensor persists in the noncommutative
extension. Some relevant physical results of this equivalence
are also discussed.

1 Introduction

One of the outstanding features of two-dimensional field the-
ories is bosonization, where a free massless fermionic field
can be written as a bosonic field. This property is rooted in the
work of Jordan and Wigner [1] where it was shown that the
fermionic creation and annihilation operators may be repre-
sented as the bosonic counterparts. On the other hand, the idea
of describing the strong interaction process in terms of cur-
rents was proposed in [2—4]. In this approach, the dynamical
variables are taken to be the currents and the canonical for-
malism is abandoned. In other words, each particle does not
correspond to a field which satisfies the canonical commuta-
tion relation but Hilbert space is built upon current operators.
Accordingly, it was shown that the energy-momentum tensor
of these theories can be expressed as a quadratic function of
the currents known as the Sugawara construction [4]. Later
on, it was proved that the symmetric energy-momentum ten-
sor of the two-dimensional free massless fermionic theory is
exactly equivalent to the Sugawara energy-momentum tensor
which is bilinear in the fermionic currents [5].

Indeed, this equivalence confirmed the result of [1], the
equivalence of free massless fermions and bosons, in an ele-
gant way. Then generalization of this famous equivalence to
the curved space-time was performed in [6] where the boson—
fermion correspondence was shown for a general metric in
two dimensions.

2 e-mail: m_ghasemkhani @sbu.ac.ir

Our purpose is to study whether this equivalence is satis-
fied for noncommutative space, where the nature of the space-
time changes at very short distances [7-9], which is not a
trivial extension. The authors in [ 10] considered the noncom-
mutative generalization of the Sugawara energy-momentum
tensor and then used the Seiberg—Witten map. While in
the present work, the correspondence between the noncom-
mutative Sugawara construction and the symmetric energy-
momentum tensor for two-dimensional free fermionic theory
is addressed, without employing the Seiberg—Witten map.
Applying the techniques described in [5], we demonstrate
that the noncommutative Sugawara energy-momentum ten-
sor exactly leads to the symmetric energy-momentum tensor.
Aninteresting physical consequence of this equivalence is the
noncommutative bosonization, which exhibits the relation-
ship between the fermionic and bosonic fields in noncom-
mutative space, as will be discussed in the last section.

2 Equivalence of the symmetric energy-momentum
tensor and Sugawara energy-momentum tensor
in noncommutative space

The first part of this section includes the derivation of the
symmetric energy-momentum tensor using a variation of the
action with respect to a generic metric. In the second part, we
extend the Sugawara construction to noncommutative space
and demonstrate that it will be equivalent to the symmetric
energy-momentum tensor.

2.1 Symmetric energy-momentum tensor

Let us start from the noncommutative version of the free
massless fermionic Lagrangian density, which is obtained
by replacing the ordinary product with the star-product,

i, -

L= Q(W“*aw—aaw“*w), 2.1)
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where the star-product is defined as follows:

0y 0 0

2 da abﬂ)f(x+a)g(x+ )a,h=0

2.2)

f(x)xg(x) = exp (

here 6,,, is an antisymmetric constant matrix. As is usual in
two-dimensional field theory, we choose to work in Euclidean
signature. In the noncommutative version, this has the added
virtue that the Euclidean theory does not have issues with uni-
tarity. The noncommutative symmetric energy-momentum
tensor T;V is achieved by variation of the action S with
respect to a generic metric g,, and setting g*¥ = " in
the end [11]:

N 2 488
T, =——

/8 88 (x)
where g indicates the determinant of the metric with signa-

ture (4, +). The variation of the action corresponding to the
Lagrangian density (2.1) can be written as

(2.3)

9
gV =8Hnv

58S = %/dzy\/E* (¥ Yadg®? x Y + ¥ % Yadgh®
x % g — do i * 88 x Y — By * ypdgP* % )
1 _ _
+§/d2y (53/8)  (F7% % 0ty — BBy % ) .
2.4)

Using Eq. (2.3) and the cyclic property of the star-product
under the integral, we have

*

T = =5 (00 % Ve )™ + 8,055 % V(1)

+ au&a * I/Iﬂ(yv)aﬂ + avlﬁa * wﬂ(yu)aﬂ)

B %5"“” (Vo % 005 — 03900 * Y5 (r)*P).
2.5)

Applying the equation of motion for free massless fermions,
we find the energy-momentum tensor as

*

i _ _
Tow=—7 (30 * Ve (V)™ + 8 * Y ()P
+ 8 * Yp(r) + Ve * V()Y (2.6)
which is completely symmetric under u <> v.

2.2 Sugawara energy-momentum tensor

The equivalence of the Sugawara construction and the sym-
metric energy-momentum tensor in commutative space has
been shown in [5] and is reviewed in Appendix A. In the
present section, we construct the noncommutative version of
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the Sugawara energy-momentum tensor to demonstrate that
it is precisely equivalent to (2.6).

The Lagrangian (2.1) is invariant under a global U (1)
transformation which yields two different Noether currents
[12,13],

T () =: Y (X) % Y (x): ()P,

Ju(x) =t Yp(x) * Yo (¥): (1), 2.7

where : : denotes normal ordering. Now, we extend the
commutative Sugawara construction to the noncommutative
one as a bilinear function of J;, (x) with inserting star-product
instead of the ordinary product,

x 1
T/iv = Z(Ju(x) * Jy (%) + Sy (x) * Jpu(x)

— S I (x) x T (1)), (2.8)

where ¢ is the Schwinger constant, which appears in the
equal-time commutator of currents. Since the mass dimen-
sion of the energy-momentum tensor and of the currents in
two dimensions is equal to two and one, respectively, the
coefficient ¢ should be dimensionless, while in four dimen-
sions, it is a dimensionful quantity with the dimension of a
mass square. The detailed analysis of the current algebra in
two dimensions shows that the value of ¢ in noncommuta-
tive case is the same as the commutative one, ¢ = % [14].
To prove that (2.8) is exactly equivalent to (2.6), we need to
regularize the operator products in (2.8). To this end, we use
the point-splitting technique [15] and replace J,, (x) * J, (x)
with

Lim (J, (x 4 €) % Jy (x) = {Ju(x + €)% Sy (X)), (2.9)

which leads to
* T
To=7%
— S I (x F€) x i (x) — (Ju(x +€) x Jy(x))

— (Lo (x + €)% T (X)) + 8,0 (JH(x + €) % J(X))).
(2.10)

lirr%)(JM(x +e€)x Jy(x) + Jy(x +€) x Jy(x)

To perform some algebraic manipulations on (2.10), we
employ the star-product definition (2.2),

Ju(x+€)=Fup: Ypx +€+a)

(V,u)aﬂ,
a,b=0

X Yo(x +€+b): (2.11)

where F,, is an abbreviated notation for the exponential
operator appearing in (2.2). Accordingly, the first term of
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Eq. (2.10) can be written as

Jux+e)x Jy(x) = FreFapFea: Ypx +e+ f+a)

X Yo(x+e+ f+b) i Ys(x+g+0)

X 1ﬁp(x +g+d):

x (Y (y)P° (2.12)
f.g.,a,b,c,d=0

Using Wick’s theorem (2.12) changes into

Jux +e)* Jy(x) = FreFapFea: Yp(x + €+ f +a)

X Yo (x +€+ f+b)Yo(x+g+0)
X Yp(x +g+d):

— Yo (xtgto)yYpix+e+ f+a)
X Yp(x + g +d)Yo(x + €+ f+b):
—Ypxt+e+ f+a){Yo(x+g+c)
X Yg(x +e+ f+bDNVU,(x+g+d):
—(Ypx+e+ f+a),x+g+d)

X (Yo (x + g+ O)VYa(x + €+ f +5)))

x (V)P ()P (2.13)

f.g.a,b,c,d=0

Rewriting the other terms of (2.10) similar to (2.13) and sub-
stituting them again into (2.10), we obtain

T,
T’lzu = 561% [qu(xa 6) - R[,LU(X, 6)
- RV[L(X9 6) - Svu.(x, _6)
— S (x, —€) — 8 [Ry(x, ) + S (x, —o)1],
(2.14)
with
Qu(x,e) = FreFavFea: (I//ﬂ(x +e+f+a)
X Yo(x + €+ f+Db)
X Yo (X + g + O (x + g + DY) P (1)
+Ypxt+e+ fHa)yo(x+e+ f+b)
X Yo (x + 8+ OPp(x + g+ D) (v’
—Yp(xt+e+ f+a)Ya(x+e+ f+Db)
X Yo (x + &+ )VYp(x + g+ d)dyy
x (y)* (y2)7) : ,
f.g.a,b,c,d=0
Ruv(x,€) = ffg]:ab]:cd Yelx+g+0)

x (Yp(x +e+ f+a)yd,(x +g+d))
X Yo(x+€+ f+Db):

x (V) (n)P°

’

f.g.a.b,c,d=0

]:fg FapFed wﬁ(x+€+f+a)
X (Yo (x+8+C) Vo (x+e+ f+b))
X Up(x+g+d) :

Soulx, —€) =

x (V)P ()P (2.15)

f.g.a.b,c,d=0

The field ordering appearing in the vacuum expectation value
of the relation (2.15) is not time ordering and is defined as!

(W )Y ().
(2.16)

SO —y) = @Y —: YY) =

In view of the above definition, the quantities R, (x, €) and
Sy (x, —e) can be represented as

R;w(xv €) = ffg]:abfcd Ye(x+g+0)
X Yo (x + €+ f+b):
x Sg e+ f+a—g—d)(y)™
x (yn)P? )
f.g,a,b,c,d=0
Sv,u(x —€) = ffg FapFea :

X Yp(x +e+ f+a)Y,(x +g+d):
x S (g +c—e— f—by)*

x (yn)?? (2.17)

f.g.a,b,c,d=0

Converting Eq. (2.17) to the star-product form, we obtain

af _
Run(x.€) = = (ST @n) " Pl +€) % vp00)
off _
e, =) = (18P =) s+ Pl -
(2.18)
where
s (o) = L ¥’ (2.19)
2r €2 ’

Note that the minus sign in R, (x, €) comes from the odd
permutation of the fermionic fields.

I We follow the convention used in [5].
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Expanding v and v up to the first order in € yields

ief af -
Run(x,€) = 53— (vurvew)™  [Wa(x)

+ €1, Ya (x) + O] * Yp(x) 1,

iet of
Suulx, =€) = 57— (veve)™ : [Wpx)

+ M, Pp(x) + O] * Y (x) 1, (2.20)
and using the following symmetric limits:
im () =0, tim (€7 = Ls 2.21)
GER) 62 - egr%) 62 B 2 b ’

we conclude that

. i _
lim Ry (x, €) = — (uyve )™ 95 Pa (6) x Yp(x) -,
e—0 47

lim 5,,,(x, —€) = 4’—<yuygyﬂ)“ﬁ L0 (1) % Y (X)

T
(2.22)

Inserting the result (2.22) in (2.14), we arrive at

* T i
Ty = 5 Qu) = g [ (vers + vorvev) ™

X (95 (X) % Yp(x) + 35 Prp(x) * Yo (%))

+ 80 (P Ve )P (35 Ve (1) % Yrp(x) + 35 Yp x V) |+ -
(2.23)

The product of gamma matrices in (2.23) can be simplified
using the Clifford algebra,

YuVeVv + WVeVu = 2 (‘SMSVV + ‘SVSVM - 5;wV§) s

nyeyt =2 —d)ys. (2.24)

Substituting (2.24) into (2.23) and applying the equation of
motion, y ¢ 0¢ = O0and 0g Y y& = 0, we obtain the Sugawara
energy-momentum tensor

* e | _
T = 3 Qun(0) = 7 [ (000 x Yp(0)
+ 3 Yp (x) * Yo (1)) ()P

+ (9 () % Pp (x) + B Wp (x) * Jfa(x))()/u)aﬂ:l o
(2.25)

We notice that the last term of (2.23) vanishes in two dimen-
sions as a result of the identity y; ys yh =2 - d)ye. In
order to show that T/:v = Tli;, it is enough to demonstrate
Qv = 0. For simplicity, we carry out computations in the

@ Springer

light-cone coordinate system, x+ = x| = ix>. The represen-
tation of the Euclidean gamma matrices,

0—i 0 —1
Vl—(l. 0)’ )/z—(_l 0)’ (2.26)
in the light-cone coordinates is given by
. 0 —2i
ve=nitin=\, o )
. 00
V—=)/1—l)/2=<2i0), (2.27)
with
++ - 1
w_ (8778 >=<Oi) (2.28)
§ <g‘+ g~ 30

The equation of motion for two-dimensional massless
fermions, which is described by iy#d, = 0 with ¥ =
(1//1 >, in the light-cone coordinate system reduces to

V2
041 = 0_yYrp = 0. Thus

Y =vY1(xo), Yo = Yalxy),
Y1 =Y1(xp), Yo =va(xo).

Using [x4, x_] = 26, the expression ¥rg(x) * Y (x)(y,)*
with on-shell Dirac fermions is rewritten as

(2.29)

Vg * Yo (V4)ap = —2iY2(x4) * Y1 (x4)
= —2iyn(x )P (x4),
Vg * Yo (Y_)ap = +2iY1 (x2) x Y2 (x_)

= 201 (x )Y (xo). (2.30)

With Eq. (2.30), it would be possible to find all the compo-
nents of Q. Since there is no singularity in Q,,, (x, €), we
have

E1i_1>1}) Quv(x, €) = Quy(x), (2.31)

and hence

Quv(x) =1 (Yp(x) * Yo (x)) * (Vo (X) % Y (x)) :
< (1) (ru)*°
4 (Yp(0) * Yo (6)) * (Vo (X) % Y () :
x (1) (y)P°
= (Yp(0) * Yra (%)) % (Yo (x) % Pp (X)) = 800

x (y) P (y*yPe. (2.32)
One may then readily show that
Qi =—8: (Yalxp)¥1(x3)) * (V2 (x Y1 (x1))
= =8 : Yo (x )V () Y2 ()P (xy) = (2.33)
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Performing some straightforward permutations, we get Q_
= 0. Similarly

Q__ =-8: (Y1) Pa(x0)) * (Y1 (x)Pa(x2))
= —=8: Y1 (x )Y (x )Y (x )Y (x)
— 0. (2.34)

Also for off-diagonal components Q- -, we have

Qe (x) =1 (Yp(x) * Y (%)) * (Yo (X) % U (x)) :
x () (y4)P°
4 (Yp(0) * Yo (1)) * (Yo (x) % Y (x))
x (y9)* (y2)P°
— 1 2(Yp(x) * Yo (%)) * (Yo () % Y () :
x (1) ()P (2.35)

Inserting y* = 4 results in

Qur(x) =1 (Yp(0) * Yo (1)) * (Vo (¥) % W (1)) :
x (y2)*P (y2)"°
+ 1 (Yp () * Yo (1)) * (Yo (x) * P (1)) :
x (v (y)P°
— (Y (x) % Y (1)) * (Vo (x) % P (1)) :
x (y2)P (y5)"°
= (Y (x) * Y (1)) * (Vo (x) * P (1)) :
x (y)* (y)P°
=0. (2.36)

Consequently Q,, = 0. This means that the equiva-
lence of the Sugawara energy-momentum tensor and energy-
momentum tensor Tli; = T;:v in two-dimensional noncom-
mutative space for free massless fermions is still satisfied.
Also this equivalence occurs for the Sugawara form in terms
of the current 7, (x), as defined in (2.7). We have

fli; — %(ju(x) * Ty (x) + Tu(x) * Tu(x)

— 8T (x) * Jo(x)). (2.37)

To show this, let us write first all the components of the
currents J,(x) and J,(x) using the representation of the
gamma matrices (2.26) as follows:

Ji@x) =i (Y1xo) * Pa(xo) — Ya(axg) * Yi(xp)) -
=i: (Vi) Pa) — Yalx)¥i(xy)) 5,

J(x) = — 1 (Valrg) * Y1 (xp) + i (xo) * Ya(x2)) :
=—: (Vo)1) + Y1 (x)Pa(xo)) 5 (2.38)

as well as

Ji(x) =i ¢ (Yo(xo) * Y (x2) — ¥1 (xq) * Yo (x4)) :
=i: (V2P () — Y1) valxy)) o
Jo(x) = — (Y1 (o) * P2 (xp) + Yo (xo) % Yy (x2))
= —: (Vi ¥2(ep) + Y)Y (xo)) -
(2.39)

We notice that the star-product appearing in the noncommu-
tative currents is removed. Applying the permutation on the
fermionic fields of the relation (2.38), we obtain

Tu(x) = —J, (x). (2.40)

This is an interesting result in two dimensions. Unlike the
four-dimensional case, where J, (x) and 7, (x) correspond
to each other by the charge conjugation transformation [16],
which is not conserved, in two dimensions the charge conju-
gation, as well as the Lorentz invariance, retain the symmetry
of the theory as in their commutative case. Inserting (2.40)
in (2.37) then leads to
AS* sﬂ *
T,,=T,,=T,,. (2.41)
One of the physical consequences of this equivalence is non-
commutative bosonization, which is obtained by writing the
transformation of the field i under the spatial translation
oY (x) =ilP,y )], P = /dﬂTzﬂ, (2.42)
where szl* is the conserved current arising from translational
invariance.> We have

I ¥ (x) =i [/ dx{T3y, W(X)} , (2.43)

xX2=x}

and substituting the value of TZYI* from (2.8) in (2.43) yields

D, ¥ (x) = %[ f x| (J () % o (x")

+ () * J1(x), 1//()6)} (2.44)

/
X2=x,

To simplify (2.44), we insert [ dx,8(x2 — x}) = 1 to use the
trace property of the star-product, which is given by

/dx;dxé L) *xJi(x) = /dxidxé J1(x") x L (x)).
(2.45)

2 In two-dimensional Euclidean space xp = ixg.

@ Springer
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Inserting (2.45) in (2.44) and applying the operator definition
of the star-product (2.11), we have

Y (x) =im f dxydx) 8(x2 — x5) Fap

X [J1(x" +a) o (x" +b), ¥ (x)]

a,b=0
=in / dx|dx) 8(x2 — x5) Fup
x (1" + a)[2(x" +b), ¥ (0)]

+ [N1(x" + @), Yy ()1 + b)) (2.46)

a,b=0

The bracket terms appearing in the right-hand side of
(2.46) are derived by considering the quantization condition
(Ve (), w; (x")} = 8apd(x1 — x}) as follows:

[ +a), ¥ (x)] =Y +a)d(x; — x| +a),

(/1" +a), ¥ ()]

xX2=x}
=y (x' 4+ a)d(x) — x| + a),
(2.47)

X2=x}

with ys = iy1y». Substituting (2.47) into (2.46) and then
converting the result into the star-product form, we have

Oy ¥ (x) =in(J1(x) + L2(x)ys) * ¥ (x). (2.48)
The solution of this equation is represented by

- X / ’ /
V) =P <e’j’ RN T TR E: >y5]) . (2.49)

where P denotes the path-ordering operator and y is a con-
stant spinor in two dimensions.

Now, as a result of (2.38), we can use the bosonized form
of the commutative current, which is introduced in Appendix
A. Hence, we conclude

i 1 v
V() =77<e* Vlys () —[L dx|d(x >]> . (2.50)

where ¢ = Bxéq).

3 Discussion

In this paper, we established the noncommutative extension
of the Sugawara construction in the bilinear form of the cur-
rents for free massless fermions in two dimensions. It was
shown that this construction is precisely equivalent to the
symmetric energy-momentum tensor.

To prove the correctness of this equivalence, we deter-
mined the energy-momentum tensor in two separate meth-

@ Springer

ods. The first was the direct calculation using the symmet-
ric definition of the energy-momentum tensor for on-shell
Dirac fermions and the second contained a detailed analy-
sis of noncommutative Sugawara construction by applying
the point-splitting regularization. Furthermore, for simplifi-
cation in our calculation, we considered the light-cone sys-
tem. In this coordinate, we realized that the currents J,, and
Jyu» apart from a minus sign, are actually the same in two
dimensions, which leads to the charge conjugation symme-
try restoration.

Eventually, we presented a physical consequence of this
equivalence, named noncommutative bosonization (e.g. see
[17-19]), which relates a fermionic field to a bosonic field
through an exponential function and demonstrated that a free
massless fermion theory with a global U (1) symmetry in
noncommutative space corresponds to a free massless boson
theory. Also, the bosonized version of a theory with local
U (1) symmetry such as two-dimensional noncommutative
QED (NC-QED;) was addressed in [20], where it was proven
that the bosonized action contains a noncommutative Wess—
Zumino—Witten (WZW) part, a gauge kinetic part, and an
interaction part between the WZW and gauge field.

The physical significance of the bosonization procedure
is that it specifies a duality between the strong and weak
couplings for particular interacting quantum field theories.
The most famous example of this duality is the equivalence of
the massive Thirring model and the sine-Gordon model [21,
22], where the weak coupling § of the bosonic theory, that is,
the sine-Gordon model, is related to the strong coupling g of
the fermionic theory, the massive Thirring model, through the
bosonization rule described by % =1+ % Moreover, the
duality between the noncommutative version of these models
was studied in [17-19] where it was shown that the strong—
weak duality is also preserved. However, it is notable that
the strong—weak duality does not appear in the case of NC-
QED; and its bosonized version, because of the appearance
of the same couplings in two theories.
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Appendix A: Commutative Sugawara construction

In this appendix, we present a detailed analysis on the proof
of the relation 7, = T}, in two-dimensional commuta-
tive space for free massless fermions, as argued in [5], and
describe some interesting consequences of this equivalence
[23-27]. The Lagrangian for the massless fermions is given
by
i - -

L= 5 (1#)/“3,/(# - 3#‘#)’“‘#) ) (A1)
which is invariant under the global phase transformation
Y — ey and ¥ — e"i%y, which gives the conserved
current

Ju ) =1y )y (x) - (A2)

For this theory, the symmetric energy-momentum tensor is
written as follows:

Ty = % : (&V/Lavl/f‘l‘lﬁyuauw_aulpyvl/f - av‘/_f)’;ﬂp) s
(A.3)

The energy-momentum tensor in Sugawara form is described
by a bilinear function of the currents as

s o, . . . A .
Tiv=7 () v () + o () ju () = guv i (%) jn (X)) .

(A4
To show leu = Tuy, we start with (A.4) and replace
Ju(x) ju(x) with
Elg}}) (Ju(x +€)ju(x) = (ju(x + €) ju(x))). (A.5)

Applying Wick’s theorem to (A.5)

= Y@+ )Y@+ Y @nY®):
=Y+ VY + Y @)nY ) :
+ Y+ Y (Y + YY) :
+: V@Y @OV (x + )y (x +€) :
— tr (Yu (¥ ()Y (x+6€))
X (¥ (x+€)¥ (x)))

Ju(x +€)ju(x)

(A.6)

and implementing a similar analysis for the other terms of
(A.4), we arrive at

];iv - %Elij)r%) |:M;w(x, 6) +Nﬂv(~x7 6) +NU}L(~xa 6)
+ N (x, —€) + Ny (x, —€)

— 8N} (x, €) + N} (x, —e)]i|, (A7)

where M, and V,,,, are defined as

My (x,€) = ¥ (x + Oy (x + )Y () (x) :
+ iy OYY (x + Y)Y (x)
— Y+ ONY O+ OV YY) 1 g,

N, €) = ¥ + )y S @E@Onyx) (A.8)

and we have

S (@) = (Y +ePx) =— (’—) % (A.9)
27 €

First, we concentrate on determining the value of M, (x):

Moo = Mt =: Go)? + (2 s,

Moy = Mio =: joji + jijo: - (A.10)
Choosing yy = 0, and y| = ioy, we find
Jo=v1v1 — Vv, 1 =v1v — Yoy (A.11)

Therefore, all the components of M., in terms of the
fermionic fields are given by

Moo = My =: iy — vayn) + e — Yav)” -,
Mot = Mig =: (11 — ¥ay2) (W12 — Yav)
T2 — )WY — vayn) -
Performing some permutations on the fermionic fields yields
M,y = 0. In the next step, our purpose is to obtain the value

of N,w. To this end, let us start with an expansion of the
fermionic fields up to the first order in €

(A.12)

N E _ B
Noy(x, €) = —% [ (x) + €00 (x)

+ Oy () : . (A.13)
Taking the symmetric limits (2.21),
. i -
lim J\/,w(x, €)= —1: ng(x)yuygva(x) 5 (A.14)
e—0 47

putting (A.14) in (A.7), and using the identity (2.24) for on-
shell fermions in two dimensions, we find

Tpy =7 0doy + Uyl = 30%v — 09mab) -
(A.15)

which is exactly equal to 7, as mentioned in (A.3). This
equivalence suggests the existence of a canonical massless
pseudo scalar field, satisfying [¢ (x, 1), (i)(y, Hl=id(x—y),
which is related to the conserved current j, (x) through the
following equation [24,25]:

1
€00 (x).

) = = (A.16)
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If we substitute (A.16) into the Sugawara form (A.4) and use
the identity €,4€18 = gup&av — guv&ap- it is found that
1

T, = 3 (00000 + 0,00, — 810 0290" D) , (A.17)
which describes the energy-momentum tensor for a free
massless boson. Another interesting result of the Sugawara
construction is that it is possible to find explicitly the
fermionic field in terms of the bosonic field, as mentioned
in the introduction part. To show this, we consider the equa-

tion describing the transformation of the field ¥ under the
spatial translation [26,27],

O, ¥ (x) = i[/dx’ Ty, 1/f(x)i|, Py = /dxi T3, (A.18)

where Tj, is the Noether current of translational symmetry.
Inserting T, from (A.4) into (A.18), we have

im
WY (x) ==
x [/dxi (jo(x’)jl CORN (x’)jo(X')>, lﬂ(x)]
X=X,
(A.19)
Applying the equal-time commutation relations
Lo ("), ¥ ()] yymny = =¥ ()8 (x1 — x7),
L1 D), ¥ (D) ]agmry = —¥s¥ (D)8 (x1 — x), (A.20)
with y5 = ypy1, we arrive at
O Y (x) = —im[j1(x) + joys ()] (x). (A.2D)
Solving this equation yields
P(x) = e L G+ io e ys) (A22)

where v is a constant spinor in space-time. In the final step,
we put the bosonized form of the currents from (A.16) in
(A.22),

V(x) = PV lysp O+ [k dxqtﬁ(x/)]wo. (A.23)

As we see, the spinor field ¥ is mapped to the bosonic field

¢.
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