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Abstract We investigate the chiral (flavor) structure of
tetraquarks, and study chiral transformation properties of the
“non-exotic” [(3,3)® (3,3)] and [(8,1) & (1, 8)] tetraquark
chiral multiplets. We find that as long as this kind of
tetraquark states contains one quark and one antiquark hav-
ing the same chirality, such as 1. g1.g1.gr +qrqrRGR]L, they
transform in the same way as the lowest level gq chiral
multiplets under chiral transformations. There is only one
[(3,3) ® (3, 3)] chiral multiplet whose quark-antiquark pairs
all have the opposite chirality (g.qr.grqr + 9RGRGLIL),
and it transforms differently from others. Based on these
studies, we construct local tetraquark currents belonging to
the “non-exotic” chiral multiplet [(3, I)D3, 3)] and having
quantum numbers J ¢ =177,

1 Introduction

The spontaneously breaking of chiral symmetry is one of
the key issues to understand the nonlinear behaviors of the
Quantum Chromodynamics (QCD) at the low energy region
as well as the mass of hadrons [1-14]. To describe the chi-
ral symmetry we use the SU(3); ® SU(3)g chiral group,
which spontaneously breaks to the SU(3)y group and pro-
duces eight Goldstone bosons, the pseudoscalar mesons 7,
K and ng. To study this chiral group we can use an algebraic
method, and perform chiral transformations to study the chi-
ral structure of hadrons [10-18]. During this process the chi-
ral representation itself is not changed. For example, we can
perform chiral transformations on baryons belonging to the
[(6,3) & (3, 6)] chiral representation, and the transformed
ones still belong to the same representation. So the chiral
symmetry is “closed” under chiral transformations.

The study of exotic hadrons is another interesting subject
[19-37]. Hadrons having exotic structures are called exotica,
such as hybrid states, glueballs, tetraquark states and molec-
ular states, etc. The existence of exotic hadrons is not for-
bidden by QCD. However, there are quite a few experiments
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which have observed exotic hadrons. These observed exot-
ica are 1 (1400), 7r1 (1600) and 71 (2015), etc. [38—47], but
still they do not have an exotic flavor structure. Hence, the
exotic flavor structure seems missing in our world. The chi-
ral symmetry has been studied by lots of physicists, but the
chiral structure of exotic hadrons has not been investigated
by so many physicists yet. Since there are always multi-
quark components in the Fock space expansion of physical
hadron states, it is worth studying what remains unchanged
in this expansion.

Here we would like to propose that the “closed” chi-
ral symmetry may be related to the missing of the exotic
flavor structure. Take the lowest level chiral multiplet (o,
) as an example. Here we assume that they belong to the
[(3,3) + (3, 3)] chiral representation. Their behaviors un-
derthe U(1l)y, U(1)4, SUB)y and SU(3) 4 chiral transfor-
mations reflect their scattering properties with the revelent
pseudoscalar mesons. Since the transformed fields still be-
long to the same representation, the final states of this scat-
tering should also belong to this chiral multiplet. They can
be higher lever chiral multiplets, such as (p, a;), but they
still have a non-exotic flavor structure.

Take the meson f; of J€ = 117 as another example.
We use the interpolating field J,, = gy, ¥sq as the lowest
level term, which can couple to f7. It belongs to the chiral
representation [(8, 1) 4 (1, 8)]. Its full Fock space expansion
can be written as:

A1) =1dvuysa) + |awG* a) + ldvuyvsadaq) + -+, (1)

where latter terms can be obtained by properly adding a chi-
ral singlet quark—antiquark pair or a (chiral singlet) gluon
to some former terms. All these terms belong to the same
[(8,1) + (1, 8)] chiral multiplet. Chiral transformations do
not change this chiral representation, and so there are no ex-
otic flavor structures in this expansion. However, the third
term gy, ¥sqqq can be transformed to gy, ¥5qqysq, which
can have exotic quantum numbers J”€ = 1= and so can
couple to the exotic meson 1. We note that the exotic flavor
structure may still exist, but then it can not be transformed
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to, nor transformed from, any term contained in the Fock
space expansion of ground mesons and baryons under chiral
transformations, i.e., it is not the chiral partner of any ob-
served physical hadron. This may make them difficult to be
observed.

In this paper we shall study the chiral structure of the
tetraquark state. We shall only consider the chiral (flavor)
degree of freedom and leave others undetermined, such as
the color, orbit and spin. These degrees of freedom can be
fixed in other models under proper assumptions. We shall
perform chiral transformations on the tetraquarks belonging
to the “non-exotic” [(3, 3) + (3,3)] and the [(8,1) + (1, 8)]
chiral representations. Some of them contain one pair of
quark and antiquark which have the same chirality and are
combined to be a chiral singlet (cijf + c}ﬁqé). These
tetraquarks transform in the same way exactly as the low-
est level gg mesons belonging to the [(3,3) + (3,3)] or
the [(8,1) + (1, 8)] chiral multiplets, or their mirror mul-
tiplets. This seems to be trivial but the flavor indices need
to be organized in a proper way in order to construct a
tetraquark state belonging to these representations. Except
these [(3,3) + (3,3)] and [(8,1) + (1,8)] chiral multi-
plets, there is only one [(3,3) + (3,3)] chiral multiplet,
whose quark-antiquark pairs all have the opposite chiral-
ity (gLq9LgrRGR + 9rRqRqLGL), and it transforms differently
from other multiplets.

This paper is organized as follows. In Sect. 2 we study
the flavor structure of tetraquarks. In Sect. 3 we study the
chiral structure of tetraquarks. We separately investigate
tetraquarks belonging to the flavor singlet, flavor decuplet,
flavor anti-decuplet, flavor 27 and flavor octet. In Sect. 4
we study chiral transformations of the [(3, 3)® (3,3)] and
[(8,1) & (1, 8)] chiral multiplets. Based on these studies, in
Sect. 5 we construct local tetraquark currents belonging to
the “non-exotic” chiral multiplet [(3, 3)p @3, 3)] and having
quantum numbers J € = 17T, Sect. 6 is a summary.

2 Flavor structure of tetraquark

The flavor structure of tetraquark is:

33323
=C06)R3D6)
=3R3)03R6)D(6R3)D (6®6)
=108)dB010)dBd10) D (1H8027). (2)

In our following calculation we shall use A, B, C, ... to de-
note flavor indices. €48€ is the totally anti-symmetric ten-
sor; S ﬁB € (P =1...10) are the normalized totally symmet-
ric matrices; Ay (N = 1...8) are the Gell-Mann matrices;
S{)BCD (U =1...27) are the matrices for the 27 flavor rep-
resentation. We show their non-zero components in Table 1.
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The weight diagram of this representation is a hexagon with
three layers as shown in Fig. 1. In our definitions S{‘BCD
denotes the only one central point which is the inner layer,
Sé ?SCD denote the six points in the intermediate layer to-
gether with another point in the inner layer, and SQF2C7D de-
note others twelve points in the outer layer together with
other six points in the intermediate layer and one point in

the inner layer. They satisfy the normalization conditions:

YD DIspEerp =, 3)

A B C D
and the following commutation and orthogonality relations:

ABCD _ ¢BACD _ ¢ABDC
SU _SU _SU ’

SN Y sgEerspEer| =0, forvzv. @

A B C D

We can explicitly write down all the tetraquark flavor rep-
resentations shown in Eq. (2) using these definitions and no-
tations. We do this according to the flavor symmetries of
diquarks and antidiquarks:

1. When the diquark and the antidiquark both have the an-
tisymmetric flavor structure, i.e., the flavor representa-
tion of (¢¢)(3g) is 3 ® 3, the flavor representations of
tetraquark can be singlet (S7) and octet (Oiv ):

S1 = e*BEeCPE (q445)(Gcdp)
=(q49B)(@AaqB — 4BqA),
ON = (54CADB _ §BCADA _ 5ADACB 4 §BD;CA) (5
x (9aqB)(qcqp)
=84CA08(gaqs — 4894)(Gcdp — dpdc)-

2. When the diquark has the antisymmetric flavor struc-
ture and the antidiquark has the symmetric structure
(3(gq) ® 6(Gq)), the flavor representations of tetraquark
can be octet (Oév ) and anti-decuplet (ﬁp):

Oé\/ — (SAC)‘QIB _ BBCA,gA +8AD)»§,B —(SBD)\%}A)

X (gaqB)(gcqp) ©
=84C008(qaq8 — a894)(Gcdp + Gndc).

_p - -
D =e*BESCPE(4qp)(Gcqp)-

3. When the diquark has the symmetric flavor structure and
the antidiquark has the antisymmetric structure (6(gq) ®
3(gq)), the flavor representations of tetraquark can be
octet (Oé\’ ) and decuplet (D?):
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Table 1 Non-zero components

of SABCD U ABCD SpEeP ABCD  SHBCP ABCD  SjPCP ABCD spBep
1 1111,2222  1/4/30 3333 V3710 1212 1/4/120  1313,2323  —./3/40
2 1112,1222 1/4/20 1323 —1//5
3 1111,2323 1/4/10 2222,1313 —1//10
4 1211,2212 1/+/20 2313 —1//5
5 1113 V2715 1333 —/3710 1223 1/:/30
6 2223 2/15 2333 —/3710 1213 1/+/30
7 232 V2715 3323 —/3710 1312 1/+/30
8 1311 V2715 3313 —J/3710 2312 1/+/30
9 1122 1
10 1112 172 1222 —-1/2
11 1111,2222 1/v/6 1212 —1/4/6
12 1211 172 2212 —-1/2
13 2211 1
14 1123 1/v/2
15 1113 1/v/6 1223 —1/4/6
16 2223 —1/4/6 1213 1//6
17 2213 1/v/2
18 1322 1/v/2
19 2322 —1/4/6 1312 1//6
20 1311 1/v/6 2312 —1/v/6
21 2311 1/v/2
22 1133 1
23 1233 1/3/2
24 2233 1
25 3322 1
26 3312 1/4/2
27 3311 1
Y Y Y OV = (8ACH DB 4 §BCADA _ §AD,CB _ 5BD,CA)
22 23 24 x (q49B)(Gcqp) N
=384CAR"(qaqB + 4894)(Gcdp — Gpdc).
4 3 DF = 8375 PE(qag)(dcdp).
4. When the diquark and the antidiquark both have the sym-
g X metric flavor structure (6(qq) ® 6(@4})), the flavor repre-
sentations of tetraquark can be singlet (S;), octet (Oﬁv )
and 27, (TY):
18 21

25 26 27

Fig.1 Weight diagram of the 27 flavor representation

8y = (84€88P +54P58C) (gaq)(Gcdp)
= (q49B)(qaqB +4B4A),
OF = (8ACADB 4 §BCADA 1 §ADHCB | 5BD;CA) ©
x (q498)(qcqp)
=84CA08 (gaqs + 4894)Gcdp + dpc).

TY =SPEBCL (qaqp)(Gcdn)-
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Table 2 The chiral structure of tetraquarks

Tetraquark chirality Chiral multiplets

Diquark symmetry (¢gg ® gq)

41919191 + 9RIRGRYR

qr9L9L9R + 9RIRIRAL

3.3)»9@3.3)
(3,6) @ (6,3)]
6,3)® (3,6)]
(6,6) @ (6, 6)]

qL9LGRIR + 9RGRGLAL

qL9RILGL + 9RILGRGR

[
[
[
[
[
[
[
[
[
[
[
[
qLYRYLYR T+ 9RILGR]GL [
[

1D e 1, D]IG 1, 8)]
@ Do d,8)],[10,1) ®(1,10)]
8.1 @ (1,8)],[(10,1) & (1,10)]
LD ® L DG D ® (L8], [27. 1 & (1,27)]
(3.3)®@3,3)1.06.3) & 3,6)]
(3.3)®(3.3)].1(15,3) ® (3,15)]

(3.3)®3,3)1.0(6.3) & (3,6)]
(3.3)®(3.3)).1(05,3) ® (3,15)]
(LD ® (L D]IG D (18)]
(1,8)® (8, 1)1, [(8,8) & (8. 8)]

G DG He1,3)®1,3)
G D6, 1)@ (1,3) ®(1,6)
6.HeG Hed,6)®(1,3)
6D 6 H®1,6®(1,6)
G.1H®G.3H1,3)®3.3)
6,1H)®3.3)®1,60®3,3)
G He1,3)e1,3)®3,1)
G.DHR1,6)&1,3)®®6,1)
6,1H®1,3)®(1,60)®3,1)
6.DH®1,6)®1,6® 6, 1)
3,33, D®3.3)®1,3)
(.36, 1)®3,3)®(1,6)
3.3)®3.3)23.3)®3.,3)

3 Chiral structure of tetraquark

Compared with its flavor structure, the chiral structure of the
tetraquark is more complicated:

(BDe1,3) (3. Hed,3)
=B DeLI)a6.HD16)D3.3)@3.3)
2B De1,306, D16 3,3
® (3,3)). ©)

We show its full expression in Table 2, where ¢g;, and gr de-
note the left-handed and right-handed quarks, respectively.
We note that the chiral structure of the tetraquark is always
like [(A, B) + (B, A)], since “left” and “right” can be inter-
changed in the QCD sector.

Using the same definitions and notations shown in the
previous section, we can explicitly write down these chiral
representations. Their explicit forms are shown in several ta-
bles. The flavor singlet tetraquarks are shown in Table 3, the
flavor decuplet, anti-decuplet and 27 y tetraquarks are shown
in Table 4, and the flavor octet tetraquarks are shown in Ta-
ble 5. In these tables there are many exotic chiral multiplets,
such as the [(15,3) @ (3,15)] chiral multiplet. In this pa-
per we shall not study these multiplets, but concentrate on
the “non-exotic” [(3,3) @ (3,3)] and [(8, 1) & (1, 8)] chiral
multiplets as well as their mirror multiplets, which have the
same chiral representations as the lowest level gg mesons.

From Tables 3 and 5 we find that there are altogether two

[@@@@mnmmmmmmﬁ?ummmuia@

@3, 3)] multiplets 7'3(‘:’“?. Each contains one singlet and one
octet tetraquarks:

Ti(3’3)/(3’3) =S, 07, (10)

@ Springer

The singlet and octet tetraquarks contain both the left-
handed and right-handed parts which can be written in the
following way in order to specify representations of the
chiral group SUQ3);, ® SUQB)g for simplicity, i.e., 7 =
T+ Tr — (% ), similarly to ¢ = g1 +qr — (Z; ) [14]:

S1=e*PPe P glqPf aR + arararar ]
A_B=C=D
_, (ABE CDE qr49p4r9r (11
qRaRdgar
A B=C=D
9149149149
AC, DB _ <BC, DA L4919 9R
Or=(8"“an" =8N s socn | (12)
dr9Rr49R4r
A B=C=D
9149149149
Sy = (8ACoBD 4 §BCsAD) (TLILTLTK) (13)
dr9r49Rr4;r
A B=C=D
919149149
AC, DB | <BC,DA L4919 9R
Oy = (84Ay” +8°“ Ay )( D hec-p | (14)
dr9Rr49R 4
A_B=C=D
Sa — ¢ABE CDE (quLqRqR (15)
arapasar
03__@ACADB__SBCAgA__SADAgB_%aBDkgA)
arqlagaR
*\ A B-csp|" (16)
dr9r4r 4
A_B=C=D
Sy — ABE CDE(quRquL> (17)
apafagaR
A_B=C=D
qd1.9r491. 49
04::®ACA23<_8ADA§B) i 2_2_% , (18)
dr91 9R 4R
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Table 3 The flavor singlet tetraquarks and their chiral structures

Tetraquarks Total expression Chiral rep. Diquark symmetry (gq ® ¢q)

sa.D eABECCDE(qAGBGEGP +apafanar) [, 1)+ 1,1)] GheG hed,3)®(1,3)
saD (84C8BP + 54P58C) (g qPGf aP +apandgar) (1,1 +1,1)] 6, 1H®6,1)® (1,6 ®(1,6)
stb 8ACsBL(qpqpas af +apafagar) [(1, 1)+ 1, 1)] (3,3®3.3)®3,3)©3,3)
SB8.8) MCIBD (qAgBGCGR +q2qBGSaP) [(8.8) +(8,8)] (3.393.3)8(3.3)®3.3)
RS APEEPEGRGP AL aR +aRaRTRaL) (3,3)+3,3)] GHeGhHel,3)eE33)
SG3 (8AC5BD 4 §BCSAD) (qAgBGC G0 1 qhqBGCaD) (3.3 +(3.3)] 6.H®3G.3)®1.6)®3.3)
S33 eABECPE (A gBaCaR +agagasal) [3.3)+(3.3)] GHe1,)He1,3)e3, 1)
533 eABECCDEGAGBGEGP +apalarary) [3.3)+(3.3)] (3393, H®3,3)®(1,3)
533 (84C8BD 4 54P5BC) (g q RGP +apatdgar) [3.3)+(3.3)] (3,3®6,1)®(3,3)®(1,6)
566 (84€8BP 154058 (g q P aRaR +apanasal) [(6.6) + (6,6)] 6,1)®(1,6)®(1,6)® (6, 1)

Table 4 The flavor decuplet, anti-decuplet and 27 ; tetraquarks and their chiral structures

Tetraquarks Total expression Chiral rep. Diquark symmetry (gq ® ¢¢)
D01 SABECCDE (AqBaCab 4 qAgBaC5D) [(10,1) + (1,10)] 6,DeG,H®(1,6)®(1,3)
DUSD SABECCPE (qAqBaCaR +afaBagap) [15,3) + 3, 15)] 612330 0,60033)
D6 SEBEECPE (qPqBalaR +apalalal) [(6,3) + (3,6)] 6H1,3)e01,603,1)
D6 SABEECPE qAqBaCal +qpalalaR) [(6.3) + (3, 6)] (.330G,H®3,3)®(1,3)
DS SABECPE (qAqBaCqR +qpnqfalaP) [(8.8) + (8.8)] (3.393383,3)83,3)
Db ABESCDE (g AqBaCal 4 qdqBacaD) [(T0, 1) + (1, T0)] G.1e6 He 1,306
7 eABESCPE(qRqPafaR +agagazar) [(6.3)+ (3.6)] GH®GE3I)e 1333
D ABESCDE (g4 qBGCaD + gAqBaCaP) [3.6) + 6.3)] G.D®1L6e1H)e6 )
™Y ABESSPE (qAqB7CaP + gqPaSaR) (15.3) + (3.T9)] (.36 1S 3.3 (1.6
2 ABESEDE (qAqBGCGR + PSP [(8.8) + (8.8)] 3.3)9(3.3)83.38G.3)
T SEPCPafafatal +agaRagar) [27,1) + (1,27)] 6,16, 1)®1,6)®(1,6)
7153 SHECP (g qB Gl GR +apaiatal) [(15,3) + (3,15)] 6,1)®3,3)e 1,6 03,3)
753 SHEP(qpakalal +apafagaR) [(15,3) + (3,15)] (3.3)®6.D®(3.3)®(1,6)
A SEECP (qPqBat Gk +analatal) [(8,8) + (8.8)] (3.393303,3)03,3)
AC <BD AD <BC qi‘q}?éféf tions [(3,3)69(3,3)] and [(3,3)69(3,3)]. In contrast, all the
S5 = (8 T AT ) (ng LB é,? q 1?) ’ (19 quark-antiquark pairs contained in ’73(3’3) have the opposite
A B=C=D chirality, and so can not be chiral singlet. This makes ’23(3’3)

05::®ACA53_+8ADA23)<qiqg?é?2)‘ (20) much different from others.

dr4r 94y We do the same procedures and find there are alto-

Again we find that the “left” and “right” can be interchanged
here. o

The chiral multiplet ’2‘1(32":")/5(3’3) all contain one pair of
quark and antiquark which has the same chirality and can be
combined to be a chiral singlet. This is just like adding one
chiral singlet quark-antiquark pair (g f q f +q Ié q 1/3‘) to the
lowest level gg chiral multiplet belonging to the representa-

gether five [(8,1) & (1, 8)] chiral multiplets 7,0

[(1,8) @ (8, 1)] multiplet 7.":

and one

,Tl(’!;\,ll) — (BAC)LID\,B _ SBCkﬁA _ (SAD)ng +SBD)\‘§A)

arqfasap
x A B-C=D]’ e2)
dR9RYIRYR
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Table 5 The flavor octet tetraquarks and their chiral structures

Tetraquarks Total expression Chiral rep. Diquark symmetry (g ® qq)
o®.Db (BACARE —5BCHRA — 64P2GE +88PAM (gt as af +aparagar) 1B D+18)] GG DHed,3)ed,3)
o®D (BACARE — 5BCHRA +64P2GE — 8820 (gl as af +apandgar) B D+M8] G D6, D (1,3)®(,6)
oBb (BACARE +8BCHRA — 5APAGE — 88PN qfabas af +apafagar) 1B D+@8] 6, 1H®G D 1,6 (1,3)
o0& (BACARE +8BCRA + 642208 +88P0M (gftafas af +ajapagar) G D+A8)]  6,1)®®6,1)(1,6)®(1,6)
0B (BACARE =8B RN 4t alas aR +apaRagal) [33H+33] GDHeGHD(1IHE.3)
063 (BACARB — 5BCHRA —284PAGE + 26800 N (gt P s GR +arandgal) 16.)+3.6]1 (. 1H®G.H8(1.3)®3.3)
0B BACARE +85CARN (g P aR +apafalap) BH+BIH  6,HGHS1,603.3)
o153 OAPAGE +88PAM e afaf aR +apafagral) [15.3)+(3.15)] 6. D®(B.3)H®(1,6®(3.3)
033 (BACARE —5BCHRA —64P2GE +88PAM (gl aRaR +apandsar)  1BH+GE.3)] G He1,He(1,3)03.1)
039 (BACARB — 5BCHRA +64P2GE — 8BPAM (gt afaRaR +apandsal)  [3.6)+6.3] (G 1D®1,60a(1,3)® . 1)
0d (BACARE +8BCHRA — 5APAGE — 6BLAN (qtabdRaR +apabdsar)  16,3)+3.601  6.1H)®1.3)8 1,608 3,1)
069 (BACARE +8BCHRA +5APAGE +68PA N afdRaR +apanasar) 16,60 +(6,6)]  (6.1)®(1,6)®(1,6)®(6,1)
033 (BACARE — 84 P2 P gt afas al +apatagar) [3.3)+(3.3)] G3HIGCDHSB.3H®(1,3)
063 (BACARE — 8APAGE —268CA0A + 28802 (gt afaf af +apatagal) 16,3)+3.601  (3.3)®3B. D6 3,3)®(1,3)
033 BAARE + 8400 P gt afaf af +apatagal) [33)+(3.3]  (3.3)6.H®GB,3)R(1.6)
053 BBOARA + 8822 (afqRal ap +apatagar) [15.3)+3.15)] (3.3)®6.1)®(3.3)®(1,6)
0B 8BPx A aftafataR +apatagal) (8. D+ (18] (B.3H®AEH®B,3)®3E.3)
o8 8ARB (qftafafaR +apatagal) (L) +B. D] (3.383.HD3.3HG,3)
0&® 8APASP (atafas aR +apatagar) [(8.8)+8.8] (3.3)®3.3)®(3.3)®3.3)
oB8) 88N qftafasaR +apatagal) [(8.8)+8.8] (.3)®3.3)a(3.3)®3.3)
T(S D _ (SACADB §BEARA 1 54D (B — SBDkgA) 4 Chiral transformation
A _B-C:=-D
% (qL 9.9L9L ) (22) 4.1 Chiral transformation of mesons
qRqa8q%aR
T =GR g o
x (qiq;qéqg) 23)  Ul)y:q — exp(ia®)qg =g + 8¢,
9rRIRIRDR SU@)v : g — exp(iL - a)g = q + 8%, 27
7(8 V= (84C008 1 5BCA0A 4 s4P1GE 4 65P5.51) U1)a : g — exp(iysh®)g = q + 854,
(qquég _£> o SUB3)a : g — exp(iysh - b)g = q + 88q,
qnqBgSak ' where X are the eight Gell-Mann matrices; a” is an infinites-
A B-C-D imal parameter for the U (1)y transformation, a the octet of
7-5(515\,]1) §BDCA 9L 9r ? L ‘f R ) ’ (25) SU@3)y group parameters, b" an infinitesimal pargmeter for
’ qrqlqsqP the U (1) 4 transformation, and b the octet of the chiral trans-
A B-C-D formations; the ys matrix is diagonal in the chiral (Weyl)
T(l 8) SACXDB (QL dr49r 4R ) . (26) representations [14]:
amafatap

All these six multiplets contain one pair of quark and anti-
quark which has the same chirality and can be combined to
be a chiral singlet.

@ Springer

(28)

(-1 0
B5=\o 1)

In this subsection we study the chiral transformation proper-
ties of quark-antiquark mesons. The chiral (flavor) structure
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of quark-antiquark mesons can be

1,1 qi\éf
MY =qtat +agag =" (L5 ) (29)
dr49R
A=B
q7q
ME =B ( j_;), (30)
dr9R
MPP =s,0)7, 31)
where
A=B
s=st8 (1LIR). (32)
dr4r
A=-B
Oy =254 (17K (33)
qdr4r

The mesons Mgl’l), M;S}\}) and M§3’3) belong to the chi-
ral representations [(1,1) & (1, 1)], [(8,1) & (1,8)] and
[(3, 3) 4 (3, 3)], respectively.

The U(1)y chiral transformation is trivial which counts
the quark number § M; = 0. The other chiral transformation
equations are:

ssMiMD =0,

soMMY =0, (34)
st MY =o.

ssMBy =0

S“Mg}‘}[) = ZaNfNMoMfg), (35)
SEMP =2ibN fymors M.

858 =2ib%y5S,

828 =0, (36)
828 = 2iysbN Oy.

850m =2ib"ysOm,

8Oy =2a" fxmoQo), (37)
820y =2ibNdypoysOo + $6MysS.

We note that these chiral transformation equations are dif-
ferent from those of the relevant meson currents (fields), but
their coefficients are similar. For example, the singlet me-
son field n = g4 y5q, belonging to the chiral representation
[(3,3) & (3, 3)], transforms as

8sn =2ib°G4q4.
897 =0, (38)

880 =2ibV 424844,

where the coefficients 2ib%, 0 and 2ib"V are similar to those
of Egs. (36).

4.2 Chiral transformation of tetraquarks

In this subsection we study the chiral transformation prop-
erties of tetraquarks belonging to the “non-exotic” [(3, 3) @
(3,3)] and [(8,1) & (1, 8)] chiral representations. The cal-
culations are straightforward and so we only show the final
results here. The U (1)y chiral transformation is again trivial
which counts the quark number §7; = 0. The chiral transfor-

mations of Tl(’;’é) are the same, while ’74(!5;’3) transform like
their mirror fields:

8581 = 2ibVy5Sy,

59S) =0, 39)
8281 =2iysbN OY.

8501 =2ipysOY

390M =2aV fypyo0?, (40)
830V =2ibVdyaoysOf + 1M ysSt.
858> = 2ib%y5Ss,

88, =0, 41)
828, = 2iysbN OY.

850 =2ib0ysOM,

890N =2a" fyp0 09, (42)
830" =2ibVdyamoysOF + 1M ysSs.

8584 = —2ib"y5S4,

8984 =0, 43)
8284y = —2iysbN O} .

850 = —2ib%ysON,

82OM =2a" fypo 02, (44)
S20M = —2ibNdypoysOF — $6MysS,.

8585 = —2ib0ys5Ss,

8985 =0, 45)
8285 = —2iysbN OY .

3s0M = —2ib0ys0M

390 =24 fyp 002, (46)
50 = 2ibVdypoysOf — M ysSs.

These chiral transformation equations are the same as those
of (o, m) belonging to the [(3, 3) & (3, 3)] chiral representa-
tion, or its mirror representation (Egs. (36) and (37)). While

@ Springer
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the chiral transformation equations of 7}(3’3) are different
8583 = 4ib%ysS3,
82853 =0, (47)
5?83 = 2i)/5bNOév.

550:1;‘/[ =4ib0)/50M,
890M =2a" fypo 0O, (48)
SE0M = —2ibNdypoysOF + $6MysSs.

We note that this is the only case which has a non-exotic
chiral representation but transforms differently from others
under chiral transformations. To obtain these equations we
need to use the following relation:

AC4, BD 1
Ay Ay =——=0n

1
y8ACsBD 4 ZaNMSAD(SBC

2
- ngMoéACA?)D

3 i
—dnmo — ngMo>8AD/\€C

5

+

3
(ngMO+ fNMO)rSBC)»éD
2
- dnao8PPrAC

ABE CDE
T8>< 10) S

+(
+ (T XIO)*
+(

ABCD
Ty 1) w5077 (49)

CDESABE

where Tévx 10 and Tévx ,7 are the transition matrices satisfying
(Té\/X Mp =— (Té"lX 10)N p- We show their explicit forms in
Appendix.

The chiral transformations of 7—1('5_;.,51) are the same, while

7'6(1’8) transform like their mirror fields:

8.1
7—1 S5M = 0,
84780, =2aN fymoT 29, (50)

8.1 . :
T80 =2ibY fyumovsT, s

1.8 1.8
T =2a" fumoTy - (51)

88T = —2ib" fumovsTg

@ Springer

These chiral transformations properties are the same as
those of (p, aj) belonging to the [(8, 1) & (1, 8)] chiral rep-
resentation, or its mirror representation (Egs. (35)).

5 Tetraquark currents of JP¢ =1-+

In the previous sections we have studied the chiral (fla-
vor) structure of tetraquarks. Those obtained flavor matri-
ces and chiral transformation equations can be used to con-
struct tetraquark currents and study their chiral transfor-
mation properties. We note that the chiral (flavor) struc-
ture of tetraquark currents is much more complicated than
their color and Lorentz structures, and so the construction
of tetraquark currents becomes easy (much easier) based on
the studies of previous sections. As an example, in this sec-
tion we show how to construct tetraquark currents of exotic
quantum numbers J¢ = 1~F, but belonging to the “non-
exotic” chiral multiplet [(3, 3) @ (3, 3)].

The tetraquark currents of J”¢ = 1~F have been listed
in Ref. [48], and so we just need to adc_l the ﬂavc_>r matri-
ces properly. The chiral multiplets ’1'1(3’3) and ’]:1(3’3) both
contain the diquark and antidiquark having the antisymme-
try flavor structure 3¢(¢q) ® 3¢(G3), i.e., the flavor matrix
eABECDE nserting this matrix into Eqs. (2) of Ref. [16],
we obtain two independent flavor singlet tetraquark currents
(the superscript A is used to denote the antisymmetric flavor
structure):

SA — GABEECDE

lu
x (447 Cysa (@t vuysCad — GlyuysCas))
+ 447 Cyuysab (@ yvsCabl — qlysCayl)],
(52)
A _ _ABE_CDE
82;1 =€ €
aT
x [447 Cy a3(3¢0uCap +a¢ouwCasy))
+ 44" Congh(aty Cadl + a2y Cayh)].
where the sum over repeated indices (A, B, ... for flavor
indices, a, b, ... for color indices, and u, v, ... for Dirac

spinor indices) is taken. C is the charge-conjugation matrix,
q4 and qg represent quarks, and g and qu represent anti-
quarks. We can write them using the left- and right-handed
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quark fields qL = FT)/Sq and qr = 1+2V5q:

Sﬁ,b — EABEECDE
x [24{4Ca7 p (@5 cvCaRp — a7 cvuCkp)
+ ZQ%ZCQZB@%A Vﬂc‘iﬁ; - ‘ﬁeAVquZYI;)
+247 ) Cyudarp (i cCarp — a1cCaip)

T b (= ~bT _ =b =aT
+ 2q??ACVMqLB(q??CCqRD - qRCCq?QD)]’
S?u — (ABE_CDE

x 2474 Cy  akg (QZCUWC‘?Z) +37c0uCatp)

+2934Cv¥ a7 g (AkcouvCagp + drcouvCagp)

+247},Cova] (@i v’ Cagp +ar ey Caip)

+2qs Coudp s (Tre v Cayp +drer Catp)].
(53)

from which we find that these two currents belong to both
7’1(3’3) and 71(3’3). This is because these two chiral multi-
plets are related by the charge-conjugation transformation,
and so if we want to construct tetraquark currents having a
definite charge-conjugation parity, we need to use their com-
binations.

Inserting the flavor matrix ($4€ARE — §BCADAY into
Egs. (2) of Ref. [16], we obtain two flavor octet tetraquark
currents which also belong to both 7’1(3’3) and 7:‘(3’3):

A _ (sACyDB _ sBC, DA
Om,zv—(‘S Ay~ —8 )‘N)

x [q47 Cysq% (3¢ vuysCasl — alyuysCasl)
+ 457 Cyuysah(avsCasl — qlysCash)],

A _ (sACyDB _ sBC, DA
Ozﬂ,z\/—(‘S Ay~ =38 )‘N)

x [quCy”qg (CIZGWCQ%T + qg"uchg)
+a4 Conay (¢ Cay +acy ' Cay)]:
(54)

We can verify that S{L and O]AM, n belong to the same chi-
ral multiplet, while S?M and (95‘“7  belong to another chiral
multiplet. ) )

The chiral multiplet 72(3’3) and ’T5(3’3) contains the di-
quark and the antidiquark having the symmetry flavor struc-
ture 6¢(qq) ® (_Sf(q(j), i.e., the flavor matrix (84€88P 4+
8BCsADY and they are also related by the charge-
conjugation transformation. Inserting this matrix into
Egs. (1) of Ref. [16], we obtain two independent flavor sin-
glet tetraquark currents (the superscript S is used to denote
the symmetric flavor structure):

Sigu — (SAC(SBD +83C8AD)
x [q47 Cysq5 (3¢ vuysCabl + alyuysCqsl)
+ 457 Cyuysah(avsCayl +qlysCagh)],
SQS'M — (SACSBD +(SBC3AD)
x [447 Cv" 4} (Ge0umCa)y — 2o Caly)
+44" Couap(aey Capt —aly Cayh)]-

(55)

They can be written as
S _ _ABE_CDE
Slu =€ €

x (2414 Ca1 (a7 cvuCagp + a1 YuCagp)
+ zq?ech?w (%AWC‘?% + é?my/thgg)
+ Z‘IZZCVMCI??B (‘ﬁccq%) + QZCC‘YZZ)
+ EQ%QCVM‘IZB(%CCQZ% + Cff’gccéﬁ))}
stu — (ABE CDE
x [Z‘IZZxCVv‘I?eB(‘jZC%vC‘jﬂ) - éicaquéZTD)
+ ZqﬁCy”qiL’B(c}?ecachjZ% - q?ec%vc‘ﬁeTD)
+ 2612§C<fw61’23 (qZCVUCquQTD - chVVCCYﬂ))
+ 2034 Couvagp Ty Carp — drev"Caip) ]
(56)

from which we find that these two currents belong to both
,72(3,3) and 7;(3,3)'

Inserting the flavor matrix (SAckﬁB + BBckﬁA) into
Egs. (1) of Ref. [16], we obtain two flavor octet tetraquark

currents which also belong to both 7'2(3’3) and ’2'5(3’3):
S _ (sACyDB | sBCjyDA
07,y = (84ARP +85ag4)
x [a47 Cysap (¢ vuvsCapy +atyvursCay’)
+44" Cyursag(atvsCay +atrsCag’)].

S _ AC+ DB BCy DA
O2;/.,N_(5 ARE 4 88C 04

x [¢4T Cy"qb (320, CGT — 356, CTT)
+q57 Coungl (Gey Cqsl — qoy Cayh))-
(57)

We can verify that Slsﬂ and (’)fﬂ’  belong to the same chi-
ral multiplet, while 82Su and OZS N belong to another chiral
multiplet. .

The chiral multiplet ’2’3(3’3) contains the diquark and
the antidiquark having the antisymmetry flavor structure
3t(q9q) ® 3¢(G7). However, after inserting the flavor matrix
eABECDE jnio Egs. (2) of Ref. [16], we obtain the same
tetraquark currents as Eqgs. (52). We have verified that these

@ Springer
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two currents belonging to ’2'1(3’3) and ’22‘(3’3). Therefore, there
are no tetraquark currents belonging to the chiral multiplet

’2'3(3’3), which have been proved to transform in an exotic
way under chiral transformations (see Egs. (47) and (48)).
The chiral transformation properties of tetraquark cur-
rents are different from those equations obtained in Sect. 4
for the chiral space only, but their coefficients are similar.
For example, the chiral transformation equations of & 1AM are:
858, = 2ib? x eABECPE
x [a4" Cai (@& vuysCap = acvuysCas)
+a4 Cruysap(atCap —atCag’)]
_7:10g/A
=2ib Si w
A
58S\, =0, (58)
828, =2ibN x (84CARE — sBCARH)
x [q4" Cap (@t vuysCap —agvuysCap')
+a3 Cruysa(GECap —aeCay')).
_~:1N A
=2ib" O] LN
where S{ﬁ and Om’ y are the tetraquark currents having
quantum numbers J©€ = 17" and belonging to the chiral
representation [(3,3) @ (3, 3)] (indeed they also belong to

the chiral multiplets 7’1(3’3) and ’2:1(3’3)). Therefore, we have
shown that the formulae obtained in Sect. 4 can be easily ap-
plied to calculate the chiral transformation equations of the
relevant tetraquark currents. Moreover, since we have veri-

fied that there are no local tetraquark currents of JF€ =1+

belonging to the chiral multiplet 75(3’3), we arrive at a con-

clusion that all the local tetraquark currents of JF¢ =1-+
and [(3,3) @ (3, 3)] transform in the way similarly to the
relevant quark—antiquark mesons of [(3, 3) ® (3, 3)].

Since in this paper we concentrate on the chiral (flavor)
structure of tetraquarks, we do not discuss tetraquark cur-
rents any more. We just note that these tetraquark currents
can be used in the methods of Lattice QCD and QCD sum
rule, and we shall also use them in our future QCD sum rule
studies.

6 Conclusion and summary

We have systematically investigated the chiral (flavor) struc-
ture of tetraquarks, and found all the chiral multiplets.
We only consider the chiral (flavor) structure and other
degrees of freedom remain undetermined. Then we con-
centrate on the tetraquarks belonging to the “non-exotic”
[3,3)®(3,3)] and [(8,1) ® (1, 8)] chiral multiplets as well
as their mirror multiplets, which have the same representa-
tions as the lowest level gg chiral multiplets. We have stud-
ied their behaviors under the U(1)y, U(1)4, SU(3)y and

@ Springer

SU(3) 4 chiral transformations. We find that most of them
contain one pair of quark and antiquark which have the same
chirality and can be combined to be a chiral singlet, and so
they can be constructed by adding one chiral singlet quark-
antiquark pair to the lowest level gg chiral multiplets. Con-
sequently, under chiral transformations they transform ex-
actly like the lowest level [(3,3) @ (3, 3)] chiral multiplet
(0, ) and the [(8, 1) ® (1, 8)] chiral multiplet (o, a;). There

is only one exception, 7'3(3’3), whose quark-antiquark pairs
all have the opposite chirality, and it transforms differently
from other [(3, 3) @ (3, 3)] chiral multiplets.

The flavor matrices and chiral transformation equations
obtained in the chiral (flavor) space of tetraquarks can be
used to construct tetraquark currents and study their chi-
ral transformation properties. As an example, we construct
tetraquark currents of exotic quantum numbers J € = 1-F,
but belonging to the “non-exotic” chiral multiplet [(3, 3) @
(3,3)]. We also calculate the chiral transformation equa-
tions of one tetraquark current SlAﬂ, and find the coeffi-
cients of these equations (Egs. (58)) are similar to those for
tetraquarks belonging to the same chiral multiplet [(3, 3) @
(3, 3)], but obtained in the chiral space only (Egs. (39)).

Since there are always multi-quark components in the
Fock space expansion of physical hadron states, it is worth
studying what remains unchanged in this expansion. In this
paper we have shown that as long as the tetraquark and the
gq meson belong to the same chiral representation and the
tetraquark contains one quark and one antiquark having the
same chirality (grqr + grqr), they transform in the same
way under chiral transformations. We find that among the
five [(3,3) @ (3,3)] and six [(8, 1) @ (1, 8)] tetraquark chi-
ral multiplets shown in Tables 3 and 5, ten of them satisfy
this condition.

This study is for the tetraquark case, the pentaquark case
is also interesting, which we shall study in the future. We
shall also perform chiral transformations on other exotic
tetraquarks in order to make a complete analysis, which is
more complicated and takes more time.
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Appendix: Transition matrices

Since it takes much more space to show the transition ma-
trices Tévxlo’ we show the conjugate-transpose ones Tgvj 10
here
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0 0 0 J% jﬁ 0 0 0
0 0 0 0 0 % j—l_o 0
0 0 0 0 O J%—J% 0
0 0 0 J%_j_l—o 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0

TST —

8x27 0 0 0 0 0O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 0O 0 0 0
0 0 0 0 O O 0 0
0 0 0 0 O 0 0 0
0 0 0 0 0 0 0 0
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0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
0 0 0 0 O 0 0 0
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