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1 Introduction

A subfield of mathematics known as chemical graph theory is concerned with the impli-
cations of the connectedness of chemical networks. Whether natural or synthetic, almost
every chemical system may be represented by a chemical graph (i.e., molecular transfor-
mations in a chemical reaction). Moreover, the word “chemical” is used to highlight that,
in contrast to graph theory, we may depend on scientific investigation of many ideas and
theorems rather than exact mathematical proofs, which is a significant difference.

When it comes to graph theory, Lumer [1] was the first to use differential equation the-
ory on graphs. With the use of ramification spaces and different operator specifications,
he explored the solutions of extended evolution equations. Zavgorodnij [2] investigated
linear differential equations in 1989 using a geometric network, with suggested bound-
ary value problem solutions arranged at the network interior nodes. On the other hand,
Gordeziani et al. [3] utilized the double-sweep method to obtain analytical results for dif-
ferential equations, which they observed to be more productive on graphs;.

However, utilizing fixed point methods, a limited amount of studies on star graphs (see
Fig. 1) associated with the solutions of boundary value problems has emerged in the par-
ticular research (see, e.g., [4, 5]).
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Figure 1 A picture of a star graph G* having k edges and a junction node v

In 2014, Graef et al. [4] used the idea of a star graph and proposed the existence of
solutions to the following fractional differential equation:

—RL 33[Z)/(S) = hy(s)Ly(Siy(S)) (S € (07 éy): y=1 2),

(1.1)
z1(0) = 2,(0) = 0, z1(01) = 22(02), Rl (01) +R DVwy(02) = 0,

where £ € (1,2], v € (0,£) and &, : [0,0,] — R are continuous functions with 7, (s) # 0 on
[0,0.],and L, : [0,0,] x R — R are continuous functions. Also, RLD and RLDY represent
the Riemann-Liouville fractional derivatives of orders £ and v, respectively.

Mehandiratta et al. [5], extended the work of Graef et al. [4] by proposing the following
fractional differential equation:

Dlz,(5) =S, (s,2,(5),D"2,(5)) (s€(0,8,), ¥ =1,2,...,n),

(1.2)
Zy(o) =0, Zy(éy) #217(@)7) ()/ 7/)7)’ Z;ﬂ Z;/(éy) =0,

where £ € (1,2], v € (0,£ - 1], S, : [0,0,] x R x R — R are continuous functions, and D’
denotes the Caputo fractional derivative of order § € {¢, v}.

Recently, Mophou et al. [6] investigated the solution of the following fractional Sturm—
Liouville boundary value problems on a star graph:

@i;l (/SVDf;+zV)(s) +q7 ()27 (s) =S (s), se(a,b’),y=12,...,n
2 (a%) = [2%(a*), €#v=1,2,...,n,

Yo B @Dz (@) =0,

15424 (by) = 0,

[;Ilz)’(b;) =vy, ¥=23,....p,

ﬁ”(b,,)Dﬁ+zy(b;) =v,, v=p,p+1l,...,n

(1.3)

where D¢, and erl ,v =1,2,...,n, are, respectively, the left Riemann-Liouville and right
v

Caputo fractional derivatives of order ¢ € (0,1), Iﬁ+ is the Riemann-Liouville fractional
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Figure 2 Chemical structure of hexasilinane compound Hj;Sig

Figure 3 A hexasilinane compound graph with vertices 0 or 1

integral of order ¢, the real functions 8" and g” are defined on [4,b, ] (y = 1,2,...,n), the
functions S” belong to L*(a,b,), ¥ = 1,2,...,n,and the controls v, y = 1,2,...,n, are real
variables.

For the recent research in this area, we refer to [7-9] and the references therein.

To extend the work presented in [4—6], we use the concept of hexasilinane graphs (see
Fig. 2), which are more general than star graphs.

Moreover, the techniques employed in [4—6] are inadequate since the hexasilinane
graphs contain more junction points than star graphs. As a result, we adopt a different
method, in which the graph vertices are labeled by 0 or 1 with edge length |b;| = 1 (see
Fig. 3).
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Here we examine the existence of solutions to the following system:

Diz,(s) =S, (s,2,(s), D"z, (8),2,(s),2,(s)) (s€[0,1]),
@12, (0) = 2,0z, (1) + w3D%z, (1), (1.4)
iz, (1) = 3,0z, (1) + @3 [ D012, (6) dE,

where @, (p = 1,2,3) are real constants with @, #0, 6 € (0,1), D¢ and D" denote the
Caputo fractional derivatives of orders 2 < £ < 3 and v € (0,2), respectively. Also, S,, :
[0,1] x R x R x R x R — R is a given continuously differentiable function for y =18,
where y denotes the total number of edges of hexasilinane compound with |l~<y| =1.

Our goal is to prove the existence of solutions to the suggested problem (1.4) by using
appropriate fixed point theorems. Finally, we give an example to demonstrate the signifi-
cance of our findings in light of the existing literature.

For the details about fixed point theory and its applications in different spaces, we refer
to [10-18] and the references therein. Several new papers have recently been published
dealing with the existence of solutions to nonlinear fractional differential equations (for
details, see [19-24]).

2 Preliminaries
Definition 2.1 ([25]) The Caputo fractional derivative of order £ > 0 for S € C*[0, +o0) is
given by

1

¢ ara - Syt @) _ -
QS(S)_I‘(S;”—E)/O(S 0) S90)do (-1<t<&E=[(]+1),

where [£] is the integer part of £.
For ¢ > 0, the general solution of D‘z(s) = 0 is given as
2(s) = by + bis + bys® + - - - + by_15™,
and
I*©%%(s) = z(s) + by + b1 + bys® + -+ + by_15"

forby e Rand k=0,1,...,n—1.

Lemma 2.2 Let ¢1, P, ..., ¢18 be continuous real-valued functions on [0,1]. Then z; isa
solution of the problem

@ezy(s) =T, (sel0,1],y =1,2,...,18),
@12, (0) = 2,0z, (1) + w3D%z, (1), (2.1)
@12, (1) = @0z, (1) + w3 f09 D1z, (&) dE,

if and only if z}, is a solution of the fractional integral equation

e e o
zy(s)—‘/0 WT,,(E)dS+70(a+s>{w?,/o /0 Y, (t)dr dé
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1 11 _ gyl o
+w2f0 Ty(s)ds—wlfo %n(s)@}(m)

W1V0
L1-g)? T1-¢)
X{wz 0 mmadsmsfo e 2)T(5)ds} (22)
where
wy(I'(3-4)-1) ZD'gQB_K
V":[w” rG-o _r(4—£)}#0

Proof Let z, be a solution of (2.1), where y = 1,2,...,18. Thus there are constants

b, b € R such that

S(s—&)!

o s - By + bYs. (2.3)

z,(s) =

Using the boundary conditions for (2.1), we have

v_@s( [ o [ra-pe ) 2( |
by A (/0 /0 T, (t)dr dé T Z)T(S)dg Ve /OTy(g)dg
ta-9? (1-g)
_/O mn(é)d%) Vo/ AL
0 - Lo
bOV__< //T(T drd§+<1——) -l ($)d5>

wy ( Wy (1 E)K2
+w1<vo/o Tr&)de ( Vo) o T(- 1)”5”‘5)

@y [ (1-§)!
—70/0 ST,

Substituting the values of b(()y) and b(l’/) into (2.3), we obtain the desired solution (2.2).
With regard to the contrary, when z, is a solution of (2.1), it is self-evident that z}, is a

solution of (2.2). O
We now present the fixed point theorems of Krasnoselskii and Schaefer.

Theorem 2.3 ([26]) LetV be a closed, bounded, convex, and nonempty subset of a Banach
space U, and let S1,S, : V — U be two operators such that Sik + Syk’ € V whenever k, k' €
V. Suppose that S; is compact and continuous and S, is a contraction. Then S + S, has a
fixed point.

Theorem 2.4 ([26]) LetU be a Banach space, and let S : U — U be a completely continu-
ous mapping. If the set {z € U : z = ¥ Sz for some ¥ € [0,1]} is bounded, then S has at least
one fixed point in U.

3 Main results
Throughout this paper, U, = {z, :z,,D"z,,z,,z, € C[0,1]} is a Banach space with norm

2y llzt, = sup |zy(s)| + sup |©"zy(s)| + sup |z;,(s)| + sup |z;(s)|
s€[0,1] s€(0,1] s€[0,1] s€[0,1]
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fory =1,2,...,18. It is obvious that the product space U = U; x Uy x

space with norm

18

lz= (21,22, , 218l = Y _ 12y lug, -
y=1

Referring to Lemma 2.2, we introduce the operator S : U — U by
S(z1,22, ..., 218)(5) := (S1(21, 22, ..., 218), .. S18(21, 20, - .., 218)(5)),
where

Sy (21,22, .. .,218)(8)

/s (s—&)! , , )
= ; NG Sy(g;zy(g),g ZV(S),ZV(S),ZV(?’:))dg

(o)

+——+s

VO w1
0 ré

><|:w3 /Sy(t,zy(t),@“zy(t),z;(r),z;(r))drdé
o Jo
1

+ o) /0 5, (6,2, (6), "2, ), 2, (6), 2,(6)) d

Ta-g)! v / /!
—lm/o W‘SV(E’ZV(E)tD zy(g),zy(é),zy(é))dé}

+ (Vo — oy — w15)

@1 Vo

! (1 _E)Z72 v / ”
x |:w2 /0 S 650,95, (60,5,6).2)(6)) ds
L1-g)?

= Sy(s,zy(s»@“zy(a,z;(s),z;(s))ds}

+ W3

forse[0,1] and z, € U,,.
To facilitate calculations, we use the following notation:

wr(I'(3-4)-1) w393‘l
VO:[ ! NEE) _F(4—€)}’!O’

@lCG-0-1)] |my]
Vi ol P ) 0

Tr 1 s || + |1 | |073|+|w|+ | | )
° T T +1) |1 | Vi 2 T+
<|V1—wz—w1|)(|w2| |3 )
t|—————— =+ ,
|z | V1 re TE-1)

. 1 1
= F¢-v+1) " (vlr(z—v))
<|zU3(2+F(£—1))| |z (1 + T(£))

N s |1 | )
I -1) ) re+1))

-+ x Usg is a Banach

(3.2)

(3.5)

(3.6)

Page 6 of 20
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*
2 =

*

3 =

1 1 <|w3(2+r(e 1))|+|wz(1+F(€))|+ || >

NO) (¢ - 1) ) re+1))
1

re-1)’°

7o (122l H |2l (3] @]
a= () (bl +
|w1|V1 2 F(Z+1)

T; -

Ls =

Theorem 3.1 Let Sl, 82, ooy 818

(|V1—ZU2—ZH1|)(|2172| || )
==+ ,
|| V1 re TrEe-1)

< 1 )(Im(2+ Fe-DI , [+ TN, o]
20 (¢ - 1) () T +1)

V1F(2 - V)

(|w3(2+1"(€ D)l . | (1 + T'(€))] . |1 )
Vi (e -1) r() re+1))

and let there exist constants M, >0,y =1,2,...,18, satisfying

|Sy (S; Z1,22,23, Z4)i < M)/

forall z,z1,2,23,24 € R and s € [0,1]. Then problem (1.4) has a solution.

(3.7)

(3.8)

(3.9)

), (3.10)

(3.11)

:[0,1] x R x R x R x R — R be continuous functions,

Proof It is obvious from (3.2) that the fixed points of the operator S given in (3.1) exist if

and only if (1.4) has a solution. To prove this, we first show that S is completely continuous.

As 81,82,...

set, and let z = (z1,22,...,218) € U. So for each s € [0, 1], we have

(S,2)(9)]

( v %
/ Sr(l) Y (€,2,(6),9"2,(8),2,(£),2,(£)) | d&
<|CU2| )
+—|—+s
Vi o]

0 [t

x [|w3|/ / |8y (7,2, (1), D" 2, (1), 2, (1), 2, (v))| dr d§

o Jo

1
. / 1S, (6,2, ), "2, (6),2, (6), 21(6)) | d&

_ el
+ o] / F(i) (6,2, (6), D72, (6), 2, (6),2.(6)) | ]

|V1 — @) — @]
| | V1

x [mf | lww (£,2,(6), D"z, (€),2,(5), Z.(5))| d&
ZOF(Z_DV’V’ YAS ey Sy

_£)-3
v [ 42D (66005, 002, 004 0) e |

<M,1;,

,S1g are continuous, S : U — U is continuous too. Let V € U be a bounded

Page 7 of 20
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where Z; is given in (3.5). Also,

|(2"5,2)()]

s (S _ E)Z—v—l }
- 0 F(E - U)

Sl—v
(Vl 2 \)))

[lwslf f S, (1,2, (1),D"2, (1), 2, (1), 2} (1)) | dr d

S, (6,2,(€),9"2,(£),2,,(£), 2, (£)) | d&

. |Ufz|/ (6,2, (), D2, (8), 2, (6),2(8)) | de

1 -1
N 1|/ ( F(i’ S, szy(sx@%(&),z’y@)»#@))\d‘f}

(m)

[| 2|/ W 1) 5, (6,2, (), 02, €),2, (6), 2,(6)) | d

ta-9°
r(¢-2)

|Sy (&,2,(£),D"2, (), 2, (£), 2, (£))| dé]

+ @3]
0
<M, T,

(5,2)6)]

- s (S_g)Z—Z
=), T(-1)

|S}/(%—’Z)/(g)»QVZ}/(S)’Z;/(%_)rZ;(S))|dg

0 ré
+i|:|zzr3|/ / |8y(t,zy(t),@”zy(r),z;(r),z;ﬁ(t))|dtd&
+|w2|f 1S, (6,2, (6). 972, ()., 6).2,(©)) | de

1 ll
- / Ff@ 1S, (62 (6), 02, (6),2, (), 2. s))|ds]

-2
v [l [ 42220 om0 000 02 )

1 -3
N 3|/ <ms>2 L (6,2,6),0"2,8),2,(6), 2,6 )Idf]

<M,1;,
and

" : (S_%-)l_3 v / /"
1(872))] < /0 T3 15656),9'2,6,4,6),26) | 4

<M,I;
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for all s € [0, 1], where Zy -7 are defined in (3.6)—(3.8), respectively. Therefore
166,2(6) |, <My (T + T + T3 + T5).

Hence

18
[S2)6)], = D_16S 26,
y=1
18
<> M (T + T+ T3 + I5)

r=1

< 00,

which reveals that S is uniformly bounded.
Now we have to show that S is equicontinuous. For this purpose, let z = (z1,2,...,218) €
VY and sy, sy € [0, 1] with s; < so. Then we have

1(S,2)(s52) = (S,2)(s1))

S sy —0) 1 = (51— 0)!
= /0 N0

X |Sy (&2, (€), D"z, (€), 2, (€), 2, (€)) | d&

$2 —0 -1
+ / %|Sy(s,zy@),@“zy@),z;(s),z;@))|ds

S — 81
+
V;

1
0 ré
X |:|W3|/0 /0 ’Sy(‘L’,Zy(T),@VZV(T),Z;('K),Z;(T))‘dtds

1
+lanl | S, (52,(6), D% (£),2,(§),7,(£)) | d&
0

Ta-g)!
o TI'(0)

(")
+
v
D (602, 0.0 60,2020 d
><|:|w2| ; m| y("E’ny’ zyé,zyf,z,,éﬂ 3

ta-g)
re-2)

+ @1

S, (s,zy@),@”zy@),z;@),z;(s))|ds]

- |Sy(s,zy(sx@”zy@),z;(s),z’;(s))|ds].
We can see that if s; — s, then, independently, the right-hand side of the expression con-
verges to zero. Also,

Jim [(9°5,2)(s2) - (9°5,2) ()] = 0,

lim {(S}’,z)(sz) - (S;z)(sl)| =0,

8§1—>82



Turab et al. Advances in Difference Equations (2021) 2021:494 Page 10 of 20

lim |(S z)(sz) (S;’z)(sl)| =0

$1—>82

Asaresult, [|(5z)(s2) — (Sz)(s1)]ly = 0 ass; — s;. This proves that S is equicontinuous on
U =U; xU x --- x Urg3. Now the Arzela—Ascoli theorem implies the complete continuity
of the operator.

Further, we define the subset A of I as

A={(z1,22,...,218) €U : (21,22, 218) = VS (21,22, 218), ¥ € (0,1) }.

We will show that A is bounded. For this, let (z1,z,,...,2z13) € A. Then we can write
(z1,22,...,218) = 0S(z1, 22, ..., 218),

and so
z,(s) =98, (z21,22,...,218)

forallse [0,1] and ¥y = 1,2,...,18. Thus
( v s
50 <0| [ SO 1 605095, 05,04 €)] de

1 |w2| o ¢ v / /"
+ ﬁ(a +S>{|ZD'3|‘/O /0 |8y(fyzy(T);© ZV(T),ZV(T),ZV(T)”deE
1
. / 1S, (6,2, ), 02, (), 2, (§), 21(6)) | d&

_S Z 1 v ’ 7
+ ol / s (65 @0 zy@),zy(s),zy(s))ws}

V1 — @3 — @]
|| V1

11 g\e-2
x {|w2| | %\Sy(s,zy(sx@“zy@),z;(s),z;(s))|ds

vt [ A8, (6,200,975, ), 4,6) z”@))ldé”
30F(£_2)y’y’ YAShEyAS ey

<9M,1;,
and by similar computations we have

1Dz, (s)| < oM, I},
|z;(s)| <oM,TI;,
|2 (s)| < oM, I3,

where Z5—73 are given in (3.5)—(3.8). Hence

18
lzller =Y 1y
y=1
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18
<Y M, (T +I; + T3 +I3)
y=1

<00,

which shows the boundedness of A. Now using Theorem 2.4 and Lemma 2.2, we see that
S has a fixed point in /. This demonstrates that (1.4) does indeed have a solution. O

We will now examine the solution of problem (1.4) by applying various conditions.

Theorem 3.2 Suppose that S1,S,,...,S15:[0,1] X R x R x R x R — R are continuous
functions and that there exist bounded continuous functions G1,Gs,...,G1s: [0,1] > R,
21, 25,..., 218 : [0,1] — [0,00) and nondecreasing continuous functions Lq,L,,..., L3 :
[0,1] — [0, 00) such that

S, (5,21, 22,23, 24)| < Z,, ()L, (Iz1] + |22] + |23] + |za])

and

|Sy (s,21,22,23,24) = Sy (s, 51,52;53,54)|
<Gy () (|21 — 21| + |22 — Zo| + |23 — Z3| + |24 — Zal)
forallse[0,1], z1,22,23,24,21, 22,23, 24 € R, and y = 1,2,...,18. If
18
A= (T + T+ 1) Y NG, I <1,

y=1

then (1.4) has a solution, where |G, || = SUPscio,1] |G, (s)|, and the constants 1; -1} are given
in (3.9)—(3.11), respectively.

Proof Let || Z, || = supyc(o,1) |2, (s)|. Suppose that for suitable constants ¢, we have
18
ey = > Ly(lzy 12, (T3 + I; + T3 + I3}, (3.12)

y=1

where Z;-73 are given in (3.5)—(3.8). We define the set
V., ={z=(21,23,....,718) €U : |lzllus <&y},

where ¢, is defined in (3.12). It is obvious that V; is a nonempty, closed, bounded, and
convex subset of i =U; x Uy x --- x Uig. Now we define S; and S, on OSV by

Si(z1,22, ..., 218)(8) := (Sil)(zl,zz,...,le)(S),...,398)(21,22,,",218)(5)),

Sa(z1,22, .., 218)(8) = (Sél)(ZhZz,m,le)(s)w.,3518)(2112,.H,le)(S)),
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where

S(s—§) 1

NG v (€2 (6),D"2,(5),2,(6),2,(£)) d&, (3.13)

and
( (y) )(s)

(—+s>[wsf f (1,2, (1), D"z, (1), /( ),z;(t))drdé

- /0 (E,2,(6), 072, (6),2, (6), 2, (€)) dE

! (1 _E)Z_l v / /"
+oy | ——=—8,(62,(6),D zy(é),zy(é),zy(f;‘))dS]
o I
. (M) (3.14)
ZZT1V0

! (1 _5)5—2 v / 7
x [wz [, (6.5/0.95,0.5.20) ds

 £ye-3
+ || f (F(f)z) (,2,(8), D2, (), 2, (6),2.(©)) ds}

foralls € [0,1] and z = (21,22,...,218) € Ve, .
Let £, = Sup cuy, Ly Iz llet, ). For all z = (21,22,...,218),z = (21,22, ...,218) € Ve,, We
have
(877 +872)(s)|

(S g)[ ' v =/ =
) Sy (£,2,(6),D"%,(8),2,(8),2,(8)) | d&

<|wz| )
+—— +s
Vi \ ||

0 ré
X |:|zz73|/ / Sy (7,2, (1), D"2, (1), 2, (1), 2, (1)) | dx d§

+|w2|/ (6,2, (6), D2, (6), 2, 6),2,(6)) | dt

1 -1
+ o] / ( F(i) (6,2, (6), D72, (6), 2 (6), 2. s))|ds]

V1 — @y — @]
|1 |[Vh
! (I_E)E—Z v ’ ”
S |:|w2| —‘S}/(E’Zy(s)rﬁ Zy(é)!zy(s)’zy(é))‘ds
o I'(€-1)

T1-¢)3
F(z 2)

|Sy (€,2, (), D"z, (£), 2, (£), 2, ( 5))|ds]

+ 3]
0

( vz 5 ~//
/ Sr(g) Z,6)L, (|7 @)+ |2 Zy(€)|+|z &)+ | (€)]) de
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e [ [ o

x L (|zy(r)| + |©"zy(r)| + |Z;(‘L’)| + |z;ﬁ(r)|)dt de

+mm/’z (|2 &)+ [272,@)] + |2,@)] + |2,€)

1 El
|w1|/ F(i) Z,)

EAM@MHQ%@M44@H44®D@]

Vi — @y — | (1-£)-2
T v |w1|v1 [' 2'/ re-n =@
Ly (|2 @) + |72, (5)] + |2, (&)] + |2,(5)]) d&

ta-g)
o I'(t-2)

+ |3

Z,(&)
% £y (|2 &) + |92, )] + |2,©)] + \z;@)\)ds]
<12, 1L.15.
By using similar computations we have

(D°8T2)(s) + (978 2) ()| < 12, I L. T3,
(8772) 9+ (8y2) 0)] < 12, 1£:T3,

and
1(8Y2)"(5) + (8Y2)" ()| < 12, 11 £, Z%.

This yields that

18
1812 + Sozllu = Z ”SY)E + Séy)zHuy

y=1
SN2 L (TG + T + I + T3)

ES}/’

and so §1z + Syz € V. Furthermore, the continuity of S; is implied by the continuity of

the operator S,.

We will now demonstrate that & is uniformly bounded. For this, we have

) dé

-1
(8Y2)()] = /0 &ISy(s,zy(sx@“zy@),z;@),zg@))|ds

T(0)

_F(Z 1)

——— 12, 1L, (|2, ()] + |D"2, ()| + |2, (&)] +

|2),(£)

Page 13 of 20



Turab et al. Advances in Difference Equations (2021) 2021:494 Page 14 of 20

forallz €V, . Also,

(@sz)0) < [ O (62 6,05, 6,2, (), £ | de
! “Jo T(e—vy) DTV Ry

1 / i
< mllzyllﬁy(lzy(é)l +]D"2, ()] + |2, 6)] +|2,(£)]),

and

7

(72 0] < 1L, (6] +[0°2,6) + [ 0+

))),

(5720 = 1L (@) + [25,6)] + 12, €) + @)

forall z € ng. Thus

18
1Szl = D[Sz,

y=1
18

22 1
= {r(z+ D Te—v+D) } ; 12,12y (N2 ut ).

which shows that S; is uniformly bounded on ng.
Now we will prove that S; is compact on V;, . For this, let 51,55 € [0, 1] with s; <s5. Then

we have

’(SEV)Z)(SZ) - (Sfy)z)(s1)|

2 (s2-0)"" v ! ¢
5/0 SZF(Z) Sy (£:2/(§). D"z (£), 2, (6),2, (¢)) d&

N (Sl — 9)4—1 v / /
. /0 C 5 650.9'%,,2,6.46) dg’

1 (53— 0)1 — (5, - 0)(!
= /o N0

x Sy (§,2,(€),9"2,(5),2,(£), 2, (€)) d&‘

52( _9)@—1 v , 1
+ /51 SZF(K) Sy (6,2,(6),D ZV(E)’ZV(é)’Zy(S))dS‘

1 (5= 0)1 = (s, - 0)'!
= ./0 NG

X |8y (5,2, (€), "2, (£),2,(£), 2, (£)) | d&

2 (5, - 0)¢-1 ; / G
+/51 szr(ﬁ) ’S (‘5 z,(§),D zy(g),zy(é),zy(f))’dg

<

{55—51 (s2—-s1)" (s2-s)"

Tl e (A
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Hence I(Siy)z)(sz) - (Siy)z)(sl)| — 0 as s; — $y. Also, we have

lim [(9"S8Y2)(s2) - (9"8Y2)(s1)| = 0,

Jim [(5172)'(52) = (57"'2) ()] =
Sh_r)r} (S Z)N(Sz) - (S{V)z)//(slﬂ =0.

Hence ||(S12)(s2) — (S12)(s1) s tends to zero as s; — so. Thus S is equicontinuous, and
therefore S is relatively compact operator on V, . So S is compact on V;, by the Arzela—
Ascoli theorem.

It remains to prove that S, is a contraction. To show this, letting z,z € ng , we obtain

[(82)(s) - (852) s)]
b (@ +S)
~ Vi\lm]
9 E ~ v ~I
x [|w3| /0 /0 1S, (1,2 (1), D', (1).2, (1), 24(0))
-S (t,zy(t),@"zy(r),z;(r),z;ﬁ(r))|drdé
+ || f (6,2, (6), 0", (6).2, (6),Z,(6))
-8, (1,2, (1), D"z, (1), 2, (1), 2, (1)) | d&
! (1 _E)E—l ~ v~ ~/ ~I
- fo 1S 65 ©.250.56.2/6)

=S, ('(,Zy(t), @”zy(f),z;(f)»zg(f)) ’ df]

|V1— @ — @8]
|| V1

[ - / r(z 5, (6,2, (6), 0", ()2, (6),Z(6))
S, (t,2, (1), @VZV(T),Z;(T),Z;(T)) | dg

1 (1 _E)Z_?’ - V= ~ ~1
+ ws,/o m|8y (é"’zl’(‘é)’:D zy(é),zy(?;‘),zy(é))

-S (1’ z,(1), 9"z, (1), z (1), z )’d“g‘]
1 (|| o re -
< 71(@ +S)[IZU3I/O /0 G,5)(|z,(x) -2, (7)|
+ |®”2y(r) —@”zy(t)| + |2’ (r)-7 (r)|
20 - |)drd5+|w2|f G,(5)(|,(€) - 2,©)|

+[D'E,(8) - D2, (6)] + [2,6) -2, (&)] + |[Z,6) - 2(8)]) de



Turab et al. Advances in Difference Equations (2021) 2021:494

! 1- - > vy v
¥ |w1|/0 %gmdzy(s)—zy(sn + D2, (6) - D"z, ()|
12,6 -2,@)] + [2@) —z;<s)|)] de

3 _£\-2
e / 9020 -2,0)

V1 ree-

+[D'2,(6) - D2, (€)] + |7, ) —z;@)l |5 6) -2 @) ds

v [ UG (- 2 ©)] £ [95,6) - 92, ¢)
o (-2

+[2,(6) - 2,(8)| +|2)(&) - £ (§)])1 d&

<G 17512y = 2y llus,
for each y = 1,2,...,18, where Z; is given in (3.9). Also, by similar computations we have

sup [(D°S52)(s) - (9'S8Y2)(s)| < 16, IZE 11z, - 2 s, »

s€[0,1]

sup |(S92) () - (82)' )| < G, 1 Z¢ 112 — 2y s,
s€[0,1]

sup [(S2)"(s) - (82)"(s)| <0,

s€[0,1]

where 7 and Z; are given in (3.10) and (3.11), respectively. Thus we have

18
18,2 - Sozller = |89z - Séy)z”uy
y=1
18
< (T + T+ 1) Y NGz - 2 llug,»
y=1

and so
182z = Sazllyy < Allz - zlly.

Since A <1, S; isa contraction on V;, . As aresult of Theorem 2.3, we infer that S contains

a fixed point, which is a solution to problem (1.4). O
To illustrate the significance of our results, we provide the following example.

Example 3.3 Consider the differential equations:

2,01 819%2z) (s)|s o
D% z1(s) = 1000|arcsmz1(s)| + 3000720000922, + 0.004s| arcsin z; (s)|

12s| smzl( )|
3000(1+| sinz] (s)[)”
201 _ _ 21&sinzs)l 02 14| arctan z) (s) |¢*
D*%2zy(s) = 30001+ sinz2()]) 1ooo| sin(D™z,(s))| + 2000+2000] arctan 2, (5 (3.15)

+0.007¢€°| arcsin z3 (s)|,

44, @0,2
D20175(s) = 0.011] arctan z3(s)|s + W(% 1000 | arcsinzj(s)|s

22| sinzj (s)|s
2000+2000 sinzj (s)|”

Page 16 of 20
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associated with the boundary conditions

221(0) = 2Dz (1) + i@221(1)
2z1(1) = 20W07,(1) + & [ D10 (£) de,
22(0) = £D'2,(1) + £D%z (),
225(1) = EDM02(1) + & [P D0z (6) di
223(0) = £D'z3(1) + 1 50223(1)
223(1) = £DW02(1) + & [ D10z(8) de,

(3.16)

where £ =2.01,v =0.2, @, = %, wy = 1—34, w3 = %, and D¢, DV represent the Caputo frac-
tional derivatives of orders £ and v, respectively. Let S1, 53, S5 : [0, 1] x Rx Rx R xR — R

be continuous functions given as

S1(5,21(5), 22(5), 23(s), za(s))

0.2
= looolarcsmzl(s)| + 81Dl

2000+2000]D92z(s)]
. 12ssinz} (s
+0.004s| arcsin z;(s)| + [sinz4 )

3000(1+| sinz (s)])”
Sa(s,21(5), 22(5), z3(s), 24(8))
21€*| sinz; (s)| 5 | Sm(QO 2Zz(S))l

3000(1+| sinzy(s)]) 100
14 arctan 23 ()| +0.007¢*| arcsinzj(s)|,

2000+2000| arctanz3 ()]
83 (S» 21 (S)x ZZ(S)) Z3 (S)y 24-(5))

=0.011] arctan z;(s)|s +

+

445|922y (s)|
4000(1+|D0225(s)|)
22|sinzy (s)|s
2000+2000] sinz} (s)| *

1 :
+ 705 | arcsin zz(s)[s +

Let z1, 2, 23, 24, 21,22, 23, 24 € R. Then we have

|31 (S, 21(5),22(5),23(5),24(5)) -8 (S, 51(5),22(5),23(S)y54(5))|
4s
<
~ 1000

(|arcsinzl( ) —arcsinzi (s ’ ’22 22(3)|

)

|S2(5,21(5), 22(5), 23(5), 24(5)) — Sa(8,Z1(5), 22(5), Z3(5), Za(9)) |

+ |sin z3(s) — sin 23(S)| + |sin z4(8)

< Fzsoﬂsinzl(s) —sinZ; ()| + [sinza(s) - sinZy(s)|

|arctan z3(s) — arctan Zz(s | |arcs1n 24(8) — arcsinz4(s)

|S5(5,21(5), 22(5), 23(5), 24(5)) — S3(8,21(5), 22(5), Z3(5), Za(9)) |

).

11s
< m (|arctan z1(s) — arctan zl(s)| |Zz (s) — 22(S)|

+ |arcsinzz(s) — arcsinZ3(s)| + [sinza(s) — sinZa(s)|).
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Here Gi(s) = -5, Ga(s) = 225, Gs(s) = L5, where [|G1 ]| = 72+, 1Gall = -5, sl = 1L Let
L4, Ly, L3 :[0,00) — R be the identity functions. Then we obtain

|S1 (s, 2(5), D*%2(s), 2 (), 2" (9)) | < i(| arcsinz| + |Dz| + [sinZ’| + [sinz”|)

1000
4s
< w(|z| +|Dz] + |[Z] + |]).
Also,
|Sz(s, 2(s), ©%2z(s), 2 (s), z”(s))| %0 sinz| + |sm(©z | + |arctanz’| + |arcsinz”|)
765 / 1
< m(lzl + Dzl + |7 |+ |])
and
’83(5, ), 0%22(s), 2 (s), )’ < 101 (| arctanz| + |9z| + ’arcsmz ‘ + ‘smz |)

< £(|z| + Dz + 7| + |2
1000

)

where the continuous functions 21, 25, Z3 : [0, 1] — R are defined by

7¢* 11s

Zy(s) = Z(s) = —.
210 = To00” 2(9)= 1000 3= To00

Also,

Tr~09227, I;~12360 and ZI~1.1512,
and so

A= (T + 2+ ) (1G] + 1G]l + 11Gsll) ~0.0728 < 1.
Hence by Theorem 3.2 problem (3.15)—(3.16) has a solution.

4 Conclusion

Chemical graph theory is a broad area of research, which uses theoretical and practical
techniques to analyze the molecular structure of a chemical substance on graphs while
considering particular mathematical challenges. As a result of the fast growth of this area
over the last few decades, many new concepts and techniques for conducting such re-
search have emerged. In this paper, we used the graph of a hexasilinane compound and
defined the Caputo fractional boundary value problem on each of its edges. We utilized
the fixed point theorems of Krasnoselskii and Schaefer to prove the existence of solutions
to the proposed boundary value problem. Our approach is easy to implement and can
be used in a wide range of graphs, particularly digraphs, which are often used in medical

technology for protein networks.
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