Tsutaya and Wakasugi Boundary Value Problems (2021) 2021:94 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-021-01571-0 a SpringerOpen Journal

RESEARCH Open Access
()]

On Glassey’s conjecture for semilinear wave
equations in Friedmann-Lemaitre-
Robertson-Walker spacetime

Kimitoshi Tsutaya' @ and Yuta Wakasugi’

“Correspondence:

tsutaya@hirosaki-u.acjp Abstract

Graduate School of Science and . . . . .

Technology, Hirosaki University, Consider nonlinear wave equations in the spatially flat

036-8561, Hirosaki, Japan Friedmann-Lemaitre—Robertson-Walker (FLRW) spacetimes. We show blow-up in
Fullist of author information is finite time of solutions and upper bounds of the lifespan of blow-up solutions to give

available at the end of the article R . , . . . .
the FLRW spacetime version of Glassey’s conjecture for the time derivative

nonlinearity. We also show blow-up results for the space derivative nonlinear term.
MSC: 35085;35L05; 3570

Keywords: \Wave equation; Blow-up; Lifespan; FLRW spacetime; Glassey's conjecture

1 Introduction
The spatially flat FLRW metric is given by

g: ds*=—dt* +a(t)*do?,

where the speed of light is equal to 1, do? is the line element of an #-dimensional Euclidean
space, and a(t) is the scale factor, which describes expansion or contraction of the spatial
metric. As in our earlier work [1-3], we treat the scale factor as

2
a(t) = ct7+w (1.1)

where c is a positive constant, and w is the proportionality constant in the range -1 < w <
1. The constant w appears in the equation of state relating the pressure to the density for
the perfect fluid. See [1].

In the preceding papers [1-3], we have shown upper bounds of the lifespan for the
equation [,z = —|ulP. In this paper we consider the equation Uz = —|u;|P as well as
Ogu = —|Viul?, where Viu = (Ju/dx', ..., 0u/dx"), (x,...,5") € R".

For the flat FLRW metric with (1.1), the semilinear wave equation [yu = |g|~/* x
30 (1g1%g*P85)u = —|u;|P or —|V,ul? with p > 1 becomes
1
Uy us = |lusl’ or |Vyulf, xeR” (1.2)
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where A =97 +---92,0;=03/0#/,j = 1,...,n. Our aim of this paper is to show that blow-up
in a finite time occurs for the equation above as well as upper bounds of the lifespan of the
blow-up solutions.

We first consider the following Cauchy problem in order to compare with the related
known results including the case of the Minkowski spacetime:

1
utt—tz—aALH—%ut: lu;)?, t>1,xeR" (1.3)

with the initial data givenat £ =1,
u(1,x) = eup(x), us(1,x) = eu;(x), x€R”, (1.4)

where « and i are nonnegative constants and € > 0 is a small parameter.

Let T, be the lifespan of solutions of (1.3) and (1.4), say, T, is the supremum of T such
that (1.3) and (1.4) have a solution forx e R and 1 <t < T.

Let o = =0 and pg(n) = 1 + 2/(n — 1). The so-called Glassey’s conjecture [4] asserts
thatif p > pg(n), then there exist global solutions in time for small initial data; on the other
hand, if 1 < p < pg(n) with n > 2 or if p > 1 for n = 1, then blow-up in finite time occurs.
This conjecture is proved to be almost true. Actually, blow-up results in low dimensions
(n =2,3) or in high dimensions (# > 4) imposing radial symmetry were proved in, e.g.,
[5-10], and Zhou [11] finally gave a simple proof of the blow-up result for 1 < p < pg(n)
and # > 2 as well as for p > 1 and n = 1. Global existence of solutions in low dimensions
(n =2,3) has been proved in, e.g., [12—14]. For high dimensions (# > 3), it was proved by
[15] that there exist global solutions in the radial case for p > pg(n). They [15] also proved
the lifespan of local solutions in time for 1 < p < pg(n).

For the case « =0 and p > 0, it has been recently shown by Hamouda and Hamza [16]
that blow-up in finite time occurs and the lifespan of the blow-up solutions satisfies

T, < Ce~ - V/-(ren-Dp-1)2} £ <p<pcn+u),n=>1, (1.5)

T, <exp(Ce™ ™) ifp=pg(n+p),n> 1. (1.6)

These results improve the ones in [17].

The present paper treats the case @ > 0 and p > 0. We first show blow-up in a finite time
and upper estimates of the lifespan of solutions of (1.3) and (1.4) in the case 0 <« < 1. If
a =0, our upper bounds of the lifespan coincide with the results above by [16]. Similar
results are independently shown by [18] where energy solutions are treated. In our results,
however, another exponent appears as a blow-up condition in some case. This is different
from the results by [18]. We emphasize that the generalized exponent of pg(n + 1) cannot
always be the critical exponent for the global existence of solutions. Our proofs are based
on the test function method with the modified Bessel function of the second kind and on
a generalized Kato’s lemma. We next treat the case o > 1.

Moreover, we show blow-up results for the problem

utt_ﬂ%Au_},%ut:le[,”p, t>1,xeR" (1 7)
u(1,x) = suy(x), u(1,%) = eur(x), x€R"
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Unlike equation (1.3), our blow-up conditions are related to exponents that originate from
the Strauss and Fujita ones and to another exponent like in the case of the time derivative
nonlinearity. Hence, upper bounds of the lifespan have to do with those exponents.

We then apply our results for (1.3) and (1.7) to the original equation (1.2). Our aim is
especially to clarify the difference with the case of the Minkowski spacetime and also how
the scale factor affects the lifespan of the solution. Since global existence of solutions has
not been obtained yet, critical exponent used in this paper means a candidate of the true
critical exponent.

The paper is organized as follows. In Sect. 2, we state our first main result for (1.3) and
(1.4) in the case 0 < @ < 1. Theorem 2.1 presents that it is possible in some case to improve
the estimate of the lifespan affected by Glassey’s exponent. To prove the theorem, we use
the test function method following the way in [19], and also generalized Kato’s lemma for
a first-order differential inequality, which is applied to the wave equation with the scale-
invariant damping. This is proved by John’s iteration argument [20]. We then show our
second result which is for the case a > 1. In Sect. 3 we treat (1.7) and divide results into
several cases 0 < & < 1, wavelike and heatlike cases, critical and subcritical cases, and
a > 1. Finally in Sect. 4, we apply the theorems in Sects. 2 and 3 to the original equation
(1.2). We discuss the effect of the scale factor to the solutions.

2 Time derivative nonlinearity

2.1 Case0<a<1

We first consider problem (1.3) with (1.4) for 0 < « < 1. Our first result is the following
theorem.

Theorem 2.1 Letn>2,0<a<1,u >0, and

2
A-a)n-D+u+a

l<p<pgmo,pu)=1+

or

1

l<p<pimo,pu)=1+—-—.
nl-a)+pn

Assume that uy € C*(R") and u, € CY(R") are nontrivial and satisfy u,(x) > uo(x) > 0,
supp uo, supp u1 C {|x| < R} with R > 0. Suppose that problem (1.3) with (1.4) has a classical
solution u € C*([1, T) x R"). Then T < 0o, and there exists a constant &y > 0 depending on
P>, 1, R ug, uy such that T, has to satisfy

—(p=1)
T, < Ce -T-a)(=-D+pra}(p-D72 ifp <p/(;(n,a, W, (2.1)
T, < exp(Cs_(p_l)) ifp =pgn,a, 1), (2.2)
~(p-1)
T, < Cel-p-Dinli-a)r] ifp <p0(”ra’ w) (2.3)

for0< e <&y, where C >0 is a constant independent of ¢.

Remark (1) If « =0, then (2.1) and (2.2) are the same with the upper bounds (1.5) and
(1.6).
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(2) By the theorem, the exponent p;(n, a, u) cannot always be the critical exponent for
the global existence of solutions. We discuss more details at the end of this subsection.

(3) If p < po(n, @, 1), then the above assumption u;(x) > uo(x) > 0 can be replaced just
by u;(x) > 0.

Proof Multiplying (1.3) by a test function ¢(¢,x) and ¢*, and integrating over R”, we have

d d 1 7
E t#(u(p)tdx—z%/tﬂu¢tdx+/tﬂu(¢tt_tz—aAd)‘F?(ﬁt) dx

=/t“|ut|p¢dx. (2.4)

Integrating over [1, ¢], we obtain
t
/t“(u¢)t(t,x)dx—2/ t“u¢t(t,x)dx+/ st / u(d)ss - S%Aqb + %(ﬁS) dxds
1
=8/(u1(x)¢(l,x)—uo(x)qbt(l,x)) dx+/ s"/|us|”¢dxds. (2.5)
1

We remark that the C2-solution # of (1.3) and (1.4) has the property of finite speed of
propagation and satisfies

l—a_l

supp u(z,-) C {|x| <A(?) +R}, A(t) = /js‘"‘ ds = tl — (2.6)

provided that supp uo, supp u; C {|x| < R}. See [1] for its proof.
We now define a smooth test function by

(L, x) = A(2) €’ dS,,

lw|=1

)\.(t) _ t(l—u)/21<U 1 tl—oz , V= n—= 1 ,
l-« 2(1 - )

where K, (¢) is the modified Bessel function of the second kind, which is given by
K, (t) = / etz coshvzdz, t>0,veR. (2.7)
0

It is well known that the Bessel function K, satisfies the following properties (see, e.g.,

[21]):
£K(8) + LK) () - (£ + v*)K, (£) =0, (2.8)
K\,(t):\/g% <1+O(%)) (t = 00), (2.9)
K.(t) = ;Kv(t) — Ko (0). (2.10)

We can verify by (2.8)—(2.10) that there holds

1 "
¢tt_t2_aA¢+ ?¢t:0~ (2.11)
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The following estimate is shown in [1]:

[ Joen]ass e mitoe o, 212)
[x|<A()+R
See (3.23) in [1]. We also see by [1] that

C;= 8/(u1(x)¢>(1,x) - uo(x)¢t(1,x)) dx=Cye >0 (2.13)
under assumption on the initial data. Moreover, we have

¢u(t,x) = A (2) e’ ds,
Jw|=1

1 1—

5 K }¢(t, x) (2.14)

Kv+1(%tlia)
=" ———2——— (¢, x), 2.15
Ky P (2.15)

where we have used (2.10) and v = (1 — 1)/(2(1 — «)) for the last equality.
Set

Fi(¢¥) :/u¢(t,x) dx.

From (2.5), proceeding as in [1], we have

-l 1 t 51 p
—F @) - ——F,(1) > C, —ds.
K, (L 1)? - = dfl K, (L s1-0)?

1-« 1-«

Since F1(1)/Kv(ﬁ 2 > 0 by assumption, we obtain

Fi(t) = / up(t,x)dx>0 fort>1. (2.16)
We next go back to (2.4), which becomes

d 1

yr / t*usp dx — / tHusp; dx — 2 / tfuA¢dx = / t*us P dx.

Using (2.15) and A¢ = ¢ yields

Ko (g1 1
v+l(11_a ) t"utqb dx -
Kv( tl—a) t2cx

1-o

d
7 / tfuspdx + t“updx

= / ug P . (217)

On the other hand, by (2.5), (2.11), (2.13), and (2.15),

I<v+1 ( ﬁtl_a)

/ Pup(t, x)dx + £ Ky (L)

/ tHup(t,x) dx
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t
=Cd+/ s“/luslqudxds. (2.18)
1

We see that there exists a constant M > 1 such that

I<v+1( tl oz)

K( tl 2 < (2.19)

for t > 1 by (2.9). Combining (2.17) and (2.18) multiplied by M~¢t~%, we have

I<v+1( tl Ol) 1 |,.—
—/t"utqbdx + M|t “/t“utq&dx

Ky (5 tl )
1 (-«
+ [M 1% - 1i|t_2“/t“u¢(t,x)dx

t
=C;M™ % + f tHlugPpdx + Mt / s* / |us|P o dx dis.
1
We note that
t’z‘””/u(b(t,x) dx>0
for all £ > 1 by (2.16). Using (2.19), we obtain
i/t"u ¢pdx+ M+ 1 t""/t"u ¢dx
dt ! M !
12
>CaM 't + / t“|ut|p¢dx+M_lt_“/ s“/ luslPpdxds fort > 1. (2.20)
1

We now set

1 ¢ Cy
= | - o A 4§ 1.
G(¢) /t u,p dx 2+1/1~ s /|u| ¢dxds 0L D) ort>

Then

d 1
1) = 2| e = | yyp
G'(¢¥) dt/t U dx 2+1/t |us|P p dx,

hence (2.20) becomes

M? 1 Cy 2
G(t)+ - rUG(t) > 4 4o
M M TPl

/t“|ut|"¢dx >0 fort>1.

Multiplying the inequality above by exp[(M? + 1)¢1~*/(M(1 - ))] and integrating over [1, £],

we obtain

M+1 M*+1
exp(}mt )G(t) - eXp(m)G(l) > 0 for 12 2 1' (2.21)

Page 6 of 30
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Note that
G(1)=e / w1 (x)p(1, %) dx - m / (110 (1,%) — 1o (X)epe (L, %)) lx
2M? + 1 M
> 8/(2(M2 N 1)ul(x) TR Mo(x)>¢>(1,x)dx 50

by (2.15), (2.19), and the assumption on the initial data. It holds from (2.21) that G(¢) > 0
for t > 1. Thus, we see that

1 t C,
/t“ut¢dx>M2+1/1 s“/|u5|p¢dxds+2(Td+1) fort>1. (2.22)

We now define

t
C
H(t)=/ s“/|us|p¢dxds+7d fort>1.
1

By Holder’s inequality, (2.12), and (2.22), we have

p 1-p
H'(t) :/t“|ut|p¢>dx > </ t"“utqbdx) (/ t“d)dx)
x| <A(£)+R

2 ¢ (DD (g for ¢ > 1. (2.23)

We also have

c, 1
H(Q) = 7”’ = 5 Coe >0 (2.24)

by (2.13). By integrating (2.23) multiplied by H(¢)® over [1, ¢] and using (2.24), we there-
fore obtain the desired results (2.1) and (2.2).
It remains to prove (2.3). We use the following lemma, which is generalized Kato’s

lemma.

Lemma2.2 Letp>1,a>0,b>0,g>0,r>0,u>0,c>0, and
M=@p-1)(c-a)-q+1>0.

Let T > Ty > Ty > 1. Assume that F € C*([To, T)) satisfies the following three conditions:

(i) F@)>=Aot“(nt)"(t—T1)° fort>T,
(i) F'(¢) + %F(t) > At + R (In) " |F@)[ fort =T,
(i) F(T,) >0,

where Ay, A1, and R are positive constants. Then T has to satisfy
T (Ing) 0D < CAPY,

where C is a constant depending on R, A1, i, p,q, and c.
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Proof Multiplying assumption (ii) by ¢#, we have
tF + ut"VF > At (¢ + R)1(Ing) " |FIP.

Integrating the above inequality over [Ty, f] yields
(2.25)

t
t"F(t) - F(To) > A1Cpq / s"(Ins)”|F(s)[" ds =0, Cpq=(1+R)™.
To

By assumption (iii), we see that F(£) > 0 for ¢ > T. Hence, by assumption (i), we have

t
S (Ing) P (s — TP ds

F(t) > AJA Cpyt™ /
T1

t
> ABA Crgt =P~ (Int) ™" | (s— T1)** ds
I8
APALC,
= DR ympmap=q (1 £)=brr (¢ _ )21 for ¢ > Ty

_,u+cp+1

Based on the fact above, we define the sequences a;, bj, ¢;, D; for j = 0,1,2,... by

Cy1=pc+u+l,

Aje1 = paj + 4 + g, b1 =pbj +r,
A1CR,qD[-7 (2.26)
D: - _ -
j+1 ’
pei+u+1
ag =a, bo = b, Co=¢, Do = A(). (2.27)

Solving (2.26) and (2.27), we obtain

- n+q n+q i r r
aj=pla+ - ) bj=p'|b+ - )
! ﬂ( p—l) p-1 ’ pl( p—l) p-1
; +1 +1
c,=p’(c+M )—M ,
r-1/) p-1
and thus
A\ CryDf w+l _1A1CR,qu
j+1 >lc+ 1
Cj+1 P - 1 p1
Then
BDY
Dj > ],71
)2
. B BDf"_2 4 ) Bl e
= pf ﬂ*l pj+p(]'—1) j—2
- Bl BD?—B s _ Bl+p+p2 {3
= piD \ pi2 pipi-DaA-2) I3

Bl+p+p2+~~+pi_1

>0 > _
T T D2t 0
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and

nB -k ,
lnDsz(p’—l)—p'Z—klnp+p’lnDo,

k=0
where B = {c+ (u + 1)/(p — 1)} ' A, Cpy,. For sufficiently large j, we have
D; > exp(Epj ),
where

k
ok

1 o0
E=——min(0,InB) — E Inp +InA,. (2.28)
p-1 o P

Thus, since F(£) > D;t ™% (In£) ™% (¢ — T1)% holds for £ > Ty, we obtain
E(t) > W/ ®o-1)(1n )/ -1 (¢ _ ;)= D/(-D)
1
xeXpHE+ <c+ KA >ln(t_T1)— <ﬂ+ M+q)lnt
p- 1 p- 1
_ (b y— ) In(in ) }p’j| (2.29)
p-1

for ¢t > Tj. Since
n+1 n+q l-¢q
c+ —la+ =c—a+ >0
p-1 r-1 p-1
by assumption, choosing ¢ large enough, we can find a positive § such that
+1 + r
E+ c+M In(t - T7) - a+ﬂ 1 Int—(b+—— ) In(lnt) > 8 >0.
p-1 p-1 p-1

It then follows from (2.29) that F(t) — oo as j — oo for sufficiently large t. We therefore
see that the lifespan T of F(¢) has to satisfy

TM/(pfl) (ln T)—b—r/(p—l) < CAEI,

where M =(p—-1)(c—a) —q+1>0,and C is a constant depending on A1, R, 4, p,¢q, and c.
This completes the proof of the proposition. 0

We now prove (2.3) by applying Lemma 2.2. Set
F(t) = / us(t, x) dx. (2.30)
Integrating equation (1.3) and using Holder’s inequality, we have, by (2.6),

F/(t)+%F(t)= / |t P dx (2.31)
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1
= G e O

c
> Ry £ " (2.32)

Multiplying (2.32) by t* and integrating imply
t
t"F(t) - F(1) > / st =)= F()|P ds > 0. (2.33)
1

We hence see that
F)>t*F1)=Cst™">0 fort>1 (2.34)
by assumption. From (2.33) and (2.34), we have
t
F(t) > Cept"‘/ ghn1-0)p-D-up o
1
t
= Cepp-1p+)-n(1-a)(p-1) / (s— 1) ds.
- 1
Therefore, we obtain
F(t) > CePytorD-n-0)-1(p _ 1)+l forp> 1, (2.35)

Finally, by (2.32) and (2.35), applying Lemma 2.2 withg=n(l —a)(p - 1), a=up +1) +
nl-a)(p—-1),b=r=0,c=p+1,and Ay = Ce?, we obtain the desired result (2.3) since

M:(p—l){p,+1—,u,(p+1)—n(1—a)(p—1)}—n(l—oz)(p—l)+1

=p{1-(p-D(n+n1-a)}>o0.

This completes the proof of Theorem 2.1. d

At the end of this subsection, we discuss the blow-up conditions and the estimates of
the lifespan in the two subcritical cases in Theorem 2.1. We note that if pi(n,a, ) =
po(n, o, ), then

U=Upe=ca(m+2)—(n+1).

Figure 1 and Fig. 2 show the regions of blow-up conditions in the cases n = 3, = 0.2 and
n=3,a =0.9, respectively.

For p > max{0, 44« }, the exponent pi;(n, o, 1) is bigger than po(n, @, it). See Region (G)
in Figs. 1 and 2. On the other hand, if (n + 1)/(n + 2) <« < 1, then for 0 < u < w4, the
condition 1 < p < po(n,«, u) includes the one 1 < p < p;(n, @, ). This means that if o is
close to 1, then a better region 1 < p < po(n, o, ) than 1 < p < p(n, o, 1) appears for 0 <
w < 1, as shown by Region (O) in Fig. 2. Hence, the exponent p;(n, «, ) cannot always be
the critical exponent for the global existence of solutions.

If we compare the two upper bounds (2.1) and (2.3), then in Region (G) in Fig. 1 and
Fig. 2, (2.1) is better than (2.3), while in Region (O) in Fig. 2, this relation becomes reverse.
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p
p=pg(n,o,p)
p:po(nzaaﬂ‘) \
1 p\\
M
0
Figure 1 Range of blow-up conditions in case n=3 and « =0.2
p
p:po(n7a7.u‘)
p=pg(n,a,p)
) \\\ ,,,,,,,,,,,,,,,,,,,,,,
1
1
1
1
' I
0 [Hn,o
Figure 2 Range of blow-up conditions in case n =3 and & = 0.9

2.2 Caseax > 1

We next consider the same problem for the case o > 1.

Theorem 2.3 Letn> 2,0 >1,u>0,and 1 <p <1+ 1/n. Assume that uy € C*(R") and
u; € CH(R") are nontrivial and satisfy u,(x) > 0, supp ug, suppu; C {|x| < R} with R > 0.
Suppose that problem (1.3) with (1.4) has a classical solution u € C*([1,T) x R"). Then

T < 00, and there exists a constant &g > 0 depending on p, o, |4, R, ug, u; such that T, has to

satisfy
TN 7,)0D < Ce™? D jfa =1, (2.36)
T, < Ce~@-V/U-n-D} ey 5 (2.37)

for 0 < e <&, where C >0 is a constant independent of ¢.
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Proof We first remark that the C2-solution u of (1.3) and (1.4) has the property of finite
speed of propagation and satisfies

suppu(t, ) C {Ix| < A(#) + R},

where
flts‘lds:lnt ifa=1,
AR =11 (2.38)
[{s%ds=51-t7) ifa>1,
provided that supp uo, supp u#; C {|x| < R}. See [3] for its proof.
Define F(¢) by (2.30), and let @ = 1. From (2.31) and (2.38),
F@+“F0> —— )P
t ~ (A(t) + R)"r-D)
C
> ————|F(@)|". 2.39
> G FO) (2.39)

Proceeding as in the proof of Theorem 2.1 for the case 0 < « < 1, we have, by (2.34),
t
F(t) > Cspt’“/ s (Ing) PV gs
1
t
> CePt M) (Ing) P~ / (s—1)"ds.
1

Therefore, we obtain

E(¢) > CePt P ) (Ing) @V (s — 1)**1  fort > 1. (2.40)

Finally, by (2.39) and (2.40), applying Lemma 2.2 withg =0,a = u(p+1),b=r=n(p-1),c=
n+1,and Ag = Ce?, we obtain the desired result (2.36) since

M=@p-1)(1-pp)+1=p(1-unp-1)>0. (2.41)
On the other hand, if « > 1, then from (2.31) and (2.38)

Flt)+ %F(t) > CF@®)]. (2.42)

Proceeding as before, by (2.34), we have
t
F(t) > CePt™™ / sHHP ds
1
t
> Cel¢Hp+D / (s—1)*ds.
1

Therefore, we obtain

F(t) > CePt*P D (s 1)1 fort > 1. (2.43)
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Finally, by (2.42) and (2.43), applying Lemma 2.2 withg =0,a = u(p+1),b=r=0,c = pn+1,
and Ay = CeP, we obtain the desired result (2.37) since (2.41). This completes the proof of
Theorem 2.3. O

3 Space derivative nonlinearity
In this section we consider problem (1.7). Let &y and #; be nonnegative and satisfy supp o,
suppu; C {|x] < R} with R > 0.

We prepare several basic inequalities which will be used repeatedly. Let

F(t):/u(t,x)dx.

Then integrating equation (1.7) over R” and using Poincaré’s and Holder’s inequalities

imply that

F”(t)+%F’(t): / |V, ul? dox (3.1)

1
s T (32
1

= G ey O (3:3)

On the other hand, multiplying (3.1) by * and integrating imply
t
t“F'(t)-F'(1) = / st / |Veul? dx ds. (3.4)
1
Since F'(1) > 0, by assumption,
t
F(t)>¢tH* / st / |Veul? dxds.
1
Integrating again, we have from F(1) > 0 by assumption
t T
F(t) z/ r’“/ s“/ |VoulP dxdsdt  fort>1. (3.5)
1 1

3.1 Case0<a<1
We call wavelike and heatlike cases if a blow-up condition is concerned with exponents

similar to the Strauss and Fujita ones, respectively.
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3.1.1 Wavelike and subcritical case
Let pl(n,, i) be the positive root of the equation’

- +3
Y (n,p, 0, 1) = —p? nele B79 +p nels BT +2=0, (3.6)
l-«o l-«
and let
l+a
pg(n,ot,,u):l

Trur)d-a)rp-1

Theorem 3.1 Letn>2,0<a<1l,u>0,and1<p<p.(na u)orl<p<pyna,pn). As-
sume that uy € C*(R") and u; € C*(R") are nonnegative, nontrivial, and supp uo, supp u; C
{lx| < R} with R > 0. Suppose that problem (1.7) has a classical solution u € C*([1, T) x R").
Then T < 0o, and there exists a constant gy > 0 depending on p,a, L, R, ug, uy such that T,

has to satisfy
-2p(p-1)
T, < CeW-oy'tpapw)  jf1<p<pl(nao,n), (3.7)
_ p-1
Tg < Cg~ T mDI-)Jp-D+T+a ifl <p <p(,)(l'1,0t,M) (3.8)

for0<¢e <egy, where C >0 is a constant independent of ¢.

Remark (1) The upper bound of the lifespan in (3.8) is better than that in (3.7) if 1 < p <
21 —a)/{(n+ 1)1 —a) + 4 + a — 2} since

l-«a
2p

1-p-m+DA-)}p-D+1+a> v (n,p,a, ).

Note that in this case, if p < pl(n, o, 1), then {1 - p - (n+ 1)(1 —a)}(p-1) + 1 +a > 0.
2)Ifp<2(1-a)/{(n+1)(1 —a)+ u + o —2}, then the condition u < 1 is necessary since

p > 1 and n > 2. Hence, the theorem in this case is not applied to the original equation

(1.2) for |V, ul? in the FLRW spacetime since pu = 2/(1 + w) > 1. This is covered later in

Sect. 4 in more detail.

Proof We have proved in [1], by choosing large 77 > 0,
/ ulP dx > CeP g~ Ih-ep/2+(1-a)n-1(1-p/2
for t > T;. By (2.6) and (3.2), we obtain

/ Vol di > CeP P2 1-a-1A-pDp1-0) o p > T, (3.9)

For the equation uy — r?% Au+ %u[ = |ul?, the critical exponents as blow-up conditions are p.(n, o, t) and pr(n, ), where
peln, o, p) is the positive root of

- n+3a

)+p(n+W+ ]

V(n,p.a,m:fpz(nfulf )+2:O,

-

and pr(n,a) =1+ 2/{n(1 - a)}. We remark that if ;t = o =0, then p.(n,0,0) and pr(n,0) coincide with the Strauss and Fujita
exponents, respectively. See [1, 2].
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Using (3.5) implies
t T
E(f) > Ce? / - / - 2410 n-1)A-p12)-p1-) g g7
T T;

t T
> Cgpf ,L,—u(l+p/2)—(l—ot)(n—l)p/Z—p(l—a)/ (S _ Tl)u+ap/2+(1—a)(n—1) ds dt
T 51

t
> Cgpt—p,(1+p/2)—(1—&)(n—1)p/2—p(l—a) (7,' _ Tl)u+ap/2+(l—a)(n—1)+l dr.

4
Therefore,
F(t) > Cgpt—u(1+p/2)—(l—a)(n—l)p/Z—p(l—a)(t _ Tl)u+otp/2+(1—a)(n—l)+2 for T > T1~ (310)
We also have
1" ", C V4
F'O+TF 02 i |F(2)| (3.11)

by (2.6) and (3.3). The following lemma is proved in [1].

Lemma 3.2 Letp>1,a>0,b>0,9>0,u >0, and
M=p-1)b-a)-q+2>0.

Let T > Ty > Ty > 1. Assume that F € C*([Ty, T)) satisfies the following three conditions:
(i) F(&)=Agt™(t-T)" fort>Ti,

HE@) _

(i) F'(¢) + At +RUF@)  fort= Ty,

(iii) F(To)>0,  F'(To)>0,
where Ao, A1, and R are positive constants. Then T has to satisfy
T < CAY ™™,

where C is a constant depending on R, A1, u,p,q,a, and b.

From (3.10) and (3.11), applying Lemma 3.2 withg = (p+n(p—-1))(1-«a),a = n(1 +p/2) +
I-a)n-p2+p(l-a),b=pn+ap/2+(1-a)(n-1)+2,and Ay = Ce?, we obtain the

desired result since

M:(p—l){z—“—;“p+(1—a)((n—1)(1—§) —p)}—(p+n(p—1))(1—a)+2

o
= y'(mp,a, 1) >0.

Page 15 of 30
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It remains to prove (3.8). From (3.4), we have F'(¢t) > ¢ *F'(1), hence integrating and
using F(1) > 0 by assumption imply

F(t) > F ()" = Cet'™ fort>T
with some 7" > 1. By (2.6) and (3.3),
/ |Vyul? dx > CeP=0rne-DIA-e)tp(-0)  for ¢ > 77, (3.12)
From (3.5),
t T
F(t) > & / - f D)) g g
T T’

t T
>€p/ T—(mﬂ(p—l))(l—a)—pu/ L dsdt

/

t
> o / -0 p (P gy
T/

> Cep oD 0-pu (TP for > T, (3.13)

From (3.11) and (3.13), applying Lemma 3.2 withg=(p + n(p - 1))(1 — @), a=(p + n(p -
1)1 -«a)+pu, b=p+2,and Ag = Ce?, we obtain the desired result. This completes the
proof of Theorem 3.1. d

In Theorem 3.1 the coefficient 7 + 1 + (. — «)/(1 — ) of p? in (3.6) is positive since it is
assumed that the positive root p/(n, o, i) exists. If u < 1and 3/4 <a < 1,thenn+ 1+ (-
a)/(1 —a) <0 can happen; hence, y'(n, p,a, t) > 0 for all p > 1 and the following corollary
holds.

Corollary 3.3 Letn>2,0<a<lL,u>0,n+1+(u-a)/(l-a)<0,andp > 1. Under the
assumptions on the initial data of Theorem 3.1, there holds (3.7).

Remark One cannot apply Corollary 3.3 to the original equation (1.2) for |V,u|? in the
FLRW spacetime since # + 1 + (i — «)/(1 — &) > 0. This is covered later in Sect. 4 in more
detail.

3.1.2 Wavelike and critical case

We next consider the critical case p = p,(n, a, ).

Theorem 3.4 LetO<a<1lforn>3and2/7<a<1forn=2,andlet u>0and

/ _ 1+ .
Prm) =1t Gl U235, (3.14)
max{pr(2,a),2} ifn=2.

p=p.(ma,pn)>
Assume that uy € C*(R") and u; € C'(R") are nonnegative, nontrivial, and supp u,
suppu; C {|x| < R} with some 0 < R < 1/(2(1 — )). Suppose that problem (1.7) has a classi-
cal solution u € C*([1,T) x R"). Then T < 0o, and there exists a constant o > 0 depending
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on p,o, W, R, ug, uy such that T, has to satisfy

T, < exp(Cs‘p(p_l))
for 0 < e < g, where C >0 is a constant independent of ¢.

Remark (1) In case n = 2, we note that

Pe2,e) ifa>1/2,

max{p;(2,0),2} = ifaa<1/2

(2) When n = 2, the condition « > 2/7 is necessary for the existence of p satisfying (3.14).
(3) If pr(n,a) = p.(n,t, ), then

2m+ 1)(1 - a)?
S+l -—a)rlta

nu=p =m+1)1-a)+a

(4) The case p.(n,a, 1) < p < pp(n, o) is considered in the next sub-subsection.

Proof Let

0= 301) = ) ),

Yy (%) = An(t)f e o ds,, (3.15)
|lw|=1
where K, (¢) is the modified Bessel function given by (2.7). We now define a test function
¢q(t, x) by
1
¢q(t,x) = / Yy (&) dy. (3.16)
0
Let g satisfy
g>-21 (3.17)
2
and
n—1
q+ -(1-a)v|>-1. (3.18)

It is proved in [1] that the function ¢,(t, %) satisfies the following properties.

Lemma 3.5 Let ¢,(t,x) be defined by (3.16). Assume that q satisfies (3.17) and (3.18).
(i) Then there exists Ty > 0 such that ¢, satisfies

fenra2(gloe |y )=(a+ £24)/(1-a)

D62 ~ (_% <q< (n—l)(l—;t)—(um)),
q\=’ +o

t(—;ua)/Z(tl—a + |x|)—(n—1)/2(t1—oz -(1- Ol)|x|)(rz—l)/2—(q+“T)/(l—oz)

(61 > (n—l)(l—tzr)—(mor) ),

fort>Toand |x| < (7 =1)/(1 —a) + Rwith 0 <R < 1/(2(1 — ).

Page 17 of 30
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(i) Moreover,ifg+1—a>{(n—-1)(1-a)—(u+ «)}/2, then there exists Ty > 0 such that
¢ satisfies

—(n- _1)/2— (g ) (1)~
8t¢q(t,x) ~ t—(u+a)/2(t1—oz " |x|) (n 1)/2(t1—a - _a)|x|)(" 1/72—(q+557)/(1-a)-1
fort>Tiand x| < (1 -1)/(1 —a) + Rwith0< R < 1/(2(1 - a)).
We now prove the following key lemma to prove the theorem.

Lemma 3.6 Assume that u, uy, and u, satisfy the conditions in Theorem 3.4. Let n > 2,v =
(u-1)/(2(1 - ), and

n-11-a)-(u+a) 1-«
2 p

’

and let p satisfy (3.14). Define
t
G(2) :/ = r)r“"/ |ViulPp,(t,x) dxdr.
1
Then G(t) satisfies
t p
G'(t) > C(lnt)l‘pt(/ t‘BG(r)dr) fort>T,
1

with some T, sufficiently large, where C is a constant independent of s.

Proof We first verify that g satisfies the required conditions (3.17) and (3.18) to use
Lemma 3.5. We claim that there holds

n+a n-D1-a)-(n+a)
———<g< .

5 5 (3.19)

The second inequality is clearly true. To show the first inequality or (3.17), we remark that
(3.14) implies after some calculation p > 2/(n — 1), which is equivalent to g > —(u + or)/2.

We can also show that g satisfies (3.18) with v = (u — 1)/(2(1 — )), i.e., ¢ > —min{pu, 1}.
In fact, (i) the assumption p > py(n, ) is equivalent to g > —1 since

;=

2 1 1
g=n(l-o)- —-1+p(1-a), —+—=1 ifp=p; (3.20)
p-1 P p

(ii) the critical case p = p), satisfies y'(n, p, o, ) = 0 in (3.6), and this equality yields

_(n+1)(1—a)+pc+3a 21 —«@)
T )l-wrp-a  plar)I-a)+p—-a)

m+1)(1-0)+u+a

m+DA-a)+pu-«
_1 l+a
N +(n+1)(1—a)+u—1’

which is equivalent to g > —u by (3.20).

Page 18 of 30
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In addition, g satisfies the condition of Lemma 3.5(ii) since

. (m-1)(1-oa)—(u+c)
2

<(n—l)(l—a)—(u+a)+(1_a)<1_117)=q+1_a, (3.21)

2

Let us now show the inequality of the lemma. Multiplying the equation in (1.7) by a test
function ¢(t,x) and ¢#, and integrating over R”, we have

d . d . . 1 u
dt / tt (ud))t dx — Zd— / tt l/ld)t dx + / t M<¢[t - tZ—aA('b + ?(ﬁ[) dx
- / 41V, ulP ¢ dx. (3.22)

As shown in [1], the test function ¢, given in (3.16) satisfies

1
(af - A %Bt)qﬁq(t,x) -0. (3.23)

Applying (3.22) with ¢ = ¢, and (3.23), we have

2

d
dtz‘/t“uqqux ,u—/t“ 1u¢>qu Zd—/t“uatqﬁqu /t“W ulP ¢y dx.

Moreover, integrating over [1,£] three times, we obtain

t
/ r“fu¢qudr— /(t—r)r“ 1/u¢qudr—2/ (t—r)r“/uarq&qudr
1

= Cdata(t) + 5 ﬁ (t_ T)ZTM/ |qu|p¢qd9(3d1';
where
Canalt) = 6t~ 1) f o®)y (1, dx + (617 / (12 (e)h, (1, ) = 0 (x)3uhy(1,0)) dlx

We note that 9,¢,(1,x) < 0, which is shown in [1]. Hence, by the positivity assumption on
ug and uy, it holds that Cgaa(2) > 0 for £ > 1. Thus,

f r“/ud)q 7,x)dxdt — / (¢ —1)TH 1/u¢q(r,x)dxdt
—2/1 (t—r)t“/uafqﬁq(ux)dxdr
> %/;(t—t)zr"f|qu|p¢q(r,x)dxdr. (3.24)
Since

t
G(t) = / rlHH / |ViulPpydxdr and G'(t) =" / |Veulf ¢, dxdr,
1

Page 19 of 30
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the right-hand side of (3.24) becomes
1 [t 1 [t
—/ (t—r)ZT“/Iqu|p¢qudr:—/ (t-1)*t7'G " (r)dt
2 2
t
=/ 2173G(r)dr. (3.25)
1

We now estimate the left-hand side of (3.24). By Poincaré’s and Holder’s inequalities,
the first integral is estimated by

t
= / o / uy (%) dxdr
1

t
5/ TMHd’q(f)HLoo(|x|§A(r)+R)/ ‘u(t,x)‘dxdr
1 |x|<A(7)+R

t
5/1 'L'V'||¢q(‘[)||Loo(|x|§A(r)+R)(A(T)+R)/ |qu(t,x)|dxdr

|x|<A(T)+R

t
S/; T”||¢q(7:)||L°°(|x|§A(T)+R)(A(T)+R)

1/p , 1/p/
X (/ |Vu(t, )| dg(z,%) dx) (/ By, )7 dx) dr
[x|<A(7)+R [x|<A(t)+R

t 1/p
< (/ t”“/qulquq(T,x)dxdT)
1

t / /
([ 1O enina R
1 .

[¥|<A(z)+R

, 1/p’
¢q(1,x)1_” dxdt) .

We remark that g satisfies (3.19). Applying Lemma 3.5 to the last integral above, we have

To t , , / ’
(/ +/T )flw_p ”?[’q(f)||IZ°<>(\x\<A(T)+R)(A(T)"'R)P/ bq(t, )7 dxdr
1 0 -

|x|<A(7)+R

t
<Cry+ / Lol (s 2= (g (s 2)p (1-a)
To

x/ {,L.(—;,L+u)/2(7:1—oz n |x|)—(q+(u+a)/2)/(l—a)}l—p dxdt
[x|<A(7)+R

t
<Cpy+ / £1A-a)=q-p/Ip+p/(1-0) o
1

< CTO tn(l—a)—q—p’/p+p’(1—a)+1’

~

where we have used A(7) + R = (z/°* = 1)/(1 - @) + R, with R < 1/(2(1 - «)). Note that if
p = P., then g satisfies by (3.20)

n(l—a)—q—% P1-a)=p. (3.26)
Thus, we obtain

IS GO for > T,. (3.27)
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The second integral on the left-hand side of (3.24) can be estimated as before by

t
IIE—/J,/ (t—t)r“‘lfuzbq(t,x)dxdr
1

t 1/p
< (/ rl+“/|qu|p¢q(t,x)dxdt>
1
t / /
X </ (t—T)P rli 2
1

, 1/p
X / ¢q(r,x)1_p dxdt) .
[¥|<A(T)+R

Using Lemma 3.5,

Bq(O) s 1 <aeysr (AT) + R)?

t 1/p
<G ()Y (CTO + / (¢ — o) 12 —aeni-0)p/(1-0) dr) .
T(

0

Since g satisfies n(1 —a) =g+ 1 -2p’ + p’(1 — ) = 0, by (3.26), we obtain
H< GO fort> T, (3.28)
We finally estimate the third integral on the left-hand side of (3.24),
t
I = —2/ (t-1)* f ud: ¢g(t,x)dxdr.
1

Set T, = max{Ty, T1} to apply Lemma 3.5(i) and (ii). Proceeding in a similar way as before,

we have

t 1/p
s (/ r“"/lvxmpqsq(r,x)dxdz)
1

¢ / ;o 81:¢ v p
X <CT2 +/ (¢ =Ty gltrPr (1_“)/ ¢q( q) (t,x) dxdt) .
T | <A(x)+R ®q

We remark here that g satisfies (3.21). By Lemma 3.5,

8 P’ / —(n— (v — -
¢q( r¢q) Nr(—u+a)/2—ap (_L_l—ot + |x|) (n-1)/2-(p 1)/P(,L_l—ot —(1—a)|x|) 1 fortz TZ'

bq
Hence,
p/
r““’p/ﬂ’/(l*a)/ ¢’q(—ar¢q> (t,x)dx
Il <A(x)+R b4
< 7:1+u—p’+p/(1—a)+(—u+a)/2—ap’—(n—l)(l—oz)/Z—(p/—l)(l—a)/p/ (_L,l—ot _ (1 _ oc)|x|)_1 dx
|x|<A(7)+R

A(T)+R
5 t—(n—l)(l—ct)/ (‘El_a _ (1 _ a)r)flrn—l dr
0

<Int,
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where we note that since (n —1)(1 —a)/2=q + (1 + «)/2 + (1 — «)/p and (3.26),

pra o (1-Dl-a) @-1(1-a)

l+u-p+pl-a)+

2 p
= l—p/+1n/(1—ot)—oqv/—q—lM
=-(n-1)1-o).
Thus, we obtain
t 1/p
I < G ()P (CT2 + /Tz (t-7) Int dr)
S GO (Ine) Y fort > To. (3.29)

Combining (3.24), (3.25), and (3.27)—(3.29) all together, we obtain the desired inequality.
This completes the proof of Lemma 3.6. d

Then the rest of the proof is the same as that of Theorem 2.3 in [1]. a

3.1.3 Heatlike case

Theorem 3.7 Let n > 2,0 <a<l,u>0,and 1 <p <ppma) =1+ 1+ a)/{(n+
1)(1 — «)}. Assume that uy € C*(R") and u, € C'(R") are nonnegative, nontrivial, and
supp uo, supp u1 C {|x| < R} with R > 0. Suppose that problem (1.7) has a classical solu-
tion u € C*([1,T) x R"). Then T < oo, and there exists a constant &y > 0 depending on
P>, 1, R ug, uy such that T, has to satisfy

_p1
T, < Ce 200200 ifp < pp(n,a), (3.30)
T, < exp(Cs‘p(”_l)/(””)) ifp=pr(n,a)and0<p <1, (3.31)

T, <exp(Ce™ ™) ifp =pp(n,a)and p>1
for 0 < e < ey, where C > 0 is a constant independent of €.

Remark Inthe critical case p = pr(n,«),if 0 < o < 1, then the estimate above is better than
that for the case i > 1. However, (3.7) and (3.8) are applicable for p = pi(n,a) and 0 < o <
1. These estimates are much better than T, < exp(Ce??-1/+*1)) above. See Figs. 3, 4, and
5.

Proof Proceeding as in [2], we have
F(t)>F(1)=Ce>0 fort>1. (3.32)

By (2.6) and (3.3), we have

/ |Voul dx > CePtPre-D)0-0)  for > 1, (3.33)
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p
p:p’c(n,a,,u) p:p%(n,a)
1 7
— 2(1—o)
P=ma—a—nta u
0 uw*
Figure 3 Range of blow-up conditionsin casen=3and o =0
p
p=pp(n,o)
80777
2(1—a) . : p= 20 —a)
— —« L--" 1 - — —
P= D i Ta . (n+1)(1—a)+pta—2 p
1
0 uw*
Figure 4 Range of blow-up conditions in case n=3 and &« =0.3
Let p < pi(n, o). From (3.5),
¢ T
F() > & f o / =pn(p-1)(1-) g 1
1 1
t T
> o / - H=penp-1)(1-) / (s— 1) dsde
1 1
¢
> Sp/ tfuf(pm(p—l))(l—a)(r _ 1)u+1 drt
1
> Cely - wrne-D-0)(p _ )42 forp> 1, (3.34)

From (3.11) and (3.34), applying Lemma 3.2 withg = (p+ n(p-1))(1 -@),a=pn+@p+np -
1))(1 —a), b= +2,and Ay = Ce?, we obtain the desired results since

M=@p-D{2-(p+np-1)1-a)} - (p+np-1))1-a)+2
:p{Z—(p+n(p—1))(1—a)}>0.

Let next p = p(n,a). Since (p + n(p - 1))(1 — o) = 2, from (3.33),

/ |VoulP dx > Cet™  fort>1.
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| p=p{ (n, 00, 1)

P=p. (1,0, 1)

p=pr(n,a)
1 Z
e 1 = 1 _ 2(1—a)
sz_:—" ! Pt D-a)tuta—2
1 1 'u
0| Mo u*
Figure 5 Range of blow-up conditions in case n =3 and o = 0.7
Hence, by (3.5),
t T
F(t) 2 8”/ t_“/ s 2dsdr
1 1
t T ¢
pe 8”/ t’“’zf (s—1)*dsdr 2 epf tldr
1 1 2
t
> CefIn 3 fort > 2. (3.35)

The following lemma is proved in [2].

Lemma 3.8 Let p>1,b>0,u >0, and T > Ty > Tp > 1. Assume that F € C*([T,, T))
satisfies the following three conditions:

b
(i) F(t) = A (ln i) fort> Ty,
T

WE'(t)
t

(iii) F(To) >0, F'(Ty) >0,

Gi) F'(t)+

> Ai(t+R)ZEWO| fort> T,

where Ao, A1, and R are positive constants. Then T has to satisfy

exp(CA " VPP -y <1,
<
exp(CAa(p—l)/{b(p—l)+1}) ifus1,

where C is a constant depending on R, A1, 1, p, and b.



Tsutaya and Wakasugi Boundary Value Problems (2021) 2021:94 Page 25 of 30

By (3.11) with (p + n(p — 1))(1 — &) = 2 and (3.35), using Lemma 3.8 with » =1 and Ay =
Ce?, we obtain the desired results. This completes the proof of Theorem 3.7. g

At the end of this subsection, we discuss the blow-up conditions and the estimates of
the lifespan in the subcritical cases in Theorems 3.1 and 3.7.

We recall that p/(n,a, ) is the positive root of the equation y’(n,p, o, ) = 0 given in
(3.6). Figures 3, 4, and 5 show the regions of blow-up conditions in the cases & = 0, = 0.3,
and « = 0.7, respectively, each for n = 3. We recall that if p/.(n, o, 1) = pr(n, ), then

2+ 1)(1 —)?
m+D)A-a)+1+a

nu=p=m+1)1-a)+ao-

Note that if p/(n, o, 1) = py(n, , 1), then
w=puo=-m-1)1-a)+v3a?-4da + 2.

We easily see that u* > 1 and pg < 1. We also note that 2p(p — 1)/{(1 - @)y’ (n, p, o, )} =
w-D/2-{np-1)+pHl -a)] yields p =2(1 —a)/{(n + 1)(1 — ) — u + }, and that
2p(p - VA - )y’ (mp,a, 1)} = (p = D/[{1 = = (n+ 1)(1 =)} (p — 1) + 1 + o] yields
p=21-a)/{(n+1)A -a)+pu+a-2}

Among the three upper bounds (3.7), (3.8), and (3.30), if 1 < p < min{py(n, o, ), 2(1 —
a)/{(n+1)(1 — &) + p + o — 2}}, then (3.8) is the best. This is Region (O) shown in Figs. 4
and 5.

Ifmax{2(1 —a)/{(n+ 1)1 -a)+pu+a-2},20—a)/{(n+ 1)1 -a) - p+a}, 1} <p<
p.(n,a, ), then (3.7) is the best (Region (C) in Figs. 3, 4, and 5).

On the other hand, if 1 < p <2(1-a)/{(n+1)(1 —a) - u +} and p < pi(n, ), then (3.30)
is the best (Region (F) in Figs. 3, 4, and 5).

After some calculation, we see the following facts. If (n —3)/(n —2) <« < 1 for n > 3 and
0 < a < 1 for n = 2, Region (O) appears in 0 < i < 1. Moreover, if @ > max{0, (n? —=2n—1 -
V2 =2n-1)/(n? - 2n - 2)}, then po(no, 1) > pl(n,a, ) > pr(n,a) for 0 < < po, hence
the blow-up condition 1 < p < pj(n, «, i) is the best for 0 < < puo. This is unlike the case
of the equation with |u|?-nonlinearity for which the blow-up condition is related to only

pe(n,a, 1) and pr(n, ).

3.2 Casea > 1

Theorem 3.9 Letn > 2,a > 1,1 > 0,and p > 1. Assume that uy € C*(R") and u; € C*(R")
are nonnegative, nontrivial, and supp ug, supp u; C {|x| < R} with R > 0. Suppose that prob-
lem (1.7) has a classical solution u € C*([1, T) x R"). Then T < oo, and there exists a con-
stant ey > 0 depending on p,«, |4, R, uy, uy such that T, has to satisfy

T2(In T,) ¥ < Ce= D jfg =1,
T, < Ce~ D12 ifa>1
for0< e <egy, where C >0 is a constant independent of ¢.

Proof We first prove the theorem for the case @ = 1. By (2.38) and (3.3),

7 ILL ! C
F'(t) + ?F (6= W‘F(t) ’p. (3.36)
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Proceeding as in [3], we have (3.32).
F(t)>F(1)=Ce>0 fort>1.
By (2.38) and (3.3),
/ |Voul? dx > Ce?(Ing)~ @@= for¢ > 1. (3.37)
Hence, from (3.5),
t
F(t) > Cs? / (In7)~E+e-Dg=i(z _ 1)#+l g
1
t
> CeP(In t)_<”+”(p_1))t_”f (r -1)**dr
1
> Ce?(Ing) -V n( —1)+2 fort > 1. (3.38)
We here use another Kato’s lemma which is Lemma 2.3 in [3].
Lemma 3.10 Letp>1,a>0,b>0,c>0,g>0,u >0, and
M=p-1)(c-a)+2>0.
Let T > T, > Ty > 1. Assume that F € C*([Ty, T)) satisfies the following three conditions:

(i) F@)>Aot™(nt)b(t-Ty)° fort>T,
() F'(0)+SF 0= A |FO fort=T,

(i) F(To)>0,  F'(To)>0,

where Ay and A, are positive constants. Then T has to satisfy
M (1n £)~>-a/e"D < CAgY,

where C is a constant depending on Ay, |1, p, and c.

By (3.36) and (3.38), applying Lemma 3.10 witha=u,b=g=p+n(p-1),c= p +2,and
A = Ce?, we obtain the desired result for o = 1 since

M=2p-1)+2=2p>0.
It remains to prove the theorem for « > 1. By (2.38) and (3.3),
F'(t) + %F/(t) > C|F@. (3.39)
As above, we also have

F(t) > CePt Mt —1)**?* fort>1.
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Using Lemma 3.10 again, we obtain the desired results. This completes the proof of The-
orem 3.9. 0

4 Wave equations in FLRW

We now apply Theorems 2.1, 2.3, 3.1, 3.4, 3.7, and 3.9 to the original equation (1.2), which
isequivalent to (1.3) and (1.7) with @ = 2/(n(1+w)) and u = 2/(1 + w). We treat the case —1 <
w<1landn>2sothata >1/nand u >11in (1.3) and (1.7). Observe that the cases —1 <
w<2/n—-1and2/n—-1<w <1 correspond to accelerating and decelerating expanding
universes, respectively.

Consider the equation with the time derivative nonlinear term |u,|”. Denote p(n,2/
(n(1 +w)),2/(1+w)) by pi;(n, w). Figure 6 shows the range of blow-up conditions in terms
of wand p in the case n = 3.

For 2/n —1 <w <1 and n > 2, applying Theorem 2.1 to (1.2) for |u;|", we obtain the

following upper bounds of the lifespan:

(4
T, < Ce - n@eiep-D2  if1<p <p’G(n, w),

T, < exp(Ce~D) if p = p(n,w),

where C > 0 is a constant independent of €. We note that estimate (2.3) in Theorem 2.1 is
not applied to (1.2) since i > 1 in our case. See Region (G) in Fig. 6.
For -1 <w <2/n-1and n > 2, we obtain from Theorem 2.3

Tgl_z(p_l)/(“w)(ln T,) "D < Ce D iflcp<l+ % andw=2-1,

n
T, < Cg~-D/1-2(p-1)/A+w)} ifl<p< ?’*TW and —1<w< % - 1.
See Region (A) in Fig. 6.

From these results, we see that the blow-up range of p in the flat FLRW space-
time is smaller than that in the Minkowski spacetime because p(n,w) < pg(n) = 1 +
2/(n — 1). Moreover, in the subcritical case p < pi;(n, w), the lifespan of the blow-up so-
lutions in the FLRW spacetime is longer than that in the Minkowski spacetime since

p

p=pg(n,w)

o 1

Figure 6 Range of blow-up conditions in case n =3
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g~ P D-0=D-D12) ¢ o= (p-D/1-(r-1+4/ LW p-DP2} for sufficiently small &. Although the
critical value has not been established, we can say at the present time that global solu-
tions in the FLRW spacetime exist more easily than in the Minkowski spacetime.

We next consider the equation with the space derivative nonlinear term |V, u|?. We de-
fine here y;(n, p, w) corresponding to y'(n, p, o, i) in (3.6) by

= (1- 2 , 2 2
n’ ’w = - T, n, PN .
Yolh P n(l +w) 4 pn(1+w) 1+w

Then we obtain

{(n,p,) 1o Ve (nere 2 ot
mp,w)=—-\n+1l—-—— +{n+l+ —— +2 - .
Yolh P n(l+w) p n(l+w) p n(l+w)

Let p.,(n, w) be the positive root of the equation y;(n, p, w) = 0. We also denote pj. (1, 2/(n(1+
w))) by pr(n,w).

For2/n—1<w <1andn > 2, say a decelerated expanding universe, applying Theorems
3.1, 3.4, and 3.7 to (1.2) for |V,u|?, we obtain the following upper bounds of the lifespan:

=2p(p-1)

T, < Cen™™ if1<p<pl(nw), (4.1)

T, < exp(Cs’p(”_l)) if p=p.(n,w) > pr(n,w)
~(p-1)
T, < Ce = Dp=nlI=276mo]  if 1 < p < pl(n, w), (4.2)

T: < exp(Ca_(”_l)) if p = pr(n,w).

We note that estimates (3.8) in Theorem 3.1 and (3.31) in Theorem 3.7 are not applied to
(1.2) since 1 > 1 in our case, and also that if # = 2, then pj-(2,w) > 2 and & = 2/(n(1 + w)) >
2/7 in Theorem 3.4 since w < 1.

For -1 <w <2/n -1 and n > 2, say an accelerated expanding universe, we obtain from
Theorem 3.9

2
T2(In T,)" "D < Ce~?PD ifp>1and w= ~- 1,

2
T, <Ce?V? jfpsland —1<w<=-1 (4.3)
n
We see that blow-up in finite time can happen to occur for all p > 1. This is in contrast to
the case of decelerated expansion above.
Figure 7 shows the range of blow-up conditions in terms of w and p in the case n = 3.
Note that if p(n, w) = p.(n, w), then w is the larger root w* of the equation

B+ D)w? + 2n{n2(n +1)-Bn+4)(n- 1)}w +n3(m+1)
-2n(3n+4)(n-1)+8(n* —n-1)=0.
Region (A) is for the case of the accelerated expanding universe, where the lifespan of
blow-up solutions is dominated by (4.3). In contrast, each Region (F) and (C) represents

the decelerated expanding one. In Region (F) estimate (4.2) is better than (4.1); on the
other hand, this relation becomes reverse in Region (C).
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p=pp(n,w)

p=p_(n,w)
e 2(n(tw)=2)
p_n(n+1)(1+w)74n

Figure 7 Range of blow-up conditions in case n =3

Finally, let us compare the results for the term |u,|” with those for |V, u|?, especially in the
decelerated expanding universe, say (G), (F), and (C). We observe that which has a larger
blow-up range depends on the value of w for each n. If n = 2, then max{py(2, w), p.(2, w)} >
P5(2,w) for 0=2/n -1 <w < 1. The higher the dimension # becomes, however, the larger
the w-interval such that pg; (1, w) > max{p}(n, w), p.(n,w)} becomes.

We will treat the remaining case w = —1 in future papers.
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