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ABSTRACT: Finding out root patterns of quantum integrable models is an important step to
study their physical properties in the thermodynamic limit. Especially for models without
U(1) symmetry, their spectra are usually given by inhomogeneous T — @ relations and
the Bethe root patterns are still unclear. In this paper with the antiperiodic X X7 spin
chain as an example, an analytic method to derive both the Bethe root patterns and the
transfer-matrix root patterns in the thermodynamic limit is proposed. Based on them
the ground state energy and elementary excitations in the gapped regime are derived. The
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present method provides an universal procedure to compute physical properties of quantum
integrable models in the thermodynamic limit.
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1 Introduction

The exactly solvable models play important roles in modern physics and mathematics.
These models can provide crucial benchmarks for important physical concepts and phe-
nomena such as thermodynamic phase transitions from the two-dimensional Ising model [1],
the Mott insulator from the one-dimensional Hubbard model [2], fractional charges from
the Heisenberg spin chain [3] and etc. In the past decades, several methods including the
coordinate Bethe Ansatz [4], the T'— (@) relation [5, 6] and the algebraic Bethe Ansatz [7-13]
were developed. These methods work quite well for models with obvious reference states
because the root patterns are clear [14]. For the quantum integrable systems without U(1)
symmetry, which have important applications in non-equilibrium statistical physics [15, 16],
condensed matter physics [17] and high energy physics [18], their spectra are usually de-
scribed by an inhomogeneous T'— @ relation [19, 20]. The inhomogeneous term in the Bethe
ansatz equations (BAEs) makes the problem complicated since the Bethe root patterns are
not clear. Therefore, finding out root patterns is an important step to compute physical
properties of corresponding systems. Several authors had made important conjectures for
the Bethe root patterns of some models [21-25] based on numerical simulations for finite
size systems.

In this paper, with the antiperiodic X X Z spin chain as a concrete example, we propose
an analytic method to derive both Bethe root patterns and transfer-matrix root patterns
of quantum integrable models without U(1) symmetry. The paper is organized as follows.
Section 2 serves as an introduction to the antiperiodic X X Z spin chain, a typical quantum
integrable model without U(1) symmetry. In section 3, we show the root patterns of the



eigenvalue of the transfer matrix. In section 4, we compute the ground state energy and
the elementary excitations based on the root patterns for n € R (ferromagnetic regime).
Section 5 is attributed to the case of n € R + im (anti-ferromagnetic regime). Concluding
remarks are given in section 6.

2 Antiperiodic XXZ spin chain

The Hamiltonian of the antiperiodic X X Z spin chain [26] reads

N
H=-> [a;?afﬂ +ofo,, + cosh nojz-ajﬂ] , (2.1)
j=1

where N is the number of sites, 03?‘(04 = x,y, z) are the Pauli matrices on jth site and 7 is
the anisotropic or crossing parameter. We consider 1 € R and n € R + im, corresponding to
the ferromagnetic regime and the anti-ferromagnetic regime, respectively. The antiperiodic

boundary condition is achieved by
oy =oiotoy, for a=uzy,z, (2.2)

which breaks the U(1)-symmetry of the system.
The integrability of the model (2.1) is associated with the six-vertex R-matrix

1 [sinh(uw + sinh u
Ro,j(u) = — M(l + O';O’S) +

1
2 | sinhyp (1—of08)| + s(0fof + o)),  (2.3)

sinh n 2

where u is the spectral parameter. The R-matrix is defined in the auxiliary space V and
the quantum space V; and satisfies

Initial condition : Ry ;(0) = PRy 4,
Unitary relation :  Rg ;(u)Rjo(—u) = ¢(u) x id,
Crossing relation : R j(u) = —of RY;(—u — n)a,
PT-symmetry : Ry j(u) = Rjo(u) = Ré?jtj (u), (2.4)
where P ; is the permutation operator, ¢(u) = — sinh(u + ) sinh(u — 1)/ sinh? 5, o means

the transposition in the auxiliary space and t; means the transposition in the jth space.
Besides, the R-matrix (2.3) also satisfies the Yang-Baxter equation

Ry o(u1 —u2) Ry 3(u1 —us)Ra 3(ug —ug) = Ra 3(uz —u3) Ry 3(u1 —us) Ry 2(ur —ug).  (2.5)
The transfer matrix ¢(u) of the system is constructed by the R-matrix (2.3) as
t(u) = tro{ogRon(u—6n)---Ro1(u—61)}, (2.6)

where {0;|j = 1,---, N} are the site-dependent inhomogeneity parameters and tro means
the partial trace over the auxiliary space. From the Yang-Baxter equation (2.5), one can
prove that the transfer matrices with different spectral parameters commutate with each



other, i.e., [t(u),t(v)] = 0. Therefore, the transfer matrix ¢(u) is the generating function of
all the conserved quantities of the system. The model Hamiltonian (2.1) is related to the

transfer matrix as

dlnt(u)

+ N coshn. (2.7)

Using the properties of the R-matrix (2.4), we obtain the following operator identi-
ties [20]

t(6;)¢(0; —n) = —a(0;)d(0; —n) xid, j=1,---N, (2.8)
where N
du) =alu—mn) = H W (2.9)

From the definition (2.6), we know that the transfer matrix #(u) is a trigonometrical
polynomial operator of u with the degree N — 1. Besides, it satisfies the periodicity
t(u +im) = (=1)N~1¢(u). The transfer matrix ¢(u) can be rewritten as

t(u) = (=) Hro{of ey (—u — n) R’y (—u—1) -+~ Ry (—u — 1)} (2.10)
If n € R or n € R+ im, the R-matrix satisfies the relation
*t
B (—u—m) = R (—u* 1), (2.11)
Substituting eq. (2.11) into eq. (2.10) and taking the Hermitian conjugate, we obtain
thw) = (=1)N " (—u* — 7). (2.12)

Denote the eigenvalue of the transfer matrix ¢(u) as A(u). From above analysis, we
know that the eigenvalue A(u) satisfies

A(0;)A(0; —n) = —a(8;)d(0; —n), j=1,---N, (2.13)
Alu+im) = (=1)N 1A (u), (2.14)
Alw) = (=) A (—u* = ). (2.15)

Obviously, A(u) is a degree N —1 trigonometric polynomial of u and can be parameterized as

N-1

A(u) = A [] sinh (u - g) : (2.16)

j=1

where Ay is a coefficient and {z;[j = 1,--- , N — 1} are the zero roots of the polynomial.
The constraints (2.13) determine the N unknowns Ag and {zj[j = 1,--- , N—1} completely.
The energy spectrum of the Hamiltonian (2.1) is determined by the zero roots {z;} as

N—1
E = 2sinhn Z coth <zj — g) + N coshn. (2.17)
j=1



3 Patterns of zero roots
From (2.15) we deduce that for any given root z;, there must be another root z; satisfy
zj+ 2 =kin, k€. (3.1)

Therefore, with the periodicity eq. (2.14) and eq. (3.1), we find that the zero roots {z;}
can be classified into two types

(0) Re(z) = 0, Im(z) € {—g g) , (3.2)
(i) Re(z;) + Re(z) = 0, Im(z) = Im(z) € [_72”;) (3.3)

In case (i), all the zero roots are on the imaginary axis. Then we should analyze the
patterns of zero roots in case (ii).

Let us consider first the positive 1 case. According to the functional relations (2.13),
the eigenvalue A(u) can also be expressed as the inhomogeneous 7" — @ relation [20]

Q) Q) a(w)d(w)
where the functions Q(u) and c¢(u) are given by
B N sinh(u — Aj)
Qu) = Jl;ll sinhnp '
c(u) = eu—Nn+Zfi1(ﬁz—)\z) _ e—u—ﬂ—zf\il(ﬁz—)\z)’ (3.5)

and {\;} are the Bethe roots. Putting \; = iu; — 2 and considering the homogeneous limit
{0; — 0}, the Bethe roots {u;} should satisfy the BAEs

. 1.
S|\ uU;—51?
eiuj |: ( J 2 77)

sin (uﬁ-%in) (36)

N N sin (u;—sin
+2i67%N”sin (uj—2u1> H<]2>, j=1,---,N.
P i sin(u; —w+in)

For a complex Bethe root u; with a negative imaginary part, we readily have

1
sin <uj — 21’77)’ >

This indicates that the module of the left hand side of eq. (3.6) is larger than 1. Thus
in the thermodynamic limit N — oo, the left hand side tends to infinity exponentially.

1
sin (uj + 22’77)‘ . (3.7)

To keep eq. (3.6) holding, the right hand side of eq. (3.6) must also tends to infinity in
the same order. We note that the last term in the inhomogeneous BAEs (3.6) tends to
zero due to the existence of factor e~ 3V with N — 0o, which can be neglected in the



thermodynamic limit. Thus the denominator of the first term in the right hand side must
tend to zero exponentially, which leads to u; — u; 4+ in — 0. From eq. (3.4), we learn that
the zero roots of A(u)Q(u) are z; — 4 and iu; — 3, which are undistinguishable, so u; are
symmetric about the real axis from the fact that z; are symmetric about the imaginary
axis. Then the Bethe roots form strings

n+1
2

uj:ujo—i-in( —j)+0(e‘w), j=1,---.n, n=1,2,---, (3.8)
where wjg is the position of the string in the real axis, n is the length of string and o(e™N)
denotes the infinitesimal correction. If n = 1, the Bethe root is real.

The structure of zero roots of eigenvalue A(u) can be obtained by eq. (3.4). Substituting
the zero roots {z;} into eq. (3.4), we obtain the relation between u; and z;.

. /_iﬂ
zz’—g [Sln (Zj 2 )

N
sin (2} —w —in)
e'% =

sin (zg—i—%) =1 Sin(zj—ul+i77)
N /_in
—i—C(ZZ;_n) NSln- (Z/J 2) . ) j:17 7N7 (39)
2/ TLiZy sin(2) —w+in)

where z; = zz§ The rest analysis is similar with before. If z} has a negative imaginary
part, the left hand side of eq. (3.9) will tend to infinity with N tends to infinity. Because
the function c(iz; — 7) in eq. (3.9) also tends to 0 if N — oo, we neglect the third term
in eq. (3.9). The validity of eq. (3.9) requires that the denominator of the first term in
the right hand side should tend to zero, which leads to one zero root and one Bethe root
satisfying 2 — w +in — 0. We should note the roots of functions A(u) and Q(u) could
not be equal, i.e., z; # w;. Thus from the structure of Bethe roots {u;}, we obtain the

structure of {27} as

1
Im(z;) = —nn;

—ON _
7 +o(e™V), n=1,23,---, (3.10)

which are in the lower complex plane. Because the zero roots {zg} are symmetric about
the real axis, we arrive at

(n+1)n

Re(zj) = £ 5

+o(e™™™), n=1,23,---. (3.11)
Therefore, we conclude that the zero roots z; are either imaginary or anti-conjugate pairs
given by (3.11). This conclusion is also hold for n € R + im by changing 7 to Re(n).

4 Exact solution for n € R

Without losing generality, we put n > 0. Based on the root patterns derived in the previous
section, the physical properties such as the ground state energy and the elementary exci-
tations can be computed by adopting the method proposed in [25] in the thermodynamic
limit N — oco. The key point of this method is to introduce a proper set of inhomogeneity
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Figure 1. The distribution of zero roots {z;} of A(u) at the ground state for N = 9 via ex-
act diagonalization. (a) n = 0.75 and (b) n = 0.75 + éw. The blue stars are the results for
{0; = 0}, and the red circles are the results for arbitrarily chosen inhomogeneity parameters as
0.144,0.32¢, —0.434, 0.544, —0.25¢, 0.634, 0.474, —0.784, 0.194.

parameters. These parameters serve as an auxiliary tool for analysis and finally will be
taken to zero by analytic continuation. For the present case, we choose all the inhomo-
geneity parameters {6} to be imaginary. Such a choice does not change the patterns of
the roots but the root density. Similar analysis for the root patterns with non-zero in-
homogeneity parameters can be done by following the same procedure introduced in the
previous section. A numerical proof is shown in figure 1.

Substituting the ansatz (2.16) into the functional relations (2.13), we obtain

N-1
. my . n
Ag H sinh <9j —2z1+ 2) sinh (Gj — 2 — 2>

=1

N
= —sinh 2V p H sinh(6; — 0, + n) sinh(0; — 6; — n). (4.1)
=1

Taking the logarithm of the absolute value of eq. (4.1), we have

sinh (Hj — 2z — 727) H

N
—1In ‘Sinh72N 77‘ + Y [In[sinh(6; — 6; +n)| + In[sinh(6; — 6, — n)]]. (4.2)
=1

sinh (Oj -z 4+ 727)‘ + In

N-1
ln‘Ag’ + Z {ln
=1

4.1 Ground state

At the ground state, all the {6;} and {2} distribute along the imaginary axis. For conve-
nience, let us put ¢; = i}, 2, = iz and n = v, where ¢; and 2; are real and v is imaginary.



In the thermodynamic limit N — oo, eq. (4.2) becomes

In ’Ag‘ + N/i In [sin (9 —z+ ;) sin (9 —z— ;) pig(2)dz
3
=1In ‘sinh_QN 17‘ +N /5 In [sin(f — z + ) sin(0 — z — v)| o(z)dz, (4.3)
3

where p14(z) is the density distribution of {z;}, o(2) is the density distribution of {¢’}, re-
placing 0 with 6. We note that the homogeneous limit {6; = 0} corresponds to o(z) = 6(2).
Taking the derivative of eq. (4.3), we have

: b1(0 — 2)p1g(z)dz = ba(0 — z)o(2)dz, (4.4)

s
2

where we define some functions as

2 2
by (x) = cot (w—l—n;n)—i-cot (m_n;]z), (4.6)
cn (z) = tan (ac + "’12771) + tan (x - 71;71) (4.7)

In order to solve the integrable equation (4.4), we introduce the Fourier transform

F) = |7 f)e™de,  k=—oc0, - +o0,

us
2

= T
f(z) = % Z f(k)ei%x, T € [—2, 2) . (4.8)

k=—o00

With the help of the Fourier transform, the integrable equation (4.4) becomes

bi(k)p1g(k) = ba(k)o(k), (4.9)
where
an (k) = —sign(k) 2mie "k (4.10)
b (k) = 2mie Nkl (4.11)
en(k) = (—1)*sign(k) 2mie "k, (4.12)

The eigenvalue A(u) has N —1 zero roots, thus the density pi4(2) satisfies the normalization

f_g1 pig(2)dz = % By taking the homogeneous limit o(z) = 6(z), we have
2

i ekl k=+1,42, -, +o0,
prg(k) = . (4.13)
]. - N k - 0,
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Figure 2. (a) The distribution of zero roots {z;} of A(u) at the ground state for N = 10 and
1 = 0.75 via exact diagonalization. (b) The difference dE, between the ground state energy calcu-
lated from eq. (4.15) and that obtained via numerical exact diagonalization of the Hamiltonian (2.1).
The data can be fitted as 0E;, = 19.52¢0-7738N

and

(@)= £ 3" 2eos(ha)e 4 = (1- 1) (4.14)
r)=— cos(2kx)e —(1-=. .
Pg T s N

Thus the ground state energy reads

By =2N sinhn/i coth <w: - Z) pig(x)dx + N coshn
—3

= —N coshn + 2sinh 7. (4.15)

This result coincides with the numerical one perfectly as shown in figure 2(b).

4.2 Elementary excitations

Now let us turn to consider the elementary excitations of the system. Due to the root
patterns constraints, the excitations can be described by moving several real roots to the
complex plane in form of conjugate pairs. The simplest elementary excitation is that two
zero roots zj_, and zj_; form a conjugate pair and all the other roots remain real as
shown in figure 3(a). In this case, the distribution of roots reads

z =iz, (I=1,---,N-=3),
IN_9 = i2N_9 = % + i+ o(e™N),
nn

IN_1 =i = —= tia+ o(e™MN), (4.16)

where z] and « are real and n > 2.
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Figure 3. (a) The distribution of zero roots {z;} of A(u) at the excited state for N = 10 and
n = 0.75. (b) The difference §E. between the excited state energy calculated from eq. (4.21) and
that obtained by numerical exact diagonalization of the Hamiltonian (2.1) with the system-size N.
The data can be fitted as §Fy. = 130.4e0-826V

Substituting eq. (4.16) into (4.2), we have
N-3

In ‘A%‘ + Z [ln
=1

sinh (w; — iz - W) H
2
sinh <¢9§ - (n;’ + z’a> + W) ’ +1n

. ) nn . 1y
5 sinh <zt9§- — (2 + Za) — 2> }
sinh (ieg - (—"277 + m) + Z;)‘ +In [sinh (ie; - (—"2” + m> - g) H

= In [sinh =2V | + i [In [sinh (i6) — i6] + i7) | + In[sinh (i6] — 6] —i7)[] . (417)
=1

sinh <¢9;. — i) + Z;)‘ +In

+ |In

+ |In

In the thermodynamic limit N — oo, the Fourier transformation of eq. (4.17) gives
Nby(k)p1e(k) + e b, (k) + e %D, 1 (k) = Nbo (k)G (k). (4.18)
The solution of eq. (4.18) reads

i ekl _ #(6—nnlkl e (m=2mlkl)y f = 41 42 ... +oo,
pre(k) = ; (4.19)
1 - N> k - 0,
and
1. ko e—nnk+€—(n—2)nk 1 ( 3)
== - - “(1-2). @
pie(x) - kgl [2 cos(2kx)e 2cos[2k(z—a)] N - N (4.20)

The energy at this excited state is characterized by the density of roots pie(z) as

Ei. =2N sinhn/a coth (zx — g) p1e(z)dx + N coshn
—32
+ 2sinhn [coth (71277 +io — Z) + coth (_71277 + i — g)} . (4.21)



The energy carried by this elementary excitation is

inh [(n —1
AE; = 4sinhy sinh (n = 1] : (4.22)
cosh [(n — 1)n] — 2 cos(2a)
If n =2 and a = £7, the energy arrives at its minimum value,
AE1min = 4sinh 7 tanh g (4.23)

Comparison of our analytic results and numerical results is shown in figure 3(b). This
result eq. (4.23) also coincides with that given in [23].

5 Exact solution for n € R 4 7

For convenience, we put n = 4+ + 47 with 14 a real number.

5.1 Even NN case

We first consider the case of even N. In this case, the number of roots N — 1 is an odd
number. At the ground state, due to the root patterns constraints, the root patterns read

. ‘ N .

2=y + iz, ApN = N +iz, l=1,--- L i, (5.1)

where n = ny +im, 14, z; and § are real. The variation of the real root 3 gives the gapless

excitation. At the ground state 5 = 0, while at the excited state 8 # 0. A numerical result
for N = 10 is shown in figure 4(a).

With the same procedure as before, substituting the patterns of zero roots into eq. (4.2)

and considering the thermodynamic limit, we obtain that the densities of z; satisfy
— N [e1(k) + &3(k)] poe(k) — e8¢, (k) = Nbo (k)& (K), (5.2)

where po.(k) and (k) are the Fourier transformations of the density of zero roots z; and
that of the inhomogeneity parameters, respectively. We note that the ps.(z) is the density

of z and satisfies the normalization [2x poe(z)dz = 3 — . The solution of eq. (5.2) is
2

1 €7i2k6_(_1)ke*77+k

= 1+e 21+F y — 1727' , 00,
poe(k) = 3 = % k=0, (5.3)
L67i2k6+(_1)k+1en+k
- 1+e2n+F 3 k:_la_27 , —0Q,
and
1S (—1)kem+k + 1 /N-2
K)Qge(ac)—;k:1 2(:os(2k:x)m—QCOS[Zk(fc—/B)]m p (2]\7> (5.4)

~10 -
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Figure 4. (a) The distribution of z zero roots at the ground state for N = 10 and = 0.75+i7. (b)
The difference §Eo, between the ground state energy calculated from eq. (5.6) and that obtained
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The eigenenergy can be calculated as

™

Es. = 2N simhn/2

{coth (77+ +ix — g) + coth <—17+ +ix — Zﬂ p2e (x) dx

2

+ 2sinh 7 coth (iﬁ - g) + N coshn. (5.5)

For the ground state, § = 0 and corresponding energy is

Eyy = —4N sinh Z e 214k tanh (k) — 4sinh Z(—l)k+16_"+k tanh(n4 k)
k=1 k=1
ﬁ—2$nhn+tanh<%;)——Ahxmhn+. (5.6)

For the simplest excited state, 8 # 0 as shown in figure 5 for finite V. After tedious
calculation, we find the energy difference AEy = Fy, — Ea, as

AFEy = —4sinhny Z(—l)k“e_’”k tanh(nk)[cos(2k3) — 1]
k=1

. N+ sinh 74
— 2sinh tanh — — . 5.7
SR+ ( ATy T cosh 74 + cos 25) (5:7)

Detailed analysis of eq. (5.7) shows that AE — 0 when 8 — 0, which means that the
elementary excitation is gapless for an even N.

5.2 0Odd N case

For an odd N, the number of roots is even and all the {zg} roots form conjugate pairs in
the ground state as shown in figure 6(a). The distribution of zero roots for the ground
state is

N -1

a=me iz, o=tz D=1 o (5.8)

- 11 -
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Repeating the previous procedure we obtain the density of roots in the momentum space as

(—1)ke

Tre 2tk o =1,2,--- 00,

~ N—

pag(k) = S5 k=0, (5.9)
_1)ken+k
(137; k=-1,-2- —00.

With the help of Fourier transformation, the density of z; can be obtained as

1 & (—Dke=mk| 1 /N -1
The ground state energy is
oo
E,, = —4N sinhny Z e~ 21+F tanh(ny k) — N cosh, . (5.11)

k=1

A low-lying excited state can be describe by root patterns

-/ .
Zp =14 T 12, 2 N8 = —n4 + iz, =1, —,

ZN_2 = ip, ZN_1 = iq, (5.12)
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Figure 6. (a) The distribution of z roots at the ground state for N = 9 and n = 0.75 + iw. (b)
The difference § E'3; between the ground state energy calculated from eq. (5.11) and that obtained
via numerical exact diagonalization. The data can be fitted as 63, = 1.016 N —1-161,

as shown in figure 7 for N = 9, where p and ¢ are real. In the thermodynamic limit, the

density of zero roots reads

1 & 1
pge 7'(];1{ 2{COS 2k l’— )] +COS[2k($—q)]}m
(~DFemk 1 1 /N-3
The excitation energy is given by
AE;3 = €(p) + €(q), (5.14)
with
> sinhn
€(t) = —4sinhny Z(—l)k+1e_"+ktanh(n+k) cos(2kt)+251nhn+m. (5.15)

k=1
The excitation energy reaches its minimum at the point of p = ¢ = 0 and the value is

)
AFE3min = —8sinh Z(—l)k+16_"+k tanh(nyk) + 4sinh 7y tanh %— (5.16)
k=1

Interestingly, our result for odd N coincides perfectly with those calculated via density
matrix renormalization group method [27, 28] for even N periodic chain.

Despite the absence of translational invariance in the present model, a topological
momentum operator can be defined [24]. We note that the ¢(0) is a conserved quantity and
t2N(0) = 1 [20]. Therefore, ¢(0) can be treated as a shift operator in the Zo topological
manifold, which allow us to define the topological momentum operator as k= —iln t(0)

with the eigenvalue
k = —iln A(0). (5.17)

~13 -
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Figure 7. The distribution of roots {z;} at a low-lying excited state for N =9 and n = 0.75 + i7.
Substituting the value of A(0) into eq. (5.17), we obtain the momentum

i Ysinh(z + 1) N_1
- nH § + (1= (=D, (5.18)

sinh(z )

which is also determined by the zero roots {z;}. In the thermodynamic limit, the momen-

T
4

tum reads

smh 77+ + iz + n++m) sin ( N +ix + w>
N/ . p(z)dz
™ 77++W) n++z7r>
2 2 2

smh 17+ + i — sinh ( Ny +ix —

i sinh (ip + L;m) sinh (iq + L’;”)
-5 |In— - i +In — : i (5.19)

2 sinh (zp — %) sinh (zq — T”T>

The momentum carried by the elementary excitation is
K = ((p) + ¢(a), (5.20)

with
> sin(2kt) _, i cosh (it + Z=)

t) = P e R tanh(npk) — = In | —————2~ 21
60 = SV o) — g 1n |~ (521)

Comparing egs. (5.14) and (5.21), we obtain the dispersion relation as shown in figure 8.
It seems that the dispersion relation takes the same form as that in the periodic boundary
condition [14].
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Figure 8. The dispersion relation of a single excitation for n = 1.31696 + .

6 Conclusion

In conclusion, an analytic method to derive the root patterns of transfer matrix of quantum
integrable models without U(1) symmetry is proposed. It is found that by choosing a
proper set of inhomogeneity parameters, the root patterns do not change but only alter
the density of distributions. This allows us to derive the density of roots and to compute
the eigenenergy in the thermodynamic limit. This method can be naturally applied to
other quantum integrable models.
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