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1 Introduction

In this paper, we study the following initial-boundary value problem:

uy = div(| V) P2V + b(x) | Vul 12 Vy),  (x,8) € Qr =2 x (0,T), (1.1)
Ulg = up(x), x€, (1.2)
ulFT = 01 (x; t) S 1—‘T =02 x (0, T)’ (1'3)

where 1 < p(x), g(x) € C(Q), b(x) € C}(R2) and satisfies
bx)>0, xe€&, b(x)=0, xedQ. (1.4)
For any /(x) € C(2), we denote

K" = max h(x), k™ = minh(x),
o Q

as usual.
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Let us give a brief review of the related works. We first noticed that the initial-boundary
value problem of the equation

uy = div((|lul”® + do) [VulP™ 2V u) + c(x, ) — bou(x, t), (x,8) € Qr, (1.5)

has been considered in [14, 19, 23], where o (x,£) > 1, do > 0,¢(x, ) > 0, and by > 0, @ C RN
is a bounded domain with smooth boundary 92. This model may describe some proper-
ties of image restoration in space and time, u(x,t) represents a recovering image, p(, t)
reflects the corresponding observed noisy image. The authors of [14] obtained the exis-
tence and uniqueness of weak solutions with the assumption that the exponent o (x,t) =0,
1<p <p*<2.1fo(x,t) =0and by = 0, the existence of weak solutions was proved in [23]
by Galerkin’s method. Next, in [19], they proved the existence and uniqueness of weak
solution when o (x,t) € (2, 1%) or o(xt) € (1,2), 1 < p~ < p* <1+ /2. Moreover, they
applied energy estimates and Gronwall’s inequality to obtain the extinction of solutions
when the exponents p~ and p* belong to different intervals.
Secondly, the nonlinear parabolic equation from the double phase problems

Uy = div(a(x)|Vu|”’2Vu + b(x)|Vu|q’2Vu) +f(x,t), (xt)€Qr, (1.6)

has been studied in [6—10] and [16, 17, 26] in recent years, where the diffusion coefficients
a(x) and b(x) satisfy

a(x) +b(x) >0, xeQ. (1.7)

If f(x, £) = 0, the author of [6] studied the existence of weak solutions to equation (1.6) by
the energy functional method. If f(x, t) € L"(0, T; L*(2)) with some given positive constants
r and s, by defining the local parabolic potential, the author of [12] obtained the local
boundedness of weak solutions. In addition, there are many papers that worked on the
double phase elliptic equations studied in the framework of the Musielak—Orlicz spaces,
see [5, 13, 15, 20, 21, 27, 30].

In this paper, we use the parabolically regularized method to prove the existence of the
weak solution to equation (1.1). If p(x) > g(x), it is not difficult to show that the weak solu-
tion % is in L*°(0, T; Wol PE) (£2)). Then, based on the usual Dirichlet boundary value condi-
tion (1.3), the stability of weak solutions can be obtained in a simple way. So, in this paper,
we assume that p(x) < g(x). Since b(x) satisfies (1.4), in general, u € L*(0, T; Wol ’q(x)(Q)) is
impossible. The greatest contribution of this paper lies in that, instead of using the usual
boundary value condition (1.3), it proves the stability of weak solutions only under a partial
boundary value condition

ulrlT = 0! (x: t) € 1—‘IT = El X (0, T), (18)

and the uniqueness follows naturally. Here, £; C 9€2 is a relative open subset and will be
specified below.

The method used in this paper may be generalized to study the well-posedness problem
of the following double phase equation with the variable exponents:

u, = div(a() | VulP®2Vu + b(x)| Vu|"™2Vu), (x,t) € Qr. (1.9)
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We are ready to study this problem in the future. For a general degenerate parabolic equa-
tion, the well-posedness of weak solutions based on a partial boundary value condition has
been studied for a long time, relevant literature can be referred to [4, 22, 28, 29, 31-37].

2 The definitions of weak solution and the main results
We assume that r(x) € C(Q),

1<r <r(x), Vxe&,

and quote some function spaces with variable exponents.
1. L'®(Q) space

L'9(Q) = {u : u is a measurable real-valued function, / |u(x)|r(x) dx < oo}
Q
is equipped with the Luxemburg norm

ot oy = inf{k ~o:
Q

which is a separable, uniformly convex Banach space.
2. WH®(Q) space

u(x) |

dx < 1},

WO(Q) = {u e L'™(Q): |Vu| € L'™(Q)}
is endowed with the norm
letll e = lll oy + I VUl poo )y Y € WHE(Q).

3. Wol’r(x)(Q) is the closure of C°(2) in W®(Q).
Let us recall some properties of the function spaces W ®(Q) according to [18, 24].

Lemma 2.1 (i) The spaces (L"™(Q), || - [l rw1y)s (W), || - [y qy)> and W, L) (@)
are reflexive Banach spaces.

(ii) r(x)-Holder’s inequality. Let ri(x) and ry(x) be real functions with Vl_tC) rz(x =1 and
r1(x) > 1. Then the conjugate space of L''\®(Q) is L>™(R). For any u € L''"®*)(Q) and v €
L2@(Q), there is

/ uvdx
Q

=< 2||u||LV1(x)(Q)||V||L72(x)(g)~

(iii)
Ifllull o) = 1, then / |ul™™ dx =1,
If ooy > 1, then |ul), f " dx < ||ul”

If lull ooy < 1, then IIMIIU, / |l dox < J|ull; ¢

Page 3 of 19
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() If ri(x) < rox), then
L9(Q) > L?9(Q).

W) If r1(x) < ra(x), then
win(Q) — win(Q).

Besides this trivial embedding, it would be useful to know finer estimates of the type of
Sobolev inequality.

(vi) r(x)-Poincaré inequality. If r(x) € C(2), then there is a constant C > 0 such that
l2all 0 ) < CUIVUl gy Vi € Wy ().
This implies that |V u| ) (Q) and |u| 1. q) are equivalent norms of W&’M)(Q).

But Zhikov [38] pointed out that
Wy () # {v e Wy ™(Q) | vlse = 0} = WD (),

unless r(x) € Ciog(2). Here, r(x) € Cioo(€2) means that r(x) is a logarithmic Hélder conti-
nuity function, i.e,, it satisfies

1
r(x) - r@)| < o(lx-yl), V¥x,y€Qrlx-yl< >
where w(s) is with the property
_ 1
lim w(s) ln<—> =C<oo.
s—0* N
Let p(x) be the Friedrichs mollifying kernel

i
p(x) _ k eXp( 17\96\2 )’ |x| < 1’
0, ¥l =1,

where k is a constant such that [y p(x)dx = 1. Denote that p,(x) = E’N,o(’g‘). For f €
Wol i (x)(Q), denote that

Je®) =f * pe = /RNf(y)pg(y —x)dy.
Lemma 2.2 Let Q' CC Q. Ifr(x) € Ciog(R), then for every f € L"®(Q),

Hfs”y(x)(g/) =< C(”f”y(x)(m + Hf”Ll(Q)),

If —fell ooy = 0, ase— 0.

Lemma 2.3 Ifr(x) € Cios(S2), then the set Ci°(2) is dense in \/OVL’(")(Q).
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These two lemmas can be found in [2]. Certainly, for a constant p > 1, it is well known
that, if u € LP(Q2), then p, * u € L?(2) and

llot — pe * |l o) = 0, ase— 0.
Let us give the definition of weak solution.
Definition 2.4 [f0 < u(x,t) € L*°(Qr) satisfies
ur € L(Qr),  b@)IVul"™ e LNQr), ueL'(0,T; Wy"™(Q)),

and for any function ¢ € L*°(0, T; Wol’p(x)(Q)) NL*(0, T; Wl'q(x)(ﬂ)),

loc
S
/ / [ugp +|VulfY2vuve + b(x)|Vu|q(x)_2VuV<p] dxdt=0, V1,s€[0,T], (2.1)
T JQ

then u(x,t) is said to be a weak solution of equation (1.1) with the initial value (1.2), pro-
vided that

lim/ u(x,t)q)(x)dx:/ uo(x)p(x)dx, Vo(x) € C3C(L). (2.2)
t—0 Q Q

Throughout this paper, we assume that g(x), p(x) both are logarithmic Holder continu-

ous functions and satisfy

qx)=q =p" = px)=p~ > 1. (2.3)
The main results are the following theorems.

Theorem 2.5 If p(x) and q(x) are C(Q) functions, q(x) > q~ > 2,

2N 4p~
- S 4
N+2§p Sp(x)fq(x)<p(x)+2N+p_(N+2) (2.4)
and 0 < uy(x) € L>°(S2) satisfies
b@)| Vo1 € LNQ),  uolx) € Wot (), (2.5)

then equation (1.1) with the initial boundary values (1.2)—(1.3) has a solution u(x, t).
Theorem 2.6 If u(x,t) and v(x,t) are two weak solutions with the same homogeneous

boundary value (1.3) and with different initial values uo(x), vo(x) respectively, then there
holds

/ |u(x, t) — v(x, t)| dx < c/ |u0(x) - vo(x)| dx, Vte[0,T). (2.6)
Q Q
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The unusual thing is that, since b(x) satisfies (1.4), the stability of weak solutions can be
proved under a partial boundary value condition (1.8) in which ¥; has the form

b px)
m Z0 } . (2.7)

For example, d(x) = dist(x, 9€2), b(x) = d°,

¥ = {xeaﬂzb(x)

p(x)
— |avd|p(x) 4oPW) |a|10(x)d06*p(x)’ x€0Q,

P 5

thus, when « > p*, ¥; = ¢; when o < p~, X¥; = 9Q is the entire boundary. Moreover, if
there is a subset X1; C 92 such that p(x) = o,x € X131, and p(x) < @,x € 92 \ X3, then the
partial boundary appearing in (1.8)

ZI:Ellz{xeaQ:p(x):a}

is just a part of 9€2.
We denote that

Qn:{xeﬂzb(x)>n}.

Theorem 2.7 Let u(x,t) and v(x, t) be two solutions of equation (1.1) with the initial values
uo(x) and vo(x) respectively, with the same partial boundary value condition (1.8) and ¥,
given by (2.7). If

1
2

l( / b(x)|w;(x)|”(x)dx>” < (2.8)
n\Ja\e,

then the stability of (2.6) is true.

3 The proof of Theorem 2.5
Let g(x) > g~ > p* > p(x). Consider the following regularized problem:

(x)-2
e = div((b(x) + &) (| Vute|* + ¢) . Vi + Vi P92Vu,),  (x,8) € Qr, (3.1)
us(x,6) =0, (x,0)elr, (3.2)
us(xr 0) = u()é‘(x)! X € Q’ (33)

where u, € C3°(2) and (b(x) + &)| Ve |7¥ e L'(R2) are uniformly bounded, and u, con-
verges to ug in Wo® () and [luos ()l < lluto(®) 2%

If p(x) and g(x) are with logarithmic Holder continuous property, similar to [1, 3, 19,
23], by constructing suitable function spaces and applying Galerkin’s method, we can
prove that there is a weak solution to problem (3.1)—(3.3), u, € L? (0, T; W&’p(")(ﬁ)) N
LT (0, T; Wy "™(2)), which satisfies

It | 200 Qq) < c1- (3.4)

In what follows, we shall show that the constant ¢; in (3.4) is independent of ¢.
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Lemma 3.1 Assume that a, b, \ are positive constants, where A > % + s. Define

eAs—l s> 0,
p(s) = (3.5)
M+l s<0.

Then the following properties hold:
1. For any s € R, we have

lp(s)] = Alsl,  ag/(s) - blo(s)| = ‘2—’&'5‘. (3.6)

2. For any s > d, there hold constants d > 0, M > 1, we have

s\1¥ s\12
¢/(S)§)»M|:(0(—)] , @(s) SM[¢(—):| . (3.7)
P P

3. Let ®(s) = fos (o)do. Forany s > 0, if p~ > 2, there holds constant c* > 0, we have

®(s) > c* [(p (i):r_. (3.8)
r

If1<p~ <2, then there exist d > 0 and ¢* = ¢*(p~, d) such that

()=o), Vs>d,

(3.9)
D(s) > c*[<p(;—,)]2, YO <s<d.
We introduce a function space
V={ver” (0,T;W," () : IVv| € L"(Qr)},
endowed with the norm |lully = |Vulpwg,) or equivalent norm |[lully =
|u| 1 0.1 Wi ) + |Vl p o,y and the equivalence follows from the p(x)-Poincare in-

equality. Then V is a separable and reflexive Banach space. We denote by V* its dual
space.

Lemma 3.2 Assume that 7 : R — R is a piecewise function in C' satisfying 7 (0) = 0, and
out of a bicompact set w' = 0. Let I1(s) = [y n (o) do.Ifu € V and u, € V* + L'(Qr), we have

T
/0 (e, 7 ()t - = (e, ”(”)>v*+L1(QT),VmL°O(QT)

:fQH(u(T)) dx—fQI"I(u(O)) dx.

(3.10)

Lemmas 3.1 and 3.2 can be found in [25].

Lemma 3.3 Assume that u, € V N L*(Qr) is a weak solution of (3.1), then there is a con-
stant c (independent of ¢ ) that depends on p~,N, T Q, let

l£s | Lo (Qp) < lltollLoo(e) + €.

Page 7 of 19
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Proof In the proof, we simply denote that u, = u. If k is a real number and ||ug|| () < &,

function (3.5) is defined in ¢. Define

u-k, u>k,
Giw)=3u+k, u<-k,
0, lu| < k.

We can see u € V N L*®(Qr), so ¢(Gk(u)) € V N L>®(Qr7). So, for any t € [0, T], we can

choose v = ¢(Gr(u)) xj0,r] as a test function (where y, is an eigenfunction on the set A ).

At the same time, we know that vy, = xjo.-x{|#| > k}¢' (G (4))uy,, and Vv = xjo..x{lul >

k)¢’ (Gi(u))Vu, so we have

fo (ut, go(Gk(u)))dt
q(x)-2

’ b 2 2 2
+/0 /Q[( (x)+8)(|Vu| +8) |Vu|
+ |Vu|p(")](p/(Gk(u))X{|u| >k} dxdt

=0.

Let Ax(t) = {x € Q2: |u(x, t)| > k} depend on k, we have

‘/(ut,go(Gk(u)))dt:/ <I>(Gk(u))(r)dx—/ <I>(Gk(u0))dx
0 Q Q

:/ QD(Gk(u))(t)dx—/ dJ(Gk(uo)) dx
Ax(r)

Ag(0)

= / CD(Gk(u))(t) dx.
A ()

Substituting (3.12) into (3.11), we can deduce that

/ (Gi(w))(r) dx + / / |VulP¥g' dxdt
Ay(t) 0 JA®)

< / (G(w))(r)dx
Ak(7)

q(x)-2

which implies

f Q(Gk(u))(t) dx=0, Vtel0,T),
Ax(r)

so the measure ©(Ax(7)) =0, and the conclusion follows naturally.

+// [(b@) +e)(IVul> + &) 7 [Vul® +|VulP™]y’ dxdt
0 Jaxe
0

(3.11)

(3.12)

(3.13)

Page 8 of 19
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Lemma 3.3 implies that one can choose a subsequence of u, (we still denote it as u,)
such that

ue — *u, weakly star in L*(Qr), (3.14)

where u(x, t) € L*°(Qr). Now, we can show that u(x, £) is a weak solution of equation (1.1)

with the initial value (1.2) in the sense of Definition 2.4.

Proof of Theorem 2.5 First, for any ¢ € [0, T), we multiply (3.1) by #, to obtain

1
5_/ uidx+// [qu5|p(x)_2Vu£Vu8
Q Qr

(x)-2
+ (b(x)+s)(|Vu€|2+8)q 7 | Vu, || dxdt (3.15)
1
= —/ u%s dx,
2 Ja
and so we have
f f |V, P9 dx dt < c, (3.16)
Qr
// (b(x) + e)IVu5|q(")
o (3.17)
q(x)-2
5// (b(x) + &) (IVus|* + ) 7 |Vu|*dxdt <c.
Qr
Secondly, by condition (2.4),
2N _ ip~
<p < < S
Nog =P SpW=ql) <plx) + WN+p(N+2)
Bogelein, Duzaar, and Marcellini [9-11] proved
et 200y < € (3.18)

where the constant c is independent of ¢.
By (3.4), (3.14), (3.16), (3.17), and (3.18), there exist a function # and two n-dimensional

— —
vectors ¢ =(¢1,...,¢n) and & =(&,...,&n) which satisfy that

px) _q)
uel®Qr), |Gl €LN0, T;LP01(Q)),  |&] €LY (0, T;L49-1(RQ)),
u, — u a.e. in Qr, and

. 2
Ue — Uy, inL7(Qr),
x)

- o)
|Vu [P92Vu — ¢, inL'(0, T;LP9-1(R)),

@)-2 =z gl AW
b(x)|Vu |"?Vu, — &, inL'(0, T; L1&-1(Q)).

Page 9 of 19
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In order to prove that u satisfies equation (2.1), we have to show that

f/ |VulP¥2vu Ve, dxdt+// b(x)| V|92V uV g, dx dt
Qr Qr

(3.19)
- -
:/ (¢ + &) -Vordxdt
Qr
for any g1 € C3(Qr).
In the first place, for any ¢ € C}(Qr), we have
qx)-2
// [uet(p + (b(x) + 8)(|Vu£|2 +e) * Vu, Vo
Qr (3.20)

+|Vu, |p(")‘2VuSV<p] dxdt =0.

Letting & — 0 in (3.20) yields

N
//Q |:2—b:<p + Z(g‘i + 5;)<pxl.j| dxdt =0. (3.21)
T -1

In the second place, let 0 < ¢ € C;°(Qr) and ¥ = 1 in suppy, v € L®(Qr), b(x)|Vv|T® ¢

LY(Qr), |VvP¥) € LY(Q7).
If we choose Y i, as the test function of equation (3.1), then

1

q(x)-2
- / Velue|? dxdt — // (b(x) + s)ug(|Vug|2 +e) * Vu, Vi dxdt
2 Qr Qr

- / / e | Vit P92V, Vi dx dt
Qr (3.22)

q(x)-2

:// w(b(x)+8)(|Vu8|2+8)T|Vu€|2dxdt+/ V| Vi, |P® dxdt
Qr Qr

> /f w(b(x) +8)|Vug|q(x) dxdt+/ V|V [P¥ dx dt.
Qr Qr
By the facts
// 1//(h(x) + s)[|Vu8|q(")_2Vu8 - |Vv|q(")_2Vv](Vus) —Vv)dxdt>0
Qr
and

/ / Y[IVu P92V, — |VyPO2Vy](Vu, — Vv)dxdt > 0,
Qr

Page 10 of 19
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from (3.22) we can deduce that
qx)-2
/ Yy |uag | dxdt—// Y+ ¢ ug |Vu8|2+8)TVu8V1pdxdt
Qr Qr
- / / U | Vit P92V, Vi dx dt
Qr
- // ¥ (b(x) + &) VYTV (i, — v) dxdt
Qr
- // w(b(x) + 8)|Vus|q(")_2Vu5Vvdxdt (3.23)
Qr
—/ VIVYPO 2oV (4, — v) dxdt
Qr

- / V| Vi P92V u, Vvdx dt
Qr

>0.
Now, since
q@)-2 -2 1 q(x)-4
(Vi +2) 2 Vi = |V 192V, + q(x)2 / (Ve +es) 2 dsVue,
0
we have
q(x gt
o// / (IVugl +8s) 2 dsVu,Vyru.)dxdt=0. (3.24)
8*} QT 0

Let ¢ — 0in (3.23). By (3.24) and using the Holder inequality, we can deduce that

1 9 —
—/ Y| u) dxdt—// u& Viyrdxdt
2JJor Qr

—
—// u¢ Viyrdxdt
Qr

- / Ub(x)| V192V (4 — v) dx dt
Qr

—/ w?Vvdxdt (3.25)
Qr

- / VIVVIPW2VV (i - v) dx dt
Qr

—
—/ Y ¢ Vvdxdt
Qr
>0.

In the third place, let ¢ = Yu in (3.21). We get

1, - -
// |:—§u o+ (¢ + E)uVy + VuW)] dxdt=0. (3.26)
Qr

Page 11 of 19
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Combining (3.25) with (3.26), we have
— -
// V[ ¢ (Vu-Vv)+ § (Vu—-Vv)|dxdt
Qr
- / / ¥ (b(x)| VY192V + VP 2Vy) (Vi — Vv) dxdt (3.27)
Qr

> 0.

At last, when we choose v = u — Ag1, A > 0, we have

//Q I/f(_g“) + E) - |V(u—)n(p1)|P(x)_2V(u—k(pl)

—b@)| V(= 2)) ) - Vg dxdt (3.28)
=0.
If » — 0, then
- -
f/ V(¢ + & —|VulP2 Vi — b(x) | VulP™>Vu) - Vo, dxdt > 0.
Qr
Simultaneously, if we choose v = u — A¢1, A <0, then A — 0 similarly yields
- -
// V(¢ + & —|VulP 2V — b(x) | VulP™?Vu) - Vo, dxdt < 0.
Qr
Thus
- -
/ / V(¢ + & —|VulP972 Vi — b(x)| Vu|1972Vy) - Vo dxdt = 0. (3.29)
Qr

Since ¥ = 1 on supp ¢;, namely we know that (3.19) is true, for any ¢; € C}(Qr), we have

/ / IVulPW=2VuVe, dxdt + / b(x)|Vu|"™2VuV ¢, dx dt
Qr Qr

(3.30)
- =
=/:/ (¢ + &) Vo dxdt.
Qr

Now, if

@2 € L%(0, T; Wy () N L2 (0, T; W4 (),
then

@2 € L'(0, T; Wy "™ (Q)) N L7(0, T; W,21()) (3.31)

is true for any given r > 1. For any given ¢ € (0, T), if we denote by €2, the compact support
set of ¢y (x, 1), for any Q, satisfying 2, CC Q1, CC ©, by (3.31), we get

@2 € L'(0, T; Wy "™ (Q)) N L7(0, T; Wy ™™ (Q1)). (3.32)
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Here, we have used the assumption that g(x) satisfies the logarithmic Holder continuity
condition, then

WHIO(Q1,) = Wo ™ (Quy).
Thus, there is a sequence @, (x, t) € C°(Qr) such that
On(,t) > @a(,1),  in L'(0, T; Wo "™ (Quy)). (3.33)

Since g(x) > p(x), using the p(x)-Holder inequality, we know

<c.

||(/7n2(xr t) Lr(o,T;W&‘p(x)(Qu)) -

By choosing a subsequence of ¢,,»(x, ) (we still denote it as @, (x, £)), we may think that
o, ) satisfies

P20 8) = 2 ),  in L7(0, T; Wo"™(9)). (3.34)
Then, by (3.30), we have
/:/ |VulP¥2VuV g, dxdt + // b(x)|Vu| "2V uV @, dx dt
Qr Qr
- =
:/ (¢ + &) -Vopdxdt.
Qr
Letting n — oo, we get

/ / IVulP¥2VuV g, dxdt + / b(x)|Vu| 192V uV g, dx dt
Qr Qr (3.35)
- -
=/ (¢ + &) -Voydxdt
Qr

for any @, € L"(0, T; W, *™(Q)) N L7(0, T; W22 ().
As for the initial value, (2.3) can be showed as in [1], the proof of Theorem 2.5 ends. [

4 The stability of weak solutions
For small 5 > 0, we define

S
S,(s) = / hy,(t)dr,
0
where /1,(s) = %(1 - 'in‘)ﬂ and it is clear that
nlirg+ sS, (s) = %12}) shy(s) =0,
lim S, (s) = sgn(s),
n—0*

where sgn(s) is the sign function.
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Proof of Theorem 2.6 By Definition 2.4, for any
@ € L%(0, T; W, "™(@)) N L= (0, T; W,1¥(Q)),

there holds

// [utgo +|VulfY2Vuve + b(x)|Vu|q(x)‘2Vquo] dxdt =0,
t

where Q; = Q x (0, ).
Thus, if we choose S, (1 — v) as the test function, then we have

8 _
fot S, (u—v) (”at ")

=- f/ [qu|p(x)’2Vu - |Vv|1"(")’2Vv]V(u = V)hy(u—-v)dxdt
t

- / / b()[ IVl ™2V — | V|12V ]V (1 — v)hy (u - v) dx dt

t

<0.

Since u;, v, € L*(Qr), we have

o(u—-v)

. d
nll)rng/QSn(a(u)—a(v)) o7 dx:EIIM—vHU(Q).

Let 7 — 0* in (4.2). Then, by (4.3), we have

t
0

d
Vit =t s [ o) = vo = [ 5 =i oy e <0

)
/ |u(x, t) —v(x, t)| dx < c/ ‘uo(x) - vo(x)‘ dx, Vte[0,T).
Q Q
Theorem 2.6 is proved.

5 The partial boundary value condition

(4.1)

(4.2)

Proof of Theorem 2.7 1f u(x,t) and v(x, t) are two weak solutions of equation (1.1) with the

partial homogeneous boundary value condition

ulx,t) =vix,t)=0, (x,t)eX x[0,T),X;= {x €02 : b(x)

and with the different initial values u(x,0) and v(x, 0) respectively.

For small n > 0, let

Qn:{xGQ:b(x)>n}

b(x)

(5.1)
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and
1 ifxeQ,,
¢, (x) = W) (5.2)
22 ifxe Q\ Q.
1
Then V¢, = Y54 whenx € 2\ Q,, and in the other place, it is identically zero.
Choosing (i),7 (1 — ) as the test function, we have
)
¢,75 (u - dxdt
+ / f [|Vu|~”(x)_2Vu - |Vv|p(")_2VV]V(u -V, (u —v)p, (x) dxdt
T JQ
+ / / b@)[IVu| ™2V — |VV[192V ]V (1 — v)hyy (1 — v) by (x) dx it
t Ja (5.3)
+ f / [IVulPO=2Vy — |VyPO2Vy] Ve, (x)S, (4 - v) dx dt
/ / |VM|Q(" 2V - |Vvlq(")’2Vv]V¢,,(x)Sn(u —v)dxdt
In the first place, following [9, Lemma 3.1] we find
( )
hm (1),, (%), (u - dxdt
(5.4)
= / lu—v|(x,s)dx — / |lu—v|(x,t)dx
Q Q
In the second place, it is easy to see that
s
/ / [IVulP=2V i — |V PO 20|V (i~ v)hy (1 — v), () dx dt > 0 (5.5)
T JQ
and
/ / b(x) |Vu|q(x) 2Vu — | V|- 2Vv]V(u V), (u - v)g,(x) dxdt > 0. (5.6)

In the third place, to evaluate the third term on the left-hand side of (5.3), in consideration

of (5.2), by a straightforward calculation we obtain

/ [IVulPO=2Vy — |VyPO2Vy] Ve, (x)S, (u - v) dxdtl
T JQ

[IVulf®2Vy — |VyPO-2Vy]| Ve, (x)S, (u - v) dx dt}
Q\Qy,

5/ / (IVuP@=1 4 | Vyp@-1)|S, (u - v)Ve,| dxdt
Q\2y

Page 150f 19
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1
Sn(”—v)("i_

s px)-1
5/ / [@] e (|Vu|”(x)‘1 + |Vv|p(x)—1)
T Jaoe,L 7
1
s 1 n
5( / / —b(x)(|Vu|P<x)+|Vv|1’<">)dxdt)
T Jae, 1
1
§ 1 ) VD) P px) )17_1
X - -v) 7dxdt
(/; /5‘2\977 n | [b(x)]p0-1
1
S a1
< c(/ / (|Vu|p(x) + |VV|p(x)) dxdt)
r Ja\Q,
1
1 s |VBPE >p_1
X - -v) 7dx ,
(/r 77/9\9,7| | [b(x)]P)

where p; = p* or p~ according to (iii) of Lemma 2.2, g(x) =
If we denote ¥, = 92\ X; and define

(5.7)

=q"orq .

Q= {x € Q\ Q, : dist(x, X3) > dist(x, 21)},

an = {x e\ Qﬂ : dist(x, X)) < dist(x, 21)},

then

p(x)
l/ | )|P) |Vb| dx

\Q, [b(x)]7

1 o |VDPE
S’?/Q,ﬂ| ud [bx)]P(" e (5.8)

1 o) [VOP®
- o
+nﬁm| I e 4

Since

ulx,t) =vix,t) =0, (x¢t)€X; x(0,7),

we have

o1 %) |Vb|P p()
lim — P DT
ni%n/gz [Sa = ey %

o |VBPW (5.9)
. |sgn(u —v)| BPoT

=0.
Moreover, by using the identity

|Vb|P)

Gyt >
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we derive that

1 w Vb
lim — Sy(u—-v) P ——
n—o0 1 Q,,J ! | [b(x)]P@)-1

-1 1 |Vb|1’(")

m — ——— ax
Tamoon Jo, [b(x)PH-1 (5.10)
|V b|P&)
=| ———dx
/zz [b(x)]p-1
=0.
From (5.7)—(5.10), we obtain

lim / f [|Vu|p(")2Vu—|Vv|p(x)ZVV]VQ),,(x)S,,(u—v)dxdt‘=O. (5.11)
nm=OJc Ja

In the fourth place, to evaluate the fourth term on the left-hand side of (5.3), by a direct

calculation, we have

/ f b)[IVu| ™2V — |Vv[192Vy ]V, ()S, (1 — v) dxdt‘
T JQ

s
/ / b(x)[|Vu|q(x)’2Vu - |Vv|q(")_2Vv]V¢,7(x)S"(u -v) dxdt‘
 Jae,

5]
5/ —/ b(x)(IVu| ™ + | Vy|91) | VS, (1 — v)| dx dt
r NJa\g,

1
< c/ (/ b(x)(|Vu|q(x) + |Vv|q(x)) dx) !
r \Ja\g,

1 o
X — ( / b(x)|Vb[PW dx) dt.
n\Ja\e,

By (2.8), we have

lim
n—0

/ / b()[| V|12V — V|12V ]|V, (%)S, (u - v) dx dt' =0. (5.12)
 Jae,
By the above discussion, letting n — 0 in (5.3), we find there is a constant / < 1 such that

s !
‘/Q|u(x,s)—v(x,s)|dx§/Qiu(x,T)—v(x,t)|dx+c(/r /Qlu—vldxdt>. (5.13)

Using a generalization of the Gronwall inequality [34], we easily extrapolate that

/|u(x,s)—v(x,s)|dx§c/|u(x,r)—v(x,r)|dx.
Q Q

and by the arbitrariness of 7, we have

/|u(x,s)—v(x,s)|dx§c/|u0(x)—vo(x)|dx. O
Q Q
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