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1 Introduction

The development of the theory of time scales was initiated by Hilger in 1988 as a theory ef-
ficient to contain both difference and differential calculus in a steady approach. The books
of Bohner and Peterson [8, 9] related to time scales are compact and resolve a lot of time
scales calculus. This theory allows one to get some insight into and right understanding
of the precise differences between discrete and continuous systems.

In the past years, new developments in the theory and applications of dynamic deriva-
tives on time scales have emerged. Many results from the continuous case are carried over
to the discrete one very easily, but some seem to be completely different. The study on
time scales comes to reveal such discrepancies and to make us understand the difference
between the two cases. The results in time scale calculus are unified and extended. This
hybrid theory is also extensively used on dynamic inequalities.

Various linear and nonlinear integral inequalities on time scales have been established
by many authors [3, 4, 32, 35].

Quantum calculus or g-calculus is usually called calculus without limits. In 1910, Jack-
son [18] described g-analogue of derivative and integral operator along with their applica-
tions. He was the first to establish g-calculus in an organized form. It is important to note
that quantum integral inequalities are more significant and constructive than their clas-
sical counterparts. It has been primarily for the reason that quantum integral inequalities
can interpret the hereditary properties of the fact and technique under consideration.

Recently, there has been a rapid development in g-calculus. Consequently, new general-
izations of the classical approach of quantum calculus have been proposed and analyzed
in various literature works, see [10, 17, 27, 44] and the references therein. The concepts
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of quantum calculus on finite intervals were given by Tariboon and Ntouyas [37, 38], and
they obtained certain g-analogues of classical mathematical objects, which motivated nu-
merous researchers to explore the subject in detail. Subsequently, several new results re-
lated to quantum counterpart of classical mathematical results have been established, see
(7, 29, 34].

Divergence measure is the measure of distance between two probability distributions.
The idea of divergence measure is used to solve a variety of problems in probability theory.
In the literature, several types of divergence measures exist that compare two probability
distributions and are used in statistics and information theory. Information and diver-
gence measure are very useful and play a vital part in various areas, namely sensor net-
works [24], testing the order in a Markov chain [26], finance [33], economics [39], and ap-
proximation of probability distributions [14]. Shannon entropy and the related measures
are often used in different fields such as information theory, molecular ecology, popula-
tion genetics, statistical physics, and dynamical systems (see [13, 25]). Kullback-Leibler
divergence is one of the best known among information divergences. The well-known di-
vergence measure is used in information theory, mathematical statistics, and signal pro-
cessing (see [42]). Jeffreys distance and triangular discrimination have many applications
in statistics, information theory, and pattern recognition (see [23, 40, 41]).

Recently, various types of bounds on the distance, divergence, and information measures
have been obtained (see [2, 6, 12, 15, 19, 22, 36] and the references therein). In [1], Adeel et
al. generalized Levinson’s inequality for 3-convex function by using two Green functions.
Moreover, the obtained results are applied to information theory via f-divergence, Rényi
divergence, and Shannon entropy. In [21], Khan et al. introduced a new functional based
on a classical f-divergence functional and obtained some estimates for the new function-
als, the f-divergence, and Rényi divergence. In [11], Butt et al. established new refinements
of Popoviciu’s inequality for higher order convex functions utilizing Abel-Gontscharoff
interpolation in combination with new Green functions. New inequalities are obtained
for n-convex functions. They also gave applications in information theory by finding new
estimates for relative, Shannon, and Zipf—-Mandelbrot entropies.

Motivated by the above discussion, we generalize an inequality involving Csiszdr diver-
gence on time scales for n-convex functions by using the Green function along with Fink’s
identity. In addition, we estimate Kullback—Leibler divergence, differential entropy, Shan-
non entropy, Jeffreys distance, and triangular discrimination on time scales by using the
obtained results.

2 Preliminaries
Throughout this paper, assume that T is a time scale, 4,b € T with a < b. The following
definitions and results are given in [8].

For ¢ € T, the forward jump operator o : T — T is defined as follows:
o()=inf{reT:A>¢}.
A function g: T — R is known as right-dense continuous (rd-continuous), provided it

is continuous at right-dense points in T and its left-sided limit exists (finite) at left-dense

points in T. The set of all rd-continuous functions will be denoted in this paper by C,,. T*
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is defined as follows:

¢ T\(p(supT),supT] if supT < oo,
T if supT = 0.

Suppose that g : T — R and ¢ € T*. Delta derivative g*(¢) is defined to be the number
(provided it exists) if for each € > 0 there exists a neighborhood U of ¢ such that

2(0(2)) —g) —g*(©)(0(§) - 1)| < €|o (@) - 2]

holds for all A € U. Then g is said to be delta differentiable at ¢.
For T = R, g2 is the usual derivative g/, and g turns into the forward difference operator
Ag(C)=g(C+1)—g(¢) for T=Z.If T = g% = {q" : n € Z}| {0}, the so-called g-difference

operator g > 1,

g(qs) —g(¢)

g(i) —g(0)
(g-1)¢ A

A _ A — N
g ()= , g80)=lim

Theorem A (Existence of antiderivatives) Every rd-continuous function has an an-
tiderivative. If xo € T, then F defined by

FQ)= [ fac forwe

is an antiderivative of f.

For T = R, we obtain [ f(¢)AL = [P f(¢)d¢, andif T = N, then [ £(£)A¢ = Y22 £(0),
where a,b € T with a < b.

3 Improvement of the inequality involving Csiszar divergence
Assume T to be a time scale and consider the set of all probability densities on T to be

b
Q= {p|p: [a,b]T — [O, oo),/ px)Ax < 1}.

Let ¢1, ¢ € R, where &) < &3. Consider the Green function G: [¢1,&] X [¢1, 8] — R de-

fined by
C=0)6=8)  for ¢y <
1=S <X,
G(x,s) = (3_52)_(?_ ) ¢ (1)
# forx <s <o,

where G is convex and continuous corresponding to both x and s. It is notable that (see
for example [20, 28, 30, 43]) any function ¥ € C2([¢, &), R) can be written as

W(x) =

H—x x-4 /‘2 p
7 1\ G(x,5)W" (s) ds, 2
s (61) + s (&) + ; (%, 5)W"(s) s )

where G(x, s) is defined in (1).
In [5], Ansari et al. proved the following inequality.
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Theorem B Let ¥ : [0,00) — R be a convex function on the interval [¢1,§,] C [0,00) and
<1< Ifp1,pr € Qwith 1 < pl(y) < forally €T, then

()’)) H-1 1-4
/ﬂ z(y>w< )= e s ) 3)

Motivated by inequality (3), we initiate with the following result.

Theorem 1 Under the assumptions of Theorem B with fab p1(y)Ay = fab p2(y)Ay =1, then
(3) and (4) are equivalent

p1(y) {o—
-/a Z(y)G< ()’ )Ay< ;1G(§1,s)+§2

where G(-,s) is defined in (1) and s € ({1, {;]. Moreover, if we reverse the inequality in both
(3) and (4), then again (3) and (4) are equivalent.

gl G({Z: S), (4)
&

Proof Let (3) be valid. Since the function G(,s)(s € [¢1,¢2]) is continuous and convex,

therefore (4) holds.
Let (4) be valid. Let W € C*([¢1, 2], R). Then, by using (2), one can get
b2~ /” (m(y))
§2_ w(sr) + g“ &)= p2Wy) o)
H-116-0 L-a /‘52 , ]
= v G(81,9)V"(s)d
§2—§1[C2—§1 (§1)+§2—C1 )+ o (61, )W () ds
1-01 |60 -0 /‘52 B ]
v v G(£,5) V" (s) d.
+C2—C1|:Cz—§1 (§1)+§2—§1 G+ o (62,5) 7 (s) ds
SN K o
2V nYy "y
[ 0| 2w+ 2w
+/ 2G(P1()’ ,S>q/’(s)ds:|Ay' (5)
a  \p20)

Utilize Fubini’s theorem with fab p1(y)Ay = fab p2(y) Ay =1 in (5) to obtain

& - 1-4 B b pl()/))
-0 V) + §2—§1\Ij(§2) /am(y)qj(Pz()’) £y

et 1-4 ”
- G, N
/{1 |:§2 -0 (61,5) + Gh-0 (&2 S)] (s)ds

_ £ ” b pl(y) ) :|
/{1 7 (s)|:/a pz(y)G<p2(y),s Ay | ds.

For all s € [¢3, &3], if the function W is convex, then W”(s) > 0, and thus for every convex
function W € C2([¢1, £»], R) inequality (3) holds. One can prove the last part of the theorem

analogously. O

Remark 1 Under the assumptions of Theorem 1, the following two statements are equiv-

alent:

Page 4 of 17
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(c}) If the function W € C([¢1,£2], R) is concave, then the reverse inequality in (3) holds.
(cy) Forall s € [¢1, 2], the reverse inequality in (4) holds.
In addition, if we reverse the inequality in both statements (c}) and (c}), then again (c})

and (c}) are equivalent.

Theorem 2 Assume the conditions of Theorem 1, we define the following functional:

~ . 521 I-4 [’ Pl()’)>
J1(V) == 4_2_{1‘1’(51“ Q_gl‘l’(é“z) /a Pz()’)‘l’(pz(y) Ay (6)

if the inequality in (4) holds for all s € {1, ¢2].

Remark 2 Suppose that all the assumptions of Theorem 2 hold. If W is continuous and

convex, then J;(¥) > 0.
The following theorem is proved by Fink in [16].

Theorem 3 Letf :[¢1,5) — R, n> 1, and f*V is absolutely continuous on (1, ¢5], where
’1,82 € R. Then

n ¢} d
fw = i f(e)de
_ S <” - W) <f(“’1)(§1)(x — )" = () (x - ;2)”’)
w=1 w! -0
! “ n-1yyrl¢1,¢2] (n)
TG ), OO @
where

Wl (¢ ) = {(t—fl)» O t<x <10y, ©

(t-0), G <x<t<i.

4 Interpolation of the functional involving Csiszar divergence by Fink’s identity
Theorem 4 Assume n € Z* and the function V : [{1, 8] — R with w-1) o absolutely
continuous and §; <1 <& If p1,p2 € Qwith §; < 2—8’; <& forall y € T, then we have the
following new identity:

C(n=2)(V' (&) - V() [

N(Yx) = s 31(G(5)) ds
- st
1 & Sin-w-2
31(G(, A
’ H-4 ./;1 dl( ( SD;( w! )
(w+1) _ w_ gy w+l) _ w 1
x (WD (6)(s - ¢)" = W) (s — £2)") ds + 3G 1)
9] 2
x / \IJ(”)(t)( / { 31(6(.,5))(s—t)"-3W[¢lv¢21(t,s)ds> dt, 9)
st s}
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where
. -1 1-4 /” (pl(y))

)\ = )\ \J - )\ Ay, 10
J1(V(x) s (61) + s (¢2) ) p2(y) 70) y (10
~ -1 1-4 / (Pl ») )

G(-,s)) = G(¢q, ,S ,S | Ay. 11
31(G(9)) s (&1 S)+§2_{1 G(&2,8) p2(y) 20) s)Ay (11)

Proof Use (2) in (6) and the linearity of J1(-) to obtain
9}
1) - [ a(669) Y6 12)
5]
Replacing n with n — 2 in (7), one gets
W(s) = (n=2)(¥'(&2) = ¥'(¢1))
H-40
_ ZB(" - 2> (w<w+l>(m<x— 61" = WO (gy) - g)W)
w=1 w! §2 - Cl
1
_— £)" Wl @, ) wi(p) dt. 13
(n o) )., (S ) (£, )W () (13)
Use (13) in (12) and rearrange the indices to have
—2)(¥’ -
-0 a
n-3
n-w-2\ [2_
+ Z_;( o ) /gl 31(G(,9)
(‘I’(W+1)(€1)(9€—§1)W—‘I‘(W+1)(§2)(x—§2)w> 1
X ds+ ——
-0 (n=3)&—-41)
Is s
X / 2 31(G(-9)) ( / 2(5 — 3wkl w (g dt) ds. (14)
s s}
Utilize Fubini’s theorem on the last term of (14) to obtain (9). O

Example1 Choose T = R in Theorem 4, to get the same result as one can obtain from [15,
(2.1)] by utilizing (1) and (7).

Example?2 Put T = hZ (h > 0) in Theorem 4 to obtain a new identity in /-discrete calculus

with the following values:

b

31(‘1/(96)):;2 3 W(51) + C (2)—2172(11’1)1’1‘1’(

)

Page 6 of 17



Ansari et al. Advances in Difference Equations (2021) 2021:394 Page 7 of 17

and
& - (jh)
~ _ , pP1
3609 = - ; s>+ G(gz,s) }%Z:Pz(lh)hG<p2(jh),s).

Remark 3 Choose i = 1 in Example 2. Suppose that a = 0,b = 1, p,(j) = (p1);, and p,(j) =

(p2); to get a new identity in the discrete case with the following values:

_h-1 (101),>
;}1(\11(96)) “n-n v(¢1) + Z(PZ)/ ((192);
and
31(G('rs)) 52—5 G(§1,5)+C G(Cz,S) Z(Pz); <glil )

Example3 Use T = 4"° (g>1),a = ¢', and b = g" with [ < n in Theorem 4 to obtain a new

identity in g-calculus with the following values:

(W) = 2w+ - nzlr/“pz(:/)W(”l‘q’» (15)
2— 01 p p(d)
and
N 1- — (pl(q))
3(69) = -Gl + — ]ZOq/ po(d)G\ s )

As a result of the earlier obtained identities, the following theorem yields sublime gener-
alization of inequalities involving Csiszar divergence on time scales for n-convex (1 > 3)

functions.

Theorem 5 Assume the conditions of Theorem 4. Also suppose that \V is an n-convex func-

tion with W=V is absolutely continuous. If

9]
/ J1(GC,9) s - Wt 5)ds > 0, te (21,0, (16)
s

1

then

(n=2)(V'(&2) — V(1)
H -0 a

§2i§1./ 9 2?( )

x (WD) - 00)” = WD ()5 - 2)") ds. (17)

J(¥@) =
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Proof Since WY is absolutely continuous on [¢1, ¢,], therefore W exists almost every-
where. Given that W is z-convex, hence for all x € [¢1, £3] we have W) (x) > 0 (see [31, p.

16]). Thus use Theorem 4 to get the required result. d

Theorem 6 Suppose that all the assumptions of Theorem 4 hold. Let ¥ € C"[{y, £o] be such
that W is absolutely continuous. Moreover, for the functional J,(-) given in (6), we get
the following:

(¢) Inequality (17) holds provided that n is even and (n > 4).

(ii) Let inequality (17) be satisfied and

n—

(H_Twl_z) (WD) = )" = WD (5)(s - 1)) ds = 0 a8

w=1

forallse[t1,8]. Then
(W) = 0. (19)

Proof 1t is obvious that the Green function G(-,s) given in (1) is convex. Therefore, by
applying Theorem 2 and by using Remark 2, one has J, G(-,s) > 0.

(i) Whkrel(t,x) > 0 for n = 4,6,..., so (16) holds. As W is n-convex, hence by utilizing
Theorem 5, one gets (17).

(i) Use (18) in (17) to get (19). O

Remark 4 Griiss, Cebys$ev, and Ostrowski-type bounds corresponding to the obtained
generalizations can also be deduced.

5 Application to information theory

Shannon entropy is the fundamental term in information theory and is often dealt with
measure of uncertainty. The random variable, entropy, is characterized regarding its prob-
ability distribution, and it can appear as a better measure of uncertainty or predictability.
The Shannon entropy allows the estimation of the normal least number of bits essential

to encode a string of symbols based on alphabet size and frequency of symbols.

5.1 Differential entropy on time scales
Consider a positive density function p on time scale to a continuous random variable X
with fab p(¢)AL =1, wherever the integral exists.

In [4], Ansari et al. defined the so-called differential entropy on a time scale by

b
0= [ plo)iog 1%:)“ (B>1). (20)

Theorem 7 Let X be a continuous random variable and p,p, € Q with §; < % <& for
allyeT.Ifniseven (n=6,8,...), then

_ 9] 9]
RO / 31(G9) ds+ / 31(G69)

ISTS IS H-6 Jy
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n-3
w (s=¢)" (s=&)"
g ;(_1) Ormw=2) [_ G G }ds’ (21)

where

~ -1 -4 b =

J1() = 42_41( log(¢1)) + Cz {1( 10g(§2))+/a p2(y) log pr(y) Ay + hy(X) (22)
and

N ¢ 1-4 B b ( 1Y) >

31(609) = 269 + =6 - [ mo6( 2 s) .

Proof It is obvious that the Green function G(-, s) given in (1) is convex, therefore by using
Remark 2, J;G(,s) > 0. Let

(=" 3(t-01), O <t<s<i,

D(s) = (s — )" B Whrel(g,5) =
(5= -0) h<s<t<o.

Consequently,

@' (s) := (n=-3)n-4)(s-t)">(t-t1), G<t<s<o,
(n=-3)n-4)(s-0)">(t-), L<s<t=<h.

Since @ is n-convex for even n, where n > 4, (16) holds for even values of # > 6. The
function W(x) = —logx is n-convex n = 6,8,.... Use W(x) = —logx in Theorem 5 to get
(21), where ;1;,(X) is given in (20). O

Example4 Choose T = R in Theorem 7 to have a new inequality with the following values:

N -1 - b
3100 = 22 (Clog(en) + 7 (~log(e) + [ p20)logm () dy + (X),
H-4 -0 a
where
b 1
h;, = d
500 ] PNz — s dy
and
~ _ & — 1-4 y214); )d
JI(G(rS)) ;2_§1 (;1:) 6 -0 (§2! pr(y ( 0’) Y-

Example 5 Choose T = hZ,h > 0 in Theorem 7 to get a new inequality for the Shannon

entropy in s-discrete calculus with the following values:

SN
|
—

H-1
H-40

5L (Clog(g) + 3 paliih log[p: k] + §

1
1) = s

(—log(t1)) +

a
h

~.
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where
% 1
5=Z;Pz(lh)h log (/h)h
=5
and
b
- &H-1 1-4 . p1(ih) )
G(., = G(¢q, G(o,8) — hh G ;8.
31(G(-9) a— @ s)+§2_ o (2,5) ;pz(i) <p2(jh)s
“h

Remark 5 Choose /1 = 1 in Example 5. Suppose that a = 0, b = n, p:1(j) = (p1);, and pa(j) =
(p2); to get a new inequality involving the discrete Shannon entropy with the following

values:
310= 27 Clog(a) + 275 (Clog()) + 3 (o), loglpn) + 5
&=t &=t &
where
S:= Z(pz)] log(p)
and

-1 1-
31(G(9) = 522— & o 9 _?1 Glts) Z(m)] <(P )’ )

Example 6 Choose T = ¢™0(g > 1),a = ¢', and b = g" with [ < n in Theorem 7 to obtain a
new inequality for the Shannon entropy in g-calculus with the following values:

-1

1) = ;j_ ¢, (~log(n) + ifl ~log(£2)) + Zq’“pz log[p1(@')] + Sy
where

S .= Jj+1 :

“ Z" pald) log s

and

~ H-1 - = i ; (@)

91(69) = H-0 R & Gles) - Zq] »(d) G(Pz(qj)’s)'

J=l

5.2 Kullback-Leibler divergence
Kullback-Leibler divergence on time scales is defined in [5] as follows:

Dipu,p2) - / pl(g)l[ g;]Ag (23)
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Theorem 8 Let X be a continuous random variable and py,p, € Q with §; < 28 <& for

allyeT.Ifniseven (n=6,8,...), then

_ _ 9} )
By » P Bnb - Ing) / 31(Gs) ds+ / 31(G5)

6182 a H-4Jy
3 n—-w=-2\[(s=¢)" (s—2s)¥
lw— _ d, 24
LD ( W )[ & & ]S -
where
310 = 271 (@) + 275 (6 n()) - Dy, p2)
H-& H-&
and
N -1 -0 b (Pl()’) )
G') = G ) - G ) )
3(609) = £Glen9) + TGl - [ p0)6( 2 s) 8y

where D(p1, p;) is given in (23).

Proof The function W (x) = xInx is n-convex for n = 6,8, .... Use ¥(x) = xInx in Theorem
5 to get (24). O

Example7 Choose T =R in Theorem 8 to have a new inequality in classical calculus with

the following values:

310 =27 () + 275 (6 1n(6)) - D (1,2),
L -0 -0

where

P ()’)
(Y)

b
Dy (p1,p2) = / p1()In

is Kullback-Leibler divergence and

b
i s)+ 1-4 G(&2,5) —/ pz(y)G(plm,s> dy.
é-l a

JI(G("S)) ) -0 & — p2(y)

Example 8 Choose T = hZ (h > 1) in Theorem 8 to get a new inequality in /-discrete

calculus with the following values:

-4
§2 &

271 (e +

-0 (42 ln(§2)) DKL(Pl,pz),

31() =

where

s

Diz(p1,p2) : Z; p1(ik)hin p;gz;

J=n
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and

G2 —

GI(G('IS)) 4,2 —§

p1h) )

GG+ o o)

b

? Gle2r5)— Y palimh G(
1 . a
i~

Remark 6 Choose & = 1 in Example 8. Suppose that a = 0,5 = u, p1(j) = (p1);, and ps(j) =
(p2); to get a new inequality involving discrete Kullback—Leibler divergence with the fol-

lowing values:

310 =27 (@) + 275 (6 () - KL o1, pa),
L -0 -0

where

(p1);

KL(p1,p2) := Z(P )jIn
pa ")

and

31(66.9) = 225 600,9+ 1660 6 (2L5).
=, i

Example9 Choose T = ¢"(g > 1),a = ¢, and b = ¢" with [ < n in Theorem 8 to have a new
inequality involving Kullback-Leibler divergence in g-calculus with the following values:

10 = 2 5 )~ KL (01, p2),
where
KL ) S 1@
41,02 -—;61’ p1(7) @)
and
N &-1 1- () (m(q") )
G(-,s)) = G(¢q, ) —,5 ).
1(669) H-4 €9+ - Gltas Zq/ p@)”
5.3 Jeffreys distance
Jeftreys distance on time scale is defined in [5] as follows:
b p1(¢)
Dy(p1,p2) i=f (p1(2) - p2(2)) ln[ }AC' (25)
a 172(5)

Theorem 9 Let X be a continuous random variable and p1,p, € Q with § < 1’:;8 <& for

allyeT.Ifniseven (n=6,8,...), then

- (n-2)(Ing-Ingy) 1 )
J1()Z< H-40 +C1€2 / F1(GC.9))ds +

&
/ Gl(G(:S))
5]

2—61
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=3 wel [ A—W—2 w 1 w
2D ( w )[(cf““ c1>(s_§1)

w=1
where
3= 2o (41—1)1n(c1>+ ~8 (6~ 1) In(c2) - Dy (1, )
-0 -1
and
b
al(G(-,s>)=§ = P 11 = G(cz,s) / pz(y>G(Zg;,s)Ay,

where Dj(p1,p2) is given in (25).

Proof The function ¥ (x) = (x — 1) Inx is n-convex forn =6,8,.... Use ¥(x) = (x— 1) Inx in
Theorem 5 to get (26). a

Example 10 Choose T = R in Theorem 9 to have a new inequality in classical calculus

with the following values:

1—
“ D)+~ (6 - D n() - Dy, (p1,p2),
L -1

1) =

where

Pl()/)
)

Dy(p1,p2) i—/ [Pl(Y) pz(y)]ln

is Jeffreys distance and

31 (G(’S)) =

-1 1-4 b p1(») >
- 1G(§1,S)+C2—C1G(§2’8) /Pz@)G< ) dy.

Example 11 Choose T = hZ (h > 1) in Theorem 9 to get a new inequality in /4-discrete
calculus with the following values:

1- -

30 = 26 = D) + 62~ ) Inieo) = Dy (o o),

where
by

N b ih

Dy (p1p) = Iéj(pl P2 Zgh;
and

b_
31(66,9) = 2L G 9 + 27 Gg ) - (fh)hG(pl(jh) s)
! ’ Lr—0 b -0 > ? Pz(]'h)’

Page 13 of 17
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Remark7 Put h =1 in Example 11. Suppose that a = 0,b = 1, p1(j) = (p1);, and p(j) = (p2);
to get a new inequality involving discrete Jeffreys distance with the following values:

2L Ding) + 28

N = H-40 Cz &

(&2 = 1)In(¢2) - Dy, (p1,p2),

where

([71)/

Ja(p1,p2) = Z(m —-p2)jln —= )

j=1

and

GI(G('»S)) 52_§ G(;l’s) + G(?Z»S) Z(Pz)/ <((zl) )
J

Example 12 Choose T = ¢"0(g > 1),a = ¢/, and b = g" with [ < n in Theorem 9 to have a
new inequality involving Jeffreys distance in g-calculus with the following values:

310 = F 6= DIn(e) + -6~ DIntea) - Dy p1.p),
where
b S A 1 22)
)y (P p2) = ,Zz )-p(d)] s
and
. & - 1-4 — (pl(q’) )
G(, ,8) + ———G(&y, s .
31(G(»s)) = s G(g1,8) + s (¢2,5) IXl:ql p2(7)G @)

5.4 Triangular discrimination
Triangular discrimination on time scales is defined in [5] as follows:

P [p2(¢) = p1(O)1?

Dalpr.p2) = a DP28)+p1(2)

AL. (27)

Theorem 10 Let X be a continuous random variable and p1,p; € Q with {; < p‘(y <&
forallyeT.Ilfniseven (n==6,8,...), then

n—2 1 1 & 1 &
A _ .9))d 3.(G(.,
J1() > Zz—C1<(§1+1)2 (§2+1)2)/§1 31(G(9)) s+§2_z1 /{1 (G(9)

— (s-¢)"  (s-&)"
% Z: 4D w+ Dm-w- 2)[(1 Py "0 ;2)w+2] ds, (28)
where
_ _1)2 _ 12
300) = H-1(@-1) s 1-4 (&-1) Dalprp)

H-4 &a+1 H=6 &H+1

Page 14 of 17
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and

b
31(G(',5)) ;j_ §1 ({17 ) ; _i_ G({Zr ) / P2 (y)G<pl((yy; )A_)/

where DA (p1, p2) is given in (27).

Proof The function W (x) = 1) is n-convex forn =6,8,.... Use W(x) = = 11 in Theorem

5 to get (28). O

Example 13 Choose T = R in Theorem 10 to have a new inequality in classical calculus

with the following values:

-1 (;—1)2+ 1-4 (¢-1)7

Ji1(-) = -D ) )
h) =6 ¢+1  H-& ¢+1 2 prop2)
where
b [Iﬂz()’) —P1()’)]2
D, (p1,p2) = — -~ d

« Dp1(0)+pay)

is triangular discrimination and

$r—
§2—§

(;1:3) +

b
31(G(-9)) = ?IG(Q,S) /Pz()’)G<pl(y) )d)’-

p20y)’

Example 14 Choose T = hZ (h > 1) in Theorem 10 to get a new inequality in /-discrete

calculus with the following values:

H-1 (§1—1)2+ 1-4 (5 —-1)?

-D Do),
-0 &+l -0 O+l r.B1,P2)

J1() =
where

by
L pa) - )
Aele22) = 2 Gy i)

and

b

-1
H-1 1-4 . . (
G(¢q, ———@G(&y,8) — hh G
1 (¢1,8) + oG (¢2,9) }E:apz(l )

GI(G(US)) = 0—¢

pi(jh) S)
i)’ )"

Remark 8 Take h =1 in Example 14 and consider a = 0,b = n,p1(j) = (p1);, and ps(j) =
(p2); to get a new inequality involving discrete triangular discrimination with the following

values:

-1 (z;l—l)z+ 1-4 (5 —-1)

\h(')=§2_§1 G+1 H=6 &H+1

- DAa(pI’pZ))



Ansari et al. Advances in Difference Equations (2021) 2021:394 Page 16 of 17

where

(p1),)?
=3I

and

G- -4 )
(G9) = o= Glus) + o Gl - ]Z(p) ((pz) )

Example 15 Choose T = ¢™(g > 1),a = ¢', and b = ¢" with [ < n in Theorem 10 to have a

new inequality involving triangular discrimination in g-calculus with the following values:

_ H-1 (§1—1)2+ 1-4 (& -1)?
-0 a+1 -4 L+l

_DAq(p11p2)1

(p2(d) - p1 (@)
D , = +1 W2\ )~ PINY )]
(PP ;‘/ PCIRTEC)

and

1 (Glg) < S22 1 1-4 © (pl(qf))
N(GC9) = -Gl s) + - Glens) ;q’ (@) G( 55 )
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