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1 Introduction
Hahn [1, 2] introduced, for x # w/(1 — q), the quantum difference operator

flgx+w)—f(x)
(g-Dx+w

Dg,wf(x) :f(x)r D;,mf(x) :Dq;W{DZ;_wlf(x)}’ n=12,..., (1)

Dy f(x) = , q€(0,1),w>0,

where f is a function defined on an interval I of R which contains w/(1 — g). It is clear,

using L'Hopital’s rule, that

m Dyf(x) = f(L)
-q)

li
x—w/(1 1 -q

provided that the function f is differentiable at w/(1 — g) in the usual sense.

The Hahn difference operator D, unifies (in the limit) and generalizes two well-known
difference operators; namely, the quantum g-difference operator D, = D, (see [3-7]) and
the forward difference operator A, = Dy, (see [8, 9]). Included as a special case is the
discrete forward difference operator A = Dy;;. In the limit, both D, and A,, generalize
the derivative operator f’(x) = df /dx. The generalization and the limit process to these
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important operators is illustrated by the following diagram:

D, f(x) = (f(gx) —f(x))/(gx—x), x#0

% -
q—1,w—0

Dyuf®) — — = — == —— = —— ———— o > dfldx

w—0,g—1
X 0

Awfx) = (flx+w) - fx)/w, w0

A rigorous analysis of the calculus associated with the operator D, along with the con-
struction of a proper inverse of D, and the associated integral calculus can be found in
[10-12].

The Hahn operator D, is an important tool in the construction of families of orthog-
onal polynomials and several approximation problems (see, for example, [13—19]).

In 2003, Ciftci, Hall, and Saad introduced [20, 21] the asymptotic iteration method
(AIM) to solve analytically and/or approximately the second-order linear homogeneous

differential equation

¥ (%) = ho(x) ¥ (%) + so(x) y(x), ' =d/dx, )

where Ao(x) and so(x) are continuously differentiable functions. They proved that, up to

some multiplication constant, an analytic solution of this differential equation reads

o-eol [ 1)

provided that, for some 7 > 0, (so-called terminating condition)

s,,(x) _ sn—l(x)
Aa(x)  Ayo1(w)

8 (%) = Ap(%)8,-1 (%) — 5, (X)X -1 (%) = O, (4)

given the AIM-sequences, forn=0,1,2,..., as

An(®) = A3 (%) + Aoy () Ao (%) + 5,1 (%),

$n(%) = 5,1 (%) + 50(%) A1 (%), (5)

initiated with A_; = 1 and s_; = 0. This powerful and simple technique [22] proved to be
very useful in studying the eigenvalue problems in quantum mechanics. Noting that if the
analytic solutions of the linear differential equation (2) are not available, the terminating
condition (4) plays a vital role in approximating the exact solutions with high (and almost
controllable) precision [23, 24]. Ismail and Saad [25] recently shed further insight on the
AIM mathematical foundation where the reasons for its success and the possible conver-

gence failures of the iterative aspect of it were presented.
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In another study by Ismail and Saad [26], a discrete version of the AIM was presented,
dAIM, along with applications to the classical difference equations [27]. Given the second-
order linear difference equation

A% y(x) = Ao(x) A y(x) + so(x) y(x), x> x, (6)

a solution, up to some constant (periodic) function, is given by
x—1 s (l)
n-1
yx) = (1 - —) 7)
i1=_x£ )\n—l(l)

provided that, for some #n > 0,

Sn(x) _ Sp-1(%)
)\n (x) )Ln—l (x) ’

n=12,..., (8)

where

() = Ay (%) + A1 (6 + DAo(x) + 5,1 (x + 1),

$n(%) = A 81 (%) + A1 (x + 1)so (). )

Also, the quantum g-discrete version gAIM was introduced in [26]. Given a second-order
g-difference equation

Dsy(x) =ho(x) Dyy(x) + s0(x) y(x), 0<g<1, (10)

a solution, up to some constant periodic function, is given by

. 00 Sn—l(qu) -

y@) —ﬂ[”“““"k"m} h
provided that

sn®) _ su1(%) n=12,..., "

Aa(x)  Auo1(w) ’

where the functions A,(x) and s,(x) are generated by

An(x) = Dq Ano1(x) + )”n—l(qx) ho(x) + Sn—l(qx):

851(%) = Dg 51 (%) + Ay_1(g %) So(x). (13)

For the proofs and detailed examples, we refer the reader to the recently published
manuscript [26].

In the present work, we unify both the ZAIM and gAIM using the Hahn operator (1). To
achieve this goal, in Sect. 2 we summarize the relevant definitions and properties of the
Hahn difference operator. Several novel properties of this operator are also introduced and
proved in that section. In particular, the polynomials in the (g; w)-space are introduced,
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and the associated Taylor polynomial expansions are derived. In Sect. 3, the solutions of
the first- and second-order linear Hahn difference equations

Dgwy(x) = ar(x) y(x) + B(x),

(14)
D2, y(%) = ho(x) Dgay () + 50(%) y(%),

are examined. The necessary and sufficient conditions for the existence of polynomial
solutions of the second-order linear Hahn difference equation are derived and proved.
In Sect. 4, the solutions of the hypergeometric equation [28]

(ex2 +2fx +g) DZ;Wy(x) +(2ex+y)Dgwylx) +Ty(x) =0 (15)

are deduced. The necessary and sufficient conditions of the polynomial solutions are es-
tablished and applied to construct the first few solutions explicitly.

2 Preliminary definitions and properties of Hahn operator

To make this paper self-contained, we review the mathematical properties of the Hahn
operator [1, 2, 10, 11, 18, 29-32] in this section and provide the proofs for other new
properties developed for the present work.

Theorem 1 Iff,g:I — R and a,b € R are q; w-differentiable functions and x € I, then:
1. Linearity:

Do [af(x) + bg(x)] = aDgyf(x) + bDgyg(x). (16)
2. Product rule:

Dy (f (%) g(x)) = f (g% + W)Dgiug (%) + g(x)Dgyf (%)
= g(gx + w)Dgf (%) + f (%) Dg,ug(%). 17)

3. Quotient rule:

D (,@) _ g(x)Dq;Wf(x) _f(x)Dq;wg(x)
™\ g glgx + w)g(x)
g(gx + w)D gy f (%) — f(gx + W)Dypg (%)

- (g + W) : (18)

provided that g(gx + w)g(x) #0 forall x € 1.

Lemmal Forq#0andn=1,2,...,
n-1
f(¢x+w§j¢)=fu>
j=0

n-1 j-1
+((g-Dx+w) quDq;Wf<q/x + qul). (19)

j=0 i=0
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Proof By definition

[(q - 1)x+ w]Dq;Wf(x) =flgx +w) — f(x),

thus, replacing x with gx + w, it follows that
1
q[(q = V)x + w]Dgf (g + w) =f<612x + Z q’W) ~flgx +w).
j=0

Repeating the process, we have recursively that

k-1
q*[(q - Vx + w]Dgf (qu + Z qiw>

j=0
k k-1
=f<qk+1x+2q/w> —f(qu+2q’w>. (20)
j=0 j=0
The assertion then follows by sum of these equations for j = 0 to k. g

The following gives a generalization to Lemma 1.

Lemma 2 Forx#w/(1-gq),

n 1’,1 /71
z¢f(¢‘x+wzqf)aq;wg(mwzqf)
j=0 i=0

i=0

fl@ e wd ) g(q  x w3 ) — f() g ()
(g-Dx+w
n j-1 j-1
_qug<qj(qx+W)+qui)Dq;wf<qjx+qui)’ (21)
j=0 i=0 i=0

where identity (19) follows for g(x) or f(x) is a constant function.

Proof We note

" -1 j-1
Zq’Dq;w[f<tfx+WZqi>g<t/x+WZqi>}
=0 i=0 i=0

n+1

f@ e wd L d)g(q x w3 ) — f()g()
- (g-Dx+w )

By the product rule of Dy, [f (¢x + w S @) g(@x+w Y )], see (17), we have

n j-1 j-1
Zq’[g(#(qx +W)+ qui)Dq;wf<qfx + qu’)
j=0

i=0 i=0

j-1 j-1
+f<q’x + qu")Dq;wg<qjx + qu[>:|

i=0 i=0
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Sl xrw L dgq w v w o q) — f(%)g(x)
- (g-Dx+w

’

which completes the proof after some simple arrangements. O

Theorem 2 For a q; w-differentiable function f,
n-1 n " L f
f(”’"" ) qk) -3 (}) AP a5 el s 22
k=0 k=0 q

where (/’Z)q is the q-binomial coefficients [27, formula 12.1.4].

Proof We prove this by induction on #. The result holds for # = 1 by the definition

flgx+w)=f(x) + [(q -1x+ W]Dq;wf(x).

For the inductive step, assume that for some # the theorem is true. For # + 1, it follows
using the well-know identity [33], forn > 1and 1 <k <n,

" 1) (n) n+1k< ’ )
= +q , (23)
( k), \kJ, k-1/,

n+l
Z <rz + 1) qk(k’l)/z[(q ~x+ w]kD];;v.f(x)
q

_ g <Z)qqk(k-1)/z[(q D+ w]kD’,;wf(x)

n+l

1k 7 k(k=1)/2 k ~k
+ kZO:qm <k i 1>qq [(q —Dx+ w] D, f ().

However, using the properties of the g-binomial coefficient (nZl)q =0and (g)q =1, we have

n+l
Z <nz 1> D2 (g-1)x+ W]le;;Wf(x)
q

k=0

) (Z) qk(kfl)/Z [(6] —-Dx+ w]kDI,;;Mf(x)
k=0 g

n+l

+ qul—k <k n >qqk(k—1)/2[(q -Dx+ W]leq(;mf(x)'
k=1

-1

For 1 <k <m+ 1, wehave forj = k — 1, where 0 <j < n, that

n+l

> (") Al ] st

k=0

_ <Z> g CV2(q - 1)+ w] D, f(x)
k=0 4

Page 6 of 23
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+an J< ) (]+1]/2[(q 1)x+w]}+ DHWf(x)

—f(qx+w2q> "lg-1)x+w]

k=0

xZ( ) 7"2[(q - D+ w D, (Dyguf (),

which, using (20), finally implies

n+l

n+1
Z( N ) g V2(q - 1) x + w] DL, f(x)
k=0 q
n-1
_f<qx+w2q> (q 1)x+w] qwf<qx+w2q>
k=0 k=0
:f<qn+lx+wzqk)'
k=0
This completes the proof. d

For example, if # = 3, then this lemma implies

2
f(q?’x + qu’)
-0
=f®) + (1 +q+4*)((g - 1)x + w) Dy f (%)

+ q(cf +q+ 1) ((q - 1x+ w)ZD;;Wf(x) +q ((q - 1x+ w)SDZ;Wf(x). (24)

A slightly different form of the following theorem was given in [34, Lemma 2.1]; however,

we give here a direct proof based on the method of mathematical induction.

Theorem 3 Let f be a q; w differentiable function on I. Then, for x # w/(1 — q), the nth q;w

derivative is evaluated using

q—n(n—l)/Z
((g-Dx+w)"

XZ l)nk (n—k)(n—k-1)/ <k> (q x+w2q> (25)

Dl f(x) =

Proof Again, by induction on #, the result holds for n = 1 by

Dgf ) = ((q - Dx +w) " [flgx+ w) —f)].

Page 7 of 23
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Assume it is true for n. Then, for n + 1,

Digif @) = Dy, (Dgf (%)

q—n(n—l)/Z n

However, by definition,

’

S@ xw @) - fld e w Y @)
q*l(g— x +w]

qwf(q x+qu

i=0

it follows that

q—n(n—l)/Z
(g = Dx + w)m+

k
n k (n k)(n—k-1)/2—k k+1 i
XZ <k>qf<q x+w§q>

—n(n-1)/2

Dn+ f(x) _

I
(g = D + w)n+1

XZ( 1)k gn-kn-k-1/2- k(k) (q x+qu>

Shifting the index in the first sum, it follows that
Dgfwl (x)=¢q —nn=1) /2((61 1x + w) -t

n+l
x Z(_l)n—k+1q(n—k+1)(n—k)/2—k+1 (k n 1) <qu + qu)

k=1

q—n(n 1/2((q 1)x+ W) -n-1

XZ -k gn-Rn-k-r2- k<k> <q x+wzq>

and using (n+1)q = ( _"l)q = 0, this expression can be written as

n+1f(x) q —n(n— 1/2((q 1)x+w) -n-1

n+l k-1
n—k+1 (n—k+1)(n— —k+ n i
% Z(_l) Kl gk ) n=K)/2-k l<k—1) f<qu+w2q)
k=0 q i=0
—n(n— -1
—g 1/2((61 Dx+w) -

n+l

« 3yt (m)mmxw() (qk’”WZ‘I)

k=0

k-1
_ (_1)n—k (n—k)(n—k- 1)/2( ) - X+ W .
(- Darwy &4 Dot \dwewdd

Page 8 of 23
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Further simplification yields

—n(n-1)/2 n+l

,,+1 _ q n—k+1 (n-k-1)(n-k)/2-k
@) = ——————— (-1 kg
((g = Dx +w)yrt =~

x [q”‘k” (k? 1>q " <Z>q}/<qu ' Wiqi)

or simply using (23)

n+l)

g

Dif @ = Dy

n+l

k-1

1 n+1 )

X§ :( 1nk+1 (n—k)(n+1- k)( N )f(qu+w§ ql>
q i=0

as required. d

Remark 1 For arbitrary n =1,2,..., the identity

" _ n
kX:(_l)k qk(k 1)/2 <n i k> -0 (26)
=0 q

follows directly from Theorem 3 for the constant function f(x) and the fact that
Y ic0An—k = > p_oAx. Further, for 0 < m < n,

n m
Z( l)qunk)nk1<> <qu+wzq) =0. (27)
k=0
Remark 2 For arbitrary n,m =1,2,...,

Dy, x"

0, ifm<n,
7"(n D72 k n—k)(n—-k-1) i\m : (28)
WZko( 1)q2 ()(q x+wz q) , ifm>n,

that follows directly from Theorem 3 for the function f(x) = x™.

Definition 1 We define the nth-degree polynomials in the (g; w)-space as

Pn(x)—l_[<x qu) (29)

j=0

recalling the empty product and sum: [}, ax = 1 and Y 2, ax = 0.



MacQuarrie et al. Advances in Difference Equations (2021) 2021:354 Page 10 of 23

The first few polynomials are given explicitly as follows:

Polx) =1,

Pr(x) = x, Pa(x) = x(x — w),

P3(x) = x(x - w)(x — (g + 1) w),

Pax) =x(x—w)(x - (g+ ) w)x - (¢* + g+ 1) w),

Ps(x) =x(x—w)x—(g+ Dw)x— (> +q+ 1) w)(x - (¢* + 4> + g + 1) w).

Theorem 4 The q; w-derivative of the nth-degree polynomial P,(x) is given by
n-1
Po(x) =1, Dy Pulx) = (Zq’) w-1(x), n>1 (30)

j=0

Proof For arbitrary n,

; _ i1
H, o (gx+w-— WZ; 04 Hf=ol(x—WZ§:oq)

Dy Pu(x) = (g-Dx+w
q"(x - W(q 1*1 )1—[ ! 1) 1—[ q’ 1))
- (q l)x +w

Sincel1 <j<mn-1impliesO0<j-1<n-2,leti=;j—1,and it follows that j =i + 1. Thus

qn( _ w(q l—1 )1—[ w(;i:l)) _ 1—[1;1:—01 q/ 1})
Dy Pu() = (q Dx+w
s w(q/ q"(x - %) - (x- %i_l))
- }_()[(x ) (g-Dx+w
n-2 W(q] ) (n 1 )n 2 W(q]
T (=)
(- i
n-1
- (Z qﬂ‘)m_ax)
j=0
as required. 0

Theorem 5 In terms of the polynomials {P,(x)} -0, an arbitrary r degree polynomial P, (x)
can be represented by the following expansion:

) = Z i q) T Py, (31)

k(q tI)k

Proof Let P,(x) be the r' degree polynomial of x that can be written as

P (x) = ZAk Pr(x),
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where Ay are constants to be determined. Using the direct derivative for k = 0,1,2,...,

followed by the substitution x = 0 to compute the corresponding Ay, it is not difficult to

prove that
4 Df.,P:(0)
U g AU g+ @A) g @+ g
k k
Dk ,P(0) DE.,P.(0)

5% Cleq) (- ™ aak
Thus,
*. Dk p0) [k L
P.(x) = — x-w) q1).
k%; (1-q) g« (!_0[ 20: O
For example, the expansions of the polynomials x2, x3, x* in terms of {P,(x)} are
=wx+xx-w),
2 =wrx+ (qw+2w)x(x — w) +x(x — w)(x —(g+ l)w),
s =wx+(g?+3g+3)wx(x—w)

+ (q2 +2q+3) wx(x —w) (x— (1 +q)w)
+x(x—w)(x—(1+q)w)(x—(1+q+q2)w). (32)
Corollary 1 If P,(x) is an r-degree polynomial, then
DZ;WP,(x) =0, foralln>r+1.
3 ;wAIM for Hahn difference equations
Several papers over the past few years have addressed the theory of the linear Hahn differ-
ence equations [17, 35—40]. The existence and uniqueness theorems of solutions of linear

Hahn difference equations are given in [35]. In [10], Annaby, Hamza, and Aldwoah solved

the first order linear Hahn difference equations with constant coefficients.

3.1 First-order linear Hahn difference equations

We consider in this subsection the first-order Hahn difference equation with variable co-
efficients

Dgyy(x) = a(x) y(x) + B(x), O0<w,0<g<]1, (33)

where a(x) and B(x) are arbitrary functions. Note that, using Hahn’s operator definition

(1), equation (33) can be written as

y(gx+w) = (1 + ((q -1Dx+ w) a(x)) y(x) + ((q -Dx+ w) B(x). (34)
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Theorem 6 For 0 < q < 1, the general solution of the q; w-difference equation of the first-
order Hahn difference equation (33) or (34) is

C
1321 + g% (g - D+ w)a(w Y50 ¢ + x4))

y(x) =

N dg-Dxrw) BT g+ xg") 35)
o 1 [ K+ g((g-Dx+wawY g +xqg))
where c(qx + w) = c(x) is a periodic (constant) function.
Proof We prove this theorem by direct substitution. By the given solution
(g + ) ‘
X+ W) =
7 2 L+ a (g - Drt maw Yo d + 41)
k=0 q q i Oq q
o UV w)BwW g+ )
= [T + @ (g - D+ wa(w Yo 4 + 1))
shift the indices of the finite products
c
y(gx +w) = P P
1211+ gk (g - D + wha(w Y1 4 + 4%)
R ‘(g - Dx+w)Bw X iy q' +4"%)
P (1 +@* (g - 1)x + w)a WZ] od' + q1+1x))
which can be written as
1+ {(g-Dx+wax)c
yax+w) = . -
[10(1 +g4((g — D+ wyar(w 310 ¢ + %)
N q"(g-Dx+ WpW i ' +4%)
o (1 +@* 1 ((g-1)x + w)a WZ od' +qtx))
Using the given solution again, it follows that
ygx+w) = (1+ ((g—Dx+w)a(x))
o0
k(g - 1)x +w)B(w +qFx)
X(y(x)+2 kq q- Y q q
0 [ [=0(@((g = Dx + wer WZ Oq +xq/) + 1)
> d(g-1x+w)p (wzloq+qx
ST+ (g- D+ waw Yo q' + g*ln)
which simplifies to
y(gx+w) = (1 + ((q —1x+ w) ot(x)) y(x) + ((q —1x+ w) Bx). O

Remark 3 For 0 < g < 1, a solution of the homogeneous g; w-difference equation

Dy y(x) = a(x) y(x)

Page 12 of 23
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up to a multiplicative constant is
0 -1
y(x):l_[<1+q((q Dx+w) (qu +xq )) . (36)
k=0

Remark 4 The exact solution of the limiting case w — 0 [26]

Dyy(x) = a(x) y(x) + B(x), 0<g<1,

is

oo

c 5y q"(q-1)xB(g" %)
[Tl - g1 - xalg ®) 4= T (1 +qg(q - Dxelqgx)

y(x) = (37)

as developed earlier in [26].

Example 1 The solution of the first-order Hahn difference equation

Dq;wy(x) =yx), 0O0<g<l,

up to some multiplicative constant is

1 1
TS +g*(g-Dx+w) (1-q@)x-w@oo

y(x) =

which is the g; w-exponential function [27, Theorem 12.2.6] as expected for this difference

equation.

Example 2 The solution of the first-order Hahn difference equation
Dywyx)=ayx)+b, 0<g<l,

where a and b are real constants, is

y(x) =

~  bg*((q-Dx+w)
-2

(a((1- q)x w); (1-q)x=w)@is1

k=0

3.2 4w AIM for the second-order Hahn difference equations

In this section, we consider the second-order Hahn difference equation
y(q2 x+(1+q) w) =a(x)y(gx +w) + B(x) y(x), (38)
where a(x) and S(x) are (g; w)-differentiable functions. Using the easily proved identity

f(@x+ 1 +gw) — (1 +q)f (gx +w) + gf ()

, 39
q((g - 1)x +w)? 39

D2, f(x) =
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equation (38) can be written equivalently as

D2,,5(x) = ho(%) Dyy(%) + 50() (), (40)

where

alx)—g-1

d(a-Darw’ W7 a(x) + ) - 1

- " ala-Dx e

(41)

Although these two forms (38) and (40) are equivalent, we shall focus our attention on the
form (40) to investigate the solutions of the second-order linear Hahn difference equation

(40) with variable coefficients.

3.2.1 General solution
Acting by the Hahn difference operator D, on equation (40) yields

D3, 3(%) = Dyuu(D2,, (%)) = Dy (20(x) Dy ¥()) + Dy (s0(%) y().
However, by means of the product rule (17), it easily follows that

D3, 3(®) = 21 (®)Dgy(®) + 51 (x)y(),
where

(%) = Dyho(x) + Aolgx + w)ho(x) + so(gx + w),

51(%) = Dgwso(x) + Ao(gx + w)so(x).
Similarly, applying the Hahn difference once more yields
Dig,,, 7(%) = 22 (%) Dgy (%) + 52(x) (),
where

A2(%) = Dy A1 (%) + A1(gx + w) Lo(x) + s1(qx + w),

$2(%) = Dy 51(%) + A1(gx + w) 50(x).

In general, we may apply this process to obtain, for n =1,2,..., that
DZ:rWl Y(x) = Apo1(x) Dy y(x) + 5,-1(x) y(x), (42)
D;fwz V() = 1 (%) Dy y() + 54 (%) y(x), (43)
where

)\n(x) = Dq;w }\n—l (x) + }‘n—l(qx + W) )\O(x) + Sn—l(qx + W)’ (44)
8$1(%) = Dy Sp-1(%) + Ay—1(g % + w) so(x).
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The general form (43) can be proved by induction on 7. For #n = 1, the identity is true by
construction. Assume it is true for n + 1, then for n + 2

Dip? (%) = Dy (D) y())
= Dq;w(kn—l(x) Dq;w_y(x) + Sn—l(x) J’(x)),

and by the product rule (17),

Dn+2 J/(x) = n l(qx + W) ;;w )/(x) + Dq;wy(x)Dq;w)"n—l(x)

+5,-1(qx + W)D g y(x) + (%) D81 (%)
Using (40) and simplifying, we obtain

Dip 9(@) = (Dgahn-1(%) + Ma-1(q% + W)Ao(x) + 851 (g + W) Dy (x)
+ (Dq;wsn_l(x) + Ay_1 ()80 (x))y(x)

= A (%) D g (%) + 8, (%)y(x)

as expected. Now dividing (42) and (41), we obtain

Di2y(x)  hal0)[Dguy) + 2E5y)]
DY) hy 1 (0[Dgy(0) + 218 y(x)]

)L,,,lx

Thus, if for some # > 1 the so-called terminating condition

sn(®)  sp1(x)

M) A )
is satisfied, then it follows that

D2y @ )

DY) @
This is easily written as a first-order difference equation in D”*1 y(x)

D[ D) ()] = fo’(?c) DI o) 47)
with a solution for 0 < g < 1 given by, see Theorem 6,

D”*ly(x) _ (] - (48)

TTol1 + 44w+ (g - 1) A0 Zis g

x+w2k:
for some periodic (constant) function c,. Equation (41) reduces to

Sp—1(%)
)\n—l(x)

1 C2
+ ,

)\'n 1( )l_[ 0[1+q(w+(q l)x)%]

Dyy(x) = — y(x)
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with the general solution given by

(x) =
J\x) =
[Ti2ol1 + g (1 - ) x — w) 2404
oo 4(g=Dx+w)

_ Z A1 (%:) — 1

i=0 10[1+q/((1 q)x —w)3>

]

()
x 1x+wzw ' h ' (49)
(1701 + (g - D+ w) 22

4 xrw ZH] 1 l)

where x; = gFx + WZ -0 ‘¢ and ¢;, i = 1,2, are periodic functions with the property that
Dy, ci = 0,i=1,2.Itis astraightforward exercise to show that the two solutions are linearly
independent by proving that the (q; w)-Casorati determinant

y1(®)  yilgx+w)

(50)
y2(x)  yalgx+w)

does not vanish. We summarize this result in the following theorem.
Theorem 7 A solution of the second-order Hahn linear difference equation
D2,,y(%) = Ao(®) Dyuy(x) + 50(x) y(x)

is given by

- -1
In(x) = l_[|:1 +q" ((1-q)x—w) in—l(xk) }

k=0 n—-1 (xk)
provided that, for some n > 0,

sn(®)  sp1(%)
)"n(x) - )"n—l(x)

Sn(x) = )‘n(x)sn—l(x) - )\n—l(x)sn(x) =0,
where

)\n(x) = Dq;w An-1 (x) + )‘n—l(qx + W) )\O(x) + Sn—l(qx + W),

8$1(%) = Dy Su—1(%) + Ay_1(g % + w) so(x).

Remark 5 In general, the terminating condition (45) is satisfied for n — co. As discussed
and proved in the next section, the condition holds for finite # if the difference equation
can be solved exactly by a polynomial of at most #n degree. As far as we know, it is not
possible to predict whether such a condition will hold for specific #n without an experiment.

3.2.2 A criterion for polynomial solutions
We give in Theorems 8 and 9 below the necessary and sufficient conditions respectively
for a second order linear Hahn difference equation (40) to have a polynomial solution.
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Theorem 8 If a solution of the difference equation
D2, ¥(%) = 10(%) Doy () + 0(x) y(x)
is a polynomial of at most of degree n, then §,(x) =
Proof Multiplying equation (41) by A,(x) and (42) by X,,_1(x) yields

An () D) (%) = A () A1 (X) Dy (%) + Ao ()51 (6)y(0),

Don1 (DD (%) = A1 ()2 () Dy (%) + Ao (%), (x)y ().
Subtracting these two equations, it follows that

M) Dt y(6) = 1 () Dt y() = [An (%)$10-1.(56) = A1 (%), (%) ] ()
=8, (x)y(x).

71+2

Consequently, if y(x) is a polynomial of at most #, it follows by Corollary 1 that Dy 7y(x) =
D”*ly(x) 0; and §,(x) =
Lemma 3 If

1

k-1 i
TT2o01 + (1 — gy — w) 220 x w20 )

Ao (gReew YKL )

y(x) =

’

then

$n-1(%)
Dgyy(x) = ——— x y(%). (51)
PN
Proof 1t is not difficult to show, by shifting the indices of the product definitions of y(x)
and y(gx + w), that the difference y(qx + w) — y(x) reduces to

N s k-1 iy -1
N~ | Su-1 (g x+ Wi q)]
y(gx +w) - y(x) H[ 4 ((1-a)x—w) D@+ w Y0 )

_l_[|:1+qk((l—q)x— w) ' e w i }
k=0

n—l(qu +w Zi:o
Thus, by definition of the difference operator,

_ ygx+w) —y(x)
Dyuy() = (g-Dx+w
[1+((1-q)x—w) 2175 1 ] -1 8$p-1(%)

R T e ) .

Theorem 9 If§, = 0 and A,_1(x) #0, then the solution of the difference equation
Dy, y(%) = 20(%) Dgay y() + 50(x) ()

is a polynomial of at most degree n.
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Proof Given §,(x) =0, it follows by Theorem 6 that

1

0 K1 e 1y Snc1 @ xew S5 )
[Tizo[1 +g* (1 —g)x —w) Ao (gRaeew KL q")]

y(x) =

’

which allows one to evaluate Dy, y(x) as, see Lemma 3,

Sp—1(%)
)\n—l(x) '

Dq;wy(x) =—y(x) x
Thus, using equation (41), we have

Dyt y(%) = A1 (%) Dgy (%) + 51 (6)y(%)

= (—Anl(x) j\n:((z)) + snl(x)> y(x) = 0. 0

Theorem 10 Let A, (x) and s,,(x) be as in (44), and set §,,(x) = A,,(x) 8,1 (%) — A,_1 (%) 8,,(%).
If8,(x) =0, then 8,y(x) =0 foralln' > n + 1.

Proof Note that, by the sequence relations of A,(x) and s, (x), we have

8ne1(®) = A1 (%)8,0(%) — Ay (%)5,041 (%)
= Sn(x)Dq;w )”n(x) + Sn(x))\n(qx + W) )»()(X) + sn(qx + W)Sn(x)

- )\n(x)Dq;w 5n(%) = A (X)An(gx + W) 5o ().

This equation can be easily written as

S (x) = s, (qx + w)s,(x) <3n (x)Dq;w An(x) = Ay (x)Dq;w Sn (x))

8n(gqx + w)s,(x)

+ $u(qx + W)sn(x) + 5, (%) An(gx + W) ho(x) = An (%) An(gx + W) s0(x),

where the quotient rule yields

Spe1(x) = sy (qx + W)sy (x)Dq;W (%)

+ 5u(qx + W)su (%) + $u(X)hn (g + W) ho(x) = A (X)X (g + W) 50(%).
Further simplification implies

5n+1(x) =Sn (qx + W)Sn (x)

x |: q.w<)»n(x)> +1 Mx (x) — An(X)2n(q + W)So(x)]'

$n(%) sulqr+w) 0 $n(%)s,(q + w)

Using the terminating condition, it follows that

81 () = Sn(qx + W)s,(x)

Ano1(x) An-1(gx +w) Ano1 () Aor (g + W) 50(x)
x [Dq;w< > vt Su-1(gx + w) hol) - Su_1(%)s,-1(gx + w) }
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which implies

Sn-1Dgwhn-1(%) = o1 (0)Dyy_18,-1 (%)
$n-1(x)8,-1 (g + W)

ho®) — An-1(®)An-1 (g% + W) SO(x)]
su_1(gx +w) Sp—1(%)sn-1(qx + w)
$p-1(%)D g hn-1(%) — Xpm1 (%) D81 (%)

$p-1(%)sn-1(qx + w)
Sn-1(X)sn-1(qx + w) s 1(®)A,-1(qx + w) hol®)
Sn-1(%)sn-1(qe +w) sy 1(x)s,-1(gx + w)
A1 () A1 (gx + w) So(x)]
$p-1(%)su-1(qx + w)

8ne1(®) = s,(gx + W)sy, (x)[

An-1(gx +w)

+1+

= su(qx + w)sy, (x)[

Finally, we have

5n+1(x) =Sn (qx + W)Sn (x)
% |:Sn—l(x)(Dq;w)‘«n—l(x) + )‘n—l(qx + W))‘«O(x) + An-1 (qx + W))
Sp-1 (x)sn—l (qx + W)
A1 (®)(Dy-18p-1(%) + Apo1(qx + w) So(x)):|
Sn-1(%)8n-1(qx + w)

Sp-1 (x)kn(x) - }\n—l (x)Sn (x) :|

= Su(qx + w)sy (x)[ Su-1(%)8y-1(qx + w)

because by assumption §, = 0. Since 8,;1 = 0, 8,42 = 0, and so on. Therefore, §,/ = 0 for all
n' > n + 1, which completes the proof. d

4 Examples
We consider first the Hahn difference equation with constant coefficients

D3,,5(%) = o Dgy(x) + 50 y(x), (52)

where 4 and b are real constants. Although it is clear, for all #n > 1, that Dgy,A,_1 =
Dg,$u-1 = 0, the terminating condition §,, does not equal 0 for any fixed #. The 4, AIM
sequences A, = A,_1 Ao + S,—1 and s, = A,_1 So, however, yield

Sn An-150

)"n )\n—l)“O +8p-1 ’
Thus, as # — 00, the terminating condition reads

Soo So

Moo Ag+
oo}

This is a quadratic equation with solution given by

Se  —hoE /A5 +4s0

Ao 2

Page 19 of 23
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The two linearly independent solutions are then

o0 , —ko £ /A3 +4sp71
y£(x) = ]_[[1 ~q'((g-Dx+ M%]
i=0

1

(M(W + (q — I)X);q)oo .

As a second example, we consider the ¢; w-hypergeometric equation [28]

2ex+y T

D? = D, _—
o) aw Y (%) ex? +2fx+g ye
————

e +2fx+g
— ——

ro(x) s50(%)

with the constant coefficients ¢, y, e, f, g, and 7.
Considering the terminating condition for n = 1,

S1=Mso—S1A0=T(2e+1)=0 ift=0,-2¢.

Thus, for t = 0, the polynomial solution y(x) = P,(x) is Po(x) = 1.
For v = —2¢, the exact polynomial solution, up to a multiplicative constant, is

. 1 Y
Pi(x) = lim — =X+ —.
m—>00 Tm k solghxrw Y4 q) 2¢
[iolt + 4" (O - x—w) S0 e )

The second iteration # = 2 yields
Sy =Aas1 —SA1 =1 (28 + 'C)((l +q)e+2¢)+ r),

where

2 ( )_ 2£yw+y(2f+y+ew)—g(2€+r)+((e+2£)(y+yq+2$w)—2fr)x+(2£(e+28)q—er)x2
1x) = (g+x (2f +ex))(g+(w+q x)(2f +e (w+qx))) ’
( )_ T(2f +y +(e+2e)w)+((1+q)e+2eq)T x

$1%) = (gix Of rea)) @+ wig 02 +e (w+qn))’

then 6, = 0 if

=0, —2¢, —(1+qg)(e+2¢).

For t = —(1 + q)(e + 2¢), the second-order polynomial solution is then

1

Py(x) = lim

m—00 m KOOT e oy S1@E w35 gi)
[Tzl + (1 - @) x —w) PR )

s 2f+y)1+g) +2ew
=x"+ x
(1+q)e+2eq

2egq+y 2f+y+2ew)+e((l+q)g+yw)
* (e+2e)(1+q)e+2¢eq)

(53)

(54)

(55)

Page 20 of 23
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Next, the third iteration # = 3 yields

83=12e+1)((g+ De+28) +7)((¢* +q+1)((1 +g) e+ 2¢) + 7). (56)
Thus, for

T=—(1+g+q°)((1+qe+2e),

the third-order polynomial reads as follows:

TZ x+ kil x
q2eq+e(1+q)?) (qle(g + 1)? + 2eq)(e Z;‘Z:o q‘ +2¢q))
To
" (g1 +qg)e+2e)2eq +e(l+9)2)(2eq +e(l+g+q2))

Py(x) =% +

where

2
T =(y +2f(1+9) Zqi +(2(1+2g)e +e(1+ )2+ q))w,

i=0

2
n=) ¢V +4f 1+ +2y 2+q) +gq(2eq+e(1+9)))
i=0
2

+ 2((1 +q)e +2e) Zqi(y +f2+q)w+2e(2e(1+q) + e(2 +q(2+ q)))w2,
=0

w=4f’y(1+q)+y (r* +2egq(1+29)) +2e(2egq(L+ 9’ +y> 2+ q))w
+4y (L+qw* + 1+ w(gl+q)2+q) (1+q+4") +v(2+q2+q)w)
+2f(2egq(1+9)* +y*2+q) +2ey(2+q(2+q)w)
+e(@l+q)(y +20+(rvq+f(1+q+4q")))
+(2eg(1+9>(1+29) +y(2f1 +9)(3 + q(2 + q))

+y(3+q(B+q))))w+2ey(3+29(2 +q))w?).
In general, it is not difficult to show that
n k-1 k-2
8,,:1_[(<Zq/)<28+62q/>+r)50, (57)
k=0 \ \ j=0 =0

and the necessary condition for the existence of the n-degree polynomial solution (see also
[28, formula 10.1.1]) of the (g; w)-hypergeometric equation (54), for n=1,2,..., is that

n-1 n-2
r,,:—(Z#)(Ze+eZq’). (58)
j=0 Jj=0

With the 4, AIM technique under disposal, we hope it will be useful to study the ana-
lytic and approximate solutions of the g-difference equation. It will also be a practical tool
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in the construction of g-orthogonal polynomials and deepen our understanding of their

mathematical properties.
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